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STABILITY OF CENTRIFUGES
PARTIALLY FILLED WITH LIQUID

Dr. Eberhard Brommundt

Institut fiir Technische Mechanik (Mechanikzentrum)
Technische Universitat Braunschweig

D-3300 Braunschweig

ABSTRACT
Paper presdents a method to caleulate the stability cof a centadfuge
the adigid cylinden of which 48 mounted on an elast<c frame (a multdi
body discaete sdystem) and paritlfy §illed with an inviscid Liquid.

INTRODUCTION

The steady state motion of a centrifuge operating at high
rotating speeds and containing some trapped liquid can get unstable
over several ranges of the operating parameters. Ir these ranges
the machine will undergo seif-excited whirling motions very similar
to a self-sustained modal oscillation of the interacting solid-
-liquid system. Such an oscillation is clearly distinct from an
imbalance vibration by its freguency: The imbalance causes (mostly)
vibrations with the rotational frequency whereas the self-excited
system oscillates with a natural frequency, asynchronous with
respect to the rotation. When both effects occur simultaneously
beat-1ike motions are observed.

There is quite a number of investigations which study
theoretically and experimentally simple basic setups, e.g. [1]-[14],
and there are many, many more papers devoted to liguid-containing
rockets and shells. But apparently, there is a lack of papers
dealing with the machine dynamic aspects of the problem: How do the
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solid parts of a complex machine. in a, say, discrete model interact
with the liguid in the cylinder to produce instability?

We want 'to present a procedure suitable tostudy thestability
of a machine which contains a swiftly rotating rigidcylinder partly
filled with liquid as a constituent part. The procedure bases on
the observation that for small viscosities of the liquid and a
weakly damped machine both these influences neutralize each other
and the sloshing behavior of the ligquid determines the unstable
regions, see e.g. [10], [5], [11], [13], [2]. Under these
circumstances, approximate boundaries for the stability regions can
be calculated from Tinearized equations for an inviscid incompressible
liquid and an undamped machine. Very likely, viscosity and damping
will influence the boundaries belonging to complicated "higher
order" motions much more severely than those of the simple motions,
see [5], Figure 9, [2], Fiqure 6. Even then the simple procedure
has the advantage of pointing out those regions where instability
might occur and which should be avoided or must be studied
accurately to ensure stable operating conditions. In this paper we
merely outline the procedure, list the necessary equations and
formulas and present an example. The details are contained in [1];
an autonomous computer program for the trasnfer functions {(FORTRAN
77 code) is available.

MODEL AND PROCEDURE

Let the motions of the solid parts of the machine be governed
by the following linear, non-dissipative N-degrees of freedom
discrete model:

MX+0g

(B

+Kx=1 . (1)

Here, 0 - constant angular velocity of the cylinder; x - N-vector of
generalized coordinates; M, G, K - NxN matrices ofmasses(inertias),
gyroscopic terms and stiffnesses, respectively; HT =M, ET = -G,
KT =K ; f - N-vector of 1liduid forces onto the cylinder. (The solid
part parameters of the cylinder have to be included in (1)).
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The cylinder has the normal position shown by the fixed cartesian
basis €y, 62, ©s in Figure 1 (e; coincides with the axis of rotation).
Its small dislocations thereof are the lateral translations u,, u:
and the axial trans1$tion us with respect to that basis, and the

angular deflexions u., us about 81, €1, respectively. There is the
geometrical relation

us=Ax (2)

between u := (uy, Uz, us, U, us)! and X3 the 5 xN-matrix A is
constant.

Figure 1. Deflections and coordinates of the cylinder
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To scale all quantities and expressions to dimensionless
form we introduce as references

Re for length, 1/0 for time, Rip for mass . (3)

When & is varied to study its influence, a fixed value ) is
chosen for scaling. Henceforth, all quantities are assumed to be
dimensionless without further indication, except for L and Rp which
will be denoted by

Ti=L/Re » Ri=R/R. , (0<Rs1) . (4)
The behavior of the inviscid, incompressible liquid is

measured by the small velocities (v, Vs v,) about the rigid body
rotation and the pressure p, which is reduced to

P(r)¢lzlt} = D-PE/Z*-RQ/Z (5)
reference is the non rotating basis (Er, 5¢, Ez} of cylinder

coordinates (cf. Figure 1). The behavior is governed by the partial
differential equations

3 ] 3
at * 30 -2 0 B Yy
3 3 1 3
S A TR T Yo
3
4,1 1ta 8- 0 p
ar r ¥ 3 az
-cos¢ -sind 0 zsing -zcos¢ Uy 0 0
, o U
sing -cos¢ 0 zcos¢ zsing 0 0 U,
’ Uy -2r (6)
0 0 -1 -rsind rcos¢ U cos¢p sind s
Us
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and the boundary conditions

2h , 3h = v.(r.9,z,t)

gt ? (¢,Z,t) (7}
Vr(1l¢|znt) =0 ] Vz(r’¢sTvt} =0 » Vz{r:d’a'T't) =0 H

P(R,$,z,t) + R hi¢,z,t) = 0 .

h denotes the radial elevation of the free liquid surface.

The actions of the liquid onto the cylinder, corresponding to
the coordinates u;, ..., uUus are given by

fo = (f1, f2, fy, fu, LI (8)
where

T
fy = j P(1,0,z,t)cosd d¢ dz
z2=-1 ¢=0

27
f, = j' P(1,4,z,t)sind dé dz ,
z=-1 §=0
2r 1
fy = [Plr,¢,t,t) = P{r.d,-t,t)]rdr d¢ ,
¢_0 :rR -
2 (9)
fy = _’p P(1.4,2,t) zsing d¢p dz +
z--r =0

2n 1
+ !’ sing Hf (P(r.¢,t,t) - P(r.¢,-1,t)Ir2dr do ,
=0 =R

T 27
fs = f f P(1,6,2,t) Zcos¢ dp dz -
251§

2n
. J cosw]' [P(r,p.7,t) = P(ryp,-t,t)1ridr do .
=0 r=R

The vector f. acts onto the system (1) by

f=AT £ 5 cf(1), (@) . (10)
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The complete set of equations (1), (2) and (5)-(10) is linear
and autonomous. This suggests a solution of the form

nod & S B A A A At
{i’j’g’vr’vtﬁ’vz”}’ic} ap (i'.f'!'vr'vcp"'z")’ic} e‘ 1 [113
where the X etc. do not depend on the time. A close study of the
eigenvalue problem which arises from (11} shows that with X an
eigenvalue, =X, A* (the complex conjugate of A) and -L* are
eigenvalues, too. This means that there is instability if there is

one X with Re A= 0, and a stable system is only neutrally (weakly)
stable with

A=jw, RA=0 , (12}

for all eigenvalues. (The statements that -\ and A* are eigenvalues,
too, coincide here; we can restrict our investigation to w=>0.)
Figure 2 shows the transition from a stable operating speed Q' to an
unstable speed 0™ via a stability boundary 2", an extremum of 2(w)
where two w's meet and branch into two complex i's, which corresponds
to instability. (This is essentially Wolf's procedure, [14],)

Thus, we can study the stability of our system by means of
diagrams of the form of Figure 2a. To achieve that we express for
A =juw the interaction between ﬁ and EC due to the liquid by

_fc =0 _F_{u:):q . (13)

where F(Q) is a 5x5 transfer matrix. Using (1), (2), (10) this
leads to

(2[-w? M+ JuG - FlwI+ Kb x=0 . (14)

If (14) is looked upon as an eigenvalue problem for 0 with w(>0) as
a parameter, for known F(w) it can be evaluated by standard numerical
routines and yields an N-manifold of values nn(w]. n=1,...,N, which
has to be interpreted as indicated in Figure 2.
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79
Figure 2. Transition from purely imaginary
to complex eigenvalues
TRANSFER FUNCTIONS
Here we list the formulas for Fluw).
The transfer matrix F(w) has the form
F]]{u} -3F,,(w) 0 0 0
iF 5 (w) Flyfw) 0 0 0
F = 0 0 Fay(w) 0 0 . (15)
0 0 0 Fug(w)  =3Fc(w)
0 0 0 3Fy5(w) Feo(w)
Lateral Translations
R *(1+R?) + (2R? - 12)w? + 4
Fiy = w'n(1-R?) 21 — = : (16)

[w?(1+R?) +2]% - 16w*
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4 ,3'R1
Flp = win{1-R?) 2t = i (17)
[w?{14R?) +27% - 162

Axial Translation

Fylw) = 128w 1% /n? 2 v /(s2k)t (18)
k=0

where for

Case I

w? <4 : BL:-[HZHnﬂrw-/4-w’ (19)
and

I 1 1 I Ioy -1
I 8(t/R) (21B,)  Ja(B) Yo(B,R)-Yi(B,) Jo(BR)
‘l'k(m.R,T) = {14+ 1 I 1 1 1 )
(142k)? n* + (278 )% 01(8,) Y2(BR) - Y1(B,) J1(BR)

Case 11

w4 B{I re {142k) m/21w. VWi-4 (21)
and

s \1 atmieE)) 11(si‘)xn(ai‘a)+x1(ei‘}lu(ailai}'1 )

(1+2k)2n% - (218, 1)2 1.(8})Ky (8L IR) Ky (BE D)1, (BLIR)

The symbols Jy, Yy denote Bessel functions of the first and
second kind, respectively, with the orders v =0 and v=1; Iy, Ky
denote the modified Bessel functions. :

Angular Deflexions

FI.J{ = H(MnR)T) + H(-NQR)T} ’ [23)

F = H{w,R,t) - H(-w,R,T) ., (24)
Lg
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where

H(wR,t) 1o o(Zew)en [‘f _ T_;] + u(t4) (3ea) £ k}.:o “:;"w (25)
and for

Case I

11| <2: B i= (142k)w/2 |!+ruz|-'4 (1-w) 63+0) (26)
holds

XelwaRor) = (207 €\ (1,0,R,1)/(142K)F 17 - 20C,, (1 ,0,R,7)

- R €y (Rou R/ (B2 + (g5 (1wiRuT) =
R2Cy (Ryw,R,1) /85178, (,R,) (27)

with

ColrswsR,t) 2= a, (w,R,1) J,(Bir} + by (w,R,T) ?,{Bir] (28)
(v=1,2), and

b i=det(a, ,b) , a :=det(c,b) ., b :=det (3 ,c) (29)

containing the columns

(1) B Jo(8)) + (1-w) J,(B})

3 = s (30)
-(1+w) B;R JU(BiR) + (1-w) (2+¢4uwrw?) Jl(BiR)
(1ow) By ¥,(B) + (1-u) ¥, (8;)

Ek H ] " (31)
~(1+w) BR Y, (BR) + (1-u) (284wt?) Y, (BR)

€ = (2, - R(1+a))T (32)
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Case 11

i= (1+2K)1/2 |14w] - J-h-m}(}m) 3 (33)

|l+u: >2: 4 B
11

and in (27)-(31) there have to be replaced Bifm,T) by B, {w,T), d:
and J, by I, and I,, Yo and Y1 by -¥, and Ky, respectively.

7

Remark: There exist finit limitevalues of H(w,R,t) for w—+=:1 which
is of interest for the computation of critical speeds.

EXAMPLE

In the "centrifuge" shown in Figure 3 all effects, mentioned
before, come into action. The cylinder is freely rotating but
otherwise rigidly mounted in the support which can - at the point A -
tilt about &; by the angle y, and rotate about ' by v2. The elastic
spring constants for the corresponding moments are K., Kz, the
moments of inertia (of the support plus shaft) are 6, 0,. The
cylinder has the mass my and the @oments of inertia e, (about axis)
and ep (perpendicular to axis, about C).

Figure 3. Centrifuge

With x := (wl,wz}T there holds

Woexl A e ) 2 BT DY (34)
a 0 .5 0 1
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= unstable

— 3I-1,x- stable

50 | : | i

|
" -t

X1 b / i

30 I‘“I; L1

N\ T

RN X

X | |/
20 N /

'§ /‘F\

| &

40 T\ bt -
| |

e

(0 02 0.9 0.6 0.8 4.0 w

Figure 4. Functions (w;/0)” depending on w
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The equation (14) gets the form

9110 J952 wp O
Q . §.0 , (35)
-39y, -9 0wy
with w3/ := Ki/pRE Q! , w} /2% := K2/pRE 9% and
q11(i-ll) = Blwz + [EIRCJZ F|1(WJ + (b/Rc)z F33(U} + F44{N} s
quru‘lJ = GIIU.I= + (EI’RC)z F11(I.LJ) + F44{w) s (36)

q12(w} = GI]IW + {a/’nc]z F12(m} + F45(UJ} '

where 0 := [?1 +ep +m{az +b?)/p Ré § GII i= [@2+0
111 = 9a/P Rp -

p-+ma2]/o Ré 5

For the values a/Rp =1.5, b/Rc =1, L/Rc =1, Re/R; =1/v2 ,
D =14, 91 =10, 0111 =3, (mllwll)’ =2 we obtain the 2-fold set of
curves (mlm)2 as functions of w shown in Figure 4. (There, to show
the behavior for large speeds, (w;/Q)* is plotted against w.)
Unstable regions are shaded, stable ones are numbered I, II, III,...
Especially the narrow regions will be severely influenced by
viscosity and damping.
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DYNAMICS OF THE RELATIVE MOTION OF A SOLID PARTICLE
AND A VISCOUS FLUID CONFINED IN CYLINDRICAL
DUCTS OF DIFFERENT GEOMETRIES

Roberto Guimardes Pereira, Membro da ABCM
Maurfcio Nogueira Frota, Membro da ABCM
Departamento de Engenharia Mecinica

Pontificia Universidade Catélica do Rio de Janeiro

ABSTRACT

Expeadments concerning the nelative moticn of so0lid panticles and
viscous fLuids, confinedwithin cylindens of anbitrany cross-section
(eimeculan, quadrangular and triangulanr) have been conducted. For all
cases, and far byond the Oscen's negime, the additional presaure’
force to viscous dnag ratio (APTA/D) can be dinectly- evatuated by
means o4 parameferns of the unpeaturbed ffow, which, according Lo an
exdbsting theony,shoutd only be expected fon Low Particle Reynolds
Number, Suddenfy a strong thansdition, which 4£4 veny complex dn
natune and not fully understood, cccuns.

RESUMO

Esle tnabalho descreve expenimentos nefacicnadps ao movimento rela-
tivo entre uma particula solida (fonte de pentunbacac) e um ffuide
viscoso, congfinades no interdon de cilindros de diferentes secoes e
tas (circuban, quadrangulan e thlangulan). Pana todos o4 casos in-
vestigados, e muito akem do Regime de Oseen (Re>>2), a razde enthe a
forca de pressdo adicional ¢ a fornca de arrnasto, devido a presenca
da particula, (APTA/D), pode sen diretamente determinada em fun-
¢cac de parametros do escoamento nae peafurbade, ¢ que 40 era eaperd
do para Re<?, de acordo cem uma fecria exdisfente., Com o aumente do
Nimeao de Reynofds, uma complexa e ndo completamente explicada tran
s4¢ao ocornre.
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INTRODUCTION

The dynamics and the relative motion of a particle in a
viscous fluid assume importance and application in several useful
engineering problems. In science and technology the problem of
viscous flow through ducts containing particles is of interest in
connection with a variety of process such as polution, fixed and
moving diluted fluidized beds, elutriation, pneumatic conveying,
dust and mist collection. Even hemorheology would be a more
complex application of the relative motion betwenn non-rigid
particles and a viscous fluid confined within a deformable walled
pipe.

In the context of the present work, attention is given to
the relative motion of a solid spherical particle and a Newtonian
fluid confined within parallel walled cylinders of arbitrary, but
uniform cross-section,.

Let us first consider an infinitely long, cylinder com-
pletely filled with a homogeneous, incompressible, Newtonian fluid
in steady laminar flow in absence of the perturbation source (solid
particle). If we consistently refer the "undisturbed" fluid
velocity v® to a stationary coordinate system and if p” denotes the
“undisturbed"pressure field, one may write:

vev?=10 (1)
po V2 w? = v p®, (2)

i.e., it is assumed that the motion satisfies the linearized
Navier-Stokes Equation, from which the inertial terms have vanished
identically. The superscript "0" refers to a property of the
undisturbed fluid motion, i.e., flow in absence of the so0lid
particle. (The duct is clear of any obstruction),

For a "disturbed" flow however, i.e., flow 1in the presence
of a particle, the overall fluid motion is quite complex and is
governed by the momentum equation,

v

pi-l-p\"W:V'n (3)

In this equation, I1 is the pressure tensor, and
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dF =1+ ds ' (4)

The above equation gives the force exerted across the
surface element dS by the fluid lying on that side of the element
into which dS is directed. For an incompressible, Newtonian fluid,

M=-Ip+2pa and A= % (Vv+vy) (5)

is the rate of deformation tensor. Similarly to (1), the
continuity equation for the "disturbed" flow becomes:

Veve0 (6)

It is important to emphasize that the flow viewed by an
observer moving with the particle will appear steady although it
should never be considered so by an external observer fixed to the
cylinder walls., For an observer moving with the particle velocity
U, the velocity field would be described by

vir,t) = v(r-ut,0) (7)

and for this "relatively steady motion",

D 3

Dtv=(§E+U V)V:G ‘ (8)
In the light of equation (7), equation (3) can be recast as
follows:

plv-U)+Vw=0-1 (9)

[t is customary in engineering practive to overcome the
difficulties associated with the non-linearity in equation (9) by
using a classical Oseen-type linearization of the above equation.
This linearization is accomplieshed when v is replaced by v® in the
first term of (9), i.e.:

p(v®-U) Vv =v.0 (10)
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To preserve the theoretical consistency of this linearization,
net only the Oseen regime (i.e., Re<2) should be preserved but also
the smallness of the parameter a/R, (ratio of particle to duct
characteristic dimensions) theoretically must be controlled [1].
This last restriction is immediately inferred from the fact that
only in the near neighborhood of the "small" particle, thedisturbed
fluid velocity v may be approximated by the corresponding undisturbed
vector v" (actually, as it will be experimentally shown later, and
in spite of the linearization used, the Oseen's regime was verified
to be an unnecessary condition).

BRIEF REVIEW OF THE LITERATURE

Calculation of the macroscopic pressure drop due to viscous
flows through ducts (bounded flows) is one of the majos objectives
of theoretical hydrodynamics. In the fifties Haberman [2,3]
carefully reviewed the scientific literature on slow viscous flow
around solid and liquid particles. Brenner &k Happel [4] developed
a general treatment for similar problem. Approximate expressions
were derived yielding the frictional drag, rotational couple and
permanent pressure drop caused by the pressure of an obstacle in
the original Poiseuillian flow field, regardless the preassigned
position of the sphere. This work was an improved extension of
Happel & Byrne [5] work who used the method of "reflections" wﬁere
the solution of the governing equation was obtained by the sum of a
series of velocity fields, all satisfying the momentum, continuity
equations and a set of appropriate boundary condition. Brenner
greatly advanced this ares publishing several other papers. His
work on the dissipation of energy of suspended particles in a
viscous liguid [6], probably could be seen as an evidence of a new
theory been developed. A general method was devised for calculating
the additional mechanical enerqgy dissipation incurred by the presence
of solid particles suspended in an incompressible viscous flow.
Brenner calculated the additional dissipation rate of energy for a
Newtonian fluid motion satisfying the continuity and the linearized
momentum equation, together with appropriate boundary conditions:

'E*=ﬂ'sp s - M- {v®-v) (11)
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In this equation SP denotes integration over the surface of
the particle and S the internal surface of the cylinder walls.
Brenner clearly showed the intrinsic source of the additional
energy dissipation; i.e., the ipabhility of the particle to
accommodate itself to the original fluid motion at its surface. He
also treated the case of nonspherical particles and recovered
Einstein's formula for the apparent viscosity of a dilute suspension
of shperical particles in conexion with Einstein's theory [7] of
suspension viscosity.

Still for small values of the ratio a/R, and under creeping
flow condition, Brenner [8] developed, in a much more simple
approach, a general formula which permits a calculation of the
pressure drop arising from the slow steady flow of a viscous fluid
through a circular cylinder. Brenner was able to calculate the
diminution in pressure, directly from the prescribed boundary
velocities without requiring a detailed solution of the equations
of motion, as orignally done by Happel & Byrne [5] who used a much
more complex procedure requiring a detailed calculation of the whole
field. Finally Brenner [9] came out with a very simple and powerful
theory where momentum and energy theorems were applied to the
relative motion of a particle of arbitrary shape and a viscous fluid
confined within a cylinder of arbitrary cross-section. Besides the
remarkable results derived by Brenner, concerning calculation of
the additional pressure drop, Brenner's work revealed the existence
of a paradoxical analysis. His results revealed that even for the
infinitely distant cylinder walls case, there exists a finite
shearing force acting on the walls bounding the flow., It is
worthwhile noting that his analysis emphasizes an important
distinction between an unbounded fluid and one which is bounded at
infinity.

Although Brenner's theory was developed based upon a Oseen-
-type linearization, systematic and redundant experiments exaustively
show its validity far beyond the Oseen's regime, as it will be
further discussed in this paper. Even the fluid does not seems to
be necessarily Newtonian, regardless the Newtonian restriction
imposed on the rate of deformation tensor. This aspect of the
theory which lacks experimental confirmation, is in process of
investigation [10]. Brenner [11] also developed some work on the
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hydrodynamics resistance of particles at small Reynolds numbers and
lateral migration of solid particles in Poiseuille flow.

r L n . Consider the
relative motion of an arbitrary particle and a viscous fluid
confined within a cylinder of arbitrary but uniform cross-section.
From a force balance the pressure drop is given by

PO A = FS (12)

In this equation we conveniently define a vector pressure
drop, equal in magnitude to the usual scalar pressure drop and
pointing in the direction of diminishing pressure. In equation (12),
A is the cylinder cross-sectional area and F, is the force exerted
by the fluid on the cylinder walls.

Consider now the relative motion of this fluid and the
particle (such that the fluid flows at the same fluid velocity as
befurg}. A new force balance yields:

P A=F +D (13)

For this flow situation, in presence of the particle, AP A and Fys
are, respectivelly, the new values of the vector pressure drop and
the force acting on the walls. AP is measured across two imaginary
parallel planes (one of each side of the particle)separated by a
"large" distance h, D is the drag force exerted by the fluid on
the particle.

n=ffspn-ds

The additional fields arising ,from the presence of the
particle, are:

visv -y pt =p - p°
APT= Tim (AP - aPY) F; = lim (F_-F°)
Y b i WOUW

Subtraction of equations (13) and (12) together with the
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information of the "additional field" yields
' A=F, +D (14)

The rate of mechanical energy dissipated by the fluid can be
evaluated for both, the "perturbed" and the "unperturbed" motions,
by noting that the dissipation rate s equal to the rate at which
the stresses in the system are doing work, i.e.:

EoeJfaseney (15)
E° = -fs_sp ds - 11" - v (16)

from the above equation one obtains the additional dissipation rate
within the cylinder arising from the presence of the perturbation
source (particle) in the flow field:

£ = 1im (E-E%) (17)
hvao

The surface of integration given in (15) is the surface, §,
bounding the fluid volume which must includes the side walls, S",
of the cylinder, the two cross-section ends of the cylinder, Sth’
the surface Sp of the particle "wetted" by the viscous fluid. The
appropriate boundary conditions to be taken into account in the
evaluation of (15) are:

v=v'=0 |, on S, (18)
v=U+2xpr , onSp {19)
v=v' , on S, (20)

It is convenient to obtain the solution of (15) in terms of
the mean velocity Vy given by

vm”%-£& v dA
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In general, the couple experimented by the particle in the
perturbed flow, is given by

L=:J];p rx UT-dS}

where r is measured from a point along the axis of rotation.
Equation (15) finally yields:

E = &P -Vm A-U-D-Q-L (21)

Physically equation (21) confirms that no work is done by the
stresses at the cylinder walls (v =0 on Sw); while the Tead term in
{21) arises from the work done by the pressures acting over the ends
of the cylinder, the two remaining terms denote the work done by the
stresses acting over the particle surface. Using similar arguments,
equation (16) yields: ‘

0 8, o
E¥ = AP ¥m A (z2)

Combining (17), (21) and (22), one obtains the additional
dissipation rate:

é"=m>"-va-u-D-rz-L (23)

[t should be carefully noted that the additional dissipation
rate €+ may either be obtained by equation (11) or alternately by
equation (23). While equation (11) arose from arguments concerning
the governing equations appliedto the perturbed fluid motion, equation
(23) directly states that the instantaneous rate at which mechanical
energy is being dissipated must overcome the increase of kinematic
and Potencial energy in addition to the difference between the rate
at which the stresses, acting over the surfaces bounding the fluid,
are doing work.

The beauty and simplicity of equation (23) relies in the
fact that the "additional" pressure drop AP* may be calculated from
the corresponding dissipation rate.

Brenner's most remarkable result came from equating the
solution of equation (11) and equation (23). Although the solution
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of equation {11) gets much more jnvolved than the procedure used to
obtain equation (23), in the course of its solution, for the case of
a2 "smal) particle", Brenner obtained a closed form solution to
equation (11) by considering a relative order of magnitude of each
term resulting from the substitution of an expression for (v-v?) in
equation (11). v comes from equation (13) while v" arises from a
Taylor series expansion applied to the unperturbed flow fieid as

the flow field may be assumed regular at all points, After all the
above hypotesis are considered and after performing the necessary
manupilation, the resulting solution of equation{!1)is combined with
equation (23) yielding Brenner's final results

&PT N A=v)-D i24)
Returning to a scalar equation, and providing that D is
understood to refer only to that component of the force on the
particle which is parallel to the cylinder walls and, since v° is
always in the same direction as V_. no ambiguity in algebraic sign
results from writing, more conveniently, equation (17) as follow:

+
AT A/D = i/ (25)

It is in fact noteworthy that the ratio of the pressure
drop to the particle drag forces (parameters of the perturbed flow),
LHS of equation (25) equally balances the RHS containing parameters
of the unperturbed flow.

Combining (14) and (25) one can derive an expression yielding
unexpected paradoxical results for the additional force on the walls:

Fro= (Vv -1)D (26)

In order to ilustrate the notability of the theory, lets,
,simultaneously, consider the ratio vg/vm for several different flows,
for which the solutions of the rectilinear unperturbed flow
equations (1) and (2) are known [12],

For the case of a flow along a circular cylinder of radius
R¢, the unperturbed Poiseullian velocity distribution is given by:

T‘;‘u"z[*'[ur;f] : (27)

m
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for unperturbed

various cross-sections can
case of an equilateral

by the lines y =+ x/ 3 and

y =m), the nearly parabolic velocity distribution is given by
Boussinesq's formula

i el (y-m)(3x?-y?) (28)
dm
where K is a dimensional parameter related to the volumetric flow
rate § :

60 0 V3 = Km" = 60m® V,

For the analogous case of a duct of square cross-section (section
defined by the lines x =+ and y ==*1), the velocity distribution is
given by a series expansion

g i

U o K [12 -yia % z (-—1}n+1 N3 sech Na Cosch Nx cos Ny] (29)

n=0

where:
2 8 N=(2n+1)n

. _A’H-g oo
Q'K[SP“ )

N tanh{Nh)] = a2y
n=0

Using the appropriate velocity distribution, as given by the
above equations, and for the particular case of a "small" particle
located along the cylinder axis, one may organize Table I

Table I. Pressure drop and wall shearing

force in confined viscous flows

CYLINDER + +
CROSS-SECTION AP A/D =vg/Vy, Fu/D
Circular 2.000 1.000
Equilateral z.222 1222
triangle
Quadrangular 2.093 1.093
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Table 1, which is theoretically limited to the Oseen's
regime, emphasizes that there exists a finite shearing force acting
on the "far" walls of the cylinder. Notice that, for all cases,

F; =0 ({although, it could be thought, from simple fluid mechanics
arguments, that F; =0, since the side wetted walls are infinitelly
distant from the small particle) for the circular cylinder flow
F;/D =1.0. Surprisingly, this additional shearing force F;, due to
the presence of the particle in the flow field, may even be greater
than the drag force which acts directly on the particle. As shown
in Table I, for the cases of flow along quadrangular and triangular
shaped ducts, this shearing forces acting on the far side walls are
9.3% and 22.2% greater than the correspondent viscous drag forces,
respectivelly.

EXPERIMENTAL RESULTS

In spite of the strong theoretical consistency of Brenner's
theory, it is so rich in detail and so instigating, yielding
paradoxal results, that it would never be trusted without a reliable
experimental confirmation. This experimental verification was
sistematically performed and constitutes the main objective of the
present work. A few attempts to provide confirmation of Brenner's
theory have been reported and a complete review of the literature is
given in [13]. Due to severe experimental difficulties, associated
with measurements of very small pressure differences (on the order
of small fractions of mm Hg), some of the available data only covers
a small regime [14] or display a very larger scatter and were as
much as 50% uncertain [15]. The available results concerning
confirmation of Brenner's theory seem to be restricted to circular
cylinders [16,17].

Experimental set up. Figure 1 shows, schematically, the
apparatus employed to develop the confirmation of the theory. The
apparatus consisted basically of four main parts: (i) a vertical,
3m long, plexyglass cylinder (test cylinder), within which the
particles were dropped:; (ii) a vertical, 3m long, plastic pipe
joined at its base to the main column and employed to balance the
hydrostatic pressure in the main column; (iii) an accurate
differential pressure transducer system, which had its pressure
inlets connected by tubing to the air volumes on the top of both
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columns; (iv) a strip-chart recorder, which recorded signals from
the differential pressure transducer. Both columns were filled
with liquid to within a few cm of the top. The remainder of the
system contained air (working fluid of the pressure transducer) at
essentially atmospheric pressure, wich served to transmit to the
transducer the pressure differences created by the particle motion.
Details concerning the experimental facility, solid particles and
viscous fluid are given in [13]. Individual particles released
along the axis aof the cylinder, filled with the viscous fluid,
induced minute pressure differences APY which were measured by a
pressure transducer (Type 77-H1}/contral unit (77M-XRP), manufactured

by MKS Instruments, -
Vent fo
@ atmosphere —
| - T oot M« Py reeii -
i :l\al" %
Ela!rumagnef—\ ‘I Alr A I
t
Saoaling — Air —, By - pass
éh =
Sphera 2y o """ L] ]
e e — J r
Working . b i Differential
[0 T NS T R Pressure transducer
s 7 . | Column for hidrostotic !
Main Column o |~ equilibrium |
' L e | ©
o 5
P .a-.}ﬂ_l:lumpinq confrol
A ’
52

1. Particle relegse system
2. Pressure indicator
3. Strip chart recorder

%/Alignumsnt device

{ Environment kept ot Constont Temperuture )

Figure 1. Experimental facility
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This is a rapid-response, differential pressure transducer
consisting essentially of a grounded metalic diaphragm operating as
a capacitor plate, driven by an amplifier system. The transducer
was excited in a bridge configuration by a sinusoidal oscilator.
Calibration of the pressure measurement system is discussed
elsewhere [18]. A submicron pressure level (10-* mm Hg full scale)
was successfully calibratel within better than 1% [13].

The present investigation. Figure 2 summarizes current
measurements of the additional dynamic pressure force to viscous
drag ratio, obtained in circular and non-circular cylinders. A base
-line data set were obtained in a circular cylinder, in the Oseen's
regime. These data were also compared with Feldman's results [16]
which represent the most complete data set available. Figure 2

also summarizes, for comparison, all available results.

ANALYSIS & CONCLUSIONS

According to Figure 2,Brenner's theory is fully confirmed.
Three cylinder geometries have been.exaustively investigated. The
theoretical values APTA/D =v/V, =2.000, 2.093 and 2,222 correspond
ing respectivelly to the cases of circular, quadrangular and
triangular cylinders, have experimentally been verified for
different flow rigimes.‘

Referring to Figure 2 one may conclude:

i) from the circular cylinder data which strongly support *
Brenner's theory and also duplicate all Feldman's result [16]
and few other éxperimental works, the overal experimental
procedure was fully qualified. The data points seen actually
constitute the base-line data set and each point represents an
average of more than 20 replication of each experiment [13];

ii) Brenner's theory was confirmed for very low Reynolds Number.
Severe experimental difficulties, resulting from measurements
of very small pressure differences (10-? mm Hg), arise when
experiments are to be performed at very low Reynolds number in
the Stokes regime (Re <0.1). This regime was investigated in
the quadrangular cylinder. Measurements of APYA/D were
performed at Reynolds Number as small as 0.05. In this region
the agreement between experiments and theory is better than0.5%;
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iii)

iv)

theoretically, due to the Oseen-type linearization used in the
governing equation, the domain of Brenner's theory extends to
the Oseen's regime (Re <2). For all cases investigated,
irrespectively of the cylinder geometry, the theory was
confirmed (see Figure 2);

for all cases, Brenner's theory allows(regardless the cylinder
geometry) important hydrodynamic parameters of the perturbed
flow to be evaluated by the corresponding parameters of the
unperturbed flow, even far beyond the Oseen's regime. The
Timit of validity of the theory is set by the Reynolds Number
corresponding to the end of the “"patamar" seen in Figure 2.
Considering that (25) does not contain any of the usual
hydrodynamic parameters (e.g., viscosity, density, particle
size or velocity) which might suggest a dependence on the
Reynolds Number, it seems reasonable to expect (actually proved
to be so) that Brenner's theory should extends beyond the
Oseen's regime. However, how far beyond Re <2 is an open
question impossible to be answered by theorectical arguments,
In addition, physically, it should also be expected that F: =0,
meaning that fluid bounded at infinity is equivalent to the
situation of an unbounded fluid, as might otherwise be implied
by elementary momentum arguments.

The breakdown of Brenner's theory seems to be related to the
instability of the wake behind the sphere in motion. This
complex mechanism is discussed elsewhere [13]. If the
transition mechanism can be attributed to this instability one
should not expected that the beginning of the transition region
should depend upon the cylinder geometry; it should only depend
upon the particle shape or perhaps on the a/Ro value. Very
likely, the aparent disagreement between Feldman's and Langin's
results arises from the fact that they covered the transition
region using different a/Ro spheres. Unfortunately, Feldman's
and Langin's particles shape were not quite identical. Feldman
used composite polyethylene-steel spheres not perfectly
spherical in shape and, probably,the instability of the flow

in the wake behind the particle could also affect the complex
mechanism associated with transition. At this point it Tacks
information about the menticoned disagreement. New experiments
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are in progress in order to better explain this phenomenon.

beyond tge “patamar", seen 1n-Figure 2, the addicional pressure
force to viscous-drag ratio, APYA/D, abruptly decreases
assymptotically towards the value 1.0. Although, apparently,
it seems that the cylinder geometry affects transition, it
seems safe to conclude that for Re beyond transition (Re,),
the following limit is alway valid, regardeless the geometry:

1im (AP*A/D) = 1.0 (30)

Ret-rm
This 1imit value 1.0 actually sets the flow regime (Re >Ret)
corresponding to the situation in which a fluid bounded at
infinity can be modelled as an unbounded fluid. As one knows,
for engineering purposes, few are not the situation in which
similar hypothesis are made, regardless the flow regime.
Application of this theory and advances in this controversial
and interesting issue are in progress.
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RESUMD

A gueima erosdiva de propelentes solidos tem side estudada por diver
s0a autores, utilizando diferentes mefodos. Neste taabazha, estudou
-s¢ teoricamente ¢ experimentafmenie a gue¢ma erosdva de motoﬂea-ig
guetes colocados em sendie. 0 estudo teonico basecu-de na nesolugac
numerica do modefo matematico de Lencir ¢ Robiffand [1]. A panrte ex
perimental fod keattzada utilizande-se motones dediametrno de ga&qan
ta (0,0295m a 0.060m) e comphimente (0,488m a 1,708m) varfaveds, com
blocos de propefente "composife" de pztﬁuaacac estrnelada e deteto-
nes de 44m de qucima Paralelamente, enstaiocs em bomba de quedima ¢
motones de queima inteana ¢ exteana foram utibizades pana deteamina
¢do da velocidade de queima ndgo erosiva. Uma anafise cnitica, com
cemparacao enire resultades tedrices e experimentals, ¢ tambam apre
dentada. -

ABSTRACT

Erosdive buining of solid propellants has been studied by sevenal
“authons applying different methods. In this work, a theonetical and
an expendimental study of enocasdve burndng 4n nocket motons assembled
in senies wene penfonmed. The Lheorefical study was cstablfished
Zhrough a numendical mathematic treatment developed by Lenoin and
Robillard [1]., The experimental wonk was pergormed using motonrs with
threcat diameter grom 0.0295m to 0.060m and fLengths {rom 0.488m to
1.708m with star shaped on star perfurated composite propellants grain
with embedded end of buaning detectors. At the same time experimental
tests in a bomb and Lntenna%fzxte&nal butning rocket were performed
to deteamine non-encsive nate data. A comparative chitdcal analysis
between theoretical and experimental nesults 48 afso presented.
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NOMENCLATURA

ﬁb area da superficie de queima do propelente (m2)

Ap area da secao transversal do canal de escoamento dos gases,
usualmente chamada de passagem (m?2)

Ay area da garganta da tubeira (m2)

T velocidade caracteristica (m/s)

CF coeficiente de empuxo

e espessura queimada do bloco de propelente

F empuxo (N)

Gg fluxo massico por unidade de area (kg/(m? s))

Isp impulso especifico (s)

L comprimento total do bloco de propelente (m)

M peso molecular dos produtos de combustao

M numero de Mach

p pressao estatica

Pe pressao de estagnacdo na entrada da tubeira {secdo C) (N/m?)

Pe pressao em x =0, ou seja, na secdo anterior do bloco de pro-
pelente (N/m2)

q fluxo massico por unidade de area (kg/(m? s))

R = {% constante especifica dos gases ((Nm)/(kgk))

R constante universal dos gases ((Nm)}(Kmo1 k))

T tempo (s)

T temperatura de estagnacao dos gases (K)

Te temperatura adiabatica de chama (k)

ts temperatura inicial do propelente (k)

Yy velocidade de queima nao erosiva (m/s)

¥ velocidade de queima erosiva (m/s)

¥ volume total da camara de combustao (m?)

¥ volume livre ocupado pelos gases (m?*)
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z angulo do divergente da tubeira

Y raziao dos calores especificos

iy

pg massa especifica dos gases {kg/m?)

Py massa especifica do propelente (kg/m?)
¢ razao de mistura comburente combustivel
INTRODUGAD

A velocidade de queima de propelentes sbolidos & uma complexa
funcao de muitas variaveis e pode ser representada, como aproxima-
cao, pela seguinte relacao funcional:

rs= 'I‘"(P ’TC ’t'i :vg ,ﬂ)

Investigacoes experimentais Sobre um mesmo propelente tem de
monstrado que a velocidade de queima, depende principalmente da ve-
locidade dos gases {Vg} e da pressao p [1]. A influencia de Vg e
chamada erosao e a queima do propelente sob estas condicoes e aquei
ma erosiva [7], que provoca um aumento na mesma.

0 fenomeno erosivo aparece comumente nos motores foguetes a
propelente sdlido que possuem uma pequena razdo entre a area de pas
sagem e a area garganta. .

A queima erosiva tem sido estudada atraves de varios méetodos:
queima interrompida, fotografias de alta velocidade, etc. Paraopre
sente estudo foram utilizados motores foguetes de varios comprimen-

tes, mantendo constante a relacao:

onde se tem a vantagem de conseguir resultados de queima erosiva em
condicbes mais reais.

DBJETIVO DO TRABALHO
E feita uma investigacao tedrica e experimental da queima e-
rosiva do propelente "composite" com os objetivos:
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a) Determinar as curvas de pressao, empuxo € a velocidade media de
queima, atraves de uma sistematica de calculos e utilizando ateo
ria de Lenoir e Robillard [1].

b) Obter os resultados experimentais da pressao, empuxo evelocidade
média de queima, realizando uma serie de ensaios com motores fo-
guetes de diversos comprimentos.

c) Estudo da distribuicao da pressdo, velocidade de escomento dos ga
ses e velocidade total dequeima em segoes representativas no in-
terior da camara de combustao.

d) Estudo da velocidade de queima nao erosiva atraves de trabalhos
experimentais em bomba de queima (tipo crawford) e motor de quei
ma interna/externa.

EQUACOES DESCRITIVAS DO PROBLEMA
Tem-se trés etapas distintas na queima do bloco de propelen-

te:

- queima erosiva

- queima nao erosiva

- fim de queima

Combustac Erosiva do Bloco. A velocidade de queima nesta fa
se e

ra= Vh + Ve (1)
onde;

vy = ap" (2)

Bepy'r
V= a 6,008 7 192 exp (—2— (3)
e 9 Gg

Para um dado propelente, a e n sao valores determinados expe
rimentalmente. 0s coeficientes a, e B sao considerados independen-
tes da natureza do prepelente.

Atraves de trabalhos experimentais [1] tem-se:

@ = 5,70em*8 kg 0:8 5-0s2
8 = 53
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A velocidade dos gases (Vg) e pressao (p) em secoes represen
tativas ao longo do bloco propelente sao expressas por:

Ab, o
VI, e (a)
9x Ap Pg
(2) __Pr
Py T 14T M2 ()

A variacdo de Pp [4] €éexpressa atraves de:

P P2 Ao /RT. ’
FA . pp' ¢ [1 - —;- r2 (-;t-) ] (6)
‘“r:(if)z A p

t

0 calcule do empuxo (F) e feito atraves da expressao:

¥+t Yl %

2 2 i -1 pE -1
FepA, 37 (T;ITT) [& - (?;:) ] (1+cos2)/2 + A (pg -p,) (7)

angulo do divergente da Tubeira
razao de calores especificos [5]

L}

-
"

A fase de combustao erosiva termina quando a secao de passa-
gem dos gases na perfuracao central e suficientemente grande  para
que a velocidade de escoamento gasoso nao interfira mais sobre a ve
locidade de combustaoc do propelente, ou seja:

v =10 e ras= Vb

Combustao N3o Erosiva do Bloco. Nesta fase, a velocidade de
queima se reduz a:

n
r'=‘u‘b=ap {B)

tendo em vista que: pvg =mRt, considerando t =T, e sendo m a massa
dos gases queimados, a equacao paraocalculo da pressao [3] & dada
por:

dp . 1 [ ) - TR A
o Y9 % Ab(e)(a; p) e (9)
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Esta equacao nao tem solugao analitica, sendo entao necessa-
rio utilizar metodos numericos. O método utilizado foi de Runge-
-Kutta.

Fim de Queima, Ao fim da gqueima do bloco Vi =0,Vg =Y e p=P
uniforme no interior da camara. Assim tem-se que:

L 8 e W,
de = g [aRTAd

sendo:
Y,

+1
-1
g ¥ 1 _ 1 b,
q:[‘fm R-T:| Pes T ==Pc=% "

MATERIAL E METODO
Foram realizados 3 trabalhos experimentais relativos a velo-

cidade de gueima:

— Trabalho com bomba de queima (Foto 1), motor de queima interna/ex
terna (Foto 2) e Motor Teste (Foto 3) para determinar avelocidade
de queima ndo erosiva, ou seja, Vi =ap", mais especificamente de-
terminar as constantes a e n.

— Tratalho com varios motores testes para determinar avelocidade de
queima erosiva. Cada motor possui um comprimento de 0,488m. Sao
feitas montagens com estes motores para a realizacao dos ensaios
(Foto 4). Estas montagens sao feitas porque o comprimento do grao
de propelente de um Unico motar frente as altas velocidades de es
coamento dos gases sobre a superficie ndo & suficiente paraacusar
queima erosiva,

RESULTADOS EXPERIMENTAIS E DISCUSSAO
Para o calculo dos coeficientes a e n da formula empiricaVy=

= apn (velocidade de queima nao erosiva), foram utilizados 3 meto-
das:

Bomba de Queima (Tipo Crawford). Foram realizados 26 ensai-
0s, de onde se obtem as curvas de P vs t e as velocidades de queima.
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gue apresentam 0S5 se-

0s resultados constam da Figura 1, (curva ib).

guintes valores de a & n:

a = 0,967 (mm/s )/ (kgf/on? )" = 2,5936 x107° (m/s)(/N/m?)"

n= 0,5152

Foram realizados 15 ensai-

ueima Interna/Externa.
a faixa de 20

ados para fornecer pressdes n
tam da Figura 1 (curva b),

Motor de
os experimentais program

3 45 atm. Os resultados cons

guintes valores de a € n:

com 0S5 S5&-

a = 0,7073 (m;s};{kgr;m.z}" = 1,3847 x107° {m/s)/ (N/m2)"

ns= 0 .5428
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Foto 2

Motor Teste. Foram realizados 6 ensaios experimentais, cu-
jos resultados constam da Figura 1 (curva 1c), com:

a = 0,6267 (mm/s)/(kgf/cm2)™ = 1,299 x 107° (m/s)/{N/m2)"

0,5376

2
n

Da comparacao das curvas tem-se um excelente acordo nos valo
res de m, revelando que estes independem do tipo de ensaio. Ao con
trario, observa-se gque os valores de a diferem do motor teste para
a bomba de queima e motor de queima interna/externa de 48% e 13% res
pectivamente.

Estas diferencas sao explicadas devido ao fato que as condi-
coes que influenciaram nos valores de a nao foram mantidas constan-
tes por ocasiao dos ensaios (geometria e temperatura inicial do grao)
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N oy w0 XN

wn

&

VELOCIDADE DE QUEMA (m/s)<is

o
e

A_ BOMBA DE QUEIMA

1B MOTDR DE QUEMA INTERNA EXTERNA
1C_MOTDR TESTE

0 ] 0 40 50 60 7 80 %0 PO
PRESSAD NA SSGAD TERMINAL, DIANTEIRA DO BLOCO (NA)xaaim 13
Figura 1. Curvas experimentais da variacao da pressao com
a velocidade de queima-bomba de que ma-motor de
queima interna e externa e motor teste
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Dbserva-se que na formula,da velocidade de queima nao erosi-
va (Vp=ap") variacoes nos valores de a sao muito menos representa-
tivas que aquelas nos valores de n.

Desta forma, quaisquer dos metodos utilizados para determina
¢ao destes parametros (a e n) poderiam ser considerados como alter-
nativa.

Ensaios de Queima Erosiva.

TR L

1 23 5&

ITEM DESIGNACAO

1 CARTER EQUIPADO
PARAFUSO DE FIX. DO TUBO MOTOR
ANEL DE VEDAGAO 0O TUBO MOTOR |
ARRUELA LISA
ARRUELA DE PRESSAO
'PORCA DE FIXAGAO DO TUBO MOTOR
TUBO MOTOR

CESTO DE IGNIGAO

LUVA DO IGNITOR
| TAMPA DIANTEIRA :
TOMADA DE PRESSAD PRINCIPAL
TOMADA DE PRESSAD SECUNDARIA
ANEL DE VEDAGAO DO IGNITOR

CABEGOTE DO IGNITOR

[

ﬁ‘u EIETR ]

0w~

ARERE

-t!u o _..io

Foto 4
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Foram utilizados 15 ensaios experimentais:
— 05 ensaios com motores de comprimento 0,488m (1 motor apenas);

— 03 ensaios com motores de comprimento 0,976m (acoplamento de 2 mo
tores);

— 01 ensaio com motor de comprimento 1,220m (acoplamento de2 1/2 mo
tores);

— 03 ensaios com motores de comprimento 1,464m (acoplamento de 3 mo
tores):

- 01 ensaio com motor de comprimento 1,708m (acoplamento de3 1/2 mg
tores).

Sao calculadas pressdes e empuxos médios, Isp, C* e Cp (Tabe
la 1). A Figura 2 apresenta as curvas experimentais e tedoricas de
pressao e empuxo com o tempo para motor de comprimento 0,488m. Para
os demais comprimentos a forma das curvas sao semelhantes.

&'
a CURMA TEDRICA CURA
B 35 . o
b~}
gioo
CURMA TEGRICA
g o _ ,/w’ CURVA EX2
@ [1e} B empots) 30 30
Tioo de Propelerte :PBME-G/I0!
Geomefric do Propelente ; ecireioda (10 pontas)

Comprimento do Bloco  :(C,488ms
Diametro_de Garganto . 2552 10m
Enscio Experimental N2 :|125/84

Figura 2. Curvas experimentais e teoricas da pressdo e em
puxo para omotor foguete de comprimento =0,488m

Resultados Teoricos. 0 estudo, como dito anteriormente, foi
baseado na teoria de Lenoir-Robillard, utilizando analise numerica.
Com estes resultados foram construidas as curvas Pvst, Fvst e calcu
ladas pressoes e empuxos médios, Isp, C* e Cp (Tabela I).




TABELA I. Quadro comparativo dos parametros experimentais e tedricos

tm | o0,48m | 0,976m | 1,220m | 1,464 m | 1,708 m
Parametros B B _ A=20,15x10"*m? | A; = 28,4x10"*m? _
de Experim{ Teorico |Experim{ Teorico |Experim{ Teorico - — Experim] Teorico
Desempenho Experim]Teorico|Experim|Tedrico
Pipa)ero™s | 4040 as.a7| 10| a5 3| az27| s,a3) f003| 46,25 26,00| 24,06) 33,02 34,70
Fn (12027 |a776,8 | 573501 |oast 6 |10678,5(11876,8|' 250220 | 14412 ,8(9684,6 [9617,2 |13092,9(14292,2|
1sp(s) | '300 | 21e.a | 190 | 211,3 | 1936 | 212,2 | '90:5 | 185,8 | 186,8 | 179,01 189,1 | 177,9
1,52 1,54
(o i I B IS R IS I I ] I I P R
crtmrs) 12550 Jiaoa,1 (12530 1y356,7 (12760 [1361,3 |"32)02 111990 [139a,1 [1243,34{1327 4 [1199,0
t, (s) woa| #20| a0 496 4,10) 4.0 | 360 528 5200 4,64 4.0

9861 —Z &Y ‘IHIA 'A "018UB[ 8P OlY "JepNIgAeY

9Ll
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Discussao. Verificou-se que ha boa concerdancia entre os re
sultados tedricos e experimentais (Tabela I). A an3alise dos resul-
tados experimentais para os varios comprimentos (L =0,488m, 0,976m,
1,220m, 1,464m ¢ 1,708m) dos motores foguetes revela a presenca do
fenomeno erosive com pouca intensidade, e isto e razoavel tendo em
vista que a razao entre as areas 'de passagem e garganta @ suficien-
temente grande (A,/Ay >2), embora a velocidade dos gases alcance va
lores maiores que 180m/s [6].

Observa-se que o fenomeno de queima erosiva provoca uma que-
da nos valores de Isp, Cp, C*, alem de uma maior diferenca entre as
velocidades de queima ao longo do grao.

No entanto, verificou-se que a erosao, embora presente, nao
interfere de forma drastica nos resultados dos ensaios experimen-
tais. Sabe-se de sua existencia em maior ou menor intensidade na
gqueima dos motores, mas mantendo-se a relacao Ap/At>2 sua presenca
nao modifica de maneira tdo significativa os resultados esperados pa
ra o desempenho do motor, gqualquer que seja o comprimento deste.

As velocidades médias de queima foram obtidas atraves dos de
tetores de fim de queima (fios de cobre de 0,2mm), localizados ao
longo do bloco propelente.

Este metodo & bastante preciso, pois trabalhos experimentais
mostram a inexistéencia de um gradiente de temperatura ao longo daes
pessura do propelente, ou seja, para uma diferenca de 10” °m entre
as superficies, a temperatura passa de 3000K para 300K. Assim, ain
terrupcao dos fios detetores de fim de gueima ocorre no instante em
que a chama chega até estes, e isto fornece entao, resultados bas-
tante confiaveis.

A comparacaoc das velocidades medias de queima tedricas e ex-
perimentais estao na Tabela II e mostram boas concordancias. Obser-
va-se um desvio na faixa de 2 a 10% das velocidades medias de quei-
ma teoricas e experimentais nas secoes prdximas a tubeira. Nas se-
coes proximas ao ignitor estes desvios podem alcancar 15%. Ressal-
ta-se que, caso fossem realizados um maior nimero de ensaios para o
calculo de uma media mais precisa destas velocidades de queima, os
desvios entre os modelos certamente seriam menores.

Apesar das diferencas que se observam entre os modelos tedri
cos e experimentais, o trabalho forneceu resultados razoaveis. A a-
nalise numérica fica como um importante instrumento para futuros es
tudos em combustaoc erosiva de propelente solido com perfuracao estrelada.



TABELA I1. Quadro comparativo das velocidades médias de queima experimentais
e teoricas para motores de diversos comprimentos

Lm) | 0,488 m | 0,976 m | 1,220 m | 1,464 m
_ ; _ |Ap=20,51 x10-*m?|A, = 28,3 x 10~“m?
r(m/s) x 10° |Experim. | Teorico |Experim.| Teorico |Experim.| Teorico - ~ -
Experim. | Tedrico |Experim. | Tedrico
5,20 5,34 5,63
ry +0,08 4,57 +0.22 4,65 . 5,41 4,64 £0.07 4,67 4,17 3,50
5,13 5,26 . 5,37
ry +0.05 4,57 £0.13 4,65 4,40 4,64 £0,20 4,67 3,94 3,50
5,32 5,37 5,48
r +0.05 4,57 +0.10 4,65 5,36 4,64 +0.14 4,68 4,04 3,54
ry ol 2| aes | 507 | asee | 335 | a0 | a9 | 358
5,23 5,67
rs — — +0.13 4,65 5,07 4,65 0013 4,71 4,19 3,65
5,49 _ ; 5,61
6 — — +0.15 4,65 5,19 4,65 +0.01 4,75 4,36 3,70
5,82 -
ry —_ I — o — — +0.01 4,76 5,03 3,75

8LL

9861 — Z 44 'I1IA ‘A OJleuer ep OlY ‘ejyIgAeY
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CONCLUSOES
Do trabalho pode-se concluir que:

1) As velocidades médias de queima obtidas experimentalmente atra-
vés do detetores de fim de queima sao bastante precisas emostram
boas concordancias com as velocidades medias obtidas através do
modelo tedrico (Tabela I1), Nas secdes proximas atubeira os des
vios entre os valores teoricos e experimentais estdo na faixa de
2% a 10%, e nas secdes proximas ao ignitor os desvios podem al-
cancar 15%.

2) Ha uma boa concordancia entre os parametros de desempenho teori-
cos e experimentais (Tabela I). 0 desvio maximo entre os modelos &
por volta de 10%.

3) Os tempos de fim de queima das secoes transversais do grao prope
lente proximos a tubeira, obtidas atraves dos ensaios experimen-
tais sao sempre menores, consequentemente indicam velocidades de
queima maiores. Através do modelo tedrico, obtem-se as velocida
des de queima e estas também sao maiores na regiao proxima a tu-
beira. Isto vem, entdo,indicar a presenca do fenomeno erosivo.

4) Nos motores menores (L =0,488m) os tempos de fim de queima ao lon
go do grao propelente obtidos experimentalmente sao aproximada-
mente iguais. Conclui-se que nestes motores a erosao praticamen
te nado acontece.
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SOBRE AS SOLUCOES DE PROBLEMAS
DE TROCA DE ENERGIA RADIANTE TERMICA

Rogério Martins Saldanha da Gama - Membro da ABCM
LNCC/CNPq

RESUMO
A troca de enengia radiante TEamica entre supergicies que emitem ehre
fletem difusamente ¢ um fendmenc governado por sistemas de equacdes
integrais. Sera demonstradc que em probfemas reais tais sistemas pos
suem sclucdo sempre e esta & unica, podendo sen expressa em forma de
Senies de Neumann. A titule de exemplo ¢ nesofvido um probfema tipi
co, que possul solucde analitica em foama fechada.

ABSTRACT
The thenmal nadiant enengy interchange among diffusely emitting and
diffusely neflecting sunfaces L& a physical phenomenon goveaned by
integral equations systems. 1X will be shown that, in neal problems,
such systems afways have a sofutdion, this solufion L4 unique and can
be expressed in Neumann's Sendes. As an example a typical problfem La
sofved.

INTRODUCAO

A troca de calor por radiacao pura entre superficies que emi-
tem e refletem difusamente, atraves de meios que nao participam do
processo de transferéncia de energia, & governada por sistemas de e-
quacoes integrais. Considerando que a distribui¢ao de temperaturas
seja conhecida, estes sistemas sdo lineares e tem como incognitas as
radiosidades [1,3] em cada ponto de cada superficie.
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Basearemos nossa analise num espaco fisico fechado por M super
ficies que emitem e refletem difusamente energia radiante termica. Se
assumirmes que o espago fisico, encerrado pelas M superficies, nao
participa da transferéncia de energia teremos que toda a energia que
deixar um certo ponto de uma certa superficie atingira auma (oumais)
das outras M-1 e/ou a ela mesmo.

Este principio nos habilita a escrever o balango de energia
para as M superficies da seguinte forma [1]

M
By (hury) = ey (a,ry) e (0, (r)) + 0s(0sry) & j; By(A,55) K(ry.s)dA
J
i=1M (1)

onde )\ & o comprimento de onda considerado, r € a posicdo sobre asu
perficie i, Sy & a posicao sobre a superficie 1 (sendo a letra " s"
usada para as variaveis de integracio), eb(A,Ti(ri)] € o poder emis-
sivo monocromatico de corpo negro na temperatura Ti{ri}, ei(X.ri} e
a emissividade monocromatica no ponto rie pi(a,ry) € a reflectancia
monocromatica no ponto Fie

A radiosidade monocromatica & denotada por B1(1,ri) para o com
primento de onda ) e ponto r, sobre a superficie i. Esta & uma medi
da de toda a energia radiante teérmica que deixa a superficie, poruni
dade de tempo e de area, naquele ponto (ou seja: energia emitida + e
nergia refletida).

" A fungao K(ri,sj) tem as seguintes propriedades:

a) K{ri,sj) =0 se os pontos r; e s\_j nao puderem trocar energia diretamente

b) K(r-.S-} = K(s .r1} (2)

c) z J' K[r{.s JdA = | para todo ris 1sisM (3)
Jj=1

Todas as superficies reais refletem uma parcela finita daener
gia incidente, em cada comprimento de onda. Este argumento € sufici
entemente forte para assegurar a existéncia e a unicidade da solucido
Bi(k,r ). Neste trabalho veremos no entanto que nao & preciso esta
imposicao para que tenhamos solucao unica. Na realidade podemos tra
balhar em situacoes onde suponhamos a existeéncia de superficies per-
feitamente refletoras {p[k ry) = 1), desde que algumas condicdes se-
jam satisfeitas.
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0 sistema de equacoes (1) pode ser escrito na seguinte forma
I8=1f (a)

onde B & o vetor de componentes B,(i,r;) e os vetores T Be f pos-

suem a companente i dada por

lE}i = B.i(lsr.i} - pi(l;‘l".l)

.
e

J-Aj Bj(l’sj) K{r'l'sj)dA (5}
f{ = Ei(ltr1} eb(l'T‘i{r'i)) (6)

Em engenharia se esta, em geral, interessado na determinacao
local da troca de calor, por unidade de tempo e area. Uma vez conhe
cidas as radiosidades monocromaticas podemos calcular o calor troca-
do, no ponto r da superficie i, como

@ M
q.[(r'i] = j; (Bi{h.r{} - j::‘1 j;j Bj(l.sj} K{ri.sj]dh)dl (7)

que representa a diferenca entre toda a energia radiante que deixa a
superficie i, no ponto ri» @ toda a energia incidente neste mesmo pon
to.

EXISTENCIA E UNICIDADE DA SOLUCKO
Para demonstrar que (1) (ou(4)) possui solucao & suficiente
mostrar que o operador T e inversivel, ou seja [2]

R i ALY (8)

A "volta" e obvia ja que T & linear e limitado. Para demons-
trar a "ida" vejamos quem sao as solucoes de

" -
Bilhury) = 000y 2 f By(husy) Klry,ss)dA = 1,M (9)
J=1 JnlJ
Integrando sobre todos os Ai's ficamos com
g ( ] > ( )( 3 ( ) K( ) )
z B.lA,r.)dA = Z ps(A,r z B.(A,s.) K(r;,s.)dA | dA
jml IA. L i=1 ',,;. LI e '& S
! ! ! ' (10)
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ou ainda

M M M
> Bi(i,r.)dA = Z B.(x,r.) ( b p.{A,s.) Klr ,s-]d%)dh (11)
i=1 fAi Y i=1 '[&1 LRl e 7t ";\J. I ¥

Sendo assim, para mostrar que o operador T & inversivel, epre
ciso apenas mostrar que

M
= pjtx,sj} K(ri,sJJdA <1 para todo i (12)
j=1"A

Para que a desigualdade acima seja satisfeita & suficiente(de
vido a equagao (3)) que exista uma regiao A, tal que

J; (1-nk{l,sk}) K(r;,s,)dA > 0 (13)
(3
para todo ponto rs sobre qualquer superficie 1.

Fisicamente a condicao suficiente (13) diz que € preciso que
haja uma certa regiao Ak que possa trocar energia, diretamente, com
todos os pontos que compdem o espago fechado (pelas M superficies) e
que a reflectancia pk(A.sk) seja menor do que a unidade, em A, . Deve
ser notado que o nimero de superficies consideradas & arbitrario sen
doescolhido de acordo com a conveniéncia [1].

Em problemas reais temos esta condicdo (13) satisfeita, jaque
todas as superficies envolvidas possuem reflectancia menor do que 1,
o que garante (12) imediatamente.

Sendo o operador T

linear, a unicidade da solucao @trivialmen
te demonstrada ja gque se

IB*=f e IB™*=f —I(B*-B)=0 (14)

0 que, pela inversibilidade de T, leva a B* = B**

LIMITACAO INFERIOR E SUPERIOR DA SOLUCAD
Uma vez que (3) & valida sempre existirdo pontos re @ r.. pa-
ra cada comprimento de onda ), tais que para todo s

Bku,rk} 2
3

nmt1=

(15
1 j;j Bj(A55) Kiryus;)dA 2 B (,r,) )
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Para provar a limitacao superior da solucao, toma..ds o siste-
ma (1), que nos fornece, para o ponto r,

Bk{A,rk] S sk(k,rk} eb(R,Tk{rk)) + pk(l.rk) Bk(l.rk) (16)

Sendo as superficies opacas e a radiacao nao polarizada tere-
mos que [3]

f-k(ltrk) =1 - Dk(l)rk] (1?]
o gque associado a (16) nos leva a

Par um procedimento analogo ao que gerou a desigualdade (16)po
demos escrever que

Bn(l.rn) z en(l,rn) eb(l,Tm(rn)) + on(k,rn) ank.rn} (19)
o que por (17) nos leva a
B (A, ) = e, (0T (r)) (20)

As desigualdades (18) e (20) nos mostram as cotas superior e
inferior para a radiosidade monocromatica local num problema de ra-
diacao pura,

Estas cotas permitem que os resultados obtidos através de me-
todos aproximados sejam checados. Na realidade podemos, antes de i-
niciar a solucado do problema, saber quais serao os maiores e menores
valores que podem ser assumidos pela radiosidade. Para isto, com ba
se em {18) e (20) escrevemos

MAX[eb(l.Titri])] z Bi(h,ri} 2 HIN[eb(A,Ti{ri))] (21)

onde MAX[...] e MIN[...] sao, para cada X, o maior e o menor valoras
sumido pele poder-emissivo monocromatico de corpo negro para as M su
perficies consideradas. Este valor pode ser calculado, a priori, a-
traves da Lei de Planck [1,3], ja que todas as temperaturas siao co-
nhecidas.
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SOLUCAO POR SERIES DE NEUMANN
Toda solucao de um problema real de troca de calor por radia-
cao difusa pura', atraves de meios ndo participantes, pode ser expres
sa em Series de Neumann. Tomemos entao (1) na forma
B-5B-f (22)
onde a componente i do vetor 5 B & dada por
M
SB)y = o0ry) 2 f Bi(h,s;) Kirg,s )dA (23)
J=1 Aj
Definamos entao a metrica d(u,v) como
du,v) = supluy(x,ry) - vi(a,r)] (24)
para cada X, onde as funcoes consideradas sao limitadas, como ocorre
com a radiosidade monocromatica. 0 supremum & tomadec sobre todos os
pontos r., sobre todas as superficies i, com i variando de 1 até M.
Para mostrar que S €& uma contracdo, temos que
M
d(S u,8 ¥) = sup|p; (A,ry) j§1 _&j (ug(h55) = v5(0,54)) K(ry,s5)dA|  (25)

ou ainda

M
d(S v, S v) s supluy(h,ry) - vy Ourg)| suples(a,ry) jf1 J; K(ri,sj}dk|

i
Pela equacao (3) podemos escrever também que ‘ 26
d($ u,8 v) = d(u,v) suplp;(A,r )] (27)
Num problema real teremos sempre que

sup(p; (Xyry)) < (28)

o que faz com que § seja uma contracao.

A solucdo de (1) (ou (22)) pode ser entdo obtida pela seguin-
te serie convergente
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B=f+ 2 sP¢ (29)

p=1 "~

Agqui consideramos as componentes Bi{A.ri) pertencentes ao es-
paco das funcoes de gquadrado integravel sobre A
A serie em (29) e chamada "Série de Neumann",

UM PRINCTIPIO VARIACIONAL PARA (1)
Podemos reescrever o sistema (1) utilizando apenas operadores
auto-adjuntos. Assim procedendo temos

RBE-Q0B~-g (30)

onde as componentes i dos vetores R B, Q B e g sdo

1

RB). =—— B.(A,r:) (31)
== ﬂ'i(l’r'i} 1( r‘
M
QB8), = J‘:.‘ j;j ijk,sjl K(ry»s;)dA (32)
si(ry) 0T lr)) (33)
p T —— LT A,
% pg (Xary) gl s

0 vetor B que satisfaz (30) ou (1)) & aquele que torna extre-
mo o funcional I[B] dado por [1]

I81-<QB[B>-<RBIB>+2<g|B> (34)
sendo ¢ produto interno <|> calculado da seguinte forma
M
<ulv> = i§1 J;‘ ug(d,ry) vy (Rurg )dA (35)
1

sendo o espaco de fungoes admissiveis o das funcoes de quadrado inte
gravel sobre as superficies i.

TROCA DE CALOR ENTRE UMA CAVIDADE ESFERICA E UMA SUPERFICIE NEGRA PLANA CIRCULAR

Para ilustrar o que foi discutido neste trabalho vamos apre-
sentar um exemplo simples [3] que possui solucao analitica em forma
fechada.
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Determinaremos a troca de-calor por radiagao termica difusa
em espago fechado por duas superficies (M=2), sendo uma plana eoutra
em forma de casca esférica.

0 arranjo a\ser estudado & apresentado na Figura 1 a seguir.

Superficie

Negro Plans

Superficie
Esférica t.ﬂ‘)

Figura 1. Esquema do problema estudado

Suporemos que a superficie esferica possua temperatura T,, e-
missividade £,(A)} e reflectancia o,(X)}, sendo todos independentes da
posicao e que a superficie plana circular, que & negra, esteja a uma
temperatura T,.

Una vez que a superficie 2 & negra, sua radiosidade & conheci
da e dada por

Ba(A) = ey (A,T2) (36)

K

que & o proprio poder emissive monocromatico de corpo negro.

Assim sendo o sistema de equacbes integrais (1) se reduz a se
guinte Equacao Integral de Fredholm de Segunda Especie

By (h,r) = e1(1) Qb(:\eTl} + Ez(:\) Eb(J\,Tz) _’;2 K(ry,s2)dA +
e () Jy, Klriasa) Ba(ausa)dn (37)

Da bibliografia temos que K(r, ,s,) & constante e dado por [3]

K{ry, = —
{r1,51) aR?

(38)
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com o auxilio de (3), escrevemos a seguinte equagao
By(d,ry) = e;[l)eb[X,Tll + p;{l}eb{A,T3)+pI(A) x

x fs;{l,su.]l([rx,s:}dﬂ-[eb(?-,Tz)K[rl,sl)dA (39)
Ay Ay

Definindo agora a fungao radiosidade monocromatica adimensio

nal B;(l,r;) como

Bi(r,r1) = Eb(l.Tz) (40)

BI(A.(]] -
ex(h)eb{ﬁ,T1}*{91(l)-l)eb(l.Tz)

e combinando (38), (39) e (40) chegamos a

BE(,r1) = 1+ pa(3) f B (3,81) b dA (41)
Ay

Resolvendo (41) por Séries de Neumann tiramos que

BI(A,ra) = 1 + X + X2 + X' + .., (42)
onde
1-cos¢
X & py () —x] * 1 (43)

Assim sendo chegamos a

Bt (0 yra) = BY(R) = — (44)
1 - X

solugdo esta que poderia ter sido obtida diretamente de (41).
De posse de (4h) podemos calcular o calor trocado atraves de
{(7) obtendo, para a superficie esferica

[E](l)eb(l,71}+{91(\)-i)eb{A.Tz)](cus¢+l}
O .J/w dr  (45)
o

2-p1 (X)) (1-cosg)

que € o calor trocado localmente, por unidade de tempo e area, pela
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superficie esférica, sendo constante neste caso.

CONSIDERACOES FINAIS
Este trabalho procurou situar os modelos classicos utiliza -

dos para o estudo de troca de calor por radiagdo térmica dentro do

contexto da matematica.
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ANALISE NAO-LINEAR DO EQUILIBRIO DE ESTRUTURAS
UNIDIMENSIONAIS ELASTICAS PLANAS

Heraldo Silva da Costa Mattos
Rubens Sampaio Filho, Membro da ABCM
DeptQ de Engenharia Mecénica, PUC/RJ

RESUMO

Aprnesenta-se uma teoria mecdnica nac-tfinear para a modefagem do equd
£lbrio de estruturas undidimensionais elasticas planas e um método nu
menico simples (conhecido come metode do tino) para a sofucdo doais
tema de equagoes diferenciais nesultantes.

Uim probfema envolvendo grandes deformacées de um arce efastico ex-
tensivel ¢ nesolvido e analisado, {Lustrando as possibilidades dea-
plicacao da teornda.

ABSTRACT
This papen presents a non-finear mechanical theonry fer one-dimensionat
structunes and a simpfe numerical method [(known as shcoting method]
to sofve the nesulting system of diffenential equations.
A probfem cf Large deformations of an exiensible efastic arc &8 sclved
and -analysed, showing the apficability of the theony,

INTRODUGAO

Corpos com uma das dimensoes predominantes sao cada vez mais
utilizados como elementos estruturais, geralmente submetidos a gran
des deformacoes. Arcos, anéis, cabos em linhas de transmissao e em
estruturas submarinas (og§-shore) sdo alguns exemplos. A dificulda
de e o custo da solucdo dos sistemas nao-lineares restultantes sdo
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0os principais obstaculos apresentados pelas teorias do continuo tri
dimensionais, o que motiva o desenvolvimento de modelos mais simples.
Por essa razao 'sao desenvolvidas teorias unidimensionais desolidos.
Nestas procura-se caracterizar o comportamento de corpos esbeltos
por um conjunto de equacoes tendo o tempo e o parametro de uma cur-
va no espago como as unicas variaveis independentes.

Apesar da maior simplicidade das equa¢oes obtidas atraves das
teorias unidimensionais, a solucao dos sistemas resultantes €, ain-
da, uma tarefa nao trivial. 0 desenvolvimento de métodos numéricos
para a solucao desses problemas € uma area de pesquisa bastante ati
va, uma vez que a inexistencia de tecnicas gerais de solucdc tem si
do um dos principais limitantes para a aplicacao efetiva dessas teo
rias.

Este trabalho apresenta uma teoria mecanica exata para estru
turas unidimensionais elasticas planas em equilibrio. 0 adjetivo e-
xato & utilizado no sentido de que a teoria seja desenvolvida a par
tir de principios geometricos e mecanicos fundamentais semhipoteses
simplificadoras adicionais. Muitas das derivacOes classicas das teo
rias unidimensionais carecem de clareza, com hipoteses introduzidas
aleatoriamente, o que dificulta a interpretacao fisica dosresultados.

’ Nesta teoria a estrutura @ considerada deste o infcio comoum
continuo unidimensional, ou seja, uma curva material imersa num es-
paco pontual euclidiano E? a qual pode sofrer ndo so flexdo, mastam
bem extensao. A deformacdo & causada por forcas e momentos distri-
buidos e (ou) concentrados ao longo do corpo. As equacdes de equi- _
1ibrio sdo obtidas sem fazer qualquer restricao a curvatura inicial
e ao tamanho das deformacdes. As equacoes constitutivas utilizadas
consideram o material elastico e linear. A nao-linearidade do sis-
tema & devida, portanto, apenas a geometria.

0 comportamento de uma estrutura em equilibrio & modelado por
um sistema de sete equacdes diferenciais ordinarias comcondicoes de
contorno que dependem do problema em questdo. Quando essas condi-
¢oes de contorno sao definidas somente no ponto inicial dointervalo
garante-se a existéncia e unicidade de solucgdes, existindo técnicas
numericas de solucao razoavelmente simples e largamente empregadas
(como os metodos de Runge-Kutta e oputros [2]). Para o caso geral,
com condicoes arbitrarias, € possivel ter mais do que uma ou nenhu-
ma solucdo, nao existindo teoria de exist&ncia que cubra todas assi
tuacdes possiveis.
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Este trabalho apresenta tambem uma técnica numérica simples
para encontrar solucoes desses problemas, conhecida como método do
tiro [1,2]. A idéia basica do metodo & a de, quando for possivel,
substituir as condicoes de contorno gerais do problema por condicgoes
iniciais equivalentes, resolvendo-o, entao, por um dos metodos numé
ricos conhecidos de solucdo de problemas de valor inicial. Essas con
dicoes iniciais equivalentes sao obtidas por um processo iterativo
que sera detalhadamente descrito.

Como exempleo Elreso1vid0 o problema de valor de contorno nao
linear que modela o equilibrio de um semi-anel engastado em uma das
extremidades e solicitado por uma forga horizontal P. Para alguns
valores da forgca P nao encontradas até trés configuracoes de equili
brio. 0s resultados sdo apresentados graficamente.

CONFIGURACOES-DEFORMACED

Uma estrutura T & definida como um conjunto de pontos mate-
riais, ou particulas, que podem ser postas em correspondéncia bije-
tiva com os pontos de uma curva CCE?. Portanto, uma configuracao
g dessa estrutura & caracterizada por

B:T=C
B(+) = x

(1)

satisfazendo as seguintes condicoes:

A funcdo g €@ uma bijecdo que associa cada ponto material (+) de I
a um ponto de uma regiao C de E?. x representa o lugar ou posi-
cao ocupado por uma particula (+) da estrutura na configuracio R.
A regido C & uma curva, ou seja, € sempre possivel definir uma pa

rametrizagao
a: -+ (2)
alv) = x

de um intervalo real fixo v € [vi,v2] = I em C satisfazendo as se
guintes condicoes:

aeC (1), gﬂgﬂ-sﬂ Vvel
dv
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Considerando-se uma configuracao Bp definida por

Bm:l"-rCR(:E2 (3)

Ba(+) = X

uma configuracao de referéncia, entao a deformacdo da estrutura da
configuracao By ate a configuracao B € descrita pelo mapeamento:

X:CR+C (4}
x(X) = x

0 comprimento dearco s para a curva C @ definido da seguinte
forma: '

v
s Llv) = [ ||£‘£;%ln de (5)

onde L(v;) = L & o comprimento total de C. De forma anadloga, paraa
curva Cgp o comprimento de arco e:

S oighyy « [ 2R "““‘5’ Il de (6)
v

1

Lp{vz) = 25 & o comprimento total de Cp. L e Ly sao inversiveis,
pois, por definigao,

dalv) dop(v)
T ¢ G dv

=0 ¥Yyvel.

De (2), (5) e (6) tem-se que gqualquer funcao definida em T,
€C ou Cp pode ser referida aos parametros v, s ou S fazendo-se compo
sicao de funcoes. Dessa forma torna-se possivel o desenvolvimento
de uma teoria mecanica unidimensional para a estrutura, ou seja, on
de a unica variavel indeﬁandente seja v, s ou S.

Daqui para diante, pPor "abuso de notacao", sera usado o mes-
mo simbolo f para representar qualquer funcdo f(-) e suas compostas
com as funcoes definidas anteriormente. Onde houver possibilidade
de confusao o argumento sera definido explicitamente., Exemplo:

Flv) = (8 (ap(v))), F(s) = £l (ag(L (5000}, F(S) = £(85 (e (Ly! (5))))
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Define-se entao:

= . ='-—--—-—da(s} ad—x-
b u:aie) ds ds (7)
Am ACe) = dop(S)  gx

) TTd TS

a(+) & um vetor unitario tangente a curva C no ponto material (-],
al+) forma uma base para o espaco unidimensional tangente a curva C
em (+). A(+) & um vetor tangente a curva Cp no ponto material (+),
A{-} forma uma vase para o espaco unidimensional tangente a curva
Cp no ponto (-).

Seja (i;,i;) uma base cartesiana para o espaco das transla-
coes V associado com E%, fixa num ponto arbitrario o. Sejam e8(:) e
®(-) os angulos entre i; e a(+), A(+), respectivamente. 68(+) e®(-)
sdao medidos a partir de i, considerando-se positivo o sentido anti-
-horario, logo:

A(+) = cosd(+) 1, + send(+} i
K-(+) =-send(+) i, + cosd(+) i,
(8)

a(*) = coso(-) i, + sene(-) i,

at(+) =-send(+) i, + cosa(-) i,

Para facilitar o entendimento, a Figura 1 representa, de for
ma esquematica, as definicOes apresentadas ate o momento.

X (X)
- e
¢
«FES) LoL‘; ks
G e
B —_——

S Figura 1 s
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E facil verificar que, dado um vetor N(-)=Ny{(+) a(-)+Nz(-) at(e)

dN(v) _ [dN;[v} i Nz(v-} da{v)]a(v)+[dl‘iz[v} . N (V) de(v}]a;w) (9)
dv dv ' dv dv dv

onde o parametro v pode ser substituido por qualquer uma das varia-
veis e S,

Considerando-se (x;,x;) as coordenadas do ponto x cEZ em re-
lacao a base (i,,i,), & possivel obter:

dxy _ 45 cose
ds ds ; (10)

%if = g% seng

Nesta teoria, a deformacao da estrutura consiste no desloca-
mento dos pontos e na rotacao dos vetores a{-). Como, por defini-
cao, esses vetores permanecem sempre tangentes a curva C, as rota-
coes nao sao independentes dos deslocamentos. 0 continuo definido
ate aqui reflete algumas caracteristicas do corpo {tridimensional)
real que se procura modelar matematicamente. MNeste caso a rotacao
dos vetores a~(+) representa a rotacao da secdo reta associada a ca
da ponto, o que € analogo a hipotese de que secoes planas e perpen-
diculares 3@ linha neutra permanecam planas e perpendiculares apos a
deformacao. 0 modelo considera a extensibilidade da estrutura, ecp
mo sera visto adiante, ndo sao feitas restricoes quanto ao tamanho
das deformacoes,

E'possTvel construir-se teorias ainda mais sofisticadas, re-
fletindo outras caracteristicas tridimensionais, como a variacao da
irea da secao reta numa deformacdo e sem a restricdo de que a Segao
reta permaneca perpendicular a linha neutra. 0 precoc que sepaga por
essas sofisticacoes, € o aumento do numero de variaveis no problema
e possivelmente uma maior n3do-linearidade do sistema de equacoes di
ferenciais obtido. Alem disso, como fator complicador, existe a di
ficuldade no estabelecimento de equacoes constitutivas razoaveis.

EQUACOES DE EQUILIBRIO

Na secao anterior, o movimento do continue foi tratado sem
considerar as causas que o determinam. Nesta secao estas causas se
rao discutidas definindo-se as equacoes de equilibrio. Antes dessas
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equagoes serem postuladas, tornam-se necessarias algumas definicdes
preliminares para simplificar a notacao e reduzir os calculos.

— Dada uma base cartesiana (e, ,e;) de V, o produto interno
usv e o produto antissimétrico uAv de vetores u, veV, u=u;e;+U es,

v =vie;+V;e; , sao dados pelas seguintes relacoes:

Us*v = Uivy +Uszvs (11]
UAY = UV = UzV3

— Para qualquer parametrizacdo a:I+Clalv) = x, vel) e pa
ra qualquer funcao f definida em C, tem-se:

dx
fcf(xldx 5 j;f(a(\r}) I 9%l av (12)

As equacoes de equilibrio sao definidas na configuracao defor
mada C. No entanto, usando (2) e (12) e possivel trabalhar no espa
co de parametros, Postula-se entdo para uma configuracao B de uma
estrutura I'(B: +C) e para qualquer parametrizacao a :[vy,v2]~>C,
alv) = x, velvi,val:

Conservacao de Massa. A cada ponto da estrutura @ associado

um escalar positivo chamado densidade de massa p, respectivamente sa
tisfazendo

g dx ¥ dx
d =
[1 ole) Il g |l _[1 er(E) || 5 || de (13)

PR e a densidade na configuracao de referéncia.

Equilibrio de Forgas. Sejam os vetores Pi(i =0,K;K inteiro)
forcas externas concentradas em pontos v e[vy,v2]; N=N(v) o vetor
for¢ca interna e n=n({v) a forca externa distribuida, entdo:

700 18 fldg N« E pyleg) = 0 (18)
nig - E+ v) o+ ilvi) =
Vi dg i=0

Equilibrio de Momentos. Sejam os escalares Mj{j =0,1; 1 in-
teiro) os momentos externos concentrados em pontos vielvy,valsM(v)
o momento interno e m(v) o momento externo distribuido, entdo:
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f"[mm . r(E}An(E)_] | & AR

Vi

K 1
+ POV AN(Y) & = Trlvi) APs(vy) + M(v) + Jzn Hj(vj) =0 (15)

r(v) = a(v) -0 & o vetor posicao do ponto v, na configuracao defor-
mada, relativo a uma origem arbitraria fixa o.

0 parametro v em (13), (14) e (15) pode ser substituido por
qualquer uma das variaveis s ou S sem alterar a validade das expres
sges. )

Com o material apresentado, @ possivel mostrar que, na ausen
cia de forcas e momentos concentrados as equacoes (13), (14) e (15)
sao equivalentes a

ds
Q‘EQR
dN ds
el (16)
%+—-—a N+d—;m-0

e que cargas e momentos concentrados P;(S;), M;(5;) determinam sal-
tos em N e M nos pontos S;:

N(ST) - N(S3) + P, =0
(17)
H{s;') - M(S3) « My = 0

Usando (9) e (11) as equacodes (16]2 3 em componentes ficam:

Ny e ds
s " JFhrgEn et

dNg

dS N]_ + E ny = 0 (13)
dM ds ds

E dSN;+dSm-0

onde N = Nja + "zﬂl 3y No= npa + n;aL.
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EQUACOES CONSTITUTIVAS
Sejam as sequintes medidas de deformacao:
do dé

c:—s—1 M K - "

B TS

Nessa teoria um material sera elastico se
Ni = Nale,K) 5 M= M(e,K) (19)

Motivadas pela teoria tridimensional serao usadas nesse tra-
balhe as segquintes equacdes constitutivas lineares:

ds
s - )
do - do

M o= EI(El§ H§)
onde E @ o modulo de elasticidade. A @ a -area da secao retae I o
momento de inércia, Com (10), (18), (19) obtem-se um sistema de se
te equacoes diferenciais ordinarias de primeira ordem com 7 incogni
tas (Ny,N,,M,8,s,xy,x2). Com as condig¢des de contorno corretas e
possivel modelar qualquer problema envolvendo grandes deformacodes de

uma estrutura elastica. Resta apresentar métodos numéricos sistema
ticos para a solucao dos problemas resultantes.

Ny

(20)

SOLUCAD NUMERICA
Num problema de valor inicial

y'(v) = flv,y(v)) ;0 ylva) =t

v E [Vi,ve] =1

y:1+R" (21)
f:1xR" R

teR"

se f satisfaz algumas condi¢oes de regularidade, a solugao existe
¥ vel,eunica e depende continuamente do valor inicial t. 0 se-
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guinte teorema, apresentado sem prova [2,4], lista estas condicdes:
Teorema: Se f for definida e contTnua em D = {(v,y)|vysvsv,,yeR™
vi,v, finitos, e a matriz jacobiana Wy f(v,y) = [3f;/8y;] existe, e
continua e limitada em D, entao, ¥(ve,t) eD existe exatamente uma fun
¢ao y(v) tal que: '

a) y(v) & continuamente diferenciavel ¥ ve [vy,v2]3
b) y'(v) = flv,y(v)) ¥ velv,,val;

c) ylve) = t;

d} y(vit) e continuamente diferenciavel ¥ te RN,

Usando esse teorema, apos algqum raciocinio, & possivel veri-
ficar que, para todo problema de valor inicial envolvendo o sistema
formado por (10), (18) e (20) com m, ny, n; continuas e limitadas;a
solucao existe, @ unica e depende de uma maneira continuamente dife
renciavel do valor inicial,

' Existem diversos métodos numéricos conhecidos que aproximama
solugao de um problema de valor inicial. Neste trabalho supoe-se
que o leitor esteja familiarizado com eles, nao sendo discutido os
diversos aspectos de sua implementacao. Para detalhes sobre vanta-
gens, limitacoes, problemas de convergéncia e precisdo, existe uma
vasta bibliografia [4].

Um método bastante popular & o de Runge-Kutta de quarta or-
dem. Para a aproximacao da solucao do problema (21) utiliza-se ose
guinte procedimento:

Jlish) - ytH o1 (e 2K v 2K+ k)
ke = fviT) Uy

ko= £ o Ly, D) + 3 KM (22)
o= £t L,y L

ke = (6 ww Ly L km

onde

W= (vy-va)/m
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) v tica s et
yt¥ ny(vEU}
0s problemas de valor inicial sao um caso particular dos pro

blemas de valor de contorno, nestes deseja-se as solucoes de um sis
tema:

y' = flvay)s rly(vy), ylva)) = 0

ve[vi,va] =1

y:1+Rg" (23)

f:lxR"+R"

r:R" x RM 4 RT

Se f satisfaz as condicoes do teorema 1, o problema (21) tem
uma unica solucao y(v;t), ¥ t € R". Supondo a existéncia desolugao
para (23), encontrar uma solucdo desse problema pelo método do tiro
€ equivalente a encontrar um vetor t eR" de forma que, resolvendonu

mericamente o problema (21), a condicao r(y({vi;t), ylvast)) =0 seja
satisfeita.

Ou seja, uma solucdo de (23) & obtida encontrando-se um zero
da funcao

G: R+ RN _
t o+ r(t,ylvait))

E possivel utilizar diversos metodos para achar zeros de fun
¢oes. SupOe-se também que o leitor esteja familiarizado com eles,
nao sendo discutidos em profundidade [2,3].

Em geral utiliza-se o metodo de Newton ou uma de suas varia-
cdes. Na sua forma mais simples, o método de Newton se resume a re
solver iterativamente

i) L () () =8

até encontrar um valor 1) tal que “G(tti)}||<c. e dado. 0 Tndice i
representa o nimero da iteracdo e VG & o gradiente da funcdo G. G(t)
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@ obtida resolvendo-se numericamente (21), determinando-se y(va;t)
‘e substituindo em r(t,y{vs;t)) =G(t). Como ndo se conhece uma ex-
pressaoc analitica para G, torna-se necessario o uso de uma expressao
aproximada para o gradiente de 6 em (24), perdendo-se em geral,a con
vergéncia (local) quadratica do metodo de Newton.

Usando-se o método de Newton, tem-se oseguinte fluxograma pa
ra o metodoe do tiro:

(0)

1) Escolher um vetor inicial t :

2) Determinar y[vz;tii}}. aproximando por (22) o problema de valor
inicial:

y' = flvaylvst)); yley) = ¢
3) Calcular

sl Py = re), yvaseliy
4) Verificar se

ottt < e _ _
sim - paRA £ IMPRIME 010 € y(v (3D, ¢(1)ys 5 2 qm
NAO + CONTINUA

5) Calculo aproximado de vG[t(i)}:

Yij ae!?) - [(;1 e ,t§”+btj. ,tgi) i
= g, . .t:(i”, .tf“'}] [aty s
6) Solucdo do sistema:
S6(e9)) < gty acli)
7) Calcular
glis1) | o0 1), peV)
8) Retornar para (2)

61 e t1 s3o, respectivamente, as i-8simas componentes dos G e t.

OBSERVACAD

Como sera mostrado adiante, dependendo das condicoes de con-
torno, @ possivel fazer algumas simplificacoes no método apresenta-
do. Para maiores detalhes ver [1].
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EXEMPLO

Considera-se o equilibrio de um semi-anel engastado em uma das
extremidades e na outra solicitado poruma forca horizontal P. A fi
gura Z mostra a estrutura na configuracao de referencia (umsemi-cir
culo de raio R) e na configuracao deformada. Por convengdo Sera u-
sada a sequinte notacao N(S) =N,(S) & oesforco normal e Q(S) =N,(S)
€ o esfor¢co cortante.

x2(s)

M{0)

XI(S) \ P
g

Figura 2

As equacdes (10), (18) e (20) modelam a estrutura submetidas
as seqguintes condicoes de contorno: N(S)=-P cose(S), Q(S)=P sen6(S),
M(wR) =0, 8(0) = , s(0) =0, x:(0) =0, x2(0) =0.

Considerando-se A, I, E constantes ao longo do comprimento,
do 1 ;

BT ="F s Mr=nz=m =0 obtem-se o seguinte problema de valor de
contorno:
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M ds : .

" % Psensd ; M(wR) =0

de M 1 ’ m

M _ 1 s a(8) ==X

ds EI R 8(0) 2

ds P cosB

LR I e : = 25
1 1 = ; s{0) =0 (25)
dx2 _ 98 cong i x2(0) =0

ds ds

dx; _ ds y .

=~ cosH 3 x1(0) =0

Observe que esse problema nao-linear de auto-valor possuiqua
tro condicoes de contorno definidas no ponto inicial S =0 do inter-
valo [0,7R] e apenas uma no ponto final S =7nR. Isto permitira uma
simplificacao no metodo, respeitando as ideias basicas apresentadas.

Resolver o problema (25) @ equivalente a encontrar um valor
t «R de forma que, resolvendo o sequinte problema de valor inicial

g% = - %% Psepg 3 M(0) =t
O N
g.g. 1 P;:“B ; s(0) =0 (26)
%ﬁ% - g% send i x2(0) =0
%ﬁ% = g% cos@ 3 oxa(0) =0

o valor de M no ponto S =7R seja igual a zero (M(wR} =0). Ou seja,
encontrar a(s) solucao(des) de (25) e equivalente a encontrar of(s)
zero(s) da funcao

G:R+R
t+ MR ;t, P)

Fixado um valor de P, o valor G{t,) de G para um ponto t, R
e obtido resolvendo-se numericamente (26) com t =t,, determinando-
-se 0 valor de M no ponto S =R,
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F importante observar que & possivel estudar o sinal de G e,
dentro de um intervalo real I(tel) garantir a determinacao de to-
das as solucoes de (25).

Neste caso como G : R +R pode ser mais interessante utilizaro

método da bissecao ou regula -falsi no lugar do de Newton para de-
terminar o(s) zero(s) de G, ja que eles nao necessitam da determina
cao de derivadas de G.
_ Na apresentacdo dos resultados todas as variaveis do proble-
ma foram adimensionalizados. Em vez de P e M serdo usados P/P" e
M/M*, onde P* =EI/R® e M* =EI/R. As variaveis com dimensac de com-
primento foram divididas por L* =wR. No processo de adimensionaliza
¢do surge um parametro de extensibilidade definido por C =1/(AR?).

A figura 3 mostra as curvas da carga P versus o momento noen
gaste (S=0) para C =1.E-5. Fixado um valor de P/P*, cada ponto das
curvas corresponde a uma solugdo de (25). A partir de P/P* = .471
sao encontradas trés solucdes dado um valor qualquer de P/P*. Cada
solucao corresponde a uma configuracao de equilibrio,consequentemen
te o modelo permite a existéncia de mais de uma configuracao deequi
1ibrio para alguns valores de P/P*.

| p/p°
2.0

\
NIA
/ S~

0.4

0 r—
-04 -02 00 02 04 06 08 10 X2(TMR}
CURVAS P-X2(T.R] PARA C+1.E-5 L*

Figura 3
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A figura 4 mostra as curvas da carga P versus x,(wR) para C=
= 1.E-5,

Usando a figura 3 como referéncia & possivel tracar a sequén
cia de configura¢oes deformadas relativas a cada curva. Na figura §
esta dada a sequéncia de configuragoes relativas a curva que se ini
cia em P/P* =0. Na figura 6, esta dada a sequéncia de configuragdes
relativas 3 segunda curva.

. P/P*
20

A
-

N e |

20  -l0 0.0 10 20 3o 40
M(O)/ M*,

CURVAS P-MIO] PARA C=I|:E -5

Figura 4
x2/(

0.5

0.3 4

~

-0.5 -
-05 -03 -0 [*B| 03 05 07 co

Figura 5
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xzn:?
1.0 |
PP 05
98:r PP 1.0 P/P" 0.5
\ |£ f/" \“
0.6 | PrALS \\\ 5 : p/PM.0
\ \ ¥ 55 *\
* ~ o~
% o {‘. /8 T\\
0.4 | T e \ /
Ty — ™ i (3
P 20 G «._l_.""x\\\\ ;] F/PRS
, —0 /P20
02 k X
i
0.0  PS— 1 1 ] 1 p—

Figura 6

CONCLUSAD

Com o material apresentado @ possTvel a modelagem do equili-
brio de estruturas elasticas, extensiveis, submetidas a variados ti
pos de carregamentos, com a area e o momento de inércia da secdo re
ta variando ao longo do comprimento, sem fazer restricdes gquanto a
curvatura inicial e ao tamanho das deformacGes.

Introduzindo-se hipoteses simplificadoras nesta teoria € pos
sivel a obtencdo de equagoes equivalentes as da teoria classica (1i
near). Isto mostra que esta pode ser vista como um caso particular
da teoria mais geral desenvolvida neste trabalho.

Com as seguintes hipoteses:

Ht - A expressao {20)y ndo e valida. Isto &, o esforco normal nao
esta relacionado com a medida de deformagdo «=.

H2 - A estrutura e inextensivel (s(S) =5). -
H3
H4

e cosf =1).

A estrutura esta 1nfcia1mente reta ( E% =0 ).

Os deslocamentos sdo pequenos (send =

o @

H5 - Nao existem esforcos distribuidos.

H6 - 0 unico esfor¢o externo & uma forga horizontal P aplicada numa
das extremidades.
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o sistema original de sete equacoes se reduz a

dM .
E;; Pa=2D0
LR
dx; EI
dxz _

ax - °

Qu, de forma equivalente:

2
d'e P8 _ g
dxi El
dxs

dx1 9

A primeira dessas equagdes € a classica equacao de Euler pa-
ra vigas retas, cuja solucao geral &

B{x1) = c1 cos(ixy) + ¢z sen{ix;)

= 3

onde ¢y e ¢, saoc constantes arbitrarias e » = ( g% ) / ‘
Definindo-se as condicOes de contorno, & possivel a obtencido
das solu¢oes desse problema linear de autovalor.

Exemplo: Viga com uma extremidade engastada e a outra livre.

Condicoes de contorno: 8(0) =0, dgit) =0
Solugoes do problema: Be{x1) =0
Bn(xl) = ¢, sen(knxl)
_(2n-U)m ~
Xn = ——haz——— PR IR

Neste caso & possivel mostrar que ns autovalores (e portanto
as cargas criticas) do problema linearizado sdo os mesmos do que oS
do problema ndo linear inextensivel.

Entretanto, quando se considera a extensibilidade, nem sem-
pre os autovalores do problema Tinearizado coincidem com os do pro-
blema nao-linear. Para maiores detalhes ver ([6],[7]).

Embora a teoria classica seja adequada em muitos casos prati
cos ela e incapaz de tratar problemas onde estejam envolvidas gran-



RevBrMec. Rio de Janeiro. V. VIII, n92 — 1986 149

des deformacoes, como, por exemplo, na determinacao do comportamento
pos-critico de estruturas flambadas.

Com o metodo do tiro, & possivel a solucdo numerica dos pro-
blemas de valor de contorno que modelam o equilibrio de estruturas
unidimensionais elasticas. 0 método @ bastante simples, permitindc
o estudo de problemas nao-lineares, sendo particularmente eficiente
em problemas de bifurcacao e no caso de solugdes multiplas,

Finalmente, para uma analise completa, resta a apresentacao
de equacoes constitutivas nao-lineares e o estudo daestabilidade das
configuragoes obtidas. Tratam-se de questGes importantes e que nao
sao triviais. Este estudo sera apresentado num futuro trabalho.
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MODELING OF FLEXIBLE MULTIBEAM SYSTEMS
BY RIGID-ELASTIC SUPERELEMENTS
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ABSTRACT

Recent Trends in the dynamdics of muliibody systems include afso Lhe
heseareh on fLexible beam and higid body systems. Such mubliibeam
systems are found in particufar 4Ln xrcobol dynamics whene Large non-
finean body motions and smaff Linear elastic vibrations have to be
investigated. Due to fLhe unavoidable coupling between adigid body
motions and elastic vibrations, a unified modelling of such systems
L4 necessary. The superefement based on the multibody system
approach offens the possibilfity to extend availabfe formalisms Like
NEWEUL o flexible systems, A comparnison with the finite element
method {8 given,

INTRODUCTION

For the dynamical analysis of mechanisms, vehicles and robots,
a mathematical model of the mechanical system has to be found. In
the past, it was often sufficient to model the system by the
multibody approach. The equations of motion of such a multibody
system can be generated with computer aid using numerical or =~
symbolical formalisms like ADAMS [1] or NEWEUL [2], respectively.

With the increasing demands on velocity and accuracy of the
mechanical systems, the elasticities cannot be neglected. While
flexible joints can easily be modeled with the above mentioned
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multibody formalisms, the elasticity due to flexible links,
resulting,e.qg., from the long and slender form of lightweight robot
arms, requires special consideration. The well known program
packages for finite element analysis are usually restricted tosmall
motions with respect to the inertial frame. Extensions have to be
made for the large nonlinear motion of the finite elemenfs, see e.q.
Sunada and Dubowsky [3] or Shabana [4].

In this paper, the methoB of multibody systems is applied to
the modeling of flexible multibeam systems. A new superelement
using rigid bodies and elastic springs is specified, which allows
the immediate application of available multibody formalisms even
for flexible systems. A comparison of the different multibody and
finite element approaches is presented for a simple example.

MULTIBODY BEAM ELEMENTS

For the modeling of flexible beams, the method of multibody
systems has to be extended. The procedure is to partition rigid
links and to include massless beams or springs for consideration of
the structural elasticity. The result is an increased number of
degrees of freedom of the link. Consequently, better accuracy can
anly be achieved by higher system order,

In the following, four different modeling approaches for
multibody beam elements will be discussed.

Approach 1. The inertia of the flexible link Bj is evenly
distributed among the pgj + 1 particles Mjk at the nodes, which are
connected by Pej massless beams, see Figure 1. This approach is
well-known in literature as lumped mass method.

B2 - == UPes Mipej+1
M3 \G\@
%

I"=Pejl —J

Figure 1. Approach 1 (Lumped Mass Method)
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Approach 2. The flexible link Bj is modeled using pegj
elastic elements Bjy+ consisting of two particles Mjyq and My, at
the nodes, connected by a massless beam of length 1, see Figure 2.

-

By

Lepyyl ———=

Figure 2. Approach 2 (Particle Beam Element)

Approach 3. The flexible link Bj is modeled using pej
elastic elements Bj, as above. The elements consist of two rigid

bodies Bjeq and By, with length 1/2, which are connected at the
nodes by a massless beam of the length 1, see Figure 3.

]

P N .
Bj'|
B.
j :
L=pej1 e

1/2‘\" 1/2 -

1

Figure 3. Approach 3 {Hybrid Beam Element)

Approach 4. Again, the flexible 1ink Bj is modeled using
Pej elastic elements Bjy. The symmetric elements consist of three
rigid bodies Bjyy, Bjk2 and Bjy3, with Tengths k1, (1-2k)1 and k1,
respectively, which are connected by joints and torsional springs
Cjk1s Cjk2 and cjy 3, see Figure 4. A1)l elements may have the same
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partioning coefficient 0 <k <0.5. These elements are called
superelements. '

' ) Bipej
By .
s ;
3
L=p .1 ;
L KL (=21 &
Bjx1  Bjk2  Byka
Figure 4. Approach 4 (Rigid-Elastic Superelement)

Stiffness Properties. The stiffness properties of the four
approaches have to fit with the static behavior as known from Tinear
elastostatics. For an elastic beam of length 1 and bending
stiffness EI it yields

Av 1 212 3 F
I — 3 1
o= 5 ] "

see Figure 5.

av

Figure 5. Elastic beam with static load
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From this equation, thestiffness matrix for the massless beam
used in the approaches 1, 2 and 3 can be determined by inversion as

= E._I_ 12 -51 Av (2]
M 1 -61 41* Ay

For approach 4, the spring constants can be identified by
comparison of coefficients as

El
led = c;jk3 = GT (1—2k}z ’
(3)

- p El 2
Cik2 = 2—;(—1+6k-5k) s
Here, k is again the partitioning coefficient of the superelement.

Inertia Properties. The inertia properties of the multibody
beam elements have to fit at least with the inertia properties of a
rigid beam for large motions without elasticity effects as known
from nonlinear dynamics. Hence,it follows that the total mass and
the total moment of inertia of the bended beam have to be the same
as of an equivalent rigid beam.

For approach 1, the inertia of the particles Mjk is msk =mj/
f{pej +1), where mj is the mass of the beam Bj. 1In approach 2, the

inertia of each particle Myyy and Mo is my /2, where myp =m;/pg;
is the mass of the beam element Bjx. The resulting total moment of
inertia for the flexible beam is always larger than for the rigid
beam for both approaches 1 and 2, even if the total mass mj is the
same. Therefore, the two approaches are not ccnsidered any further.

In approach 3, the mass of each body Bjk1 and Bjkz is mjk/2,
where mik = mj/pej means again the mass of the beam element. In
approach 4, the masses of the three bodies are kmjy and (1'2k)mjk
corresponding to their lengths. The total mass mj and the total
moments of inertia correspond to the moment of inertia of the
equivalent rigid beam for the approaches 3 and 4.

Local Equations of Motion. Formulating Newton's and Euler's
equations for the bodies Bjk... and applying D'Alembert's principle,
the Tocal equations of motion for the elastic element Bjk read as
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"jk(xjk}xjk + Kjk Xjk + kjk(x,jk’xjk) = qjk{Xjkst) . s (4:}

where "jk is the inertia matrix, Kjg is the stiffness matrix due to
the massless beam or springs, kjk is the vector of generalized
gyroscopic forces and 9k is the vector of generalized applied
forces due to gravity and actuators. The vector Xjk summarizes the
generalized coordinates of the free elastic element,given by the
rigid body motions u, v, v and the elastic deformations Av, &y, It
has to be pointed out that the result is only correct if the
quadratic terms of Av, Ay are considered. Conpecting the elastic
elements, see Figures 3 and 4, and applying D'Alembert's principle
once again, the local equations of motion for the flexible 1link Bj
are obtained as

where. the matrices have the same meaning as in (4). The position
vector xj includes now the rigid body motions u, v, ¥y and all
elastic deformations.

Global Equations of Motion. For a multibeam system of p,.
rigid links and Pe flexible links, the local equations of motion
can be summarized by

"1()(1}’('1 =+ k'i(x‘i sx:l) = q1(x1.t] ] is= 1(1)Pr ]

(6)
Hj(xj)xj w Koksow kj{xj,xj] = qj[xj,t) . = 1)p, .

3]

Regarding the corresponding constraints and applying D'Alembert's
principle again the global equations of motion remain as

Miyly + Ky + k(y,y) = qly,t) , (7)

where M is a symmetric positive definite inertia matrix, k is a
vector of centrifugal forces, q is a vector of generalized applied
forces and y means the vector of the remaining generalized
coordinates.
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1f the vector y is partitioned in a vector y. of large rigid
body motions and a vector y, of small elastic motions, and the
generalized applied forces are restricted to gravity forces qq and
actuator forces q,, the equations of motion can be partitioned as

mG) (Mo ] [y ] [o]o] [x®
M, ly) | m ¥o(t) 0|k, Y (t)
+ k(y.y) -qg(y] = qa(t) . (8)

The structure of the global equations of motion is strongly
nonlinear, in the case of rigid and flexible multibeam systems,
respectively. Therefore, for simulation purposes, the number of
degrees of freedom should be as small as possible. Then, it remains
the question on the accuracy of the results, which will be
investigated for a simple example.

COMPARISON OF THE APPROACHES

For comparison of the different modeling approaches, asimple
beam pendulum with a discrete mass M is analysed with respect to an
equilibrium position, see Figure 6.

Figure 6. Beam pendulum

In the case of small linear vibrations without gravity and
actuator torques, the eigenvalue problem appearing for the continuous
system model can be completely solved. The corresponding
characteristic equation, see e.g. Meirovitch [6], reads as

cnshkj sinxj = sinhkj ms)«‘j +2 {% xj sinhxj sinkj =0 . {9)
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For the eigenfrequencies it follows

J mL? ¥

where m is the mass of the beam and L 1is its length.

solution.

The
numerically computed eigenfrequencies will serve as reference

(10)

Hybrid Beam Element (Approach 3). The equations of mation

are given as

My +Ky=10

The vector of generalized coordinates is for p elastic

elements with f = 2p +1 degrees of freedom

y= I:'YU V1 5 Y1 5 s a\"'p :Yp]T

For p=3, e.g., the inertia matrix is

My, 2
(1+m)L

1

D —-._..2

108 L symm.
0 0 1
0 0 0

108
0 0 0 1
0 2+

(1)

(12)

(13)
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and the stiffness matrix reads as

1o -
0
0 648
0 0 24L* symm.
El

K:F 0 -324  -54L 648 (14)
0 541 6L* 0 2412
0 0 0 -324 -54L 324
0 0 0 541 6L  -54L 1212
s —d

The eigenfrequencies of this model are compared with the
exact solutions given above. The relative errors for the first two
eigenfrequencies are plotted depending on the number of elastic
elements used, see Figure 7. It turns out that the eigenfrequencies
are smaller then inreality and the errors are decreasing monotonically.

0 relative error [%)

-4(,

'BD . 1 " 1 " 2] i 1 5
0. 2. 4, 8. 10.
number of elements

Figure 7. Hybrid beam element

o,
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Rigid-Elastic Superelement (Approach 4). The equations of
motion look like (11). However, the inertia matrix (13) is now
given as

r' (1300 &
e
1 2
3t !“"‘}
ik 0 2o symm.
M=m %L +1-2K) l—‘l(I-Zt')L §tm} » (15)
ekt qpakenL ke 0 FlkTLe
! LT 2. LT TN
Iﬁ{&k-t ) It ] c 6{1 2k) ~.|—§tls L ]H k) o
‘ .l‘ ‘ ] l 3 * » 3 1 L 3 r
FFle-iL 0 ] pl2Ke-kiL gitzl kL qplke-2k)L 53tk - )L

while the stiffness matrix is identical with (14). The spring
constants depend on the partitioning coefficient k, see (3).

A uniformly partitioned beam is obtained for k = 1/4 ; then the
spring constants are

o smn g
and
L

A more simple model is found for

.
k = > (1 ;3] H
it follows
C1=C3=2~ECI-

and c, disappears.

The relative errors for the first two eigenfrequencies of
these two cases are plotted in Fig.8 and 9. For k = 1/4, theerrors
are always negative, i.e. the eigenfrequencies are also smaller
as in reality. However, the errors do not decrease monotonically.
For k = %(1 -;%] , some eigenfrequencies are smaller and some are
larger than in reality, while the errors decrease very fast.
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relative error [Oo]

0.
w1
40'__
W
_EU._
_30._
__4.[] i 1 i L . 1 i 1 .
0. 2. 4, B. g. 10.
number of elements
Figure B. Rigid-elastic superelement [k = ,—J.—l-]
- relative error [%]
10.F
wy
0.
-10.b =
-20.r /
_30 . 1 . 1 . 1 . 1 L
0. e. 4, B. 8 10,

number of elements

Figure 9. Rigid-elastic superelement [k = %(1 -',—13)
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Finite Beam Element. For reasons of comparison, the beam is now
modeled by p finite beam elements. The local equation of motion of a single
element are obtained from Cauchy's equation of motion by applying D'Alembert's
principle, see [5]. The resulting equations for the beam pendulum look Tike
(11) again. The inertia matrix is now given as

e -
(1402
it B
1‘@ L2 0 g% L2 symm.
m=n | 2L ! @ . (16)
T;E R e et O "9‘§‘§ L
(§%+E)L 0 0 ?—90- 1_;%6 L —%-:53-4-%
e 1 0 0 -mml cmmlt cEml wmpl
| -

while the stiffness matrix is still identical with (14). The relative errors for the

eigenfrequencies are plotted in Fig.10. In this case, all the errors are positive.
relative errar [Op)

30.

\
i \
\\
20.F |
\
\
\
wa
10.F
uy
D’ & 1 L i
D. 2. 4. 6. B. 10

) number of elements
Figure 10. Finite beam element
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CONCLUSION _

In this paper, different multibody beam models for the modeling
of flexible links were discussed. Modeling the elasticity by rigid
bodies and massless beams or springs is a straight-forward extensiocn
to the method of multibody systems. The available formalisms are
well suited to handle this kind of approach., While the first two
approaches with concentrated masses at the nodes don't lead to
consistent inertia properties, the hybrid beam element and the rigid
-elastic superelement give consistent results for large rigid body
motions. For the hybrid beam element, the resulting eigenfrequencies
are found to be much too low, since the inertia is overemphasized
with respect to elastic deformation. The superelement with k = 1/4
still leads to eigenfrequencies, which are too low, but the errors
are rather small. With k = %(1 --;i} , some eigenfrequencies are too
low and some are too high, and the errors are really small, too. The
partitioning coefficient k of the element has influence on the kind
of approximation of the eigenfrequencies. Therefore, the choice of
the parameter is to some extent a matter of taste. Using the finite
element approach, the obtained eigenfrequencies are found to be too
high. A comparison of the approaches shows also that the results
are equivalent if a sufficient number of elastic elements is chosen.
In particular, the rigid-elastic superelement features highaccuracy
for flexible multibeam systems using established multibody formalisms.
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