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ABSTRACT 

os 

A theoret.i.oal and experimental investigation on temperatura di.str.1.

but.1.on (steady state) and heat generation in bath lubricated radial 

r o ller bearings has been carried out. A br.i.ef description of the 

test rig, bearings and lubricants employed is given. 

presented for the theore tical prediction of the 

A techn,i.que is 

bear.i.ng heat 

generat1on, temperatura d~stribut1on (including roller temperatura ) 

.and o11 film thicknesses in the elasto .. hydrodynamic contacta between 

the most heavily loaded roller and the racéways. Some typical re

sulta are presented; a good correlation being obtained bet~een the 

theoretical ànd experimental data . 

NOMENCLA TORE 

A Surface area (m 2 ) 

C Dynami.c load rating (N) 

Ci Combined variable coefficients in eqs. 120-26); i =1 , 2,3, .•• 

C1,o Constants .1.n eq. (13) 

Dm Bearing pitch diameter (m) 

Dr Roller diameter (ml 

E ' Reduced elastic modulus (N/m2 ) 

1 , 
=- + 

E ' Er Et 
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Roller and raceways (tracks) material& elaatic moduli (lf/m2
) 

Radial l oad ~pplied tq the bearing (N) 

Friction torque coefficients 
EBL oil film thiokn.ess (m) 

EBL oil film thiokness at the roller/inner:., outer raceway 

contact hn) 

H0 Thermal contact conductance (W/m2 K) 

H9 Beat generation per unit time (W) 
k Thermal conductivity (W/m °C) 

k 1 ,~ Constante in eq. (14) 

R. Bffective length of a bearing roller (m) 
M TÓtal ·bearing friction torque (N•m) 

Mo Viscous friction torque (N•m) 
M1 Load dependent torque (N • m) 

n Shaft speed (rpm) 
Q Heat transter rate (W) · 

Ot-j Heat transfer rate from nGde 1 to j (i,j =1,2, . .. ) in eqs . (2Q 
-26) (W) 

R' Equivalent radius (m) 

(..1.) .. ..1.. ~ 
R' i,o Rr - Rt,o 

Inner, outer raceway radius (m) 

Roller radius Rr = Dr/2 (m) 
s Ratio between the roller and the· pitch diameter of the 

bearing s = Dr/Dm 
t 0 011 temperatura (°C) 

Temperaturas of the surfaces 1 and 2, in eq. (1) ; temperaturas 
of nodes 1 and 2, in eqs. (20 and 23) (OC) 

Temperaturas of the inner, outer raceway (°C) 
Temperaturas of nodes i and j in eqs. (20-26) i,j = 1,2,3, .. . (°C) 

Raceway (track) temperatura (OC) 

Roller temperatura (°C) 

u Combined surface velocity (m/s) 

u = 1 (ui ,o • · ur) 

u1 ,o,r Surface velocities of the inner or outer raoeway , and roller 
(m/s) 

W' Load per unit length (N/m) 
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z Number of rollers (N/m) 
z

0 
Number of rollers that support the load 

<1 Contact angle of a taper roller bearing 
a Pressure visoosity coefficient (m 2 /N) 

v Kinematic viscosity of the lubricant (mm 2 /s) 
n

0 
Dynamic viscosity of the lubricant at the entry EHL contact 

(N•s / m2
) 

INTRODUCTION 
The accurate calculation or measurement of the operating 

temperaturas of a rolling contact bearinc; and its lubricant is 
essential for the prediction not only of the bearing and lubricant 

service lifa, but also of any mechanical failure that could arise 
from differential thermal expansions among the bearing components 
(rings and rolling elements), shaft and housing. 

07 

It is well known, from many references, such as [1,2) that 
the bearinc; wear and service life is hic;hly dependent on the 
elastohydrodynamic lubrication (EHL) oil film thicknesses "h" 

established between tbe most heavily loaded roller (or ball) and the 
raceways. 

Tbese oil film thicknesses are direct functions of the 
lubricant viscosity nv• and by implication of the operating 

temperatures, as v varies drfmatically with temperatura. On the 

other hand, as will be shown in this paper, the operating 

temperaturas of the bearing rollinc; elements and raceways are 
dependent on h. Purthermore, the operating temperaturas are 
obviously dependent on the bearing heat c;eneration (which is a 

direct function of the lubricant viscosity) and the heat dissipation 
capibilities of the assembly. 

Therefore, this interdependence amonq the above factors c;ives 
rise to a extremely complex problem. A literatura survey shows that 
previous attempts for the solution of the tbeoretical problem gave 

unsatisfaotory resulta . Schwartz [3) calculated temperatura that 
were considerably higher than his experimental values. On the other 

hand, his calculated bearinc; heat generation· was lower than that 
found experimentally by him. These two lack of oorrelation between 
his theoretioal and experimental results are in napparent• 

contradiction, as a lower heat generated should imply in lower 
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operating temperaturas , or vice-versa {this will be discussed in the 

"Conc l usiQns"). 

The principal reason for the innacurate theoretical resulta 

has been an inadequate estimate of the heat dissipation potential of 

the housing, shaÍt and any oooli ng effect . Other reasons, equally 

important, are the innacurate evaluation of the following factors: 

- percentage of heat (relative to the total heat generated by the 

bearing) generated in the various sources of friction in the 

component parts of the bearing; 

- heat i~put to the bearing from external sources; 

- heat transfer coefficients . 

An assessment with solid basis of the above factors can only 

be obtained from extensiva exper.i.mental results, complemented by a 

sound theoretical analysis. These are the objectives of this work. 

TBE TEST RIG AND EXPERIMENTAL RESULTS 

A full description of the test rig , instrumentation, and 

experimental resulta is given in [4,5,6), therefore only a brief 

outline will be presented here. , 
Figure 1 shows the general arrangement and indicates two 

bearing options on the central section. In a first stage of the 

experimental work, two identical taper roller bearing "Bw were 

mounted back-to-back (as shown above the centre-line) in the central 

housing, whilst two identical cylindrical roller bearings wAw were 

fitted onto each end of the test-shaft. In a second stage of 

experimenta, the bearings B were replaced by a single self-aligning 
double row spherical roller bearing •cw, as shown below the centre

-line in Figure 1. 

The test bearings were as follows: 

- Bear.ings "A•-: RHP MRJ 1 ),<." 

- Bearings "B'._: TIMKEN 4595/4536 

- Bearings nc ..... : SKF 22310 CJ/C3 W33 

The bearing housing to the left is a conventional one (bolted 

down to the bedplate}. On the other hand, both the central and the 
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right housings consist of cy1indrica1 sleeves supported on 

hydrostatic bearings, sucb that the friction torques from the 

corresponding roller bearings can be simultaneously measured by two 
torque measurement systems. One of these torque systems, which are 

composéd by load-ce1ls and torque-arms, may be seen in cross-seotion BB. 

SECTION '1!18' 

Figure 1. General arrangement of the test module, 
the steady state temperaturas measured 

1n three different testa 

The radial load applied to the right roller bearing "A" is 
measured by two transducers (strain-gauge bridges mounted on the 
twin pillars bolted down the bedplate). 

For purposes of assessing the spatial temperature distribution 
throughout the roller bearings, housings and shaft an array of 

Chromel/Constantan thermocouples is used , each couple being located 
at a specific nodal po1nt represented by the small black circles in 
Figures 1 and 2 . 

Thermocou~les and transducers signa1s are transmitted to a 

"Fluke 22008" sixty-chan.nel data-logger for capture and signal 
conditioning. Tbe accuraoy of ±0 . 1°C between 0-1000°C specified by 

the ~akers was confirmed on laboratory calibration . 
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R-EXPERIMENTAL 
~ CALCULATEO 

TOROOE: 0.929 M.M 
T~E: 0.88S N.M 

Figure 2. Tempera~ure distribution (°C) bearing SKF 22310 CJ/C3 W33 

The inner rings and shaft thermocoup1e wires (taken out 

through the hollow shaft) were connected to a high-qua1ity silver/ 

/silvergraphite slip ring unit, and from this to the data-logger. 

Figure 1 also shows 1 in each "square" linked to the 

corresponding nodal point 1 the three steady-state temperatura values 

measured at three different tests. The operating conditions of the 

end bearings A were maintained constant during the three tests 1 as 

follows : 

- Shaft speed : 1000 rpm 1 

- Radial load: 1500 N 

- Bath lubrication: SAE 30 oil. 

However 1 different bearings, or different axial loading conditions 1 

were used for the central bearing unit, as indicat~d in Table 1 . 
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Table 1 . (To be analysed together wi th Figi:U'e 1 ) 

Bearing type (s) aro. preloa:iing wrditions ITemperatures I TO:rque 
for the central bearing OC (N~m) 

,-

a) Twin tapar rol ler bearings "B" /light a) 0.33 
axial preload 

neasw:ed at the 
b) Twin taper roller bearin:Js "B" /preloa:i: b) 0.29 rear cylindrical 

3I<N roll.er bearing "A" 

c ) Single self- aligning spherical :roller c) 0.35 
bearing '---

The two most important ·observations from the three different 

set of t .emperature values shown in Figure 1 are: 

1) The significant influence of the central bearing temperaturas on 
those of the left end bearing. Even tbough the duty conditions of 

tbis left end bearing were kept constant during the three different 
tests, its steady-state temperaturas were appreciably different for 
each of the three tests. 

2) The fundamental effect of the heat dissipation potential of each 
bearing assembly. The temperature values, measured at corrésponding 

points of the left bearing A and the central bearing c, were 
approximately the sarne, even though the heat generated by bearing C 
was almost twice that of the bearing A. 

Therefore, ·the important conclusion (obvious but generally 
disregarded in the literature) is that "any attempt to calculate the 

operating temperatura of a bearing assembly will be successful only 
if both its heat dissipation capability and the influenoe· of any 

adjacent device ca.n be evaluated with sufficient accuracy" . 

THEORETICAL ANALYSIS 
As already m.entioned , the spacial temperatura distribution of 

a rolllng oontact bearing assembly can on~y be ealculated as aresult 
of a thermal balance between the bearing heat generation (plus any 
externa! heat from seals and adjacent devices) and the heat 

dissipation capability of the assembly (including any coollngdevioe). 
Thus, in the theoretical analysis, all the heat sources .and 

heat transfer modes , listed below, must be considered simultaneously: 
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a) conduetive heat transfer ~rom the hous~ng base to the 

founda t ·ions; 

b) heat conduction from the bearing ou ter ring to the housing; 

c) heat conduction from tbe bea.ring inner ring to t~ shaft; 

d) axial heat conduction along the shaft, including heat inputs 

from outside the be~ing system proper; 

e) conductive 'heat transfer at the EHL contacta between the rollers 

and the raceways; 

f) convective heat t~nsfer from the outer surface of the housing 

to the environment; 

g) radiation of heat from the housing outer surface to the 

surroundings; 

h) convective heat transfer from the rotating shaft to the 

surrounding fluida; 

i) convective heat transfer from the bearing components to the 

surrounding fluid (s) inside the housing; 

j) heat generated (friction power losses) between pairs of surfaces 

in relative motion, i.e.: rolling elements/raceways , rolling 

elements/cage, roller ends/ring shoulders , cage/ring (s). 

Additionally, the heat generation from viscous churning may be a 

major heat source and must be considered . 

Basic Equations 

Heat transfer equations. The basic heat transfer equations 

may be found in [5,6 and 7]. On ly those equations and heat transfer 

coefficients not commonly given in text books will be discussed here. 

Relativa to the itens b and c, above, it is important to 

emphasize that the thermal conductivity of roller bearing steels is 

equal to about 30 W/m°C, whilst that of standard shaft and housing 

steels is equal to 50 W/m°C, approximately. 

In considering the itens a, b, and c, the conduction of heat 

between two contiguous bodies, through the common contacting surface, 

may be calculated by the equation: 

( 1 I 
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The thermal contac t conduc tance, 8
0 

ln equation (1), is an 

extremely complex functi on of the following factors: combined 

surf ace roughness of the pair of contacting surfaces, roundness of 
two fitted cylindrioal surfaces (e.g. shaft/bearing inner rings), 

waviness and flatness of two flat surfaces in contact, hardness of 
the contacting materials, load under which the two surface are 
pressed against each other, physico/chemical layers occuring in or 

on the interfacial asperitie s. Based on the theoretical and 
experimental results from refs. [8 and 9], and on the experimental 

dat a obtained with the authors test ring (Figure 1), the follo~ing 
values of 80 were adopted in this theoretical analysis: 

13 

H
0 

• 20000 W/m2 k for the shrinkfit mounting of the bearing inner 

ring on the shaft; 

H0 .. 15000-20000 for the outer ring/housing fit, and for the 

hous!ng base/bedplate metallic contact; 

H0 a 450 W/m 2K for the bedplate/concrete block contact!ng 

surfaces. 

Relat!ve to tbe heat transfer mode especified !n item e, it 

has been demonstrated by Cheng ref. [10] and other scientists that 
conduction ac~oss the o!l film is the chief heat transfer mechanism 

ln an EHL contact, convection be!ng negl!g!ble. The rate of heat 
conduction from a loaded roller to the inner and outer raceways of 
the bearing can be calculated by the following equation : 

0 0 " K0 ~ (t - t ) h r t 

The thermal conductiv!ty K0 of an SAE 30 oil varies with 
temperatura approximately as follows: 

~ o • 0.130- 0.00007t 

(2) 

.(3) 

This equation may also be appl!ed to the other two test oils 
(SAE 20W and SAE 50) with negligible errors. 

The heat flow area !n eq. (2) is given by the product of the 
roller effective length t 1n the EHL contact zone, the Hertzian flat 

width b, and the number Z
0 

of rollars that. support the lóad within 
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the Stribeck zone 1 viz: 

(4) 

The Hertzian band width b 1 derived from refs. [11 and 12) 1 may 

be expressed as: 

(
4o 08 Fr R' ) 

b • 6 . 691 X 10-l 
.l•Z •COSCl 

(5) 

It is known (12,13 1 14) that the load supported by eaoh roller 

within the Stribeck zone varies with the angular position of the 

roller 1 and is proporti~nal to the bearing dimensions and applied 

loado Furthermore~ the number of orollers that support the load is 

also dependent upon the housing configuration and on the thichness 

of its walls [14]o However 1 to obtain an averaging effect for 

purposes of heat transfer calculations, it was assumed that the 

radial load applied to the bearing is evenly distributed amongst the 

Zc loaded rollers and that Z0 =Z/4. These assumptions and the use 

of eq . (5) are recommended only for bearings under pure ~adial loads 

in the range O. O 6C< F r < O o l2C, where C is the basic dynamic load 

rating of the bearing ref o [15] o For bearings under axial or combined 

loads see refo (6]o 

Regarding to the item f one must keep in mind that the 

convective heat dissipation from the housing outer surface is 

dependent upon the air flow around the housing; this air flow being, 

in many applications, a direct function of the rotational speed, 

shape 1 and proportions of the shaft or machine elements mounted on 

the shaft . 

The heat transfer by forced convection between the moving 

parts of the bearing and the adjacent fluids inside the housing 

(item i) representa extremely complex mechanismso The corresponding 

equations 1 derived from refso [16 and 17}, are given in r ef o [6]o 

BBL oil film thickness equationo By analysing their 

experimental data obtained with the traditional disc-machines, Dyson 

et alo ref o [18] and Wilson ref. [19] showed that the EHL oil film 

thickness "h" 1 ca.lculated by using the Dowson and Higg inson 's 

"isothermal theory" equation ref o [13) correlate well with those 

experimental data (provided h < 1 )Jm) o 
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A literature survey indicates that experimehtal values of h 

in rolJing contact bearings are usually less than 0.7 j.lln, examples 

of this being given in refs . [20,21] . 

15 

Therefore, i~ · was decided to develop a simplified EHL oil 

film thickness equation for rol ler bearings, follow·ing Bolton 's 

guidelines ref. [2] and based on Cheng's isothermal formula ref . [22], 

written as follows : 

- = 1.987 --h [110 BUJ 0:74 [-W' J -0.11 
R' R' E ' R ' 

(6) 

For mineral oils, according to references [2] and (23], the 

product of the dynamic viscosity "n 0 " and the pressure viscosity 

ooefficient "B" may be conveniently expressed solely as a function 

of the kinematic viscosity, viz: 

Substituting eq . (7) into eq . (6) yields: 

h = 12 . 763 [ RLo) o "0.873 [~] [~J-0.11 (8) 
i,o Dm m R' i o E 'Rl:' , -1,0 

where the subscripts ."i ,o" refer to parameters calculated for a 

roller/inner or outer raceway contact . 

From the Notation it can be demonstrated that 

Ri,o = [~] s • O 
2cosa m 

(9) 

The roller motion in the Stribeck zone of a roller bearing 

may be assumed as being essentially epicyclic if the bearing 

pitchline speed is not excessively high (i.e. < 15 m/s), and if the 

applied load is greater than 0.1C, ~n arder to avoid roller skidding. 

For these conditions, therefore, the following relationship, 

demonstrated in ref. (12), is realistic, viz: 

( 1 o) 

Dividing eq. (10) by eq . (9), gives: 

(nl 
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The. 1oad parameter W' (load per unit length) for radial 

roller bearings of conventional clearances is given in references 

(12 and 13), as foilows: 

4. 08 F 11 W' = --------~--z • R; • cosa 
(12) 

Substitutinq eqs . (9, 11 and 12) into eq.(8) and knowing that 

for steels E'_ = 2.275- fl0) 11 N/m2, yields: 

hi = ci· • n_ • 0 0.74 . v0.873. Fr -0.11 , o , o -~~~ 
(13) 

vhere the constants ci,o· ca1culated for t .he three test bearings are 

given as foliows: 

COEF. 

3 . 052 X 10-9 

3.5-12xlo-9 

BEARING TYPE 

4595/4536 

3.239 X 10-9 

3.598 X 10- 9 

122310 CJ/C3 W33 

3.375x1o-9 

3.878xlo-9 

Note: For taper roller bearings under axial or combined 
1oads see ref . (6] . 

The lu):lricant ~in~matic viscosity v of the test oils 

(SAE 20W, 30, and 50), according to laboratory tests, varies with 

temperatura as follows: 

log log (v + O. 6) = K 1 • log ( t 0 + 2 7 3. 15) + I< 2 

where the cons.t.ants 1< 1, a are given as follows : 

OIL 

SAE 20W 

SAE. 30. 

SAE SO 

- 3 . 6338 

-3.5022 

-3.3924 

9.3356 

9.0432 

8.8435 

(14) 
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For substituting eq.( l4 ) into eq . (l3 ) it is of fundamental 

importance to remember that the oil temperatura "t0 " must be 

considered as a mean between the temperaturas úf the roller and the 
inner (or outer) raceway. This is based on the well established 

EHL principies given in ref . [13], viz: " In considering the effect 

of viscosity upon film thickness it is the viscosity of the oil at 

the temperatura of the specimens which is the controlling factor 
and that the temperatura of the oil bath has no influence whatever, 

except insofar as it may affect the temperatura of the contacting 

bodies. Furthermore, h is governed by the lubricant properties 
( n0 ,6) in the entry region of tbe EHL contact. • 

Thus, the prediction of the oil filmthickness between the 

rolling elements and raceways is only possible if the temperaturas 

of these bearing components can be measured or predicted with some 
certainty. COnversely the calculation of the roller a nd raceways 

temperaturas requires the calculation of these oil film thickness; 
see eq . (2). 

Heat generat ion equations. The heat generated per unit time 
(friction power losses) in a rolling contact bearing is given by: 

H .. 
9 

ll nH 
30 

where the total bearing torque may be calculated by: 

M1 • f 1 Fr Dm 

(15) 

(16) 

(17) 

(18) 

17 

The coefficients "f 1 " and "f 0 " are given in refs.(l2andl5J, 
for all types of rolling contact bearings . For the test-bearings 
the following values were adopted: 

I BEARlNG DESIGNATION 

HRJ 1 3/4" I 4595/ 4536 122310 CJ/C3 

fi 0.000375 0.0005 0.0005 
f 0 3.0 4.0 6 . 0 
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Baaed on the experimental and theoretical resulta from refs. 

(6, 24 and 25), the following percentage of the total heat generated 

was estimated at each bearing heat source, viz: 

a) Roller/inner raceway 20 -4 0% 

b) Roller/outer raceway 20-40% 

c) Roller/cage pockets 8-12% 

d) Cage/land riding ring 8-12% 

e) Roller ends/guide f1ange 0.1-0.8\ 

f) Viscous churning of lubricant 8 - 40% 

Note: The predominant influence on the above distribution of 
generated heat is the lubricant quantity in the bearing . The 
maximum percentage value (40%) for the item "f", which 
corresponda to a 50% immersion of the lowest roller [ref.6}, 
results in the minimum percentages for the other heat sources. 
Conversely, the minimum percentage value (8%), which 
corresponda t

0 
a minimum lubricant quantity, resulta in the 

maximum percentages for the other heat sources. 

Temperature Prediction Technique 

The "Heat Balance Method", as described by Welty [26] was 

employed as the foundation to the programme for calculating the 

operating temperaturas within a bearing assembly (as already 

exp1ained, the bearing heat generation and EHL oil film thickness 

must be calculated simultaneously with the temperatures, requiring 

the use of a computer). 

Basically the method involves the thermal equilibrium 

conditions within a structure and consits of equating the total heat 

influx to a given point or "node" (including any thermal energy 

generate d at the node) to the total heat efflux from this node to 

the adjacent ones. 

An initial step involves the selection of a set of element~ 

or nodes (points or surfaces whose temperatures are to be calculated) 

througbout the structure . The accuracy of the analysis depend on 

the n~ber of nodes and thoir position. Figure 2 shows the nodes 

selected in the central bearing assembly (together with the measured 

and predicted nodal temperatures for a specific duty conditions). 

As a second step the heat balance method is applied to each 

node, all modes of heat transfer being considered. For illustrative 

purposes consider Figure 2 with the following arbitrary selec tion 
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of nodal points i and corresponding tempearatures ti: 

Node 1 - Bearing roller 

No de 2 - Outer raceway 

Node 3 - Outer surface of the bearing ou ter ring 

Node 4 - Bearing cage 

Applying the heat balance method to node ~ 2• gives : 

(19) 

The heat transfer rate o1_2 from Node 1 to Node 2 in eq. (19) 

corresponda $pecifically to the eq.(2), i.e. conductive beat 
transfer through oil film . Similarly, o2_3 · illustrates radial heat 

conduction from Node 2 to Node 3, whilst o2_4 representa beat 

transfer by forced conveotit m from Node 2 to Node 4 (see refs . 6,, 
16 and 17) . The percentage of heat generat~d "0.1a

9
•at Node 2, in 

eq.(19) correspond to the item b- previous section; the concepts 
given by Burton [27) being considered. Burton suggested that ·the 

heat generated by two surfaces in relative motion Us equally 

dissipated between the two surfaces at the contact. 
Substitution of eqs.(3-S , 13 and 14) into eq . (2) yields: 

(20) 

Obviously, the coefficient C 1 is a complex non-linear 
function of the proper temperaturas t

1 
and t

2
• Símilarly, 0 2_3 and 

o2_4 can be represented in a simplified manner, as follows: 

(21) 

(22) 

Substituting eqs.120, 21 and 22) into eq.(19) gives: 

C l ( t 1 - t z ) + 0 • 1 Hg - C 1 ( t 2 - t J ) - C l ( t z - t , ) "' 0 (23) 

This final equation (23) is, tberefore, the result of 

applying the heat balance method to Node 2 and illustrates a typical 

nodal equation. 
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Aa a second i1lustrative example of obtainning a typical 

nodal equation, consider Figure 2 with the fo1lowing nodal points i 

and corresponding temperaturas ti: 

Node 5 - Shaft portion at the bearing seating t~ 

Node 6 - Shaft portion at the cooling fins seating t, 

Node 7 - Main body of the fins system t, 

Applying the heat balance method to Node 6 gives: 

(24) 

"o,• representa axial heat conduction along the shaft from the two 

end bearings to Node 6. ln any practical situation thia could be 

calculated by applying an ordLnary heat conduction equation,provided 

the shaft temperatures near the end bearings (or machine device) 

could be evaluated with some degree of accuracy. ln the present 

analysis, however, o, was considered as a thermal energy generated 

at Node 6 and equal to a given percentage c, of the heat generated 

in the bearing in studdy, viz: 

(25) 

From the discussions at the end of Section 2, the inclusion 

of Q in eq.(24) is paramount for the accuracy of the theoretical 

analysis . 

"Os_6 " representa axial heat conduction from Node 5 to Node 6, 

whilst ·~-J • stands for radial heat conduction from Node 6 to Node 7. 

Representing the ordinary heat conduction equations o5_6 and 

o
6

_
7 

in a simplified manner, and substituting in eq . (24) gives: 

C • H
9 

+ C$ ( t $ - t 6 ) - C, ( t 6 - t 7 ) • O 

Eq.(26) illustrates, therefore, a second typical nodal 

equation, i . e. similar to eq. (23). 

(26) 

lt is obvious from the foregoing that similar equations will 

pertain for each of the remaining selected nodal points . Thus a 

system of "N" non-linear equations is obtained, (N ~ number of nodes 

selected witbin the bearing assembly) . Using the vector notation 



RevBrMec. Rio de Janeiro. V. IX,n9 1 - 1987 

"t" to indicate the v~ctor of unknows (t 1 , t~, •.. tN), this system 

of non-linear equation may be written as follows : 

0 I i=l,2,3, .. • ,N (27) 

21 

The third and final step of tbe process is to obtain the 

solutioo of the system of equations(27) , which will then represeot 

the predicted nodal temperatures, This may be accomplished by using 

the computer program given in (6], such that other important factors 

are simultaneously calc~ated, e . g . , beariog torque, heat generation, 

and EHL oil film thicknesses. 

DISCUSSION OF THE RESULTS 

Theoretical and Experimental Temperatura aod Torque Correlation 

Figure 2 shows both the measured and the theoretically 

predicted temperaturas for the central bearing assembly. Experimental 

and calculated magnitudes of bearing friction torque are also 

included. The degree of correlat~on between the measured and 

predicted temE'eratures and torque is notewort.hy. 

Temperature correlations for non-rotatLng points above and 

below the bearing horizontal centre line . The theoretical 

temperatura distribution within the bearing outer ring and the 

housing was assumed to produce isotherms of symmetrical 

configuration relative to the bearing centre, e.g. circumferences 

or ellipses . However, as shown in Figures 1 and 2, points within 

the upper half of the housing and bearing outer ring were at higher 

temperaturas than those of correspooding points at the lower half. 

This explains the following correlation between the experimental 

and calculated temperaturas, over all the wide range of tests: 

a) The better correlation is observed for points at the level of 

the bearing horizontal axis, calculated temperatures being l-2% 

higher than the experimental values. 

b) Calculated temperaturas· resulted to be 2- 5% lower than the 

experimental values for points within the upper half of the 
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housing and outer ring of the bearing; the oppo~ite correlation 

being observed for points within the lower half . 

The reason for the "asymmetrica1" temperatura distribution is 

the greater heat dissipation rates from the lower halves of the left 

and central housings (upper half of the .right housing- Figure 1). 

This aspect is fully discussed in refs . (4, 5 and 6] . 

Roller temperature. An important aspect of the theoretical 

resu1ts is that the predicted roller temperaturas were some 10-20% 

higher than those of the inner ring, as shown in Figures 2, 3 and 4 . 

Since roller ~emperatures were not measured in the test rig, current 

literatura was searched for some substantiation of this result . 

Experim.ental confirmation of this prediction was found in the 

results by Norlander and Stackling [28] who measured rolling element 

temperatures some 18% higher than those measured at the inner ring 

of a deep groove ball beering. 

Inner raceway and cage temperaturas. The calculated 

temperatura of the inner raceway and the cage were about 2-3% and 

5-7% higher than the experimental values, respectively {see Fig . 2) . 

Friction torque correlation. ln general, calculated friction 

torque was some 2-4% lower than the measured values, as sbown, for 

example, in Figure 2. 

Note: From the foregoing discussion it has been shown that the 
predicted temperaturas were slightly higher than the 
experimental values, whilst, on the other hand, calculated 
torques were slightly lower than the measured ones. The 
conclusion is, therefore, that the "heat dissipation potential" 
of the bearing assembly was slightly underestimated ín the 
theoretical analysis . This will be further discussed in the 
followíng section . 

Variation of bearing temperaturas and torque with speed . Fi

gures 3 and 4 show the variation of calculated temperaturas and 

torques with speed and with load . The profile of the theoretical 

curves lie very close to those of the experimental curves given in 

[6], except for loads lighter than about 2-3 KN; the calculated 

torques and temperaturas being higher than the experimental values 

for these light loads. 
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Predicted oil film thicknesses between the rollers and the 

inner raceway are thinner than those between the rollers and the 

outer raceway. This is due, not only to the better degree of 

conformity and larger equivalent radius for the outer raceway 

contact, but also because the outer raceway temperatura is lower 

than that of the inner raceway (see Figs. 3 and 4). 

Effect of speed on EBL oil film thickness. Figure 3 show the 

variation of calculated EHL oil film thicknesses , "hi,o•, with shaft 

speed. It can be seen that hi,o increased rapidly with speed (up to 

about 500-700 rpm) and then decreased gradually with speed, for 

speeds above that value. This is due to tbe significant decrease of 

both the lubricant viscosity and pressure-viscosity coefficient as 

temperatura increased with speed. 

Such variation of hi;o with speed is in close agreement with 

the experünental results from (~]. 

-• 
3 

BEAfiiHG: RHP NRJ 1 Y4 

CAG( TEMPERAT\JRE -

~ ~ t0 OUTER RACE TE ...... TUM 

======--=-=--EHL. OIL ~ TltiCICNtS BETWHHEN"----...:_ 
ROU..Qt ANO ourD ltlleftllY 

4 

.. i 01. 01. f'UI tHICiiCNDIS IETWD 
ROU.U ANO llmt RACE'aY 

e 8 tZ , .. 
MOIAl L011D ( IC Nl " 

Figure 4 • The effect of load on calculated temperaturas, torque 
and oil film thicknesses. Shaft speed: 4000 rpm. 
Lubricant: SAE 30 oil (ha1f immersion on lowest roller) 
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Bffect of lubricant quantity and viscosity grade. Figure 5 

shows the significant e{fect of oil quantity (immersion level of 

the lowest rol1er} on the measured torques and temperatures of the 

spherical roller bearing. 

Simi1arly, the use of a heavier oi1 means higher torques and 

temperaturas for the bearing [6]. 

B.BL Oil Pilm Thickness Resulta 

Calculated EHL oil film thicl<nesses of the roller/inner (and 

outer} raceway contacts are plotted (together with bearing 

temperaturas and torques) in Figures 3 and 4, for various speed or 

load conditions. 

For the reasons pointed out in Section "EBL oil film thickness 

equation•, a mean between the roller and raceway temperaturas was 

adopted vhen calcu1ating 1ubricant viscosity and the corresponding 

EHL oil film thicl<ness. It is to be inferred that the higher roller 

temperature (relative to the raceway temperatura) has, therefore, a 

significant effect upon the ERL oil film thickness. 

Computar calculated oil film thicknesses are in good 

agreement with the experi.mental results obtained by Pemberton and 

Cameron [20} and by Wilson (21). 

IIEARING: SICF 22310 CJICJ W33 

t, RÓU.IR ~IoM; 
1.2 

TORQUE 
.... 
• I. 1. .... 
~ ~ • 
I ~ o. 

I i ~ o. o 
~ ~ .. 

li: o 

5 
o. 

o o 

Figure 3. The effect of speed o n calculated temperaturas, torque 
and oil film thicknesses, radial load: 8000 N. Lubricant: 
SAE 30 o il (half immersion of lowest roller} 
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Effect of load on EHL oil film thiokness. Figure 4 shows the 

variation of oil film thickneases, temperaturas and torque with 

applied load. It can be seen that oil film thicknesses decreased by 

about 20\ f~r a load increase of 100\. This dependence on load is 

slightly in excess of that found experimentally by Crook, as 

reported in [13]. Oil film thicknesses decreases with load not only 

dueto the load parameter in eq.(l3) but also dueto the effect of 

load on the operating temperaturas (Figure 4) and, consequently, on 

the lubricant viscosity, since, as may be seen from eq. (141, the 

kinematic viscosity v decreases drammatically with temperatura . 

Thermal Balance 

Figure 6 shows both "Heat Generation" and "Heat Dissipation" 

curves plotted against the outer race temperatura for the spherica1 

roller bearing SKF 22310 CJ/C3 W33. A corresponding ordinate for 

the bearing friction torque is also included. 

Three bearing "Heat Generation" curves are plotted, 

corresponding to the choice of SAE 20W, SAE 30, or SAE 50 oils . 

Since the heat generated by the bearing is a function of the 

lubricant viscosity {which is an inversa function of the temperatura) 

heat generation decreases with temperatura. This effect is clearly 

shown by the three "Reat Generation" curves. 

Three "Heat Dissipation" curves are plotte d; the "Total Heat 

Dissipation " corresponding to the sum of the "Heat Dissipation 

through the Housing" and the "Heat Dissipation through the Shaft/ 

/Fins". 

The point of interception of each of the three "Heat 

Generation" curves and the "Total Heat Dissipation" curve representa 

the thermal equilibrium condition and indicates both the bearing 

outer race temperatura and the friction torque for the specified 

operating condition (load, speed and 1ubricant). 

It is immediately obvious that the choice of the thinne r oil 

would resu1t in a lower operating temperatura and reduced power 

loss in the bearing unit. It is to be appreciated that a lower 

operating temperatura implies increased oil change periods, since 

oil oxidation rate is lowered. 

Figure 6 also shows the importance of an accurate assessment 

of the heat dissipation potential of the assembly. If this is 
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underestimated (for example, if the "Heat Dissipation th.rough the 

Sh~ft/Fins" if neglected)~ there is an apparent anomaly in that the 

predicted temperatura is higher than the experimental one, whilst 

the calculated friction torque is less tban the corresponding 

measured value. This phenomenon is readily explained, however, on 

the basis of the rapid decrease of the lubricant viscosity with 

temperatura . lf the heat dissipation is underestimated in the 

programme, the predicted bearing temperatu.re will, obviously be 

higher, giving a lower operating viscosity. Since the friction 

torque equation used in the programme itself contains a viscosity 

term, the result will be a predicted friction torque lower than the 

measured value. 

llMIN8: SICF lUtO C.J/ C3 WU 

SAE 50 OL. 

.. .. 
; su: 30 OIL 

/HEAT 
IMSSIPATIOM .. THROUIIH HOUSING c .. III :I o. z: HEAT o 

c 
to. SAE o .. o 

i 

Figure 6. Thermal balance, shaft speed: 4000 rpm, radialload: 4000 N, 
oil level: half immersion of lowest roller 
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As already d.iacuaaed in Section 1, apparently, this effect 

waa experienced by Schwartz [3), the experimental and theoretical 

findinga reported in h ia paper giving a similar "oontradiction" in 

the two parameters. 

The effect was demonstrated, somewhat dr~atically for the 

authors, during early development work on the programme. In normal 

running, after t hermal equilibrium is reached, an appreciable amount 

of heat is conducted out of the bearing from the housing base to the 

bedplate. This was, initially, underestimated in the earlier 

programmes, the resultant temperaturas being, in certain cases , 

almost 50\ higher than those experimentally measured, whi lst the 

calculated torques from the programme were, unexpectedly, less than 

those measured on test. 

The problem was finally resolved when thermocouples were 

plac~d at thP. base of the housings (see Figure 1). These gave a 

true picture of the extent of the oonduction heat transfer. It is 

to be inferred, therefore, in the light of this, that close 

attention to foundation conduction is highly relevant when assying 

thermal problema in bolted-down bearing housings. 

CONCLUSIONS 

Influence of Adjacent Bearings and Heat Dissipation Potential of the 

Aaselll.bly 

From.'thê discussions in the previous section , h. 

iE clearly ahown that both the operatin~ temperatures and friction 

torque of any bearing assembly are hightly dependen t on both the 

temperatures of adjacent bearings {or machine devices) and the beat 

dissipation potential of the assembly (housing/ foundations, shaft 

and any specific cooling device). These effects must, therefore, 

be given careful cónsideration in any theoretical attempt to 

predict the temperatura distribuition and heàt generation within a 

bearing assembly, if a good correlation between theoretical and 

experimental resulta is hoped to be obtained. 

ln tbe authors opinion, inaccurate estimates of the heat 

disaipation and/or failure to consider the effect of the operating 

temperaturas of adjacent bearings clearly explain some of the 
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comments (ln the "Discussions" of selected papers in the literatura) 

regarding too high or too 1ow friction torqua (or haat genaration) 

for a givan baaring typa and siza. 

Effect of Lubricant Quantity and Viscosity 

As discussad in previously, increased lubricant quantity 

significantly incraasas bearing fricti.on torque and oparating 

temperaturas. On tha other hand, it is evident from aq. (13) that 

the EHL oi1 fiLm thickness decreases with temperature (temperatura/ 

/viscosity chanracteristics of the lubricant). 

It can be conc1uded, therefore, that the common practice of 

specifying rolling contact bearings with the lowest rolling element 

half immersed in the oil bath, may not be further recommended. Less 

lubricant quantity wou1d result in lass heat generation within the 

bearing, 1owar operating temperaturas· (and thereby increased 

relubrication intervals) and, possibly, thicker oil films in the EHL 

contacts (thus increased bearing service life) provided lubricant 

starvation is unlike to manifest - see [20 and 29). Additional1y, 

another advantage of reducing the lubricant quantity would be the 

consaquent reduction in roller skidding {30]. 

Similarly, the use of a lass viscous lubricant would result 

in less power l~ss from the bearing and lower operating temperatures, 

as discussed ~n .• ;.,-reviously. Howevar, EHL oil film thickness would 

also be raduced ; the lubricant selection being made therefore from a 

compromis.ê between these parameters, 

Further Concluaions on EHL Oil Film Thickness 

By employing the simplified EHL oil film thickness formula, 

i.e. ag.(l3), tha following conclusions were obtainad: 

a) Substantially thick EHL oil filmB may be established between the 

rollers and raceways of a roller bearing, for a shaft speed as 

low as 50 rp.m . 

b) Typically, "hi,o" (EHL oil film thickness batwean roller and 

inner or outer raceway) increases rapidly with speed (for 

n <SOO rpm), remaining approximately constant with speed (for 

SOO< n < 1000) and decreasing gradually with speed (for n > 1000 

rpm). 
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c) Somewhat surprisingly, "hi,o" c::aloulated for n= 100 rpm were 

larger than "hi , o" for n .. 3000 rpm. 

d) "hi , o" decreases , somewhat significantly with 1oad, for bath 

lubricant rol1er bearings . 

e) Usually, "h i" is about 20\ lower than " h0 "' . This h as been 

confirmed by Wilson (21]. 

Note : These conc1usions "a", "b" and "c" above have been 
experimentally confirmed by Pemberton and· cameron [201. 
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The use o f computer pro9rams in system dynamic analysis is very 
common. Frequency responses, vibration modes and time simulations 
can be calculated by the computer, if one has a mathematical model of 
the system . These kind of ana1ysis is useful in many fields of 
mechanica1 engineering, such as rotor dynamics, vehicle technology 
and machine design . THis work presenta some programa developed for 
microcomputers that simplify these studies. The engineer creates a 
mode l by connecting ri<]id bodies, springs, dampers and external 
excitations. The model equations must be supplied b,y linear second 
order equations, put in a matrix forro . The resulta of the analysis 
are stored for post-processing or plotting in a graphic terminal. 
The user can make changes in model equations and model parameters, 
and verify how tbese chan9es affect the system dynamic behavior. In 
the second part of this work, a small rotor with elastic bearings is 
model1ed and analysed . The bearing parametes are estimated by a 
simple procedure . The method is to rationally varia te the parameters, 
until a good agreement is found between the calculated transfer 
function , and an experimental one. 

RESUMO 

O uso de programas de computador na análise dinâmica de sistemas é 
algo b~stante comum. Respostas em frequências, modos de vibração e 
simulações podem ser realizados facilmente se tivermos um modelo ma
temático do sistema em questão. Estes tipos de análises são de ex
trema importância em diversos campos da engenharia mecânica, taisco 
mo: dinâmica de rotores, tecnologia de veicules e projeto de máqui~ 
nas. O presente trabalho apresenta alguns pro<]ramas desenvolvidos 
para microcomputadores que simplificam estes estudos . O engenheiro 
cria o modelo unindo corpos rigidos, molas, amortecedores e excita
ções externa. As equações do modelo devem ser descritas . por equa
çÕes diferenciais lineares de segunda ordem colocadas na forma ma
tricial. Os resultados da análise são armazenados para pós-próces
samento ou traçado em um terminal gráfico. o usuário pode fazer al 
terações nas equações ou nos parâmetros e verificar como estas alte 
racões afetam o comportam~nto dinâmico do sistema . Na segunda par~ 
te do trabalho, um pequeno rotor com manca is e l ásticos é modelado e 
estudado. Os parâmetr os do mancal são estimados através de um pro
cedimento s implificado . O método consi ste em varia r racionalment~ 
os parâm.etr oa até que ae t enha uma função de transferência oalcula
d« que s e aproxime bem da função experimental . 
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I NTRODUCTION 

The use of computer programa to solve some system dynamics 

problema is very common. The engineer can estimate the behavior of 

a system if he has a mathematical descríption of that system. So we 

can understand modelling as the representation of a real system for 

the analysis of some of its characteristics . Among many techniques 

of modelling, the multibody approach is very close to mechanical 

systems with applications to rotor dynamics, vehicle t echnology, 

robotics and machine design. 

The objective of this paper is to present a group of programa 

developed to the analysis of multibody systems in a 16 bits 

microcomputer. There are some excelent general purpose programa for 

analysing system dynamics, a good review of them can be found in [1). 
These programa provide an easy way to the user to build and simulate 

the systems. The cost of the microcomputers is motivating its use 

in technological field and although restricted to simple models one 

can find applications such as simu1ations, verification of confort 

in vehicles, optimization of parameters to increase stability, 

evaluate frequency responses or vibration modes. 

Some important requirements have to be remembered when 

developing a software of this kind . First of all the operation must 

be interactiva so the user can control· of the execution as he like, 

in this way the interface between man aod machine must be efficient 
; 

to an expert a's to a beginner user. The programa must provide an 

easy and fast way for changing the model parameter values and 

veri!ying its influence in the system dynamic behavior. Standard 

outputs are necessary to interchange data between other programa, 

and for post processing too. Graphical output is an other important 

feature that must be provided; and of course, accurancy and 

computational efficiency must be taken into account. 

THE MATBEMATICAL MODEL 

Extensive literatura exists on linear systems (3), and there 

are also many wel l established numerical algorithms on this broad 

field of system dynam.ics. So as a firs t step in the development of 

the package only· linear systems will be considered. A well known 

representation of a mecbanical model is the second order differential 

equation, that can be put in a matrix form, such as : 
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H (1) 

where RM,P and Q are known as mass, damping and spring roatrices 

respectively; abd H is the externa! forces vector . The degrees of 

freedom and its derivatives with respect to time are represented by 

the X,X and X vectors. 

Other restrictions had to be imposed such as time independence 

and real constant coefficients. The model in this forro is used for 

frequency response calculations where coroplex external forces (2) 

and frequency dependent parameters are allowed . 

H Hr + j *Hi (2) 

From the matrix equation (1) a state-space representation 

can· be developed, if the RM matrix is positive definite. The state 

space representation is put i ·n an also wel1 known matrix equation 

(3) where the matrices are built as indicated in (4) and (5). This 

representation will be used for eigenvalue calculation and for time 

simulation. 

y ( 3) 

where 

B o RMT u .. o (4) 

I 

O : I 
A -----+-----

-1 I -1 
(.!?} 

-RM•P : -RM*Q 

The model equations must be delivered by the user, it can be 

formulated by a Lagrangean approach or by applying the Newton's and 

Eu1er 1 S laws to the system . THis may be a very difficult and time 

consumming task . A new solution to the problem of developing the 

model equations that apper in the last decade are some general 

purpose software for generating the symbolic equations of motion [1) . 

ln our applications the NEWEUL program [2) has been used with ve-ry 

good resulta . This program can generate the model equation and the 
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user haa only t o_ provide a deacription of the system, its inertia 

tenaors , masses , forces and mdments as functions of the geometric 

properties and the degrees of freedom. The studied case wil1 show 
a simple use of thia package. 

GENERAL DESCRIPTION OF THE SOFTWARE 
The higb level language used for the development of the 

package was Pascal , in order to improve maintenance and portability 
to the software . The system of programa were designed to be 

structured and modular so t _he first step was to define some standard& 

for the input and output. Then the algorithms were selected and 
tested, and only afterwards the package was built. The numerical 

methods were selected mainly because of its generality; the OR 
algorithm is used to evaluate both real and complex eigenvalues and 

eigenveotors of the system matrices; to integrate the differential 
equations a 4th order Runge-Kutta method is used. When a matrix 
needs to be inverted a Gauss-Jordan Inversion procedure is called . 

An important part of the programa is a fox:mula interpretar that was 

designed to evaluate the equations of motion without the need of 
re-compilation. This interpretar has the sarne structure of the 

Pascal lanquage itself and can solve the commun mathematical 
functions such as sin, cos, exp, etc ... 

The following figure shows the general interaction between 
some concepts involved in the program. 

ln the Figure 1 we can see that the real system can be 
modelled with the help of the NEWEUL program, that delivers the 

equations of motion, whitch can be edited to create an input data 
file with the model equations in a format suitable to t .he ADS 

program. On the other hand measurements and experimentation can be 

performed in the system and the resulta will be the numerical values 

for the parameters of the model or other experimental resulta~ Those 
experimental results will, in the future, feed an identification 
scheme to provide the parameters too . 

After the model equations and the model parameters have been 
developed, the main program can be executed, and the user can 

interactively perform the analysis. Today we can divide the 
analysis into four classes: Frequency oalcations, Matrix calculation, 

Eigenvalues and Time simulation. Now we will describe in a little 
more detail each one of these . 
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REAL SY>ltM 

• GRAPHICS 
• CURVE t<AIIIll.l NG 

• >t.t.RKON I C ANALYS I~ 

Figure 1. Block diagram of t he program package 

Frequency Calculations 
Based on the n second order differential equations, the 

prograrn can construct a system of n complex linear equations on the 
unknown degrees of freedom as shown in (6). The complex system of 
order n is transformed into a real system of order 2n and then 

solved , as (7) . 

( (Q- W2*RM) + j*W*P) • (Xr + j*Xi) = Hr + j*Hi (6) 

were W is the frequency (Rad/s). The subscripts r and i indicate 

the real and complex componente. 
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• Q-W2*RM ' -W P ' . ------ -1-- ---- -
H r Xr 

* ( 7) 
X i W*P Q- W2 *RM H i 

choosing suitably Hr and Bi, and variating W in a given r ange it 

can calculate the transfer function of a system, a forced harmonic 
response or an unbalance response . As the equations are solved for 

each frequency, the matrices RM, P, Q and H can have W as a 

parameter . The resulta are stored in a magnetic media for post 
processing. 

Matrix calculation 
All the matrices. t .hat describe num.erically the system can be 

outputed, and listed. The· future use for these rnatrices will be 
sorne control design programa, that will use the modern control 

theory. Once a state description of the systern is known, one can 

minimize a linear quadratic criteria and estirnate the feedback 

matrix, for exarnple . 

Eigenvalues 

Estirnation of eigenvalues is rnade by estirnating tbe real and 

cornplex eigenvalues of the rnatrix A, and also the eigenvectors. Then 
they are sorted, frorn t .he lower to the upper cornplex eigenvalue, or 
eigenfrequency . This calculation can be perforrned for a single set 

of parameters and the rnodes of vibration are then norrnalized and 
listed; or one can variate any of the rnodel pararneters and verify 

its influence in the eigenvalues . This last type of analysis is 
called sensivity analysis and shows the variation of natural 

frequencies and stability with the systern pararneters; in this case 
the outputs can also be stored. 

Time Simulation 
The system (4) can be integrated with respect to time for a 

given set of initial values and using sorne excitation. The prograrn 

provides sorne standard excitations suoh as randorn noise, ramp, 
pulse, step or sin functions. The integration scherne is very rnuch 

time consumming . A general purpose integration prograrn that will 

deal with non linear rnodels as well as witb linear ones is now 
under developrnent. 
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Post Processing 

Graphics is the most important post processor. The program 

can draw graphics on the computer graphic terminal and then transfer 

them to a pen plott~r, or to a dot-printer for hardcoping. Linear 

and Logarithimic scales are avaliable. 

Another very usefull post processing is the curve handler~ 

With this program one can operate numerically the stored results ~ 

the main program. The curves can be inte:r:pol'ated, multiplied, 

added, and function such as sin, cos , exp can be performed in the 

data to estimate coupling forces, other points of the rigid bodies 

motion, or functions can be integrated or derivated in the 

frequency domain. 

CASE STUDIED: ROTOR WITH ELASTIC BEARINGS 

A small air driven rotor was taken as ·an example, to 

demostrate the use of the programs. Figure 2 shows the system which 

consista of an aluminium rotor of about 400 mm long, with ball 

bearings at both ends to allow free turnig, driven by a small air 

turbine that can run up to 6000 rpm . At the ends there is a rigid 

shaft conecting a copper disk to a flexible spring. The copper disk 

oscilates in a constant magnetio field created by coils, in order 

to deliver sorne damping to the system. This aparatus was built at 

GEPROM [4) or educational propouses in rotor dynamics . 

The AOS prograrn will be used to estimate the flexibility and 

damping parameters of the bearings. The rnethod variates this 

par~eters until a good agreernent between experimental and 

theoretical transfer functions of the system is found. 

The first step is to develop a mathematical model for the 

real system. As we will be interested in the low frequenoy range 

(below 3000 rprn) the rotor can be assumed rigid, and a model of a 

rigid rotor with flexible and darnped pearings seems to be a good 

representation for this system. Let's supose also that the bearings 

have radial simetry, ie the spring and darnping constants for both 

axis X, Y are equal. 

Figure 3 describes the mathematical model , and the symbols 

to be used . This figure also p:r:ovide the input data to the 

rnodelling prograrn NEWEUL [2) that will develop the model equations. 

To desc:r:ibe the model to the p:r:ogram is necessary to answer some 
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Figure 2. Rotor system 
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Figure 3. ~ultibody mode1 representation 
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questiona as the numbers of bodies, numbers of degrees of freedom, 

the names for the position vector, the mass and inertia tensor as 

well as the forces and momente that are applied to the bodies . 

After that, a list of the model matrice s as shown in Figure 4 for 

the mass matrix, is outputed. 

RM(l,l)=LI**2*LM1**2*M+J*LM1**2 
RM(l,2)=LS*LI*LM1**2*M-J*LM1**2 
RM(l,Jl -o. 
RM(1,4)=0 . 
RM(2,2)•LS**2*LM1**2*M+J*LM1**2 
RM(2,3)=0. 
RM(2,4)"'0. 
RM(3,3)"'LI**2*LM1**2*M+J*LM1**2 
RM(3,4)•LS*LI*LM1**2*M-J*LM1**2 
RM(4,4)=LS**2*LM1**2*M+J*LM1**2 

with LMl•l . O/(LI+LS) 

Figure 4 . Mass matrix output ·listing 
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Osing a text editor these equations can be easily edited to 

c reate a data file for the AOS programa. Ano~her data file must be 

breated with the numerical values for the model parameters, this 

file will contain a list, such as in Figure 5 . 

M•6 . 8 
J • O.l854 
JP ... 0.005736 
LI•0 . 294 
LS=0.275 
LAX"'0.37 
FXScl.O 
w-o.o 
G""9.806 

Figure 5. Parameter data file list 

The analysie program will now be used to identify the spring 

and damping parameters (KS,KI,CS,CI) . An experimental test was 

carried out to suply the transfer function. The test consista in 

estimating on an spectrum analyser, with the FFT algorithm, the 

transÍer function between the signal of a load cell connected to a 

hammer that excites the rotor, and an accelerometer , mounted on the 

upper bearing. The experimental set up is represented in Figure 6 . 
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The calculation used 512 data points with a cut off frequency of 

25Hz . Figure 6 also exibits the resulting curve, where we can find 

the two natural frequencies oorresponding to the modes of vibration; 

the lower one is at S.SHz and the upper one on 9.7Hz • 

.__-] ____ --- ----- ----- -· -----, 

~· r~ 
~lub!~~~ 
I.C -.-- --- - ---r- •-- - --r-- ~ I ·- - · · - , .... 

Figure 6. Experimental transfer function 

It is well known that the spring constante greatly influence 

the eigenfrequencies; so we can use this fact in the identification. 

It is possible with the programs to variate the spring constante and 

calcula te the eigenvalues of the model until the imaginary part of 

the m matches the two frequencies. As there are two spring constant 

this variation is not so easy and can even lead to a non unique 

solution. A simple static test was made to relate the two spring 

constante {KS and Kll, and reduce the number of parameters to be 

identified. The test is to measure the displacemente at the two 

be arings and find a point in the rotor were the application of a 

force would produce the same displacement in the two springs; at 

that moment the ratio between the distance of that point and the 

bearings is equal to the ratio of the epring constante, as ehown 

in Figure 7 . It was found that the KS/KI ration is approximatly 

equal to 1.45. Now we can study the effect of the KI (KS=l.4S*KI) 

in the eigenvalues. Figure 8 shows the result of this variation. 

It also ehows that the value of 3.4*10-3 leads to a very good 

approximation to the correct values for the natural frequencies. 

• 
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Figure 7. Static determination of the KS KI ratio 
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Figure 8. Variation of KI x Wn (the value of Ki selected 

so that the eigenfrequencies are matched) 

The next step in identification is to select the damping 

coefficieots. Assuming for simplicity that they are equal : 

C ., CS • CI 
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we can calculate the theoretical transfer functions XS/FXS for some 

values of C and compare it with the experimental one. The tr4nsfer. 

function of the displacement is easily calculated from the second 
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order equation, and it can be transformed into an acceleration 

function by mu1tip1ying the gain va1ues by w·2 . Figure 9 shows the 
displacement transfer function a.nd the comparison to the experimental 

curve. The selected value of C•7 N/(m/s) is the one that give the 
best agreement among the curves. 

- O>Eo ~o.,.E.-=-, -+---t---+--+--+---+----+---+-a"'· rl 
... ,_, .... ,lt-,h ) 

=== ~ : ~ =~J:::~: ! _ _ ~ - ao H tm../e) 

Figure 9. Calculated transfer functions(a) displacement 

(b) acce1eration with experimental comparison 

This simple method for identification is very particular to 

this case, but there can found similar applications in other 
problema. A last comparison between the eigenvalues calculated 
from the model and a model apalysis is shown in Figure 10; the 

maximum error found in this case was about 17\. 
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lst M.ode 

MEASURIID CALCULATED 

AMPLITUDE AMPLITUDE PHA.SE (DEG) 

XS 0.86 o. 73 0.0 

XI 1.00 1.00 0.0 
'----

2nd Mode 

MEASURED CALCULATED 

AMPLITUDE AMPLITUDE PHASE (DEG) 

xs !.00 1.00 o. o 
XI o. 78 0.92 180.0 

F i gure 10. Model analysis results 

CONCLUSION 

A package of programs for tbe modeling and analysis of MBS is 

presented. The programs demostrated the power of microcomputers in 

this field of engineering, specially on small problems in system 

dynamics. The requirements, the capabilities, and the organization 

of a ~ackage of this kind was discussed. Some developments in 

fields of control engineering, non linear modela and iden~ification 

are yet to be done . 

A small rigi d rotor with flexible and damped bearings was 

taken as a case studied . The flexibility and damping parameters 

were identified from an experimental transfeL function, by a simple 

procedure, with reasonable results. 

ACJCNOWLEOGEMENTS 

The author wished. to thank Professor Hans Ingo Weber for 

h is e xtremely helpfull comments, since the very begining of our 

resear c h. The author also must thank the IPEN staff for supporting 

this work . 

, 



RevBrMec. Rio de Janei r o . V. IX,n9 1 - 1987 

REFBRENCES 
[ 1] Kortuem, w. and Schiehlen, w. - General purpose vehicle systern 

dynamics software based on multidoby forrnalisms. Vehicle 
System Dynamics, l! : 229-263 , 1985. Swets & Zeitlinger B.V., 

Lisse. 

[ 2 1 Kreuzer, E., Schmoll, K.-P. and Schramrn, D. - Prograrnrnpaket 
NEWEUL'84 Anleitung AN- 10. (1984) lnstitut B. Fuer Mechanik, 

Stuttgart. 
[ 3 1 Astrom, K.J . - Mode1ling and simu1ation techniques. Agard 

lecture series no.128, 1983). 

[ 4 1 GEPROM: Relatório do Projeto DINA. (Internal Retort) Campinas, 
1981 . 

•• 



RevBrMec. Rio de Janeiro . V. IX,n9 1 - 1987 47 

VIBRATION CONTROL OF MAGNETICALIX SUPPORTED ROTORS 

M. Frik 
R. Weweriu 
UnJvenit y of Du!Jburg 

lNTRODUCTlON 
DUring the last years electromagnetic bearings have reached 

an increasing number of technical applications, e. g. for turbomolecular 

pumps, turbo compressora, steam turbines and rotational spindles for 
milling and grinding machines . 

Magnetic bearings represent a suspension witho~t mechanical 
contact and friction. The characte.ristics of the bearings, such as 

stiffness and damping can be chosen arbi·trarily within a wide range 

by an appropriate design of the controller, which makes them 
adaptable to different dynamio requirements [1]. 

Furthermore, magnetic bearings can be used to control the 
dynamics of the suspended mechanical system during operation [2,3,4) . 

ln this paper a magnetically suspended spindle of a milling 

machine is considered as an ex~mple for which vibration control 
during operation can be applied to improve the performance . 

EQUATIONS OF MOTION 

ln milling machines the cutting force is the main cause of 

forced and self-excited vibrations which can limit the productivity 
and machining quality essentially. Here we are not going to 

describe the cutting force explicitly since it dependa on a number 

of parameters which not all are very well known and which vary with 
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operating conditibns. Instead we shall use only its characteristic 

forro . 

It we have a constant feed of the workpiece and no 

oscillations of the cutter, i.e. the ohip-thickness is constant, we 

have a time varying periodic cutting force which can be described 

by its constant average part and additional time varying terms . 

However, if oscillations of the cutter occur, we have additional 

time-delay terms due to the fact that the chip thickness is affected 

not only by the location of the cutting tooth at time t but also by 

the trace of the previous tooth at time t-T I with T = 2T /Qz I where n 
is the angular velocity of the spindle and z denotes the number of 

teeth of the cutter. 

The time- delay terms describe the regenerativa effect which 

can cause instabili~y and self-excited chatter vibrations. 

Since the deviations of the magnetically supported rotor 

from its nominal position are small, the equations of motion can be 

described by a linear differential equation of the forro 

R. 
(G 0 + G1 (t)) (X(t- T) - X(t)) + ~ W

0
i.§.i (t) (1) 

i=l 

Here X is the f - dimensional vector of the generalized 

coordinates, ~ is the r-dimensional vector of the magnetic forces, 

M, P, Q and B0 are constant matrioes of appropriate dimensiona . The 

parts ~o I 9:1 (t) and (Go + Gl (t)) <r<t- T) - r<t)) describe the above 

mentioned terms caused by the cutting force. The elements of 2.o• 
9: 1 (t) and ~o and ~ 1 (t) are assumed to be unkown. W

0
i.§. 1 (t) are 

harrnonic excitations, e . g. caused by unbalance masses, but also 

harrnonic parts of the cutting force may be included . 

The elements of W01 , i .e. amplitude and phase of these 

harmonic aprts are assumed to be unknown, the frequencies wi of 

(2) 

however, which correspond to the angu,lar velooity of the spindle, 

are assumed to be known. 
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Introducing the state- vector xt = <x1 ,iT>, the state-vector 

differential equation becomes 

where 

1 
_! • ~+B~+f~·+fl(t) +Fo!.t+ F I(t).!_t+ .L: Wi.!.i 

J.=l 
(3) 

A ., - (-.:,~J 
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8 • ( ~=~-.:) 
( ~:,-:~,-t,) ' f - ( - -~ - ) ( 4) -o -1 

M 9o 

!.r~ x<t- T> -x<t> 

(A,B) are assumed to be controllable. 

Contro1 Schemes 

Let ~ be composed of 

1 
~ (~, t) = -K!_ • ~fo +~o.!. + ~n (!_) • L Zwt.!.t 

i .. l 

The part -K!_ can be designed in a comrnon way to give the 

undisturbed system a desirable dynamic behavior . The terms ~fo, 

Zy0 .!.T• Zw1 .!. 1 should compensate the corresponding terms of the 

cutting force and the harmonic excitations, respectively . 

(5) 

In general not al1 of these compensation signals will be 

necessary, and we shall later on consider an example where some of 

these signals are omitted. However, if they are all realized we 

need harmonic signals, e.g . from function generators, and the 

generalized coordinates X(t- T), that is a part of the state-vector 

rnust be stored over the Jmown time intervall T; !:!n (!_) is an 

additional nonlinear part of the control to be specified later on. 

Inserting !:! into the equation of motion we obtain 

x (A- BK) !_ + (f0 + B_l:! fo) + (F 
0 

+ BZp 0 ) .!r 

i 
• L (Wi+BZw1>.!.1 +fl(t) +Fl(tl.!.r• 8!:!n(~) 

i=l 
(6) 
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It is assumed that there exist matrices ZFo' Zw1 and ~fo 

such that 

i o+ 8~fo -(-~~ -) . ( -.=.-(;_ :'.-.:~J 
F o+ BZFo .. t,~-) - (-..= ,-(o,~.-;,;, -1 -) 

., • 8 'w1 • e-) 
Dwi. ( -..= ,-( ;,~ ~. -.:,-.; 1-) 

become zero. This is possible if 

rank Bo "' rank (B0 •iol 

rank Bo = rank(B
0

,G
0

) 

rank Bo .. rank (8
0

, W
01 

) 

ln case of a rigid rotor these conditions are always 

satisfied since 8 0 has full rank. 

(7) 

( 8) 

The ramaining parts .f 1 (t) + F
1 
(t)~T can be interpreted as an 

uncertain time-varying input-signal 

(9) 

where C1 and C2 are constant matrices . 

It is assumed that matrices N1 and N2 exist such that 

C1 = BN 1 ( 10) 

Now let a vector ~ be defined as 

(11) 

that is 

.f 1 ( t ) + F 1 (t)~ T • B~ ( 12) 
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The norm of vector ~ is 

(13) 

If not all of tbe previously mentioned compensation signals 

are realized, the corresponding inputs may also be included in ~ by 
additional terms. 

ln order to derive laws for generating the oompensation 

signals and the nonlinear control consider the Lyapunov f~nction 
candidate 

where R, Sr, SF, Sw1 are positive definite symmetric matrices . 

The time-derivative of V is 

v ~ T [<A- BK) T H +H (A - BK)] ~ + 2 (.f
0 

+ B~fo) T R~ 
R. 

+ 2~1 (F0 +BZF0 ) 1 H~+2 .t si(W1 +BZw1 ) 1 H~ 
l.=l 

- 2~ 1 HB (~0 + ~) + 25! ~Sf ªf + 2tr (D~SFÔF) 
Jl, 

T • 
+ 2 2: tr !Dwi Swi Dwi> 

i=l 

(14) 

(15) 

Since A- BK is a Hurwitz-matrix, it satisfies the Lyapunov
-equation 

(A - B!<) T R - H (A - BK) = - L ( 16) 

For any positive-definite symmetric matrix L, the solution 

of this equation is · a positive definite symmetric matxix H. With 

the quadratic submatrices H1j and the abbreviation h 

h (17) 

is becomes 
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(18 ) 

Now we set 

o (19) 

o 

which is fulfilled for 

8o~fo 
-I 

- MSf !! 

8 oZFo 
-1 T 

-MSy hsT (20) 

8 oZW1 
-1 T 

-MSwi hs 1 

These differential equations describe the laws for generating 

the compensation signals . Now V becomes 

or using (13) 

By an appropriate choice of ~ 0 (~) boundedness or even 

asymptotic stability can be guaranteed . 

a) The nonlinear control [5 ] 

sTHx 
for 

o 

(21) 

(22 ) 
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leads, combined with t he compensating signals (5), (20) to 

for all .!. .. o 

Let be V • "õ for t • t
0

, t hen .!_(t) remains within the 
ellipsoid .!.TH.!_•V

0
, i.e. 

ll .!.!t) 11 s _/ vo l >.min (H) 
for all 

and .!. = O is asymptotioally stable . 

b) A similar control scheme is obtained, if the components of ~ are 

lilllited by I e 1 I S P1 • 

The nonlinear control 

~1 {_!) • -pn sgn I!?. IH.!.) for ~I".!. " o 
(24) 

u n1 {_!) arbitrary wity I u n11 S P 1 for bTHx 
-i - o 

delivers 

v s -.!. L_! < O for all .!. -,< o 

Hence, we have the same situation as in case a). 

c) The nonlinear control can also be used to avoid amplitudes of 
too large magnitude. If 

for IIBTH.!.I I se: 
(25} 

for IIBTH.!. II >e: 

we obtain 

for and 
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which is negative for 

2 2E.Pv 
li ~ JJ > À (L) 

min 

Example: 

As a simple example the motions of a cutter are considered 

which is regarded as a one-degree-of-freedom-system oscillating in 

feed-direction only. 

The equation of motibn is 

X (A - BK)~ + !_
0 

+ !_ 1 (t) + (F
0 

+ F 1 (t)) (x 1 (t- T)- x 1 (t)) 

For this one-degree-of-freedom-system ufo' zy
0 

and ~ are 

scalar quantities. 

The cutting force can.be calculated for given operating 

conditions such as cutter geornetry, cutting speed and cutting depth 

etc . (6] . For the system 

x = (A-BK)~+!_0 +F0 (x 1 (t-Tl -K 1 (t)) 

that is for the system without compensation forces and without the 

time-varying parts in the cutting force, the stability limit for 

the onset of chatter vibrations due to the renegerative effect can 

be determined using the Nyquist criterion. For a given matrix 

A- BK, here 

(A- BK) 

has been chosen, the stability limit dependa upon F0 and T. Since 

F0 is proportional to the depth of cut and T is related to the 

rotational speed, the stability region can be described plotting 

depth of cut versus rotational speed . Figure 1 shows an example 

for a specific case . 

ln the following some simulat·ion results for three operating 

conditions marked in Figure 1 are presented. These simulations 
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Figure 1 . Stability diagramm 

include all of the terms of the cutting forces, whereas different 

combinations of the compensation signals are applied. 

For 

L = ( ~ ~ ) 

we obtain from (16) and ( 17) 

and from (20) 

where sf and s~ are positive scalar quantities which can be chosen 

arbitrarily. 
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The nonlinear control is 

case a) and bl 

for case c) 

Figure 2 shows oscillations at operating points I, II, III 

with ~ :: O, Zp
0 

=0. The stability of I and instability of II and 
III are confirmed . In Figure 3 the nonlinear control of cases a) 

and b) is applied to operating point III without compensation of 

the regenerativa effect. The motion x 1 (t) tende asymptotically 
·towards zero. The nonlinear contro1 has a high switching frequency, 

showing up also in the resulting magnetic force Fm . 

For the nonlinear control of case c) and zFo =O simulation 
results at operating point III are given in Figure 4. Here on1y 

boundedness of the solution is obtained, but at a considerably 
lower switching frequency. 

In Figure 5 compensation of the regenerativa effect without 
an additional nonlinear control has been applied to point III. 

The switching frequency of the non1inear control can be 
reduced by hysteresis accoring to Figure 6. This nonlinear 

characteristic has been applied to operating point III without 

(Figure 7) and with (Figure 8) additional compensation of the 
regenerativa effect. In Figure 7 the nonlinear control is needed 

to stabilize the system, whereas in Figure 8 it serves only to 
avoid large amplitudes. 

CONCLUSIONS 

Active magnetic bearings can be used to control the 

vibrations of the supported system. 

It has been shown that in milling machines with magnetically 
supported spindles , forced and self-excited chatter vibrations can 
be avoided by an appropriate control of the magnetic forces, tbus 

increasing the machining efficiency and quality. Nonlinear control 
schemes and compensation algorithma have been derived using the 

aecond method of Lyapunov. 
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A SELF-TUNlNG REGULA10R BASED ON POLE PLACEMENT DFSIGN 
FOR USE lN SATELLITE ATriTUDE CONTROL 

Jo~ Francúco Ribeiro 
Antonio Felix Martins N~to 

Joio Moro 
Instituto de Petqulsu Espaciais - INPE/MCT 
Slo Jo~ dos Campoa, SP 

ABSTRAOT 

The problem of controlling a three axis stabilized satellites is 

approached by using a self-tuning pole assigment regulator. The 

satellite control system is modelled as a multi input - multi output 

system subject to random disturbances. Ribeiro (1985) has already 

developed a self-tuning regulator for this sarne problem, considering 

that the system is of minimum phase and using the minimum variance 

cri terion and the certainty-equivalence principle. ln practice, 

some minimum phase continuous time systems are transformed ioto 

noruninimum phase sampled data systems and different response tJ.mes 

oan ar is e in the v ar ious loops and c h ange wi th time 1 all these 

factors can impair the performance of a minimum variance self-tuning 

regulator. The self-tuning regulators based on pole placement try 

to avoid these difficulties; they are constructed in such a way to 

keep the closed loop system poles in v alues specified by designer. 

The certainty- equivalence principle is still used, since one admita 

that the system parameters are unknown, but constant, or slowly time 

varying. A digital simulation of a satellite is used with the 

following characteristics : an almost polar orbit with approximately 

500km altitude and subjected to environmental disturbances (gravity 

gradient, aerodynamical torques, solar radiation, eto.). A set of 

on board sensors (Earth sensor, Sun sentor and gyrometers) is also 

simulated. For an analysis of performance, the resulta are compared 

with the specifications to be met by the Brazilian remete sensing 

satellite that will be launched in the next decade. 

65 



66 RevBrMec . Rio de Janeiro. V. IX, n9 1 - 1987 

IlftRODUCTIOM 

The development of tbe microprocessor has triggered a 

revolution in the field of automatio control. Old results in the 

theory of control, that were doomed to remain simple curiosities in 

the text books, can now be implemented with tbe use of this device . 

Besides that, a whole variety of new techniques has appeared to 

take advantage of the microprocessor features . Taking into account 

tbia, it is possible nowadays to design sophisticated attitude 

coe•~ol systems without compromising their reliability, weight and 

eae~qy requirements. 

The present work is a part of series of studies that have 

been carried or at lNPE (Bralilian Inatitute for Space Research) 

with the purpoae of designinq a microprocessor based oontroller for 

the Bra1ilian Remote Sensing Satellite to be launched in the next 

decade. The highly nonlinear satellite aynamics is considered to 

be approximated by a simple multiple input - multiple output linear 

system with unknow parameters. A controller is then designed 

considering this linear system and its parameters are estimated by 

the vsual least square method, with a variable forgetting factor to 

compensate the effects of changing parameters, as proposed by 

J'o&:tescue et al. [ 1) • To check the performance of the contro ller, 

a c0111puter silllulation of the real dynamics of the satelli te and of 

its sensors (Moro [2)) is used, and the sensor data is processed in 

suoh a way to generate torques compatible with the commercially 

available satel·li te actua tora. 

Ribeiro [3) has already dealt with the subjeot by using the 

approach proposed by Borison (4], Koivo [5), Bayoumi et al . [6] for 

a ainimum phase system and a minimum covariance criterion. To deal 

with the problem that may arise in the case of working with a 

nonminimum phase system, a controller based on a pole placeme~t 

deaign proposed by Prager and Wellstead (7] is implemented with 

good results . 

AN OVBRVIEW OF MULTIVARIABLE POLE-ASSIGNMENT SELF-TUNING REGULATORS 

ANO THEIR APPLICATION TO SATELLITE ATTITUDE CONTROL 

The whole procedure to be used throuqhout this work is 

presented in Praqer a nd Wellatead [7). The mai.n steps in the desiqn 

will be quickly shown. 
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First, it will be assumed that we are dealing with a plant 

which is both contro11ab1e and observab1e , and which is modelled 

by a differenoe equation : 

(1) 

where ut and Yt are p - vectors defining the measurable system input 

and output, respectively, and et is a p-vector representing a zero

-mean white noise process with covariance R. A(z- 1
), B(z- 1

) and 

C(z- 1
) are po1ynomial matrices in the backward shift operator z- 1

• 

They are of the form : 

(2) 

An offline design ot the regulator starts with imposing to 

the system a control law of the form : 

u t = G ( z- I ) ( I + F ( z- I ) ) - I Yt 

where 

and 

The coefficient matrices G1 , i=O , l , ... ,n
8 

a nd r1 
i=l,2, ... , np are of dimension pxp . 

The equation of the closed loop system becomes : 

where: 

(3) 

( 4) 

(5) 
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Choosing F(.z- 1 ) and G(z- 1 ) in such way to have: 

(6) 

the closed- loop system becomes : 

(7) 

Assuming I+F(z- 1
} and I+T(z- 1 ) relatively prime, the poles 

of the system are given by I+ T(z- 1
) and are open to the des;igner ' s 

choice. 

The solution to (5) and (6) requires solving the set of 

simultaneous linear equations: 

p 
np 

o 

In order to generate the control ut, it is necessary to use 

the fact that it is possible to find pxp matrices G(z- 1 ) andF(z- 1 ) 

such that: 

(I + F-< z- 1 ) I GIz- I ) (9) 
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Using ('l) i n (3 ), it results: 

( 10) 

and then: 

(11) 

For numerically calculating the coefficient matrices Gi' 

i : O, • • • , ng and .F1 , i = 1, 2, .. . , n f one needs to use the relations : 

n· g 

nf+ng 

GT 
o 

~T 

(;r 
Dg 

pT 
1 

pT 
~ 

pT 
Of 

GT 
o 

GT 
o 

GT 
, I 

(;r 
Dg 

<iug 

GT 
o Gl 

GT G2 
o 

GT 
G o 
·Dg 

o o 

o o 

(12) 

( 13 ) 

(14) 

-I -r 
FI 

-FT -I -r 
, 1 :2 

- FT 
,1 

-I -r 
X Fn 

-FT ~ f 
Df 

-·Fr 
?2 

Df _f.'r 
Gn Df g 

(15) 

The offline design presupposes the knowledge of the matrix 

polynomials A(z- 1
), B(z- 1

) and C(z- 1 ). For the online design one 

should start with the model : 
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(16) 

where: 

(17) 

(18) 

The pxp matrix coefficients a 1 , 81 are eva1uated using 

recursive 1east squares. The control law is defined by equation 

(3), but F(z- 1 ) and G(z- 1
) are evaluated by so1ving: 

(19) 

As in the offline design the determinant (I+T(z- 1
)] specifies 

the closed loop system poles. The procedure to be applied is the 

following: 

(i) At each iteration, estimate the parameters of matrix 

polynomia1s a(z- 1 ) and B(z- 1 ) in equations (16) using 

recursive least aquares . 

(ii) Solve equation (22) using an equation similar to equation (8). 

(iii) Obtain F(z- 1 ) and G(z- 1 ) by using an equation similar to (15) 

.and get an expression . of the control law as in (10). 

(iv) Calculate ut from the law obtained in step (iii). 

APPLICATION OF SBLP-TUNING REGULATOR THBORY TO SATELLITE CONTROL 

The highly nonlinear satellite dynamics will be approximated 

by the following linear model: 

where: 

y(t) +A 1 y(t-1) +A2 y(t-2) • 8 1 u(t-2) +8 2 u(t-3) +et , (20) 

y(t) - 3 dimension observation vector, 

u(t) - 3 dimension torque vector, 

A1 ,B1 ,i • 1,2 - 3x3 matrices. 
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The control 1aw to be implemented will be : 

The matrix T(z- 1
) t o be the designers choice is of the 

following form: 

(21) 

The formulas for calculating F(z- 1
), F(z- 1

) and G(z- 1) are 

respectively: 

(2 3) 

e = o Go (24} 

[c; o 

G~ GT o 

o Gi 
(25) 

For the online identification of Ar, Bi, i= 1, 2 

x(t-1} A [-yr (t-1 ), -yT (t-2), uT(t-21, uT (t-31] 

are defined. 

71 

Using this notation , the equation to be used in the recursive 

least square method becomes: 

i 1,2 , 3 (26) 
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The recursive estimate ê1 of the parameters e1 is ·calculated 

at each step by applying the formulas: 

where: 

K(t-1) 

ê1 (t-1) + K(t-ll'ly1 (t)- x(t-1) ê1 (t-1) I 

P(t-1) XT(t-1) 

1 +X (t-1) P (t-1) XT (t-1) 

i 1,2,3 

P(t) = · ~ {P(t-1) - I<(t-l)[l+x(t- 1) P(t-1) xT(t-1)]KT(t- ll} 

a ia a (orgetting factor that is obtained by using a method 

presented by Fortescue et a l . {l]. 

For defining the requireme~ts of be"met by the control 

system, the following references systems should be defined (see 

Figure 1) : 

il Orbital System (Oxyzl - origin in the satellite center of 

mass, y- axis perpendicular to the orbital plane, z-axis 

pointing outwards from the orbital ellipse and x- axis 

complementing the right -handed system. 

ii) Mobile System (Mxyz) - origin in the satellite center of 

mass and ·axis fixed in the satellite body . 

iii) Inertial Reference System (lXyz) - an inertial reference 

system translated to the satellite center of mass . 

.. /" 
...-"" 

1 

1 

' \ 
I 

I 
I 

I 
/ 

/ 

Figure 1. Orbital and inertial systems 
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The goal of the control system is to coincide the orbital 

system with the mpbile system in steady state, what would imply that 

the satellite, way axis is aligned with the Earth Center and, 

consequently, the.on board multispectral oamera is correctly 

positloned. The requirements at steady state should be: 

a) the angles between the x-axis (DELX) , the y-axis, (DELY) and the 

z-axis (DELZ) of the mobile system and the corresponding axis of 

the orbital system can not be more than ~.5° . 

bl the angular velocities in the mobile ~ystem shoUild be such that: 

- 0 . 0065°/s < Wx < 0.0065°/s 

- 0.0065°/s < wy < 0.0065°/s 

- 0.01°/s < Wz < 0.01°/s 

The output y(t) is constructed making use of the on board 

sensor observations (Sun sensor, Earth sensor and gyrometers) and 

the Sun and Earth position data. With this piece of information 

the rotation matrix between the orbital system and the mobile 

system can be determined. 

The mobile system should coincide with the orbital system 

wi thin a predetermined error, that is to say, t.he rotation matrix 

should be as much as possible equal to the identity matrix. 

The output y(t) is defined as: 

where y(t)e R3 is the ~utput; K1 , K2 are 3x3 diagonal mat~ices with 

posi.tive elements; E (t) and 4> are respectively the rotation verso r 

and the rotation angle associated with the rotation matr~x; 

w(t) - wr(t) is the angular velocity between the mobile system and 

the orbital system measured in the mobile system. Ribeiro [3) has 

shown that if in steady state the output y(t) is zero, then the 

mobile system agrees with the orbital system. 

SIMULATION RESULTS 

For simulating the satellite dynamics and the sensor data, 

the work developed by Moro [2) was used utilizing the satellite 

TD-lA parameters (Tilgner [8)). Its moments of inertia are 
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respe"ctively 1xx • 207 Jtqma 1 1yy ,. 225 ltqm2 and lu • Jtgm2. Gravity 

gradient 1 aerodynamical drag and solar radiation were the 

environmental torques considered 1 following the model proposed by 
Carrara [10) . The constant K1 and K2 used in the output process 

Yt were chosen respectively 1 and 20 . 
To verify the controller performance it was considered that 

the satellite was in the process of attitude acquisition. Within 

the imposed requirements 1 the control system should be able to 
acquire ·the correct attitude and lteep it within bounds during 

steady stat~. With this purpose 1 the angles DELX 1 DELY and DELZ 

should be considered to have deviation in modu1us of less than 150 

from the desired steady state attitude with llwx 11 1 llwy 11 and llwz 11 
equal to 2°/s in the worst case. Taking into account the experience 
a1ready achieved by other worlts (Ribeiro (3] and Ribeiro et al . (9) , 

it a sampling interval of .1 seoond and a ma.trix T (z- 1
) with 

coefficient matrices: 

were chosen: 

The initial parameters to be used in equation (10) were : 

The initial covariance matrix for the parameters was fixed 

in 100 I, and t 0 • 0.05 was applied in dealing with the variable 
f9rgeting factor. 

Figure 2 to 

wzl respectively. 
presented with two 

7 show the behavior of DELX 1 DELY 1 DELZ, wx, wy, 

For the sake of clarification, each figure is 

different scales for showing the overall res~onse 
and the response near equilibrium at steady state. It can be 
verified that the proposed controller keeps the angular deviations 

and the angular velocities within the proposed bounds and reaches 
steady state ill a compatible time (lesa than SOO .sec) . The rotation 
angle is also shown (Figure 8). 

The variable forgetting factor evolution in time is shown in 
Figure 9 . 
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Figure 8. Angle of rotation 
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Since there is a limitation in the amount of torques that a 
momentum exchange device can supply, it is important to check 

whether the controller generates outputs within bounds . It was 
considered that the satellite will be supplied with a maximum 

torque capability of 2N.m per axis . Figure lQ.a and b shows that 
this limit is not exceeded by the designed controller . 

TO complete the analysis the actual output (FigÚre 10) is 
shown. It can be seen that, after the system has reached steady 
state, the output consista af noise coming from the instrumenta for 
measuring the attitude and the angular velocity. 
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CONCLUSION 

The proposed method of dealing with the attitude control has 

shown a good effectiveness t .hat allows the fulfilment of the 

simulated mission requirements. The great versatility, the small 

torques that are obtained, the fast velocity of convergence are 

very good features observed in the testa . 

lf this controller is compared with the one already proposed 

by Ribeiro et al. [9), it can be verified that a greater overshoot 

is obtained for all variables . This is the penalty for not using 

an optimal procedure. But this disadvantage can be compensated by 

the fact that the risk of dealing with monminimum phase systems is 

avoided. 
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NO'l'ICIARIO 

This six-day seminar, taught by Professor Richard H. Lyon , 

of M.I.T., will be offered the week of 10- 15 August 1987 , 

in Cambridge, Massachusetts. The seminar teaches the design 

pr inciples for making machines opera te more qui.et1y, and 

the use of vibration and acoustioa1 signals to determin'e 

faults in operating machines .• Souroes of .noise and vibration 

in machines, the transmission and radiatlon of acoustical 

energy by the machine , and .signal processing methods for 

fault signature recovery wi11 be covered in th.e lectures 

anã demonstrations. The text for the course is Professor 

Lyon's new book, Machinery Noise and Diagnostica. 

For further information contact: 

Prof . R.H. Lyon , Rm . 3- 366 
Mass . Inst. of Technol ogy 

Cambridge , .Mass. 02139 - USA 
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