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ON THE EXISTENCE OF EULER FLOWS THAT ARE
TOPOLOGICALLY ACCESSIBLE FROM A GIVEN FLOW

H. Keith Moffatt*

Institute for Nonlinear Science and

Institute of Geophysics and Planetary Physics
University of California

San Diego — USA

ABSTRACT
Through consideration of the process of magnetic relaxation in a perfectly conducting, viscous,
barotropic fluid, it is shown that, for each pressure-density relationship p = kp?, there exists a
magnetostatic equilibrium field b® (x) that is topologically accessible from any given field b%(x),
and that the associated magnetic energy is a decreasing function of the compressibility. Exact
analogy with the Euler equations of incompressible inviscid flow then leads to the conclusion
that, given any kinematically possible flow U(X), there exists (at least) a one-parameter family of

distinct Euler flows u® (x.A) topologically accessible from U(x).

1. INTRODUCTION

In a previous paper [1], we have introduced the concept of ‘lopological accessibility’, which
is a natural extension of the well-established concept of topological equivalence, and which plays
an important role in the theory of the existence of Euler flows, i.e. steady solutions of the classi-
cal Euler equations of incompressible flow of an inviscid fluid. In [1], attention was focussed on
a restricted form of topological accessibility involving volumz-preserving mappings of the fluid
domain. In the present paper, we cxtend the analysis 10 cover mappings that are not volume-
preserving, and thercby show that, corresponding to any given streamline topology, there is (at
least) a one-parameter family of distinct Euler flows (which, as in [1], may contain tangential

discontinuities). The method involves appeal 1o the exact analogy between the steady Euler

On leave of absence from DAMTP, University of Cambridge, UK. This paper follows the theme of an invited leciure
presented st the Brazilian National Congress in Thermoscience, Rio de Janeiro, Deceniber | 986
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equations and the equations of magnelostaiic equilibrium of a perfectly conducting, compressible
fluid, and consideration of the process of relaxation towards such equilibria. The treatment given
here is self-contained, but more compact that in [1], o which reference should be made for dis-

cussion of physical background and motivation.

2. TOPOLOGICAL ACCESSIBILITY

Let D be a finite connected domain in R?, and let v(x,t) be a smooth (CH velocity field

defined for xeD and 0 < ¢ < =, and satisfying

v=0onadD (allt). @n
We define the dissipation integrals

D,(t)= g (V x v)%d*x 22)
and

Dy (1) -l(‘? vd’x, @3)
and we shall say that v is a relaxation velocity field if

v(x,1) = 0ast — e, uniformly in D, 24)
and

!D,(r)dmw. JDs(r)df <o, @5

Letp(x, t) be the associated density field satisfying the mass-conservation equation

%+V-{ov}=0 (2.6)
with initial condition p(x.0) =pg (cst.), and let X(x, r) be the particle displacement field, deter-
mined by the dynamical system

?B_T =v(X,1), X(x,0)=x. Q.7

The Jacobian of the mapping x — X(x,r) is

_ XXXy po
xy,x3,x3)  p(X,1)
Components of the deformation tensor dX;/dx; cannot increase more rapidly than exponentially,

J >0). (2.8)
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and so are finite for all finite ¢; hence, for ¢ < e, the mapping x — X(x, ¢) is a homeomorphism,

However, as ¢ — ee, the limit mapping induced by a relaxation velocity field

x - XE(x) = lim X(x,1) 2.9

[ —oa
may exhibit discontinuities, despite the partial control implied by (2.5); this is because material
surfaces that are initially apart may, asymptotically, be squeezed together even when the condi-

tions (2.4) and (2.5) are satisfied.

Now let b%x) be a smooth field satisfying
V-b°=0in D,n-b%=0 on D (10
but otherwise arbitrary; in particular, the topology of b is arbilrary, the knots and linkages in the
lines of force of b® {*b®-lines”) being arbitrarily complex. Let b(x,f) be the vector field that

evolves from b? under ‘frozen-field’ distortion by v(x, 1), 1.e. b(x, t) is determined by

%'% =curl (vxb), b(x,0)=bgx). (2.11)

Note that, by virtue of (2.1), (2.10) and (2.11), the conditions

V-b=0inD,n-b=0onadD (2.12)
are automatically satisfied forall ¢ > 0.

The (Lagrangian) solution of (2.11) is given by

ax; ax; '
bk, )= BED 03 ST _ ety 0 Z0E 2.13)
Pa axj- axj
(see, for example, |2), § 3.1). For each finite ¢ > 0, this rclationship.establishes a homeomor-
phism between the fields b%x) and b(x, r) which are therefore topologically equivalent: b%lines
map [aithfully 1o b-lines, and the fluxes of b” and b along corresponding Mux-tubes are equal,
However, as ¢ — =, as noted above, the limil mapping x — X% (x) may exhibit discontinuities,

and so therefore may the limit field b (x) defined by

bE(x)= lim b{x,). (2.14)

I —3on
In general therefore, the relationship between b” and b is nor a homeomorphism, and the fields
are not wpologically equivalent. We say nevertheless that b¥ (x) is topologically accessible from

b'(x), being the result of deformation of b%x) by a relaxation velocity field. The property of



96 Rev. BrMec. Rio de Janeiro, V.1X, n® 2 — 1987

topological accessibility is weaker than that of topological equivalence, but it is just the property

that is needed in the Euler flow context,

3. MAGNETIC RELAXATION IN A BAROTROPIC FLUID

Let us now interpret b%x) as the magnetic field at time =0 in a perfectly conducting,
viscous, compressible fluid, with barotropic pressure-density relationship p =p(p). To be
specific, we shall assume the perfect gas relationship

p=kp?, (ER)]
where y(> 1) and k are constants. The compressibility of the fluid in the uniform density state

P =pois

A=t =onons', (32)
so that the incompressible limit cerresponds to A — 0 (or £ — ==), and the perfectly compressible
(or pressureless) limit corresponds to A — == (or k — 0). 4

In general. the Lorentz force (V x b% x b? is rotational, so that the fluid must move for t >0,
even if initially at rest. Let v(x, 1) be the velocity field that develops, and let p(x, ), p (x, 1), and
b(x, ) be the associated density, pressure and magnetic fields. These fields are governed by the

MHD equations, namely (2.6), (2.11) and (3.1) together with the Navier-Stokes equation

p—%}:—Vp +(VxXb)xb-pVx(Vxy)+LV(V V). (33)
Here, D/Dt =9/t +v-V, and u and { represent shear and bulk viscosity coefficients respec-
tively. We shall suppose that g and { are sufficiently large to guarantee smoothness of v(x, t) for

allt >0.

From these equations, we may easily construct an energy equation. Defining

M(t)="%[b%d’x  (magnetic energy) (34)
K (1)="'a[Vpd’x (kinetic energy) (3.5)
N()=[Q@pd®x  (clastic energy) : (3.6)

where

P
00)= [p @) = L0718, 3"
Po
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D) =uD (1) +L{Dy(t) 20 (energy dissipation rate) (3.8)
we find

%W(:J+K{:)+H(:))=-¢(:). (3.9)
I1(r) represents the energy stored in the fluid by virtue of the compression or expansion of fluid
elements, and is positive (when ¥> 1) (since work must be done on the fluid to generate density
fluctuations from an initial state of uniform density). At time r =0, we have

M) =M 0, K(0)=0, I10)=0, _ (3.10)
and for all ¢ 2 0, we have

0SM(@E)SMy 0SK(@)SMg 0LSTI(1) S M. (3.11)

We now argue as in [1]: the total energy E(t)=M (¢t)+ K (¢)+TIl(r) is non-negative and

monotonic decreasing, according to (3.9), and therefore tends to a limit. Hence

D) l0ast oo, (3.12)
and hence also, since v(x, ¢) is smooth,

Ki)loast ==, (3.13)
Hence

v(x,t) > 0ast — o, uniformly in D . (3.14)
Moreover :

me =EQFE(=) <M, 3.15)

so that the integrals (2.5) both converge. Hence v(x, 1) is a relaxation velocity field as defined in
section 2.
The constraints (3.11) further imply that both p and | b | remain uniformly bounded in D.

To see this, consider the contribution to ITand M from a small mass element &m =p &°x:

ST -0p)om, &M ~%Ib1%mip (3.16)
Ifp = 0 (6m being fixed) then clearly | b | — O also, since M remains finite. Alsop cannot

increase without limil, since then 8[1 — <= also, in conflict with (3.11c) (a positive infinity cannot
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be compensated by a negative infinity, since Q (p) is bounded below). Hence, | b |2 - 208M /6m

remains finite also.

Since v—0andp and | b | remain bounded, equations (2.6) and (2,11) become asymptoti-

cally

%j—=o, %=0 317
i.e.

p—pEfx, bobf(x),say,asr —ee. (3.18)
Moreover (3.3) becomes

(VxbEyx bf =Vpt | (3.19)

where p£ = p (p); i.e. the asymptolic state is magnetostatic.

If the topology of the initial field b? is trivial (in the sense that each b line is a closed curve
which may be shrunk continuously in D 10 a point without cutting any other b%line) then the
asymptotic field may be identically zero. This cannot happen however if the topology of b® is
non-trivial, since all linkages are conserved by (2.11). One measure of topological complexity is

the magnetic helicity

H=£rbd’x. (320
where a is any vector potential of b (i.e. b=curl a). H is conserved under the frozen-field evolu-
tion described by (2.11) even when the flow is compressible [4,3]. Moreover when H #0, the
magnetic energy is bounded [5,1] by an inequality of the form

M2zqolH I, (3.21)
where ¢ depends only on the geometry of D. As t — == therefore, during the relaxation process,

the magnetic energy M (¢) must tend to a steady value ME compatible with (3.21).

It would appear therefore that, for each topologically nontrivial field b%x), and for each
pressure-density relationship p =kp? (withy > 1), the field must relax 1o a field b (x) that is topo-
logically accessible from b’(x), and that satisfies the equation of magnetostatic equilibrium
(3.19).
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Consider now how the field b® (x) changes if the compressibi]jty of the fluid, represented by
the parameter A (eqn. (3.2)), is gradually changed. Suppose that, when the fluid is incompressible
(A =0) with uniform density p o, the relaxed state is described by a field bf(x), with corresponding
pressure field pf (x), and magnetic energy M 15 . Suppose that we now introduce a small compres-
sibility &1 into the system, the new initial conditions being

b(x.0)=bf(x). p(x.0)=po. p(x.0)=ppg) (cst) (3.22)
This is no longer a magnetostatic equilibrium, and the field b will proceed to relax, as described
above, to a new magnetostatic field b5(x) say, topologically accessible from b¥(x), with energy
M¥%. During this process, some energy is dissipated by viscosity, and some magnetic energy is
converted 1o elastic energy. Hence

ME <MY (3.23)
This argument may now be repeated. With each small increase 8. in compressibility, there will
be an adjustment 10 a new magnetostatic equilibrium, with a small decrease of magnetic energy:
ME <0. We thus infer the existence of a family of magnetostatic equilibria b® (x,A), each one
of which is topologically accessible from the initial field b%x), with magnetic energy M%)
satisfying

dME

dA
This incquality of course implies that distinct values of A give distinct fields:

<0. (3.24)

bE(x,A) £ bE(x, Ay if A #A,. (3.25)
4. THE ANALOGOUS EULER FLOWS
The steady Euler equations of incompressible inviscid flow may be written in the form

ux(Vxu)=Vh .1)
with V-u=0. The analogy with {3.19) is well-known, the analogous variables being (u, b) and

{h —p). To each solution bE(x} of (3.9), there then corresponds an Euler flow uf (x), satisfying

the same boundary condition that b® satisfies, namely

u® n=0on 0D . (4.2)
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By the argument of § 3, we have shown that for any field b%(x) satisfying V- b=0in D,
n'b%=0 on aD, there exists at least a one-parameter family of magnetostatic fields b®(x,A) that
are topologically accessible from b®, We can now translate this to the language of Euler flows:
giverr any kinematically possible flow U(x) in D, satisfying V-U=0in D, n-U= on aD, there
exists at least a one-parameter family of Euler flows uf(x,A) (0<A <), with kinetic energy
KE Q) satisfying dK /dA <0.

We should perhaps emphasise that, for general three-dimensional configurations, these
flows may exhibit tangential discontinuities (which are an inescapable feature of the magnetic
relaxation problem as described in [1]). AsA increases, it seems likely (from physical considera-
tions like those preceding (3.24)) that these discontinuities will become stronger and more
densely distributed.

The limiting situation A — <= is of particular interest. For the MHD relaxation problem of
section 3, this corresponds to the ‘pressureless limit' and the equilibrium field in then a force-free
field satisfying

(Vxb®)xbE =0, 4.3)
(Minimisation of magnetic energy subject to the constraints of magnetic helicity invariance is
known to yield force-free fields [4,6].) The analogous Euler low is then a Beltrami flow satisfy-
ing '

(Vxufyxuf =0. (4.4)
It is remarkable that there must exist a Beltrami flow that is topologically accessible from any
kinematically possible flow U(x); but the above reservatio;is conceming the probable singular

character of the low u® (x,4) as A — = should be bome in mind,

5. DISCUSSION

It is an extraordinary fact that new insights concemning Euler flows, i.e., the sicady flows of
a fluid that is (i) inviscid (ii) incompressible and (iii) non-conducting, can be obtained, as
described above, through consideration of unsteady relaxation processes in a fluid that is (i)

viscous (ii) compressible and (iii) perfectly conducting, and through argument by analogy. The
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same results could be obtained without using the language of magnetohydrodynamics, but the
formulation would appear artificial, since the subsidiary relaxation velocity field v(x, ¢) that has
to be introduced could be interpreted only in terms of mappings of the fluid domain (via (2.7)),

and would lack simple physical interpretation.

The fact [1] that there is at least one Euler flow topologically accessible [rom an arbitrary
solenoidal flow U(x) is already remarkable since this immediately implies the existence of an
uncountable infinity of topologically distinct Euler flows for a given domain. We have shown in
the present paper that the complete family of Euler flows is wider still: for any solenoidal U(x),
there is a whole family u®(x,4) of Euler flows, cach member of the family being topologically

accessible from U(x) via mappings of the domain that are not volume-preserving.
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RESUMO .

Um estudo numérico foi feito sobre os efeitos convectivos que ocor-
rem durante o crescimento de cristais pelo método proposto por
Czochralski. O estudo observou a transicdo de um escoamento domina
do por empuxe para um escoamento dominado por forcas centrifugas, o
efeito do resfriamento na base do cadinho e v possivel aparecimento
de uma regidc de escoamento assimétrico. As equag¢des de transporte
foram resolvidas por extensdes do método compacto originalmente su-=
gerido por Kreiss. Solugdes foram obtidas para nimeros de Rayleigh
até 10%, razidode aspectos variando de 0,75 até 2,0, tamanhos adimen
sionais de cristais variando de 0,1 a 0,7 e nimercs de Prandtl
variando de 10 a 100.

ABSTRACT

A numerical study of the convective effects appearing during crystal
growth by the Czochralski method was made, The study focused
primarily on the transiticon from a buoyancy dominated flow to one
dominated by centrifugal force, a crucible bottom cooling effect
and the likely appearance of a non-symmetrical flow situation. The
governing eguations were solved by extended versions of the compact
methed coriginally suggested by Krelss. Solutions were obtained for
Rayleigh numbers up to 10%, crucible aspect ratio ranging from 0,75
to 2.0, dimensionless ¢rystal sizes from 0.1 to 0.7, and Prandtl
numbers ranging from 10 to 100,
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NOMENCLATURA

a - raio do cristal

b - raio do cadinho

F - primeira derivada da funcdo, equagaoc (6)

g - aceleracdo da gravidade

Gry, - namero de Grashof, definido pela razao Ra/Pr

h - tamanho da malha

hf - nivel do fundido na cavidade

H - razdo de aspectos da cavidade, definida por hf/b
P - coeficiente de radiagdo, definido por xpAT/0,cbTg
Pr - nimero de Prandtl, definido por v /o,

¥ - coordenada radial, adimensional

Rap, = numero de Rayleigh, definido por By g AT b3/apvy,
Re - nuamero de Reynolds, definido por wga?/vg

Re* - numero de Reynolds na transi¢doc do escoamento

Rg - raio do cristal, adimensional

s - seqgunda derivada da fungdo, equagdo (6)

t - tempo

. ¢ - temperatura

Ta - temperatura ambiente

Ta - razao entre temperatura ambiente e temperatura lateral do ca
dinho

Tb - temperatura da base do cadinho

Tc - temperatura lateral do cadinho

- temperatura do cristal

- velocidade meridional, direcdo radial, equacac (4)

T

u

v ~ velocidade azimutal

W - velocidade meridional, direcao axial, equagao (4}
z

- coordenada axial, adimensional

Simbolos Gregos
(4}

- difusividade térmica do fundido

at - definida pela razao 6T/Ts

Bm - coeficiente de expansdo volumétrica do fundido

AT - diferenca de temperatura entre cadinho e cristal

€ - emissividade do fundido

8 - temperatura adimensional, definida por {T-TS}/(TC-TSI

b - temperatura adimensional do fundo do cadinho, (Tb-Ts]/(Tc—TE)
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“m - condutividade termica do fundido

Vm - viscosidade cinematica do fundido

Z - vorticidade, equacaoc (1)

i - fung¢do de corrente, adimensional

rnas: = maximo valor para a fungido de corrente
a, = constante de Stefan-Boltzmann

wg - rotacdo do cristal

INTRODUCXO

A técnica proposta por Czochralski & frequentemente usada pa
ra o desenvolvimento de cristais de Oxidos oumesmo semi-condutores.
Em uma cavidade cilindrica, o cadinho, os componentes fundidos sao
aquecidos lateralmente e um escoamento por conveccao natural & indu
zido. O processo de cristalizagdo & iniciado pelo abaixamento de
uma semente do cristal até a superficie livre do fundido. Apds-o equi
librio térmico local, a semente & posta a girar, tentando-se assegu
rar a simetria do escoamento e com isto, as caracteristicas do pro-
duto final, isto &, o cristal. Para isto, hd necessidade ainda de
se controlar o escoamento do fundido que dependera da importédncia re
lativa do aguecimento lateral e da rotagdo do cristal. Como mostra
do experimentalmente por Cockayne et al. (1976).

Num trabalho anterior, Braga (1985) descreveu os efeitos do
resfriamento da base do cadinho no escoamento de fundido. Portanto,
a inter-dependé&ncia do numero de Rayleigh, efeitos rotacionais, nu-
mero de Prandtl, tamanho relative do cristal, razdo de aspectos e
grau de resfriamento da base foi estudada. Dois dos aspectos estu-
dados sdo agui relatados: o efeito do resfriamento na transicdo de
convecgdo natural para convec¢do forgada e o aparecimento de uma re
gido de escoamento aparentemente assimétrico.

DESCRICAO DO MODELO

A Figura | apresenta o modelo fisico e o sistema de coordena
das usados neste sentido. Nesta primeira fase do estudo, varias sim
plificagOes foram introduzidas para simplificar o trabalho computa-
cional. Por exemplo, desprezamos os efeitos do escoamento termoca-
pilar na interface ligquida, da interacaoc por radiacde com o meio am
biente, etc. Desta forma, as equacgdes sdc escritas em coordenadas
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cilindricas seguindo Kobayashi (1980), wusando-se a aproximagao de
Oberbeck-Boussinesg para o termo de empuxo. As velocidades meri-
dicnais sd3o obtidas a partir da solugdc de uma equagac biharmdnica
generalizada para a fungao de corrente, y. Com isto, apenas trés va
ridveis dependentes bAsicas est@o presentes: a fungdo de corrente,a
temperatura T e a velocidade azimutal V.

w CRISTAL
3
c‘v') a r b
T=T, TuT
H
LINHA DE PAREDE QUENTE
CENTRO
FUNDIDO
hf T= T..

AT AN

PAREDE FRIA

Figura 1. Modelo Geométrico para Cristal e Cadinho

Normalizando-se os comprimentos pelo raio do cadinho, b, ©
tempo por bzfc&_n (o sendo a difusividade térmica), as velocidades
meridionais (u e w) por um/b, a velocidade azimutal por W, a (rota-
¢do do cristal vezes o raio do cristal) e a temperatura por 8 =
(T - Ts)/(Tc - Ts), Tc sendo a temperatura do cadinho e Ts a tempe-
ratura do cristal, ambas supostas constantes, as seguintes equagoes
sao obtidas:

i. Equagao biharmonicas:
ﬂ+z_a.'_¢'_+.§.h_'i'_laj +.§.£‘£-i3_._2..__3_!_-!£'_=.
ar" ar’az az! r’ ar® r? ar? ¢ or r 3r az?

2 r3
== z—a (ug) + 2 (w(}l—rna-q-g-———Re Px 3V_

Pr |( 3r 9z ar Rs? 3z




Rev. BrMec. Rio de Jaﬁeiro, V.IX,n%2 - 1987 107

com

ii. Equagao de energia:

2 2
2(ug) , 3(w8) L ue _ 236 , 1 30  3°0 i
ar 3z ¥ ar? r ar 3z?

iii. Componente azimutal da equagao de momentum:

2 2
a(lm.l'),('r)(w‘..*)4_21.:1_V=1,r v, 1av_v ¥V (3)
ar Jz r ar? r 3r r? 3z?

Para estas equagoes, os perfis de velocidade sao obtidos por:

ul—l—ﬂ' e w:-iﬂ (4)
r 23z r 3r

Devido a normalizagdo escolhida, a regido de interesse tor-
na-se 0 < r < 1.0 e 0 <2z < H, onde HE a razio de aspectos da ca
vidade, definida pela razaoc entre a altura do fundido na cavidade e
o raio da mesma, Para esta regido, as condigbes de contorno sao:

Para r = 0, a condigdao de simetria resulta em que:

ar ' ar ar ar ar

na parede lateral do cadinho, r = 1.0:
8=10 ; v=0 , =0 , u=0 e w=20 (5b)

no topo, z =0, e:

z

i. Na regiao do cristal, 0 < r <

u=0 , =0 , w=0 , V=zr/Rs e B =20 (5¢)
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ii. Na interface liguida, Rs<r < 1.0:

=
ar
=

i = _— = . = . ﬂ = L + b _ gt
3z o ; 5z 0 s w=107;¢=20, "z {{1+ate) ag}
(5d)

e¢ na base do cadinho, z = H:
u=0 , w=0 , $=0 , V=0 e 8 =6b (5e)

A metodologia de solugdo & apresentada em detalhes em Braga
{1985) e & baseada na formulacdo Hermitiana proposta por Kreiss em
Orszag e Israeli (1975). Uma descrigic sucinta & apresentada a se-
guir.

METODO DE SOLUCXKO

Nesta primeira fase do estudo, apenas as solucoes de regime
permanente foram obtidas e consequentemente um termo de falso tran-
siente foi introduzido, Mallison e Vahl Davis (1973). A técnica de
diferengas finitas foi usada para a discretizagdo das eguagdes de
transporte. Usou-se a formulacao Hermitiana na qual a primeiraoua
sequnda derivada sdo mantidas como incégnitas, além da funcdo. Para
as equacdes de energia e momentum azimutal, considerou-se a primei-
ra derivada, F, isto &, o gradiente, e para a equacdc biharmdnica
usou-se a segunda derivada. Em ambos os casos, 0s esquemas resul-
tantes s3o tri-diagonais em blocos de 2.

Como a formulagdo usada neste trabalho requer para cada con-
torno a determinacdo de duas condi¢des, que normalmente ndo estdo
disponiveis, optou-se pelo usc de relagbes entre as incognitas, co-
mo indicado por Hirsh (1975). Por exemplo, para a equa¢do hiharmo-
nica, usou-se,

h2
ww = ]pw+1 * ? (2 5w+5w+1i = =h FW

onde h & o tamanho da malha. Naturalmente, F, € a velocidade do
fluido na parede, que @ conhecida pela condigdo de ndo deslizamento.
Para a equagdo de energia, informagdo adicional nos contornos foram
obtidas pela aplicac@o local da equagdo diferencial ou pelo uso de
corre¢des a posteriori, Braga (1985).
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0 procedimento de solugdo & simples. Um ciclo interno de ite
ragdes, consistindo na solugdac da egquagao biharmdnica através ae mé
todo iterativo (direcOes alternadas), indica o campo de velocidades
meridionais. Em seguida, as equagoes da energia e momentum azimutal
sdo resolvidas no ciclo externo de iteragdes. Critérios adequados de
convergéncia foram usados como de costume. Quando conveniente, mé-
todos simples de continuag@o no nimero de Reynolds e no raio de cris
tal foram utilizados a fim de fornecer estimativas iniciais para o
proximo conjunto de pardmetros. Outros detalhes do método matemati
co sdo discutidos em Braga (1986).

Nas proximas segbes, as pbservagdes feitas durante estudo pa

ramétrico sdo apresentadas.

TRANSICAO DE ESCOAMENTO

Sem rotacdo, o escoamento na superficie do fundido vai da pa
rede lateral do cadinho para a regido do cristal, induzido pela con
vecgao natural e indicado pelo namerc de Grashof, baseado no raio do
cadinho, Grp. Com isto, a interface de cristalizag¢io assume uma for
ma convexa, se vista do lado do fundido. Com suficiente rotagdo do
cristal, indicada pelo nimero de Reynolds, Re, © escoamento ocorre
no sentido oporto, do cristal para a parede lateral, o que resulta
numa forma céncava para a mesma. Um balango de energia associa as
isotermas & curvatura da interface, através dos gradientes térmicos.

Como o escoamento se da em sentidos opostos na regido docris
tal, dependendo da forga dominante, pode-se definir a transigao co-
mo sendo a situagdo em que o maximo valor da fun¢do de corrente mu-
da de sinal; de negativo, para escoamentos dominados pela conveccio
natural, para positivo, gquando dominados pela convecgao forgada. As
Figuras 2 e 3 mostram os contornos das linhas de corrente e do cam-
po de temperaturas, nestes dois casos, respectivamente. O efeito da
rotacdo aparece nitidamente.

Um extenso estudo sequencial sobre a transicido foi feito e
concluiu-se que a interagac entre os potenciais disponiveis é descri
ta por:

Gry a Re*N (7)

onde n = 2,0 Rs‘0'26, indica o efeito do tamanho. do cristal. Para
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i)
CRISTAL
LINHA DE ! PAREDE QUE
CENTRO s NTE
PAREDE FRIA
i)
CRISTAL
25 [ —= '
> sl 5 f
75 ¢
LINHA DE | PAREDE | QUENTE
CENTRO '
- ¢
/
.50 '
PAREDE FRIA

Figura 2. i) Linhas de Corrente e 1ii) Isotermas
Ra=5x10", Re=0, Pr=100.0, 6b=0.5, Rs=0.3,

H=1.0, wmax= -6.4 no ponto (0.58, 0.39)
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.83
.67

.50
«33

LINHA DE
CENTRO

LINHA DE
CENTRO

Figura 3. i)

CRISTAL

—

PAREDE QUENTE

A7
\-_../
C ~29
4
0.0
PAREDE FRIA

PAREDE QUENTE

Linhas de Corrente e ii) Isotermas

Ra=5x10%, Re=15.0, Pr=100.0, 8b=0.5,

Rs=0.3, H=1.0, ;umu-lo.s nc ponto (0.31, 0.21)
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inspecdo da equacgdc (1), vé-se gue o expoente correto para o caso
que o raio do cristal seja igual ao raio do cadinhe, Rs=1, & de fa
to 2,0, confirmando em parte a equagdoc (7). Neste caso limite, este
resultado confirma a analise feita por Carruthers (1976) mas difere
totalmente da anélisq de Kokayashi (1981} e Miyazawa (198l) gue in-
dicaram que a transigdo & descrita por:

Gr, = 0,1 Relr> (8)

a
Aparentemente, as hipoteses feitas por estes ultimos autores, base-
ando-se no trabalho de Mori (1961) ndo s8o satisfatdrias no escoa-
mento do fundido. Maiores detdlhes estdo disponiveis em Braga (1985).

Com ¢ aumento gradual do numero de Reynolds, i.e. da rota-
¢d3o, a célula de convecgdo forcada tende a ocupar gradualmente o
fundo da cavidade, formando uma célula do tipo de Taylor-Proudman,
embora com intensos gradientes axiais. Como a corrente de fluido
gue®*sai da superficie livre podera ser aquecida no fundo do cadinho,
a corrente que é puxada pela rotacdo do cristal podera causar uma li
beragdo mais intensa de calor. Assim: uma intensa fusio local doeris
tal ja desenvolvido poderd ocorrer, gue além de resultar na mudanga
de concavidade, ja citada, podera gerar tensdes térmicas residuais
no produto final, o gue & indesejavel.

A Figura 4 mostra o efeito da rotagdoc no aumento de tempera-
tura do fundido perto do centro do cristal. Como discutido por Hurle
(1983}, o aumento de temperatura pode ser tdc elevado que geral ins
tabilidades no menisco junto ao cristal. Nestas condigoes, o cris-
tal poderéd se separar do fundido, terminando o crescimento. O efei
to benéfico do resfriamento da base do cadinhe & ainda mostrado.
Quando a célula de conveccdo forcada atinge o fundo, calor serd re-
tirado do sistema e assim, a corrente ascendente sera mais fria e
ocasionara menor fusdo, Um outro efeito benéfico & areducdo dosgra
dientes térmicos na regiido do cristal, obtendo-se umatransicao mais
suave e reduzindo-se ¢ aparecimento das discordancias, isto &, redu
zindo as tensodes térmicas. Nestas figuras, Re* & o nimero de Reynolds
gue promove a transigdo no escoamento.

Confirmando observag¢des anteriores de Simpkins (1983),sempre
que a temperatura da base do cadinho for menor gque a temperatura cor

respondente a uma condigdo adiabatica, uma regifo estagnante apare-
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ce no fundo, devido a presenca de uma estratificagaoc estavel. Como
o escoamento nesta regido é bastante lento, eventuais contaminacoes
irdo se concentrar la e, poderdo ser arrastadas paraa regidode cris
talizagdo se a célula de convecgdo forgada atingir o fundo repenti-
namente. A regido da estagnacido €& mostrada na Figura 5. Vé-se niti
damente, as isotermas horizontais, caracteristicas do regime de con
dugaoc. Uma discussaoc destes efeitos & apresentada em Braga e Vest
(1986) .

0.8 + t 4 ¥ ;

Ra = 5% 10*
Rs=0.3

fals]
6(Re)-O(Re-0)| H =10
06 4

8
0.4 1
c
0.z 1 CURVA ©b (Re=0) Re ¢
’ A 1.0 0.045) 14.0
B 05 0.042}0 13.3
c o 0.041) 128
© t + t ¥ +
0 05 1.0 1.5 20 25
»
Re /Re

Figura 4. Aumento de temperatura proxima ao cristal
devido ao numerc de Reynolds. Efeito do
resfriamento na base do cadinho

INSTABILIDADE

Durante o presente estudo, verificou-se que a obtencidoc de so
lucOes numéricas para certos numeros de Reynolds era muito dificil.
Por exemplo, para Ra=10°, 6b=0, Pr=100, Rs=90,7 e H=1,0, solu-
¢Oes s6 foramobtidas para Re £11,0 e Re 2 22,0. Para 12,0 < Re < 21,0,
as oscilagOes que apareceram nas variaveis dependentes, tornaram im
possivel a obtengdo de solugbes convergentes. Um extenso estudo numéri
co foi feito e nenhuma fonte de instabilidade numérica foi encontrada.
Solucgdbes aparentemente corretas foram obtidas em situaces onde os

gradientes de temperaturae de velocidade azimutal eram bastante mais
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intensos que os observaveis naquelas faixas. Verificou-se ainda gque
as oscilacdes aparecem para numeros de Reynolds capazes de iniciar o
desenvolvimento da célula de escoamento secundario controlada pela
rotagdo do cristal e perduram até gue o nimero de Reynolds seja su-
fitientemente elevado para que a célula se extenda horizontalmente
passando a ocupar toda a extensdo do cristal.

PAREDE QUENTE

i)

LINHA DE PAREDE QUENTE

Figura 5. Isotermas Ra=10°, Pr=100.0, Re=0, H= 2.0, feq=0.56,
i) 6b =0 ii) 8b = 0.6
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- Uma vez gue explicagOes puramente numéricas para ‘o fendmeno
foram descartadas, explicacoes fisicas foram procuradas. De todas as
possivels causas de oscilagdo ja identificadas durante o crescimen-
to de cristais, apenas o aparecimento de ondas de superficie obser-
vado por Brice et al (1974) poderia oferecer um possivel mecanismo
de instabilidade. Estes autores observaram ondas durante o cresci-
mento de cristais de 6xido de silicio estabilizado por bismuto.

O aparecimento daquelas ondas aparentemente esta associado
com as chamadas instabilidades baroclinicas, comuns a sistemas meteo
rolégicos e, € facilitado gquando os efeitos de inércia ndo sdo domi
nantes no interior do fluido. Este @ o caso nos escoamentos estuda
dos por Brice. A partir do extenso trabalho de Hide e seus co-auto
res (e.g. 1965), sabe-se que em certas situacdes, regides simétricas
e assimétricas de escoamento podem aparecer e, as situagdes de assi
metria sdo caracterizadas por ondas. Uma visao mais recente sobre
esse tipo de instabilidade (Pedlosky, 1977) diz respeito a teoria
das bifurcagbes, onde um tipo de escoamente torna-se instavel,bifur
cando-se para outro estavel.

Apesar das varias similaridades entre os experimentos de Hide
e os escoamentos dos fundidos, o mecanismo exato gue leva ao regime
de ondas no caso em estudo, ndo pode ser o das instabilidades baro-
clinicas, como foi proposto por Brice et al (1974) ou Brandle(1981).
Em meteorologia, de acordo com Lorentz (1953), o mecanismo de troca
de energia entre o escoamento principal e o secundario & o da conver
sao das energias potencial e interna disponiveis em energia cinéti-
ca, o que foi comprovado no estudo numérico sobre este problema,fei
to durante o presente trabalho, dando suporte a investigacdo numéri
ca. Entretanto, durante o crescimento de cristais, o regime insta-
vel aparece numa situagloc em que os niveis de energia cinética e in
terna do escoamento principal sdo minimos e maximos; respectivamen-
te. Isto & discutido em detalhe por Braga (1985).

Como conclusdo deste estudo, verificou-se que o aparecimento
do escoamento secunddrio pode gerar instabilidades que resultam em
perturbacbes oscilatorias. Como estas situacbes constituem fendmenos
tri-dimensionais, gue ndc podem ser simulados por cddigos supondo si
metria radial, o processo iterativo tem dificuldades para convergir
para um possivel escoamento médio. Pretende-se retomar estes expe-
rimentos, usando-se agora métodos mais eficientes para o estudo de
bifurca¢Oes, como, por exemplo, o usado por Dinar e Keller (1985).
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CONCLUSDES

As equag¢des de transporte foram resolvidas numericamente pa-
ra o estudo dos efeitos térmicos durante o crescimento de cristais.
Usou-se um codigo biharmonico generalizado e esquemas compactos pa-

ra o estudo paramétrico.

As solucoes indicaram gue com o aumento do numerc de Reynolds
uma regido de esceoamento secundario aparece embaixo de cristal, preo
movendo uma uniformizagdo da temperatura local. Eventualmente, os
efeitos centrifugos tornam-se dominantes e haverd transicdo no regi
mede escoamento. Na transigd@o), GRy o Re™, onde Gr & o nimero de

Grashdf baseadb no raio do cristal.

Verificou-seque o resfriamento da base do cadinho pode promo
ver reducdes significantes nos gradientes térmicos na interface de
cristalizacdo, reduzindo assim as tensoes térmicas que alteram a gua
lidade dos cristais desenvolvidos. Naturalmente, os resultados in-
dicados aqui s0 sac relevantes considerando-se omodelo apresentado.
Tendo em vista que todos os resultados apresentados tem comprovagio
experimental, ao menos qualitativa, pode-se concluir gue as aproxi-
macbes feitas apenas afetam localmente o escoamento (caso da inter-
face suposta plana, por exemplo) ou sio pouco importantes (aproxima
cdo de propriedades constantes). Finalmente, deve-se lembrar que os
fluidos aqui tratados ndc tem suas propriedades conhecidas com pre-
cisdo e seria temerario incluir estes efeitos neste estudo.

Finalmente, oscilag¢Oes incomuns foram observadas durante o
estudo, indicando provavelmente um regime de escoamento assimétrico.
A situagdo & vagamente semelhante a fendmenos meteoroldgicos mas com

diferentes mecanismos de desenvolvimento de perturbages.
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penetration distance xpmax' Also xpmax is a function of t' (time)
and y' (coordinate normal to the plate). 1In all these papers the
flow past a stationary plate was studied.

1f the vertical plate is oscillating in its own plane, and
the temperature of the plate is slightly different from the
temperature of the fluid far away from the plate, then the free-
-convection currents do affect the flow and the leading edge
effects. For an isothermal, oscillating vertical ﬁlate, such a
study was undertaken by Soundalgekar [15] and its MHD-aspect wasalso
studied by Soundalgekar, Patil and Takhar [l6]. Another physical
situation to be considered here is the effects of constant heat
flux on the flow of an incompressible viscous fluid plast an
oscillating vertical infinite plate. This was studied by
Soundalgekar and Patil [17]. It is now proposed to study the
effects of transversely applied magnetic field on the flow of an
electrically conducting viscous incompressible fluid past an
infinite vertical plate oscillating in its own plane in the presence
of constant heat flux at the plate.

These results will be useful in nuclear engineering, space-
-ship devices, etc. at the design stage.

In Section 2, the mathematical analysis is presented and in
Section 3, the conclusions are set out.

MATHEMATICAL ANALYSIS

We consider an infinite vertical plate coinsiding with
x'-direction and normal to y'-direction. Initially, the infinite
vertical plate and the electrically conducting fluid are at rest
and at the same temperature T). A transversely applied magnetic
field in the direction of y'~axis is assumed to exist. At time
t'=0%, (which means time measured just after t'=0) the plate
starts oscillating harmonically in its own plane and simultaneously,
heat transfer takes place. Under these conditions, with usual
Boussinesg's approximations, and neglecting induced magnetic field,
the flow can be shown to be governed by the following equations:

Bu' 24,0 D—Bz
Tl :y‘,‘, voqlr® =45} = =28 b (1)
aT’ gy

Dcpﬁ-kw (2)



Rev. BrMec. Rio de Janeiro, V.I1X, n® 2 — 1887 21

The initial and boundary conditions are

a1’
u'{0) = U,cosu't' , - & 4 at y'=0
ay K for all x'
and t'z0
u' (=) = 0 g AT el as y'=ow
u'(y') =0 , T'(y') = T! for t's0 (3)

We now introduce the following non-dimensional quantities:

u=u'/u, , Yy =y'Uy/v, t = Uét'/v , w = vw'/02
med L14)
i " DBZw
6 = (T'-TL)/(qu/kUy) , G = gvgB/kUj , M = —-—-Ifz-—
PYq

Equations (1)-(3), in view of equation (4), can be reduced
into the following non-dimensional form:

2
Ju_219, 60 -m (s)
at 3y
38 a’g
P — = — (6)
it ay

Here G is the Grashof number, P = (ucpfk), the Prandtl number, v the
kinematic viscosity, w the non-dimensional frequency, g the heat
flux, g the acceleration due to gravity, k the thermal conductivity,
°p the specific heat at constant pressure, u the viscosity, U,
is the velocity amplitude of the oscillating surface and T' is the
temperature of the fluid near the plate. Alsc the fluid is bounded
by the plate on one side.

The initial .and boundary conditions are

uly) =0 ' o(y) =20 for £ 50
u(0) = coswt , :___S_ {0) = =1

y for all x and t 20 (7)
ul=) =0 ' 8(=) =0 '
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The solution of equations (5) and (6), satisfying the conditions
(7) are derived by the usual Laplace-transform technique and is

given as follows:

8= 27t {-{l:P exp{-n’Pp) -nff’erfctnv’?}} (8)
[

u = exp[-n ) {JNlthl +Mt}lh]
cos[mt -nvZ {-‘ Mita+] -Mt}l‘&]
G (p-1)% {1 - Mt . MP L ¢
= S b g F i)
(P-1) VP M2 2 P lp 3 g p-1/°""C
( HPt) ( JMPt) ( NPt )]}
n - — |+ exp | 2n — Jecfe [n + —
P-1 P-1 p-1

(p-1)? P-1 t
- ———— exp(-n?) - — {Z‘J— [exp{-n’) -n /Ferfclr.l:la
M2 ¢/ 1t w

(P=1)2 {exp(-n2P) p-1 1
FE | rime -2
T { o } & 2/t [ ¥ exp(-naP)

- 1 MOt
- nvP erfcin ﬁ)] - -‘u)_-{i exp(ﬁ) [exp (—2r| \Iﬂ?_t)
M2 2 P-1 P-1
M
-erfc(n/_—J-—-E-)+exp(2n g)
P-1 P-1
« erfc (”5+J£)}] (9)
P-1

where n=y/2/vt and erfc is the complementary error function.

When P<1l, the argument of the error function is imaginary
and hence in this case, while numerical calculations are carried

out, we use the following formula:

erfc(X+iy) = e~ 2iXY F(X,Y)
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where F(X,Y) = nEU (xy) 2P [VntX) —i(n+1}Vn+1lxq
Vo) = 2 e X* 1 vpix)
n+l 2n+1 | /T (n+1) x2n+l n+1
Vg (X) = erfc(X)

Thus, u and 8§ are calculated for P=0.71 (air) and P=7 {water) for
different values of M, the magnetic field parameer. The velocity
profiles are shown on Figure 1, for P=0.71 and for different
values of G. We observe from Figure 1 that due to the presence of
constant heat flux, the symmetry of the velecity p-rofiles is
distorted. Also, an increase in H leads to a decrease in the velocity.

30in
t G M
o5t 02 50 50—
06 5Q 5.0-o-o-
02 100 50-—-—-
02 %0 100 —-—-
2.0

Figure 1. Velocity profiles, P = 0.71

From Figure 2, we observe that the velocity profiles for wt = 0

becomes negative. Also, symmetry is completely distorted. & is
shown on Figure 3. We observe that the temperature 8 increases

with time for both, air and water.
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Figure 2. Velocity profiles P=7

B/,
30t
1 02
25 I 04 — — —

I 0o -—o—o—

I

0 05 g 1-0
Figure 3. Temperature profiles
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From the velocity field, we now study the effects of the magnetic
field on the leading edge effect. The penetration distance is derived
by integrating u with respect to t and the maximum penetration
distance meax at any time canbe determined by differentiating Xp
with respect to y holding t censtant and then by setting the
derivative equal to zero. Thus, the penetration distance is given by

t
Xp = [0 uly,t) dt . (10)

We can express Xp in terms of the Laplace-transform and inverse
transform with respect to the variable t as

PN o | -1§1 =
Xp = L ‘{; L{u (y,tll} or Xp = L ‘{; u{y,sl}
Substituting ul(y,s) and taking the inverse function, we have

T G (P-1)* {p-1]1 Mt Lo MPt
Po(p-1)/B | M2 % |2 ThlEag e P-1

s V) < s )]

_ 1 { 2}' 2(p-1)2/E § 1 i 2
=3 exp(-n =5 7= exp({-n - nerfc(n)
p-1 f2e¥2 [ 2 P = Branh « ablE .
" 3 v exp(-n ne1.- c(n) n 7= exp(-n?)

(P-1)* 2vE § 1
~'n erfc(n])]} + S— {f exp(-n3P) - n v’?erfc(ﬂ/ﬂ}

P-1 {4 5 [1+n2P 3
—t g = -(= /P /P
+ % {3 -3 = exp(-n3P) = (5 +n3P)n/P erfc(n PI)}

(p-1)*.{p-1 [ 1 Mt or of B
sy i L & bt
M2 I P TSV A il i B3
- erfc (n VP - Vu—t) + exp (2n4& )
P-1 P=-1
MPt P
. erfe (11 /P o+ ——)}] - 4 — exp{—n’Pl}] (11)
P-1 Tt
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The numerical values of xpr have been calculated for P=7, and
P=0.71, as shown on Figure 4. We observe from this figure, that
Xp/G negative for water means that there is no transition from
conduction to convection in water. But in water, xp/G increases
with increasing M and hence, we can expect transition at large
values of M. But in air, Xp/G decreases with increasing M and hence
the transition from conduction to convection is anticipated by a
large value of M. Also, the transition from conduction to
convection is not found to be affected by the frequency of the
oscillating plate. This is so in the absence of viscous
dissipative heat. The transition will certainly be affected if
viscous dissipative heat is taken into account which.is so in the
presence of very high Prandtl number fluids or if the effects of
oscillating plate are considered at a very high value of
gravitational field.

o028

0.020 4 t L]

¢z 80
o4 80
100

0-015

0ok
-o0-0l .
-0.02
-0-03
—0.04

-0.05

-0-06

Figure 4. Leading edge effects
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From the velocity field, we can calculate the skin-friction as

T o= - = — (12)
From equations {(9) and (12), one can find the expression for 1, a
straightforward operation avoided here due to space limitation. The

numerical values of 1 are entered in Table 1.

Table 1. Values of 1, skin-friction

t G M P=0.71 P=7

.2 5 5 0.176 0.660

0.250 0.543

10 5 0.353 1.32

0.2 5 10 0.109 0.228

We observe from this table that the skin-friction for water is
greater than that for air. An increase in M leads to a decrease in
the skin-friction but it increases with increasing t or G. Also the
skin-friction is not affected by the frequency of the oscillating
plate.

CONCLUSIONS

{1) The velocity profiles are not symmetrical about n-axis.
(2) An increase in M leads to a decrease in the velocity. (3) The
temperature increases with increasing time. (4) Por water, there
is no transition from conduction to convection at small valuesof;L
But the transition exists in case of air. For air, the transition
from conduction to convection, at large values of M, takes place
rather early. (5) The transition is not affected by the frequency
of the oscillating-plate.
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NOTE ON THE LOW ECKERT NUMBER
FORM OF THE ENERGY EQUATION
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ABSTRACT

This paper addresses the issue of cp versus cy in the energy
equation. For flows in which p ® constant and flows where p =
constant, simplified forms of the energy equation were written
in terms of ¢y and cp, respectively. Using scale analysis it was
shown that for situations where the Eckert number is small compared
to 1 the simplified cp form of the energy equation is more accurate
than the corresponding ¢y form.

RESUMO

0 trabalho trata do uso de cpe cy na equagdo da energia. Para es-
coamentos onde p = constante (guase-isocoricos) e escomentos onde
p  constante {(gquase-isobaricos), formas simplificadas da equagado da
energia sao escritas em termos‘'de cy e Cpr respectivamente. Atravées
de uma analise da ordem de grandeza dos termos das equac¢bes & mos-
trado que para situag¢des onde o numero de Eckert & pequeno compara-
do com 1, a forma simplificada da equa¢3oc da energia escrita em ter
mod de cp € mais precisa do que aquela escrita em termos de cy.
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NOMENCLATURE
€p - specific heat at constant pressure
Cy - specific heat at constant volume
Ec - Eckert number, equation (16) and (23)
g - gravity
k - thermal conductivity
L - length scale
M - Mach number, equation (22)
P - pressure
§ - energy generated per unit time and volume
T - temperature
To - reference temperature
T - temperature variation
, - time
u - magnitude of the velocity vector
u - velocity vector
8 - thermal expansion coefficient
Y - CP/CV
K - isothermal compressibility factor
" - viscosity
Ey - equation (6)
£p - equation (7)
o - density
¢ - dissipation function
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INTRODUCTION

The equation that expresses the conservation of energy for
a newtonian fluid can be written in several forms (Slattery, 1981).
Two of these forms are very common in engineering, the cp form

QcptDT/Dt} = V. (kVT) + BT(Dp/Dt) +'ud + 8 (1)

and the <, form

]

pc,(DT/Dt) = T.(KYT) - (BT/¢)7.0 + uo + S (2)
Except for the substantial derivative D/Dt and the operator
V:(B/Bxi};i , all gquantities in eguations (1) and (2) are listed
in the nomenclature. Equations (1) and (2) are equivalent and one
is easily obtained from the other.
For a compressible fluid (air for example) undergoing an

isochoric motion, that is, the density of a materidl element does
not change following the motion, 7.0u=0 and equation (2) reduces to

pcv(DT/DtJ = 9. (kYT) + ud + S (3)

It should be noted that eguation (3) is also the correct form of
the energy equation for a flow in which p is constant.

Now, if the fluid is assumed to be incompressible, rather
than assuming the fluid to be compressible and the flow to be
isochoric, cp=cv=c and the energy equation sould be written as

pc(DT/Dt) = V. (KVT) + ud + § 4)

In most of the convective heat transfer situations
encountered in engineering, the density of an element of the fluid
is affected by variations in pressure and temperature and, strictly
speaking, the flow is not isochoric. Also, all fluids are
compressible to some extent, and even ligquids have different values
for cp and c,- To illustrate this fact Table I presents cP and ¢
values for some liquids. When using equation (4), the choice of
which specific heat sould be picked is totally arbitrary. From the
previous discussion it is seen that both (3) and (4) are to be

v
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considered approximations. Those approximate forms of the energy
equation apply for flow fields in which the density of an element

of the fluid is almost constant, that is, guasi-iscochoric flows.

Table 1. Values of Cp and cv for some liquids
{Gray, 1972 and Weast, 1984)

| 7[°%] CP-CVEJ/gOC 7 °, [ 3/9% ]

Water 15 0.013 4,186

50 0.13 4.180

90 0,34 4.205
Mercury 20 0.018 1.394
Acetic Acid 20 0.353 2.180
Methyl Alcohol 20 0.437 2.510
Acetone 20 0.655 2.150
Benzene 20 0.540 1.720
Chloroform 20 0.320 0.980

The corresponding approximate cp form of the energy equation
is obtained by dropping the BET(Dp/Dt) term from equation (1)
yvielding

pcp(DT/Dt) = V. (kVT) + pd + § {5)

Equation {(5) is accurate for flows in which p is constant. It also
applies for situations in which the pressure variations along the
flow are small, that is, quasi-isobaric flows.

In situations where the fluid velocity is small compared to the
speed of sound, both forms of the energy equation can be employed,
the cp.form (equation (5)) and the c, form (eguation (3})). The
question that arises is which of the two equations correspond to a
‘better approximation. This issue will be addressed in the
following paragraphs.

SCALE ANALYSIS
The use of eguation (3) implies that the quantity —(ET/K)?.G
is small enough to be neglected; alternatively, if eguation (5} is
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to be used the quantity BT(Dp/Dt) should be regarded as negligible.
To decide which equation better aproximates the energy balance for
low velocity flows ‘(BT/K]V.G must be compared with BT (Dp/Dt). To
this end, the following simplifications are made

g, = —(BT/K)}V.4 = (BT/px) (Dp/Dt) (6)
and

ﬁp = BT(Dp/Dt) (7)

where continuity was used to obtain the right hand term in eguation
(6). Regarding p as a function of T and p, the thermodynamic
relationship do = pkdp-pBdT can be combined with equation (6) to
yeld

£, = BT(Dp/Dt) - (TB2/k) (DT/Dt) (8)

Dividing Ev by Ep

QV/EP =1 - (B/x)(DT/Dt) (Dp/Dt) . (9)

Attention now centers on the magnitude of DT/Dt and Dp/Dt.
To evaluate DT/Dt, the temperature of a material element of the
fluid will be written T=TD+'I", where T' is the temperature
departure from a reference To' If the dominant oscillating
frequency of the temperature field is small and YT~ T'/L,

DT/Dt = 3T/dt:+ u.VT &~ U(T = T,) /L (10)

where L is the. length scale that characterizes the spatial
distribution of T, and U is the magnitude of the velocity vector u.

To estimate the order of magnitude of Dp/Dt, it is assumed
that the flow is isentropic since the effect of viscosity and the
presence of heat transport normally modify the pressure
distribution but not the magnitude of the pressure itself. Thus,
employing the momentum equation for isentropic flow (Euler
equation), Dp/Dt can be written as

-+

Dp/Dt = dp/3t + u.Vp = ap/3t + pn.g - pu.(Du/Dt)

3p/3t + pu.g - paL?/3t - pu.vD? (11)
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where the only body force considered was the gravitational force.
For the type of flows considered here, i.e. absence of acoustic
waves and small oscillations of the flow field, 9p/dt and au? /at
can be ignored and equation (11) yields

Dp/Dt ~ - pUg - pUY/L = —(pU?/L) (gL/U? + 1) (12)

In obtaining equation (12), the length scale that characterizes
the spatial distribution of U and T was taken to be the same.

' The term gL/U? in equation (12} is the ratio between
potential and kinetic energy. Except for large valus of L as in
the case of atmospheric flows, this term is small and can be
neglected. Equaéion (12) can then be written as

pp/Dt ~ - pUY/L (13)
Now, substuting eguations (10) and (13) into equation (9) follows

E/bp v 1+ (B/K) Cu(r-T ) /o0’ ] (14)
or

&v/ip w1l o+ (fopcp)(I/Ecl (15)
where Ec is the Eckert number defined as
- 2 -
Be = U*/[ e (T-Tg) B (16)

It should be noted that B/xpcp is a ratio of fluid properties,
whereas Ec is a dimensionless number related to the flow.

Equation (l15) presents the ratioc £v/£p in a very compact
form and will be used to compare gv with EP. For simplicity, in
the analysis that follows, liguids and gases are treated
separately.

Liguids. Most of the liquids have the ratioB/xpcp in the
order of 1 (Gray, 1972 and Weast, 1984). Water is an exception
with B/Kpcp v 0.1. Furthermore, liguids cannot move at large velocities,
and the Eckert number Ec for liquid flows is usually very small.

From egquation (15) with S/KQCP in the range 0.1 to 1 and
Ec << 1 it follows
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E. > £ (17)
or, using equations (6} amd (7)
- (BT/x)V.4 > BT(Dp/Dt) (18)

The inequality (18) shows that for liquyids undexgoing low
velocity flows BT(Dp/Dt) is smaller than -(BT/x)V.0. Therefore,
the simplified cp form of the energy equation is a better
approximation than the corresponding Sy form.

Gases. For simplicity, attention will be focused on perfect
gases in which B/:cpcp = (y=-1)/y, where y = cp/cv. From equation
(15) it then follows

Eofbp v 1+ C (y-1)/y ] (1/Ec) (19)
For the type of flows under consideration, the temperature
increase of the fluid due to friction and compression is only a

small fraction of the temperature difference prescribed as a boundary
condition. Thus Ec << 1 and equation (19) yields

£, > &g (20)

If the temperature variation T' experienced by the fluid is
on the order of the fluid temperature T, the Eckert number can be
written as

Ec = Uz/cpT (21)

Recalling that the Mach number M is given by M = U/YYRT where R is
the gas constant, and that CP = yR/(y-1), equation (21) becomes

Ec = (y-1)M? (22)
Now, substituting eguation (22) into equation (19) it follows

E /8y ~ 14 1/yM (23)
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Equation (23) relates the ratio EV/EP to the Mach number M.
For low velocity flows M is small and £, > &, Therefore, as in
the case of liquids, the simplified cp form of the energy eguation
is a better approximation than the corresponding c, form.

CONCLUSION

The cp and <, forms of the energy equation were simplified
for flows in which p = constant (quasi-isochoric flows) and
p = constant (quasi-isobaric flows). Such flows are commonly
encountered in many engineering problems. Using scale analysis it
was shown that the simplified c¢_ form of the energy equation is
more accurate than the corresponding <, form for flows in which the
Eckert number is small compared to 1.

The simplified ¢ form of the energy equation is exact for
flows in which p = constant. On the other hand the simplified c
form of the energy equation is exact under the assumption of
p ® constant. The present analysis has demonstrated that for low
velocities flows subjected to temperature gradients, less error is
introduced in the calculations if p is assumed constant instead of
assuming p constant.
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RESUMO
Considerando-se relacoes constitutivas nd3o lineares e a hipotese de
extensibilidade, determinam-se as configuracgoes planas de equilibrio
pbs-flambagem de um anel circular delgado submetido & pressao exter
na. 0 modelo matematico & obtido a partir do principio de Hamilton,
e descreve o anel como uma curva regular plana: as confiquracoes e
.0os esforgos internos sdo func¢bes de um uUnico parametro espacial. Ob
tém-se um sistema nao linear de sete equagbes diferenciais ordina-
rias, acoplado a condicdes de periodicidade, gue é resolvido pelo mé.
todo do Tiro Simples. Os resultados sido comparados com aqueles ob-

tidos considerando-se eguacdes constitutivas lineares.

ABSTRACT

Considering non linear constituve relations and the extensibility
hypothesis, the plane post-buckling configurations of a thin circular
ring subjected to external pressure are determined. The mathematical
model is obtained from the Hamilton's principle and describes the
ring as a plane regular curve: the configurations and the internal
forces are functions of only one spacial parameter. A non linear
system of seven differential equations, coupled to periodicity
conditions, is obtained, and is solved by the method of the Simple
Shooting. The results are compared with those obtained by
considering linear constitutive equations.
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INTRODUCAO

0 surgimento de novos materiais possibilitou o projeto de es
truturas mais leves e, consequentemente, mais esbeltas, Nestas
condi¢des, em muitos cascs, o fator decisiva no projeto é a defor-
macdo da estrutura, e, em particular, o comportamento pos-flamba
gem.

Uma maneira de se estudar o comportamento mecdnico de estru-
turas em gue uma das dimensdes predomina sobre as demais é a de se
considera-las como curvas seccionalmente requlares no espago. Neste
caso, as fungbes gque caracterizam a configuragdo da estrutura pas-
sam a ser descritas em termos de um Unico par@metro espacial e mais
um parametro temporal.

0 modelo matemdtico apresentado neste trabalho é obtido a par
tir de um principio variacional e de uma forma adotada para a densi
dade de acgdo potencial,permitindo a analise do comportamento estdti
co de estruturas eldsticas que possam ser consideradas como curvas
planas, regqulares.

Classicamente sdo adotadas, como hipoteses constitutivas, re
lagCas lineares entre o esforco normal e a elongagédo e entre o momen
to fletor e a variacdo da curvatura. Entretanto, Tadjbakhsh [1] mos
tra que, nas condigoes do movimento plano de estruturas elongaveis
ndo & possivel se associar forma alguma para a densidade de agdo po
tencial da gual as relagdes constitutivas lineares possam ser deri-
vadas. Este fato sugere que um procedimento melhor consiste no es-
tabelecimento de uma forma para a densidade de agao potencial e en-
tac derivar as relagdes constitutivas.

0 desenvolvimentc do presente modelo leva a umsistema nac 1i
near de sete equagoes diferenciais ordinarias a sete incdgnitas. Os
problemas associados podem entédo ser resolvidos pelo método do tiro
simples. Em particular, apresentam-se os resultados corresponden-
tes ao problema do anel circular delgado subnietido & pressdc exter-
na, considerando-se as rela¢bDes constitutivas nao lineares. Estes
valores sao comparados com agueles associados a utilizagdo de rela-
¢0es constitutivas lineares classicas, verificando-se diferencas sen
siveis nas configuracoes de equilibrio pos-flambagem, assim como nos
pontos de bifurcagdc associados as mesmas.
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O MODELO MATEMATICO

Seja uma estrutura unidimensional descrita como uma curva re
gular plana parametrizada pelo comprimento de arco § em uma configu
racao de referéncia e pelo comprimento de arco s em cada instante t
distinto daquele associado 3 configuracaoc de referéncia. No decor-
rer de um movimento, considere todas as variaveis do problema para-
metrizadas pela dupla (s,t). Seja o mapeamento s = (5§,t) um difeomor
fismo entre s e S para cada instante t considerado, de tal modo gque
as derivadas ds/dS e dS/ds existam em todos os pontos da curva e pa
ra todo t. Cada ponto da curva pode ser localizado pelas coordena-
das X;(s), i=1,2 na configuracao de referéncia e pelas coordenadas
xy(s,t) na configuragao do instante t. O adngulo entre a tangente
K'S[S) e o eixo X, é denotado por @(S), enquanto o dngulo entre a tan

gente x g e o eixo x, & dado por #f(s,t), conforme ilustra a Fig. 1.

Configursgao no
instante 1t

Figura 1. Parametrizacgadoc da curva

As equacles do movimento e as relacdes constitutivas podem
ser obtidas a partir do princ¢ipio de Hamilten [1,2,3), descrito pe-
la expressdo:

st 5t
5LL L{x't,x'ts,x‘s,x'ss,s}dsdt+ J J fedxdsdt +
o ‘o

;SIS 2 s 5 _ T 5
+ L (Frox+Reox o] ae- [ Pesx] ase Tsx]’] =0
= Jdo o] o odo

onde [ € a densidade de acio, fungao da velocidade x e do spin x ,ts’
e dos gradientes de deformaciao x ,s © X gg- Asgrandezas F, R, P e A
representam, respectivamente, as densidades de forga e de momento
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nos contornos, a inércia linear, nos instantes inicial e final, e a
inércia angular, nos contornos e nos instantes inicial e final. O car
regamento distribuido, em cada instante t, € dado por f.

Assumindo-se as regularidades necessarias para x; e éx;, ode
senvolvimento de (1) fornece:

J'gf[[-*'s +E- (P-4,

£ _
t]-éxdsdt-t-J (F-F) » 6x +
0 0 (8]

_ s s _ 9t _ ST
+ (R-R) -Gx's] dt-—[ (P=P) -cx] ds+(A-A)-6x]] =0 (2)
(o] 0 [s] oJO

onde:

. oL, 3l N al -
i = - —— _ —_—

3Xj, 8 3%j, 58 8 3%j ts L
R L (4)
j =R

CES TS

a3l aL
%'z - (5}

X5, ¢ %3 tg s
al
Ay, % smetie— (6)
Xi, ts

Assim, as condigdes necessarias e suficientes paraque (2) se
ja satisfeita saoc dadas por:

Py, et = (Py=dy o) te(o,t]l, sec(o,s] (7)
Fi = fl i R‘i = Ei SC{G,E} (8)
Py = _P_.i. t€{0,t} (2)

Ay = Ky te{o,t}, s€{0,s} (10)
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Assume-se que a densidade de agdo L seja invariante sob a acao

de rotagdes rigidas. Isto é expressc por:

al @l ) al j gl ; 0
ol = 1 S Mx + — Ax .+ s =
I ax . BT ax FTets Ty '8 gy 158
' B s 'S ¢ 58
(11)

A expressdo (11) pode ser reescrita utilizando-se as defini-
goes (3), (4), (5) e (6), obtendo-se:
(12)

{Rﬂx’ ) + FAx = w"ﬂs’h”,t'(th,Q,

8',8 'S t

As equacdes (7) e (12) representam os balangos de esforgos 1i
neares e angulares na estrutura.

Sejam definidos os esforgos solicitantes: densidade de forga
normal n, densidade de forgca cortante g e densidade de momento m,

através das expressdes:
n = "‘i;a Fi F] q= Eij Fj xi's H m = eij R] Xi'S {13)

Com base nas definigOes (13), as equacdes (7) e (12) podem ser

reescritas, para o caso estatico, como:

ng-ka+ f, =0 (14)
g,g + kn + fq = 0 (15}
mg+q=0 (1l6)

onde k=eij xj,ss %i,g

mada., As expressdes (14) e (15) sdo as eguacgdes de equilibriodees

= d8/ds & a curvatura na configuracdo defor-

forgos lineares nas direc¢des tangencial e transversal a curva, en-
guanto a expressac (16) representa a equacdo de eguilibrio de momen
tos.

E conveniente se parametrizar as equagoes (14), (15) e (16) se
gundo ¢ comprimento de arco S. Definindec cos esforgos solicitantes:
forga normal N =nA, for¢a cortante ¢Q=gA e o momento fletor M = mA,
onde A & a area da secao transversal, & possivel se reescrever as
equagoes de equilibrio na forma:
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N g(S) -Q(S) 8 g(S) + fy(S) s g = O (17
Q,5{S) +N(S) 8 ¢(S) + (S} 8 g = O (18)
M'SlS.'I +le] S;S =0 (19}

RELACOES CONSTITUTIVAS

B possivel demonstrar (1) que, sob condi¢Ges apropriadas, a
densidade de acao L pode ser reescrita na forma:

L = K(v,8, ¢,8) -E(S)(e,T) (20)

onde v= (x; 4 :n:j_r,._ll"2 & o médulo da velocidade x ¢ .6 = (s g)7% ey
X, ts Xi,s é-a taxa de rotacgio da tangente,]e'=s'5 -1 & aelongacgao,
E(S) @ o modulo de Young do material e 1=1 P{S}(e's- 0'5) & a va-
riagdo adimensional da curvatura. 1 representa o momento de inércia
de area da secdo transveérsal no ponto S.

Considerando-se a densidade de acdoc potencial na forma da ex

pressdo (20) e as definigbes (13), as relagoes (3) a (4) reduzem-se a:

a
n =E S S, (21}
e .
3l
m=Eg1% - Bt (22)

£ facil verificar, a partir das expressdes (21) e (22), que
ndo é possivel se definir forma alguma para a densidade de acao po-,
tencial { tal que se obtenham relagbes lineares m=at1 € n=§fe, «

e f constante, simultaneamente.

Seja adotada uma forma particular simples para (i:

- 1
W= g tef

T?) (23)

Nestas condigdes, as expressdes (21) e (22) tomama forma par
ticular:

& o N,V
3,5-7[1+(1+4 &) ’] (24)
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M
§ g = — + 8 (25)
S EIsg o8

com a restricgao de gue:

EA
Nz - —
4

(26}

Para efeito de comparacdoc, as relagOes constitutivas linea-
res classicas [4,5,6], sa@o apresentadas abaixo:

s, =1+ (27)

8 s =J%%-+ P, s (28)
onde vale a restricéo:

N 2 -EA (29)

A configuragdo de equilibrio & descrita pelas coordenadas

x;(8), relacionadas com s e 6 através das expressoes:
X1,8 = 8,5 cosf {30)
X3,8 = 8,g send (31)
As expressoes (17),(18),(19),(25),(30) e (31) constituem um
sistema ndo linear de sete equagles diferenciais ordinarias, a sete

incognitas.

O PROBLEMA DO ANEL CIRCULAR
Considere-se um anel circular delgado submetido a pressdo ex

terna. A configuragdo ndo carregada & caracterizada pela curvatura:
K(s) = -r™!
onde R & o raio do anel nac deformado.

O equilibric é descrito pelo sistema ndo linear de eguagdes
diferenciais ordinarias apresentado no item anterior e mais as con-
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dicoes adicionais:

M(0) - M(27R) = 0
N(D) - N{27R) = O
Q(0) - Q(27R) = 0
s{0) =0 (32)
8(0) =6(27R) =27 = 0
x,(0) = x,(27R}) =0
x,(0) = x,(27R) =0

Uma técnica utilizada na resolugdo do problema de condigdes
adicionais genéricas consiste em transformd-lo em problemas de valo
res iniciais, para os quais existem procedimentos numéricos classi-
cos, como o método de Runge-Kutta, para resolvé-los. Este procedi-
mento constitui o método do Tiro Simples [7]: se um dado problema é
descrito por:

y' = f(x,y), xlE [a,b]
y: [a,b]C R —> RP (33)

Fly{a) , y(b)) =0

€ possivel transforma-lo em problemas do tipo:

L]

y' = fix,y) , x&l[a,b]
y: [a,b]CR —> RD (34)
y{a) = t, tERD

tais que F(t,y(b,t)) =0. O problema original é reduzido, através des
ta técnica, a pesquisa de zeros de F(t,y(b,t}). No caso, fixando-se
os valores:

g(0) =~
x,(0) =0 {35)
x,(0) =0
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as uUnicas condic¢dOes iniciais que devem ser pesquisadas de modo a sa
tisfazer as expressoes (32) sdo M(0), N(0) e Q(0), associadas, por
exemplo, as condigdes:

F, (M(0),N(0),Q(0)} = 6(27R) -7 = 0
F,(M(0),N(0),0(0)) = x,{271R) =0 {36)
Fy(M(0),N(0),Q(0)) = x,{27R) =0

RESULTADOS

A pesquisa de zeros das equacdes (36) foi efetuada utilizan-
do-se o método de Newton, enguanto os problemas de valores iniciais
foram integrados pelo método de Runge-Kutta de guarta ordem, parti-
cionando-se o intervalo [0,27R] em 300 partes iguais. O problema foi
analisado adotando~se o raio de giragao i=/I/A=0,1 e fazendo-se va
riar o carregamento pR?/(EI) dentro do intervalo [-21,5, 0].

Foram determinadas duas configurac¢bes pds-flambagem distin-
tas, sendo os resultados ilustrados nas Figuras 2 e 3. Uma compara
¢do com o caso em que se adotam equacdes constitutivas lineares (27)
e (28) também &€ efetuada.

o

CONFIGURAGED 2 |

R3 :
»-:ELIS-.S.ﬁ |

EQ. CONST LINEARES W
EQ. CONST NAO LINEARES

/ N
/ mumc&o S~

Figura 2. Configuragtes de equilibrio pos-flambagem
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= — — EOQ. CONST. LINEARES

—— EQ CONST NAO
o i LINEARES |

Lo 05 o d/R

Figura 3. Distancia minima ao centro do anel

Verifica-se que os pontos de bifurcacdo sofrem influéncia da ndo 1li-

nearidade das relagdes constitutivas, conforme ilustra a Tabela 1.

Tabela 1, Carregamentos de bifurcacdo pR3/(EI)

Equacdo Constitutiva Equagdo Constitutiva

Bifurcacao Linear Ndo Linear
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A Tabela 2 indica uma diferenca de 22,6% na menor distancia
d do anel ao centro, entre os casos com equacoes constitutivas li-
neares e nao lineares, para a configurag¢do 3 com carga pR3/(EI) = ~-11.
As diferengas entre os valores méximos dos esforgos solicitantes sdo

igualmente significativas.

Tabela 2. Resultados correspondentes a Figura 2

Equacao Equagao Desvio Relativo
Constitutiva Constitutiva a Hipotese
Linear Nio Linear Ndo Linear
Config. 2(%*)

d/R 0,5582 0,4922 0,134
[IMR / (ET)|| 1,1551 1,2908 -0,105
|| NR2/ (ET1)]| 4,3578 4,4534 -0,021
[lor2/ (E1)]| 2,2444 2,5032 -0,103

Config. 3(*%)

d/R 0,5907 0,4820 0,226
[|MR / (E1)|| 2,1487 2,5154 -0,146
|[[NR2/ (ET)| 11,4960 11,5195 -0,002
[lor2/ (E1)]|| 6,5670 7,6019 -0,136

* pR*/(EI) - = =3,5 ** pR3/(EI) = -11

CONCLUSOES

Foram obtidas equacbes constitutivas ndo lineares para estru
turas elasticas unidimensionais, a partir do principio de Hamilton
e de uma forma particular para a densidade de ag¢ado potencial. Veri-
ficou-se que, uma vez assumido este principio variacional, ndo se po
de obter relagdes constitutivas lineares que expressem o© comporta-
mento mecdnico da estrutura eldstica como uma variedade unidimensio
nal. A partir do modelo matematico obtido, foram determinadas duas
configuracdes de equilibrio pés-flambagem para um anel circular del
gado submetido & pressdo externa. Os resultados mostram gue a sim-
plificagdo pela adogdo de equagdes constitutivas lineares gera alte
racdes significativas sobre as configuracdes de equilibrio calcula=*

das. Assim, & importante gue as hipOteses ‘constitutivas sejam levan
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tadas sobre a densidade de agdo potencial, e ndo diretamente socbre

as relagdes constitutivas.
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NOTICIARIO

“SSEMINAR TN MACHTRERY NOISE AND DIAGNOSTIOS _

This six-day seminar, taught by Professor Richard H. Lyon,
ot M.T.T,, will be offered the week of 10-15 August 1987,
in Cambridge, Massachusetts. The seminar teaches the design
principles for making machines operate more quietly, and
the use of vibration and acoustical signals to determine
faults inogerating machines. Sources of npise and vibration
in machines, the transmission and radiation of accustical
energy by the machine , aud signal processing methods for
fault signature recovery will be covered in the lectures
and demnonstrations. The text for the course is Professcr
Lyen's new book, Machinery Noise and Diagnostics,

For further information contact:

Prof. R.H. Lyon, Rm. 3-368&
Mass. Inst. of Technology
Cambridge, Mass. 02139 - USA
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