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DYNAMIC RESPONSE OF A RIGID DISC
MOUNTED ON A FLEXIBLE SHAFT UNDER
NON-LINEAR EXCITATIONS

V. Steffen Jr. - Membro da ABCM e SEM
F. P. Lépore - Membro da ABCM

E. B. Teodoro

Universidade Federal de Uberlindia
Departamento de Engenharia Mecanica
Uberlandia - MG

ABSTRACT
This paper presents a mathematical model for a rigid disc mountedon
a flexible shaft supported by ball bearings. The disc is excited by
a contactless magnetic force. The equations of motion are integrated
using a Runge-Kutta technique and the frequency response 1s obtain
ned by a FFT technique. The response of the system is discussed for
different situations.

INTRODUCTION

The authors have been studying the possibilites of amplitude
of vibrations reductions by introducing an extra magnetic force when
the rotor system is magnetically excited [1],[2].

In [3], it is presented a one-degree-of-freedom system moving
transversely and axially on a magnetic field. For the first case it
can be observed an augmentation of the natural fregquency value when
increasing the magnetic flux. In the second case, a reduction is
observed for natural fregquency value when increasing the magnetic
flux. These results show that the magnetic attraction can be used
to modify the system stiffness.

Different works have been conducted to characterize a
magnetical bearing [4],[5] and using a contrel feedback system to
keep the amplitudes of vibrations at acceptable levels [6],(7].
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In all above applications magnetiec non-linear forces execite
the rotor systems. This paper analyses the system response when
magnetic forces are applied to a flexible rotor.

MATHEMATICAL MODEL

The physical model for the rotor-system is a vertical simple
supported flexible shaft carrying a symmetrical rigid disc. Figure 1
shows the system geometric configuration and the fixed and rotating
coordinates axes.

The eguations of motion can be obtained using the Lagrange
Energy Method and they can be written in the matrix form:

m 0 0 0 % 0o 0 0 0 x
0 J 0 0 ] 0 0 I8 B
+ +
¢ 0 m 0 y 0 0o 0 v
0 0 0 J @ 0 -1 0 0 ¢
[ kg k,q O 0 % F
kiqa  ka 0 0 al _Jo (1
0 0 kg kag v 0
! kag kg & 0

where:

%x,8,y,¢4 are the generalized coordinates;
m,Jd ,I are the inertia coefficients;
©? 1is the rotation of the shaft

ka'kd'ad are the shaft stiffness coefficients;

I' 1is the excitation force.

The non-linear, magnetic contactless force is represented by
F(x) =C/d2{ where d is the instantaneous gap and C is a magnetic
field constant (N+m?/a%). For an electromagnet C = (NI)Z?us/2, where
NI is the Ampére-turns, p is the magnetic permeability and § is the
pcle-area. For the case where a permanent magnet is describing a
sinuscidal motion in the radial direction beginning from a starting
gap d,, F can be expressed by:
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F=F =C/d,-%, sen wt-x) (2)

where ¥, is the value of the amplitude of the permanent magnet

motion and g is the exciting freguency.

magd

Figure 1. Flexible rotor

HOMOGENEOUS CASE

The equation (1) is integrated (exact solution) when F =0
and the natural frequencies and critical speeds are determined and
shown by Figure 2.

For these calculations the values of the parameters are taken
from a real laboratory model, which is a wertical flexible steel
shaft (¢9mm, 0.461m length). The shaft supports a rigid disc (¢150
mm, m=1.833 kg, I =0.0052 kg-m?), which is located at L, =0.137m.

The stiffness parameters kg and k; are dynamically identified
as kg =50129 N/m and k, =2427 N-m/rd. The coupling stiffness
parameter kgg 1is calculated: kggq =8878 N:m/m.rd. Tests made with
the laboratory model show that the damping factors associated to all
considered vibrating modes are very small (£ =5.0 x107"),

Figure 2 shows the influence on the values of the natural
frequencies when considering kg q =0.
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Figure 2. Natural frequencies and critical speeds

NON-HOMOGENEOQUS CASE

The time-response for the non-homogenecus system is obtained
by the integration of eguation (1) using a Matrix Runge-Kutta
technique. The value for the magnetic constant C is taken from
experimental verification. In the laboratory, the excitation is
provided by a permanent magnet driven by an electrodynamic shaker
which is placed close to the disc at an initial gap d, =3.0mm, in
such way that the amplitude of the imposed sinusoidal motion is
1.0mm. This way, for the region of interest (3:0 ¢+1,0mm) the mean
value of C is 1.048 x 1075 N-m/A?.

The frequency response is obtained from the time-response
using a FFT software. This way it is possible to determine the
natural frequencies for different speeds of rotation @ of the rotor
when it is excited by non-linear magnetic forces.
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Figure 3 shows x({t) and %(t) for @ =, =400 rd/s.

TIME DOMAIN DATA

w

-2 L - 1 .k SRR |
0 205 410 814 818 1024

TIME=.001 seconds

ABS (MAX] = 2.06682E-4 [ » )

TIME DOMAIN DATA

TEIA [8] (¢

i A L
0 205 410 B14 810 1024

TIME= 001 seconds
ABS (MAX]) = 7.740B4E-4

Figure 3. x(t) and u(t), & =w =400 rd/s, C=1.048 x10™* Nm?/A?
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Figure 4 shows the magnitude and phase spectra calculated for

»(t) and Figure 5 shows the magnitude and phase spectra for 8(t}).

20WLOG (MAG . /MAX MAG. ]

g FREQUENCY DOMATN DATA (MAGI
12.70 Hz
-20 i
FRED. INTEAVAL= 9785625
" 4! MAX VALUE = 1.03B50E-4
-80 T
A wl
- 4
300 ; b . i 4 } b e o e
0 128 256 384 512
FREQUENCY DOMATN DATA [PHASE)
180 r
82.0
X w)
L 30.2 Hz
so -
84.50 ne
0 e
80| FAEQ. INTERVAL= 9785625
FREG. WINOOW=0 TOr 500
-320 |
12,70 Mz
-180 L 1 A . L
0 102 205 307 410 512

Figure 4. Magnitude and phase spectra calculated for =x(t)

fl =w, =400 rd/s; C=1.048 x 1075 Nm?/A?
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TETA [B] (W

0 128 258 ELL] 512

FREG. INTERVAL= 8765625
MAX VALUE = 3.B00B5E-4

180 FAEQUENCY DOMAIN DATA (PHASE)

120

12.70 Mz 5,00 Hz TETA [8] Iw

130.00 Hz

-120 H

5350 fz . .
0 102 205 307

FREQ, TNTEAVAL= 9785525
FAEG, WINCOW=0 TO 500

-160

410 512

Figure 5. Magnitude and phase spectra calculated for #(t)
n=we=400 rd/s; C=1.048 x10™* Nm?*/A*

267
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The lower frequencies are presented on Table 1 for different

situations.

Takle 1. Lower freguencies
DINBCE. METIOD RUNGE KUTTA INTEGPATION AND FFT ANALYSIS
[Figure )
N =400 rd/s
O =0 S » ®
r el 7= 420 rd/s w : PO [0 BT Sk TRVS S 1= wil =400 rd/s
I"“i‘:élcf?f;“a“s Initial Conditions L . s
o [SPRES .. =5 gad
C=0 C=0 010} =5.24 » 1077 ra 5109 xj ;a J\S-* u [ D48 w10 bR 4
Y(0) 2001 =0 ' ilds 18
y(a} =rict 20
— 14,40 —_ —_— —_—
15,28 15,90 15.50 12,70 12,70
— 105.0 24,70 95.0 B2.4 (1% 54.8
155.2 — —_ — 126,842 = M)
- 234.80 219.0 222.8 191, 3(3 =)
[Hah Iz} tHz] [ivet 11z]

It can be noticed that the values of the frequencies have a
tendency to change in the presence of the magnetic execitation,
suggesting that the stiffrness of the system has been modified. This
is an interesting behavior of the system considering that this
effect could be used to cross critical speeds safely.

Figure 6 shows the locus of the disc. It can be observed that
the vibratory motion occurs in region displaced from the origin.
This displacement is due to the magnetic exciting force applied at
the x - direction.

Another magnetic force represented by eguation

(3)
introduced for reducing the wvibrations level of the disc

can be

fadis

- X

To TRy, =%

’ 2
= sen{mc t+ A) + x]

(3)

where 4 1is a phase angle which is taken into account when W, =W

o
Figure 7 shows the locus of the disc when Pc ig applied at

t =0.40 sec, when § =uw_ =uw_ =400 rd/s and A =1 .
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2.8 ¢ = e = 400 rars
€= 1,048 x 106-5 Wty
s Y x 40 E-d

Tise interval: .8 to .9 sec.

X X 10 E-4
—
.5

Figqure 6. Locus of the disc
0T ¥ x 10 E-08
K = we = we = 400 rd/s

C = 1.048 x 10E-5 N.a%/ A*
Tiee interval: .6 to .8 sec.

I

Figure 7. Locus of the disc-amplitude controlled
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It can be seen that when F, is applied, the motion of the
disc occurs again in a region close to the origin and this motion
is significantly more "organised". To show the possibilities of
vibrations reductions when Fc is introduced, it is now supposed that
the shaft operating speed of rotation is 400 rd/s (between two
criticals), and w =0 . The freguency W, =1.2 i1, and F. are applied
when t =0.40 s. Figure 8 and 9 show x(t) and 6 (t) respectively, and
the reductions in the BRMS values of x,8 - amplitudes are 8.3 and 7.4
times respectively.

Finally it is now presented the case where force Fc is
applied when £t =0.40 s and O =uw =w, =400 rd/s. In this case the
phase angle of FC (related to F) is m . The RMS of x - amplitude
after the application of Fc is 24.6 times smaller. A reduction of
15.9 times is found in the RMS value of 8 - amplitude. Figure 10

shows x{t).

FHiE-4 [N]

L -5.0E-4

Figure 8. x(t) @ = w =400 rd/s and w_ = 480 rd/s

Contrael force applied when t =0,40 sec.
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CONCLUSIONS

A method to analyse the response of a rotor-system in the

presence of non-linear magnetic excitations is presented.

The system stiffness is changed in the presence of magnetic

excitations.

Significant reductions of the amplitudes of vibrations can

be obtained when introducing an extra magnetic force.

REFERENCES

[1]

[2]

[4]

[6]

[7]

Steffen Jr., V. and Lepore N., F.P. — A control force toreduce
magnetically excited rotor vibration. Meécanique, Matériaux
Blectricité, n.404, France (1984).

Steffen Jr., V. and Lépore N., F.P. — Dynamical behavior of a

flexible rotor under non-~linear excitation. Brazilian Congress
of Mechanical Engineering - COBEM 85, Sdo José dos Campos, ITA
CTA, Dec. 1985.

Léepore N., F.P. and Steffen Jr., V. — Mancal magnético. Techni
cal Repport to CNPq Proc. Nb.402510/80, Brazil (1983).

Schweitzer, G. and Ulbrich, H. — Magnetic bearings - A Novel
type of suspension. Second Int. Conf. on Vibrations in
Rotating Machinery, Inst. of Mech. Eng., Cambridge, C273/80
(1980) .

Weber, H.I. and Zampieri, D.E. Betrachtung zur anwendung
aktiver lager bei schnellaufenden rotoren. VDI, Berichte Nr.
269 (1976).

Schweitzer, G. and Lange, R. — Characteristics of a magnetic
rotor bearing for active vibration control. Conf. on Vibra-
tion Rotaring Machinery, Inst. Mech. Eng., Cambridge (1976}
C 239/76.

Zampieri, D.E., — Einfluss einer aktiven magnetischen lagerung
auf das dynamische verhalten eines rotors. Dr. Ing. Thesis,
Institut B fiir Mechanik der Universitdt Stuttgart (Germany),
1981.



Rev.BrMec. Rio de Janeiro, V. VIIl, n94 — 1986 273

RANDOM VIBRATIONS AND NOISE
GENERATION IN RAILWAY WHEELS

K. Popp
Institute of Mechanics

University of Hannover
FRG

INTRODUCTION

High fregquency bending vibrations of railway wheels lead to
sound radiation and noise generation. One can distinguish between
squealing noise due to stick-slip excitation during curving motion
and rolling noise due to randem excitation which also occurs during
tangent motion. Sguealing noise has been extensively investigated
in [1},[2], where also literature reviews can be found. 1In the
present paper the rolling-noise problem is considered in detail.
The aim Is an integrated analysis comprising the dynamic response
of a wheel-disc to hroad band random excitation, the sound
radiation, and the sound power calculation taking account of the
frequency—-dependent sensivity of the human ear (A-evaluaticn). The
resulting A-evaluated sound power represents a scalar measure of
the acoustic quality of a wheel and can serve as a performance
index to classify varicus types of wheel-disc design. The analysis
of wheel models with different cruss-sections shows a significant
influence of the geomekric parameters on the radiated sound power.
Thus, an acoustical optimal wheel design is possible.

The meost important assumptions in the present paper are
rigid reails and point contact between wheel and rail. 1In the
contact woint the excitation force is applied. The time dependence

of the excitation force is approximated by a stationary white noise
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process with zerc mean. However, a colored noise excitation

process can also be applied in the methods described subsequently.

NATURAL VIBRATIONS

For the analysis of natural wheel vibrations the finite
element model applied in [1],{2] has proven itself well. Ring
elements are used based on Mindlin's theory of thick plates which
takes into account the effects of shear deformation and rotatory
inertia. The finite element model results in the natural circular
frequencies Wy g and the correspending bending mode shapes wkn(r,¢)
for the &-th natural vibration with k mcdal diameters, where r,¢
denote the polar coordinates of the wheel-disc mid plane.
A comparison of calculated results with holografic measurements for
a 1 :5.5 scale wheel model shows excellent agreement aven at higher
freguencies, ¢f. Figure 1. In the worst case the frequency error
amounts to only 3%. 1In this paper the mode shapes are utilized for
a modal expansion of the wheel's vibration responsc te random
excitation.

RANDOM VIBRATIONS AND SOUND POWER ANALYSIS

System Description. The system under consideration is shown

in the block diagram, Figure 2a. The system behavior can be
analyzed in the frequency domain as well as in the time domain.
In the following both approaches are applied. First the description
of the wheel disc dynamics is given.

The modal expansion of the wheel deflection wi(r,¢,t) reads

wir,o,t) = W (r,0) clt) ()
where W(r,¢) comprises the bending modes szir.él. The corresponding
n¥l-vector c(t}) of modal coordinates follows from the differential
eqg., cf.(1],[2],

Elt) e’ clt) +w? clt) = p7T WK, ,40) £(8) ,  £it) ~ 0,q) . (2)

Here, w’ =diag[mill is the matrix of natural frequencies and p
denotes the matrix of generalized masses. The stochastic excitation
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Figure 1. Comparison of calculated and measured mode shapes
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force f(t) is characterized by zero mean and correlation functicn
Regl7) =q &(1), where g is the noise intensity, 1 the correlation
time, and { denotes the Dirac-function. The excitation acts at the
contact point with cocordinates Tor %p- In (2) modal damping is
added, where rn denotes the damping coefficient. Corresponding to

(1), (2), the complex transfer function Flr,¢,w) of the wheel reads

F(r.--‘l‘,m = ﬂ (I’,:PJ[EEH'I':L‘-];:E) —-QjE.}H] E_-: E(rc:$g] ¥ (3)
where @i denotes the freguency variable and E i5 the unity matrix.
The excitation process can be described by the power spectral
density S¢(7) =g/21 = const which follows from the correlation
function by means of a Fourier transform. Now, the power spectral

density Sy,lr,¢,) of the wheel deflections follows from the relation

S lr,t,8) = |Flr,e,0 % sgl) . {4)

WHESL - WHEFEL- SGUND SCUND A-EVA- EVAL SOUND
— — F——————i—
0I5C STATES RACIATION FOWER LUATION POWER
b)
5wl Sulfop.wl Plw) )
L e W Firguw) P 8y, ] Satrpwica L I 1% lwl Pl de 2
S.awiS A I
w w
‘) A-EVAL FILTER WHEEL-DISC SCUND RADIATION
wl i . 3 r : 2
t0 | YO=Fylteght | quqn) | Emwitewlesdly [vn=wTe | RS JEIWIA | A
fitkahly(n) w = WTirg)cit) =p,Cotracel Pepl

Figure 2. Block diagrams:
a) system description,
b) analysis in the freguency domain,
c) analysis in the time domain.
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Sound Power. The sound power P radiated into the half

space can be calculated using the radiation efficiency o, cf.[23],
P=onp, g _’;\ wh (rpppdp . dA = rdjdr |, (5)

where ©o,, ©, are the density and the sound velocity of the
surrounding air, respectively, and w’ is the mean square velocity
of the wheel bending vibraticns. In the interesting fregquency
range of railway wheels it vields o =1, c¢f.[1]. Thus, from (5) the
sound power follows using the freguency domain and the time domain

approach, respectively,
P=oee ff sotrenmidda = o, e f RO (r,e,t) A (6)

Here , Sﬁ(r,b,ﬂl is the power spectral density of the wheel velocity
due to bending vibration and E{+! denotes the expectation operatar.

Milizing (4) Lhe frequency domain approach results in

ST 0P Bpleohdd) o {7)

P =y, e, f,\ 2 e, e spaa (8)

P = Pl =5y, C, f)\ f,, S Fr,2.m |7 semdndn (9)

where the sound power spectral density P(5) has been introduced.

Regarding (1), the time domain approach leads to

Rlwlr, o, 601 = W (r, 1) BIE@®) ET(Eh) wir,8) (10)
Pr - BiE®) &), (1)
P=w, ¢, JuW 0 B wir,odA (12)

z
Hore, FE denotes the covariance matrix of the modal velocities
which [ollows from a covariance analysis. For this, eq.({2) is

represented 1n the state space,
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x(t) = A x(t) » b f(t) , E£(t) ~ 0,9} , (13
where
clt) 0 E [}
x{t) = |, ¢ A= |+ b= . (14)
clt) —w’ - w? vt Wirg, b

Now, the covariance matrix P =E{x(t) ET{t}} in steady state
is given by the solution of the Ljapunov matrix eq., cf.[4],

+P A +gbb =0 . (15)

The solution matrix gx can be partiticned,

P *
Be=| T ' (16)
* R

where the covariance matrix gé required in (12) appears as a
submatrix.

A-Evaluation. The frequency depending sensitivity of the
human ear is given in [5] as transfer function xA{Q],

AR
X, (0 = = e = = . (17)
(1+i§a (1+1ﬁ3 (1+i§g O‘oiﬁg
where
A = (41-75-10")-" s ,
0y, = 27+20+6 s~! i
fl, = 27-737+9 s~! i (18)
Ry = 27+207+7 s~ )
0, = 27+12200 s~!

The corresponding time domain representation results in an
A-evaluation filter of order six,

2®) = Eylt) »gu) , utt)=h' ye) , {19)
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where ul(t), u, (t} are input and output variables, respectively, the
6 1-vector y(t) comprises the filter state variables, the matrix F
and the vectors g, h of appropriate dimensions characterize the
filter dynamics,

- - r ©
0 1 0 D 0 ] 0 0
0 0 1 0 0 0 0 0
F - 0 0 0 1 0 0 ; g = 0 ; h = 0 (20)
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 a
-a, -a; -a, -a, -a, -a, 1 0

The entries have been calculated as

a = 7.397586 - 10°
a; = 158.8817 » 10%
a, = 6.734726 - 10° ,
a, = 33.4358 . 10'* (21)
a, = 27.75376 =+ 0% ,
a, = 5.3029 - 10%%

I

a, = 308.8492 - 10

The frequency response ]xA(n)| of the filter is shown in
Figure 3. It lies within the tolerance bandwidth specified in [5])
for any frequency. The maximum deviation from the nominal wvalues
is smaller than 0.4 dB.

] X 410]
[dBlo

-10]

Q/2m[Hz]

i
!

=
T
7

-20]

Figure 3. Fregquency response of the A-evaluation filter
tolerance bandwidth specified in [5] — == —= =

r
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A-Evaluated Sound Power. The A-evaluated sound power P can

be cvalculated in the frequency domain as well as in the time domain.
In frequency domain, cf. Figure 2b, follows from (8),(9),(17),

; 2
Pp= o lx, @] pan =
(22)

= P, Cq -';xfn Q [y, |7 |F(r,0,0|* s @an aa .

The time domain approach starts from the A-evaluated wheel
velocity \.:lrn (r,d,t),

W (ot) = W r,0) &, (e) (23)
GV (r,0,8)) = W, 0) E{&,(t) & ()} Wir,0) (24)
B: = E{G(t) S(0)) (25)
P, = 0o € Jy E(Wl(r,6,6))a = o, fo W (e,0) Br Wir,00an . (26)
Thus, filtering of the vector ¢(t) = [&,(t), ..., énttI]T of

modal velocities is required. However, since the transfer function
Xa(f}) is scalar, cf. (17}, the filter can be shifted to the system
input resulting in the same input-output relation in steady state.
This is obvious from the system representation in the fregquency
domain, Figure 2b. After the filter shift, the corresponding block
diagram is shown in Figure 2c. This is the basis for the analysis
in the time domain., Instead of n modal velocities éi(t], i=21(1)n,
only one variable, f(t), has to be filtered, which reduces the
computational amount tremendously. Using the filter eq. (19), where
now ult) =f(t), u, (t) =f,(t) hold, and rewriting the wheel eq. (13)
with f (t) as input variable, leads to

yle) = Fylt) + g (&) , £t} ~ 0, , (27)

£,(6) = h' yit) (28)

"

X(€) =Ax(t) +bE(®) , x(t) [é;«:) é:(u]'r : (29)
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Here, F, g, h' are given in (20) and A, b in (14). The eq.(27) -
- (29) can be combined to one state equation describing the overall

system dynamics,

x(t) = Ax(t) + b £(r) , £(t) ~ (0,9 |, (30)
where
- Yit) - FE 0 g
x(t) = . A= 5 , b= i (31)
x(t) bh A 0

Analogous to (15), the covariance matrix :13 - E{i{tl ;(T{t)}
in steady state follows from the Ljapunov matrix equation

12>

pP+PAT+qbbl =0 , (32)

which can efficiently be solved using e.g. the algorithms given in

[6]. The solution matrix é can be partitioned,
P * *
. 5= -
E = * EC * ’ . {33)
* Pe
£

where the covariance matrix 2& reguired in (26) appears as a
submatrix. The computation of the A-evaluated sound power P,,
cf.(26), can further be simplified. Utilizing the modified
generalized mass matrix E,

L]
i = diagh)) = f wee,0) Wiee,00an (34)

which is diagonal since the eigenfunctions are orthogonal, it
follows from (26)

*

P ",Ii

n
ao* ~
A= P triBe W es py e 1};1 Oy : (35)
Here, Géi , 1=1(1)n, denote the variances of the A-evaluated modal
velocities. Thus, a purely algebraic method for the computation of

the A.evaluated sound power P, has been developed.
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A cemparison of the two approaches resulting in the
A-evaluated sound power Py cf.(22) and (35}, shows clearly the
advantages of the time domain analysis with respect to the numerical
effort required for the calculation, Applying the algebraic method,
cf. (32), (35), leads to computing times of at least factor ten
faster than in case of the freguency domain analysis. This aspect
is important if the evaluated sound power P, 1is used as performance
index in an optimizalicn procedure for an acoustical optimal wheel-
-disc design.

Instead of the white noise excitation process aisu a colored
noise process can be used. Then, in the time domain approach the
system input has to pass an appropriate shape filter in addiatiocn
te the A-evaluation filter.

EXAMPLE
The developed algebraic method has been applied to the
analysis of four different railway wheels. Figure 4 shows the

WHEEL
TYPE N

WHEEL )
GED - A
METRY

|
/"["/,

I
L

P/ P 1

Figure 4. Analysis of different types of wheel-disc design
i = 0.0001)
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corresponding cross-sections as used in the finite element model.
The geometry of wheel type N is taken from a normal wheel. Compared
to N, wheel type A shows a thicker rim while wheel type B shows a
thicker web and thicker hub. Wheel type C consists only of 4 disc
rim. The A-evaluated sound power has been calculated using the
structural damping coefficient p = 0.0001. The results are related
te the scund power P,, of wheel type N. It turns out that wheel

type A radiates only 63% of the sound power of P because the

high input impedance of the thick rim has a bene??cal influence.
Wheel type B is worst than wheel type N, However, best results are
gained for the ring, wheel type C, due to the much smaller surface.
Thesze results show that the sound power radiation depends strongly
on the wheel-disc geometry. Thus, an acoustical optimal wheel

design within the given ceometry limits is possible.

CONCLUSIONS

An integrated analysis of the vibration behavior and sound
radiaticn of railway wheels under broad band random excitation has
been performed.  The calculation of the corresponding sound power
is given in frequency domain and time doﬁain as well. The freguency
dependent sensitivity of the human ear (A-evaluation) has been
taken into account. Here, the A-evaluation which is given in the
freguency domain has been transformed into time domain resulting in
an A-evaluation filter. Based on the covariance analysis a very
efficient algebraic method for the calculation of the A-evaluation
sound power is given and applied to classify various types of wheel
-disc design. It turns cut that the cross-section geometry of a
wheel-disc has a streng influence on the radiated sound power. Thus,
an  acoustical optimal wheel design ispossible, where the A-evaluated

sound power can serve as performance index.
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ABSTRACT

This work presents the development of a new estimator for dynamic
systems based upon the duality concept between state estimator and
optimal control problems. This leads to an estimator algorithm
similar to the Extended Kalman Filter for use in real time nonlinear
system, which can recursively be approximately by linear systems.
The duality concept is used to transform the original estimation
problem into a eguivalent one of virtual control. This control
problem is then used to generate an adaptive, locally convergent
algorithm where, instead of full state estimation,one has to estimate
just a control vector with smaller dimension than the state vector.
The control formulation also allows the development of convergence
acceleration criteria. Three convergence criteria, as well as
adaptive noise methods to compensate for model errors, are then
developed and used with the proposed estimator in the test problem
created to validate the estimator. The algorithm is implemented in
a digital computer to estimate the orbit of a low Earth orbit
satellite under simulated conditions. Numerical results include
test cases considering different initial values for the estimator
and different standard deviations for the observations provided by
three Earth stations, allowing a preliminary evaluation of the
estimator characteristics.
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INTRODUCTION

A very common situation arising when one has to estimate the
state of a multivariable system is the problem of lack of knowledge
about the system dynamics. In this case, one has to adopt a dynamic
model for the estimator which is only a crude approximation of
reality. Unmodelled dynamic effects, specially in the case 'of non
linear systems, can cause divergence of the estimates.

In order to avoid divergence, error compensation techniques
are usually employed with different versions of the Kalman Filter
(e.g. Maybeck, 1979, Jazwinski, 1970; Gelb et al.,1974). The
technigques usually explore the information given by the observation
residues to either directly estimate the unmodelled effects (e.g.:
Tapley and Ingram, 1973; Cruz and Rios Neto, 1980; Rios Neto and
Cruz; 1985) or to condition the state error covariance matrix to
keep the capability of the estimator to extract information from
the new observations (e.g. Jazwinski, 196%; Rios Neto and Kuga,
1981, 1982, 1985). 1In the resulting procedures there is always an
increase in the number of variables to be estimated.

This work presents a new alternative scheme for the multi-
variable state estimation problem, specially for nonlinear systems.
The duality concept between the estimation and optimal control
problems is explored to transform the original estimation problem
into one of tracking the observations with a virtual control. The
key idea is that, independently of the dynamic model for the
estimator, if the system is completely controllable and observable,
one can choose a desirable control action to drive the system
towarde a region defined by the observations, in a finite time
interval. Without the need of increasing the number of estimated
variables, the observation residues are used to estimate the virtual
control necessary to update the estimate of the state. Besides that,
the virtual nature of the tracking control allows the possibility of
choosing the control actions adequate to better extract the
information contained in the observations (Rios Neto and Fleury,
1984; Fleury, 1985)., Therefore, the proposed estimator is indicated
for situations where there is a great lack of knowledge about the
system dynamics but there is a high local level of information in
the observations.

The virtual formulation also allows to get some advantages
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from the system structure. As will be explained in item 3.2, one
can be define a control matrix correction in order to improve
convergence.

Preliminary tests of the proposed estimator were done under
digitally simulated conditions for the problem of real time orbit
estimation of a low altitude artificial satellite. Results are
shown to be satisfactory for this exploratory phase of the procedure.

PROPOSED PROCEDURE
The problem to be solved is the state estimation of a multi-
variable dynamic system of the type:

x = £(x,t) + £2(x,t) + B(t) w(t), (1)

ylt) = h (x(t), t) +vit), k=12, ..... (2)

where x is the nxl state vector; wi(t) and v(tk] are mxl and rxl
independent Gaussian white noises with the usual hypothesis of wi(t)
being independent of the past state and v{tk) being independent of
the state, with distributions defined by zero means and covariances:

T
Elw(t) w(t)] = Q(t) &(t-1}, (3}
E{vit,) viit,)] = R{k) & ., ' (4)
k j kj .

where &§(t-1) is-the Dirac delta function and ij is the Kronecker
symbol.

In this problem, the term f?(x,t) in Equation (1) represents
the unknown part of the dynamic model, which usually cannot be
included in the estimator model because of lack of knowledge about
the system dynamics. Consider now a typical discretization
interval, (tk, tk+1}‘ In the prediction phase of an extended Kalman
filter Ie.q: Jazwinski, 1970), a nominal trajectory is generated by:

#

X = E(R,t) ; Xty = Xt |t (5)

where ittk|tk} is the estimate in t, .
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Linearizing the system given in Equafion (1)around the
nominal trajectory and defining:

Ax(t) = x(t) - x(t), (6)

one obtains a first order approximation of the propagated error as
given by:

t
B (ty 1) = O (k)1 0ty ) Ax(t,) + J; K0 (ty,, ) Sle)wisIats)

k
(7)
In Equation (7), ¢(.,.) is the state transition matrix
associated to the linear system:
Ax(e) = £, (X,8) dx(t) + E(t) w(t), (8)
that is:
olt,t) = £ (x,t) o(t,t,) ; dlty, t ) =1 (9)

where the subindex x indicates a partial derivation with respect to
the state.

The propagated error can be regarded as the a priori
information in tyes1 which is the information based on previously
processed observations:

bxlt, 1) = ai{tk+l|tk] + n(k+l|k). (10)

Since the nominal trajectory was taken with the initial
value in tk equal to the estimated value at that time, then the
propagated estimate in sl is necessarily zero. Therefore,if the
approximations of Equations (5) and (7) are assumed, there results:

Ax(ty ;) = 0 + n(k+l|k), (11)

where n(k+l|k) is zero mean conditioned on the observations already
processed with covariances given by:
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T &
E(n(k+1|k) n (k+1|k)] 2 P(k+1|k) =

t ‘
o(t k}Ptk]kl¢T(tk+l'tk)+ LR ey, 09 Ss1als) 6T (s)

x

ds. (12)

k+1,t
T
¢t g0

In the proposed procedure the state estimation of the system
in Equation (1) is approximated by the estimation of a "virtual
control”. Defining:

flxc't) + G(t} ul(t), (13)
the control vector u(t) is to be estimated in order to force the
controlled state X, to be a good approximation of the true state x
by tracking the observations given by Equation (2). Froman heuristic
point of view, the idea is guite simple.

Consider a typical interval (t,, t, ;). Since the model of
the estimator 1s not a good approximation to the real system,within
the interval tkto tk+1’ the pFopagnted trajectory will deviate
relative to the true one. A ceontrol action, based on the observations
rgsidues, 1s then calculated in tyyy o update the estimate of the
state vector. This action changes the initial ¢ondition far the
nominal trajectory in t, ., wp to a point closer to the true
trajectory than the original one. In some sense, this procedure
resembles the extended Kalman filter but it must bhe pointed out
that the virtual control scheme requires a number of estimated
control components just equal to the number of degrees of freedom
of the system (controllability) and also requires a number of
observations with enough level of information which guarantees the
calculation of the control actiom in t, , (observability). There
results an _adaptive procedure that forces the dynamic model in the
éstimator towards the true trajectory.

To obtain the control Uie) in the interval ty to tk+1' one
assumes u as a first order perturbation and takes the controlled
trajectory as:
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x, = f(x_, t) , x_(t) = X(t,) = X(t, [t,). (14)

Using the same steps given by Equations (6) and (7):

Ax_ = £ (X , t) Ax_ + G(t) u(t) , dx_(t,) =0, (15)
where u(t) is modelled as a step process and calculated to satisfy:

ax_(ty ) = Axlty, ), (16)

Ylegag) = Py (Ko lyy) + 8x (e )0 ) + Vi) (A7)

From Equations (11) and (16} there results:

0 = ax (ty ;) + nik+l{k), (18)

But from Equation (15) one obtains:

bx (b=t f g (e ) G(s) @s) ult,) & y(k+1,k)ult,)
X (ty41 oty r8) Glo) ds) ult,) 8 y(k+l, kult,
% * (19)

where ¢clt,tk} is the transition matrix associated to Equation(15).
From the linearization of Equation (17) one gets: ‘

8Y (tyyy) "‘ﬁ%;" Ber (e (tyer) rtpey) Bxc(Ey)) +ViE )
(20)
where high order terms have been disregarded.
Finally, combining the results of Equations (18), (19) and
(20), the following problem of parameter estimation results:

0 = y(k+l,k) ulty) + nik+l|k), (21)

Ay{tk+ll =H(k+1) v(k+l,k) u(tkl ,+v{tk+1}. (22)

where

T J—— x
BOD) B =i by B ()0 ) - (23)

—
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Using a Gauss-Markov minimum variance estimator (e.g.Liebelt,
1967 and Maybeck, 1979), estimates of u(tk} are obtained:

Glt,) = P Okl[k) yOctd, k) HT (ke1) R7D(k+1) Ay(k,, ) (24)

k+1
T o | T

P (k+l|k) = [y" (k+l,k) P77 (k+l|k) y(k+1l,k) +7y" (k+1,k).

HT (k+1) R™Y(k+1) H{k+1) yv(k+1,k)], (25)
where R(k+1l) and P(k+l|k) are as defined in Equations (4) and (12).

To recover the estimate of the state, one shall combine
Equations (19) and (24) to get:

AR (ty 1) = vik+l, k) G(t,) . (26)
and take the approximation:

Rltypn | tepy) = Xe 80 + 2R (8 ). (27)

To recover the covariance matrix of the error in the estimate,
it is only necessary to consider Equations (16), (19) and (27)to get:

elty, 1t ) & xlty ) - Rie, |t ) = dx - AR (28)
and
T
Pokel] kel) BBl It ) et (e, (6, )] =
=y (ke1,k) Py (ket|k) = yT (ke k) . (29)
APPLICATION

The procedure was tested under digital simulation (Burroughs
B6800) for the case of real time orbit determination of a low
altitude satellite with:

zero excentricity, 42° inclination, 250 km altitude,
A/m = 0,00076 m3?/kg,area over mass ratio,
CD = 2.0, drag coefficient.
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To simulate the observations, a true orbit was generated by
numerical integration, using a dynamic model including the influence
of gravity (up to Js zonal and Cuu, Suu tesseral coefficients),
atmospheric drag and pertubations of Sun and Moon. The model
adopted for f(xc,t], in Equation (13),only included the gravitacional
effects up to J:2,thus characterizing a situation of lack of knowledge
guite serious in the dynamics of the system. It is shown in Kuga
(1982) that the application of the Extended Kalman Filter to the
same problem, without any error compensation technique, cause
divergence of the estimates.

Bearing in mind the approximations taken in the proposed
procedure, one must expect some difficulties in dealing with this
type of problem. Therefore, error compensation techniques are
employed.

Adaptive State Noise Estimation

The overcome the ill-conditioning on the state error
covariance matrix due to the approximation of Equation (7) for the
propagation of the error and due to the nonlinearities in the
observations, within the applications both P(k+l|k) and Pu(k+1ik1
are adapted by using and Adaptive State Noise Estimation technigue
(Rios Neto and Kuga, 1981, 1982, 1985). This technique is the
generalization of a procedure by Jazwinski (1969) and consists of
adding noise to the system through the state noise covariance
matrix Q.

Consider the typical interval {tk, tk+1} and assume that Q
(k) for this interval is diagonal or can be diagonalized:

q _
Q(k) = 3% . (30)

Defining the observation residue, r(k+1|k), and the true
residue r_(k+1|k), as:

r(k+1|k)

Ylbay) = ¥lei) o (31)

r(k+l|k) = r (k+l|k) + v (32)

k+1 £
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where §{tk+1] is the observation vector calculated with the
propagated state; rv[k+1|k] is the observation residue which would
be obtained if the observations were not contaminated by noise.
Now,theparametersqi’k, i= 1,..., m must be chosen so as to
maximize the probability of occurrence of the true residue rv{k+1|k],
that is, the criterion to calculate qi,k' i=1,..., mis stated by:

max p [rv{k+1|k)]' (33)
gz

It can be shown (Jazwinski, 1969; Rios Neto and Kuga, 1985}
that this criterion leads to:

{r,(k+1|k)2 = E[r2 (k+1|k)], (34)

where the subindex is to mean the occurred value of rvtk+l|k).

Developing both sides of Equation (34}, accounting for
Equation (32) and manipulating them properly, there results an
expression called Pseudoobservations Eduation, which allows to
calculate the parameters qi;k' in the form:

Y ) = B )T * VR4, (35)
where y‘(tk+1} is the r x 1 pseudoobservations vector, q, is the m
¥ 1 vector which coentains the parameters qi'k,to be estimated and
v'k+lis a r x 1 Guassian white noise (see Appendix for the necessary
steps to obtain this equation}.

The solution for qpcan now be obtained through the use of a
linear Kalman Filter.

Employing the technique described above, Pu{k+1|k] is
substituted for:

ol

B2 (k+1|k) = Putkj-llk] + Qu{k-l-l]k} (36)

in Equation (29), while P(k+1|k) is generated by:

P(k+1|k) = ®(k+1,k) P(k|k) 0T (k+1,k) + T{k) Q(k) 'Y'T(k).
(37)
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where

t
Voo & [ e ) e as
tx

Matrices Qu{k+1]k} and Q(k) are adapted in each step.

Control Matrix Correction

Generally, when one is faced with the problemof state
estimation of mechanical systems, it is usual to have the matrix
G in:

x = £(x,t) + Gw(t) (38)
as:
I [QIHZELEE] i (39)
I mxm

where 0 and I are the null and the identify matrices, respectively.

This means that the coefficients in G just make the coupling
between the state variables and noises.

In the "virtual control" context it is possible to define the
control matrix G in Equation (13) in order to augment the coupling
between estimated controls and state variables and thus accelerate
the procedure convergence. In this paper, three types of correc.tions
for the control matrix G are proposed. In what follows, a forced
variable is defined as a state variable which is directly excited
by noise in Egquation (38). The other state variables are called
nonforced variables.

Direct Correction. The simplest form to define a control matrix
with the characteristic described before is to consider:

G = |-B--EZD. y (40)

where Cpand c, are positive coefficients, held fixed during the
time propagation.
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Despite the advantage given by the simple form, this
correction technique has the drawbacks of using a trial and error
method to choose Cp' Cv and of adding the corrections to the state
variables with the same sign.

Restoration. The ideal of restoration was first used in numerical
gradient-like methods to sclve optimal control problems, where one
has to deal with different requirements of searching a gradient
step towards the extremal and satisfying the terminal constraints
(Miele, 1975).

In the present case, restoration is used to modify Cp and
C, in Expression (40), thus giving priority of convergence to
either the forced state variables or the nonforced state variables,
depending on the system behavior. In order to make a decision to
change CP and Cv a convergence measure must be available, Estimated
errors, epfor the nonforced variables and e, for the forced ones,
and defined by:

1/2

1 g (x| k) (41)
e (k) = ——— P ;
Pt (n-mlar i=1 ii

1/2
m
1

e (k) = L P, (k|k) i (42)
¥ mo impeiidl

v

can be used to indicate convergence. In Equations (41) and {42},?11

are the elements on the diagonal of the P(k|k) matrix and Opr ©
represent the expected standard deviation of the errors between

v

estimated and true variables after convergence of the problem.
With these definitions, ep' a* = 1 mean convergence to the true
trajectory. The technique can now be implemented through the
following may: the procedure is initialized with the Direct
Correction; after n steps, a test is done. If e_ > 2 and w, > 2,
Cp and C are not changed, if 0 < e, < 2 and e, > 2, only C is
changed; if 0 < e, < 2 and ap > 2, only Cp is changed and finally,
if 0 < ep < 2 and 0 < e, ¢ 2, both coefficients are changed. o
Propagation is started again with the new coefficients and after n
steps a new test is done.

With this technique, besides the simple form, coefficients
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Cp and C,are changed during the time interval of interest.
However, the same disavantages described for the Direct Correction
are still present.

Automatic Correction. 1In the automatic correction technique,
matrix G is generated at each step inside the algorithm,reinforcing
the adaptive characteristic of the proposed procedure. Determination
of the elements in G is done by solving,step by step,a deterministic
linear optimal control problem. This tontrol problem arises if one
considers the estimation procedure as a controller that must drive
the system from a given point in t, to satisfy the observations in
trspr @8 mentioned before. Consider, for (t the

x txe1)s
propagation of the first order perturbation Ax:

bx (ty 4) = ®(k+1,k) dx(t,) + v(k+l,k) u(t.) (43)

Assuming that the G matrix is constant in this interval:
tkl t

+ k+1 A=
y(k+l,k) = jt- ®(t,,s) G(s) ds = J; ¢(ty,s) ds G, =BG,
k k
(44)
and using Eguation (44) in (43):
Ax(ty ) = ®(k+l,k) ax(t,) + B, G, ulty). (45)

Consider now that all terms in the right-hand side of
Equation (45) are known except the Gk matrix. In tysrr it is

expected that ay(tk+1) and this corresponds to minimize a guadratic
criterion given by:

T
I o= (Bylty, ) = B, oxit,, )1 Ay (6 ) = By 8x(t, )] (46)

subject to the constraint given by Equation (45).

Defining Gy as: 95 0
0 g
Gi, k -
G = [__i:__.] - N (47)
G, k g-L,l:.-m+1 0
. © T-%,m ]




Rev.BrMec. Rio de Janeiro, V. VIll, n94 — 1986 297

and making:

dJ
3G

=0 .(48)
k

there results a linear system to calculate the nonull elements of
the Gy matrix in the form:

Dk+1 9 = Ay(tk+1] - Hk+1 & (k+1,k) ax(tk}, (49)

where 9y is the nxl vector of elements gij' as in Equation (47).

It is important to point out that the Dy matrix in Equation
(49) is {rxn) dimensional and, thus, the linear system shall be
solved by a deterministic least squares method or by an equivalent
recursive methed, if r = n,

The automatic correction techinique has the distinguished
feature of providing coefficients for Gy adjusted at each step,
with variable sigqns and modules. Howerver, an one-step lag has to
be imposed to G, since it was admitted that terms of Equation (45)
were already known. This means that matrix Gk' which will be used
in (t,, tk+1} is calculated with the values obtained in {tk+x'tk)‘
Another problem to mention is the fact that one can only use
estimator propagated states in the technique and this represents
only an approximation to the true states.

All the techniques to correct matrix G were applied to the
orbit estimation problem. Results, as will be seen, were very
satisfactory. As a final remark, it must be said that these
techniques were developed for the general case and can be used with
the proposed procedure in different problems (Fleury, 1985).

OBSERVATIONS

In the test problem of orbit estimation of a low altitude
satellite, observations were generated combining the true orbit
data with the location ef 3 fictitious symmetric topocentric
tracking stations, to get at each 1 second range and range-rate
data, contaminated by white Gaussian noise with standard deviations:

%, - 10.0 m; gy = 0,1 m/s.
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Results for the two cases, where different initial conditions

are taken for the proposed estimator, are shown in this section.

The virtual control u(t) .-in Egquation (13)

is a 3xl1 vector since it

is possible to "control an orbit" using three independent forces,

one for each axis.

Parameters for analysis are true and estimated

position errors, true and estimated velocity errors and range and
range-rate normalized residues given, respectively by:
3 z g 1/2
Artk) = {42, [x (k) - & (k}]2} kK =1,2,.. (50)
A 3 1/2
AT (k) = {121 Pii(k|k}} k=1,2,.. (51)
6 ~ 1/ 2
Av(k) = {r§4 [Xi(k] - Xi(k)]z} k= 1,2,.. (52)
. 6 1/2
ARIR) = gy Pyy tc|X)} k = 1,2, (53)
n
- 0B, 7 P =1 4
x, k) = g o, 'if1 [y, () = F (x));} k =1,2,.. (54)
Ng
rs (k) = —1 [151 [y¢ (k) - ?ﬁtkili} k =1,2,. (55)
n_a
©
where ¥gi ¥3 are the actual (simulated) observations of range and

range-rate respectively and ?é' ?5 are the estimated observations
of range and range-rate respectively. (54)
(55) n, means number of fictitious stations observing the satellite.

To guarantee convergence the true and estimated errors

In the definitions and
must
converge to the same small values and the range and range-rate
normalized residues must lie between the limits + 3o,
NORMAL CASE

In this case, the estimator is initialized with errors of
80m in position and 0,6m/s in velocity. This corresponds to a
situation where a good a priori estimate of the orbit is available
as a result of preliminary orbit determination. Figures 1 and 2
show the results obtained with the use of the Direct Correction with

coefficients CP = 4.0, Cv = 10.0
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Figure 1. True and estimated position errors:
Normal case, Direct correction
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Figure 2. True and estimated velocity errors:
Normal case, Direct correction

Figures 3 and 4 show the application of the Restoration
Correction to the same problem. Coefficients were chosen as one
among the values 30.0, 1.0 and 0. for Cp: and as one among the

values 3.0, 4.0 and 1.0 for Cy.
= and e b Lo e B e i-—v--——.!
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Fiugre 3. True and estimated position errors:
Normal case, Restoration
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VELOCLTY ERAORS (n/a)

TIME (8)
Figure 4. True and estimated velocity errors:
Normal case, restoration

Finally, Figures 5 and 6 present the results obtained with

the use of the Automatic Correction.
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Figure 5. True and estimation position errors:
Normal case, automatic correction
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Figure 6., True and estimated velocity errors:
Normal case, restoration
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The analysis of Figures 2 to 7 shows that cne can attain good
results using any of the correction techniques, since convergence
to values close to the true orbit occurs for the three methods. Best
performance is achieved using Automatic Correction, as expected,
although this is the most time consuming of the proposed techniques
(Fleury, 1985). Another important feature which can be extracted
comparing Figures 1 and 2 with Figures 3 and 4 is that an
improvement in position convergence is obtained when Restoration is

used instead of Direct Correction.

CRITICAL CASE
In this case, the estimator is initialized with errors of

1000m in position and 10 m/s in velocity. This corresponds to a
situation where the initial error are larger than the usual initial
errors obtained in the preliminary orbit determination.

The results obtained with the Direct Correction technique

are shown in Figures 7, 8, 9 and 10.

[RE T el T T T y T T T T

18025 - q

b1 o -

POSITION ERRORS (m)

W T S

8 8 2 88 8
T T T L]
Lidal

7]
5
T

T
JI
:ﬂ;

o 136 230 E= 3 a0
TIHE ()

Figure 7. True and estimation position errors:
Critical case, direct correction

b T T ¥ T T LI |

VELOCITY ERRORS {m/s)

————

[] 114 e 104 8 400 300

TI¥E {5}
Figure 8. True and estimated velocity errors:
Critical case, direct correction
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Figure 9. Range normalized residues:
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Critical case, direct correction
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10. Range-rate normalized residues:

Critical case, direct correction

Figures 11, 12, 13 and 14 presents the results accomplished
with the proposed procedure aided by the Automatic Correction

technique.
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Figure 11. True and estimated position errors:

Critical case, automatic correction
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Figure 12. True and estimated velocity errors:
Critical case, automatic correction

g Ay i e g P
:_ N . 05 LT e =
A._."f R STEA W Pl i ""‘“ln.n..

. E

™ -
B
g -5 -
™ i ]
g . 3
a -1F -
- ]
i ]

Al o b

gebcanob o Pk dows Eosbog b ok ]

t - "~ L ra (51 W20 " (14 kS

TIME {s)

Figure 13. Range normalized residues:
Critical case, automatic correction
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Figure 14. Range-rate normalized residues:
Critical case, automatic correction
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The analysis of Fiqures 7 to 14 shows very good results for
the Automatic Correction and a satisfactory convergence with the
use of the Direct Correction. In this last case, .the 1000m and
10 m/s initial errors are reduced to approximately 30 m and 0,4m/s.
Although the final errors are reasconably small, the time interval
for convergence is gquite long. Notice also that the estimated
errors in the transient phase of convergence are very optimistic
" when compared to the real ones. These characteristics show that
there are still further efforts to be done in this Direct Correction
technigue to reach a better performance.

On the other hand, results obtained with the Automatic
Correction scheme are comparable to results presented by other
techniques usually employed in nonlinear system estimation such as
the Extended Kalman Filter aided by Model Compensation Technique
(e.g. Kuga, 1982). Convergence is very fast and normalized residues
are mantained between the limites of #10 during all time propagation.

CONCLUSIONS

A new approach to state estimation of nonlinear systems has
been presented, where the concept of duality was explored to
transform the estimation problem into one of determining a wvirtual
control. As indicated by the test done in this exéloratory phase,
it is expected to be a valid alternative for the case where a great
lack of knowledge in the dynamics exists, but a good level of
information is locally provided by the observations.

In this work, one only started to explore the possibilities
opened by the virtual nature of control in Equation (13).

Presently, efforts are being done to further explore these
possibilities, mostly in terms of the structure of the virtual
control ult} and of the structure of G(t), seeking for other forms

of automatic and adaptive generation of this matrix. Besides this,
one is alsg paying efforts in trying to tune the filter with constant
levels of noise to avoid extra efforts imposed by adaptive estimation
of these noises.



Rev.BrMec. Rio de Janeiro, V. VIII, n94 — 1986 306

REFERENCES

[ 1]

[10]

[11]

[12]

Cruz, J.J.; Rios Neto, A. Estimating the state of ships in the
presence of unmodelled accelerations. American Towing Tank
Conference, 19, Ann Arbor, Michigan, USA, 1980.

Fleury, A.T. Estimadores de estado de sistemas dindmicos basea
dos no conceito de dualidade {Dynamical systems state
estimators based upon the duality concept). Doctoral thesis,
Escola Politécnica da Universidade de S3o Paulo, 1985.

Gelb, A.; Kasper Jr. J.F.; Nash Jr., R.A.; Price, C.F.,
Sutherland Jr., A.A. Applied Optimal Estimation. Cambridge,
MA, MIT, 1974.

Jazwinski, A.H. Adaptive filtering. Automatica, 5: 475-485,
1969.

Jazwinski, A.H. Stochastic processes and filtering theory.

New York, Academic, 1970 (Mathematics in Science and
Engineering, 64).

Kuga, H.K. Estimagdo adaptiva de orbita aplicada a satélites
de baixa altitude (Adaptive orbit estimation applied to low
altitude satellites) MSc Thesis (Space Sciences). Sao José
dos Campos, INPE, Feb. 1982 (INPE-2316-TDL/079).

Liebelt, P.B. An introduction to optimal estimation, Menlo Park,
cA, Addison Wesley, 1967. -

Miele, A. Recent advances in gradient algorithms for optimal
r~omntrol problems. J. Optimization Theory and Applications,
17(5/6): 361-430, 1975.

Maybeck, P.S. Stochastic models, eatimation and control, v.1,
New York, Academic, 1979 (Mathematics in Science and
Engineering, 141-1).

Rios Neto, A.; Cruz, J.J. A Stochastic rudder control law for
ship path-following autopilots. Automatica, 21(4): 371-384,
1985.

Rios Neto, A.; Fleury, A.T. Utilizagdo das noc¢des de dualidade
no desenvolvimento de um estimador de estado (Use of the
duality concept in the development of a state stimator). Sio
José dos Campos, INPE, Sept. 1984 (INPE-3288-RPI/110).

Rios Neto, A.; Kuga, H.K. Estimacido adaptativa e em tempo real
de orbita de satélites artificiais a baixa altitude (Real-

time adaptive orbit estimator of artificial satellites at



306 Rev.BrMec. Rio de Janeirg, V. VIII, n94 — 1986

low altitude). In: §Sixth Brazilian Congress of Mechanical
Engineering, Rio de Janeiro, 1981. Proceedings. ABCM,1981,
v. B., p. 405-414.

[13] Rios Neto, A.; Kuga, H.K. Estimacdo adaptativa de ruido no
estado para o Filtro de Kalman (State noise adaptive
estimation for Kalman Filter). 1In: Fourth Brazilian Congress
of Automatica, Campinas, 1982. Proceedings. SBA, 1982, v.1,
p. 101-105,

[14] Rios Neto, A.; Kuga, H.K. Kalman filtering state noise adaptive
estimation. Presented at the 2nd. IASTED International
Conference in Telecomunication and Control, Rio de Janeiro,
1985,

[15] Tapley, B.D.; Ingram, D.S. Orbit determination in the presence
of unmodelled accelerations. I1EEE ‘Transactions Automatic
Control, AC-1B({4): 369-373, Aug. 1973.

APPENDIX

Adaptive State Noise Estimation: Pseudoobservation Equation

As seen in the text, to estimate the diagonal elements of
Q(k),one imposes consistency between the observation residues and
their statistics (Jazwinski, 1969). This corresponds to impose that
the diagonal elements of Q(k) ﬁust assume values that maximize the
probability of occurrence of the true residue of each observation
(Rios Neto and Kuga, 1982). To understand the resulting procedure,
particularly the pseudoobservation equation, the key steps are
reproduced in this Appendix.

The observation residuer(k+1|k) is defined as in Equation
{31) by:

r(k+l|k) = Yl 1) =Tty q) =yt ) “Hi) x{t, ) (3.1)
and the true residue, (Equation 32), by:

ro(k+1[k) = rik+1{k) = vp . (A.2)

Under the hypothesis of having normal probability distributions
the criterion of statistical consistence is realized by imposing:
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lrv(k+l|kB: = E [rd (k+1]|k)]. (A.3)

where the subindex ¢ is to mean to occurred value of rv{k+1|k).
Equation (A.3) is the condition to maximize the probability of
occurence of the value {rv{k+l|kno. Using Equation (A.2) and
Equation (B) of Section 2 in both sides of Equation (A.3), there
results after some algebraic manipulations:

Then

2 _
(r?(k+1|k) 2 r(k+1|k) Vit )+ VA ),

= H ., ®(t,,.,t,) P(k|k) ¢T(t t.) BY., +H, ..Y Oy
k+1 k+1’ "k k+l' "k k+1 k+1 r k+1

(A.4)

Define a noise vi+1 as:
vi+! = -2(r(k+1lk})c v(tk+1) + v2 (tk+1 - Req (A.5)
Elv'y,,1 =0, (n.6)
Elvg, )] = 4(r2(k+l|k)) R . + 2RE, . (A.7)

where [r(k+1|k)}c is the calculated value, corresponding to the
occured value of the random variable r(k+1|k).

With this definition and using the fact that Q(k) is a

diagonal matrix, it is reasonable to adopt, from Equation (A4),the
Pseudoobservation equation in the form:

where

vyt ) H' (k+1) q + vi+1 : (A.8)

Y'(t, ) = (£2(k+l|k)), + R(k+1) =

He,q 9t 0t,) Plk|K) =§ it (A.9)

7
ket Ex) Byeq o
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n n n
H'(k+1) = [(jé1 Hij-vjl) 2; {jél Hij vj,)2; ...:(jglﬂij Yim) 21,

(A.10)

and q = {qkl""'qkm} is the m x 1 vector which contains the
parameters to be estimated.

To estimate the vector Ay the following algorithm is
implemented:

- Prediction or propagation phase

Glk+1|k) = g(k|k), (A.11)
PY(x+1|k) = P9(k|k) + wd(k|k), (A.12)

where Wq(klk) is a diagonal matrix of small constants which is added
to P9(k|k) to guarantee that PI(k+1|k) is not smaller than the
computer numerical zero.

- Filtering phase: follows the same steps of the linear
Kalman Filter (e.g. Kuga, 1982; Maybeck, 1979).
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UMA FORMULACAO CONSISTENTE DO MET_ODO
DOS ELEMENTOS FINITOS PARA RESOLUCAO
DE PROBLEMAS DE TRANSPORTE DIFUSIVO-CONVECTIVO

Eduardo Gomes do Carmo - Membro da ABCM
COPPE/UFRIJ

Augusto Cesar Galedio - Membro da ABCM
INCC/CNPq

RESUMO

Um novo método, particularmente apropriado para a resolugdc de pro-
blemas de transporte difusivo-convectivo, com forte preponderancia
dos efeitos de convecgdo, é desenvolvido. Mostra-se que esse méto-
do enguadra-se na classe de aproximagSes do tipo Petrov-Galerkin.
Através de alguns exemplos comprova-se a sua potencialidade na resc

solugdo de camadas limites internas e/ou externas.

ABSTRACT

A new method specially designed to solve highly convective trans-
port problems is proposed. Using avariational approach it is shown
that this weighted residual method belongs to a class of Petrov-
-Galerkin's approximation. Some examples are presented in order to
demonstrate the adequacy of this method in predicting internal or
external boundary layers.
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INTRODUCAO

A resolugdo numérica das equacgdes de transporte, e das equa
¢bes de Navier-Stokes, tem sido objeto, nos ultimos anos, deum gran
de numero de trabalhos publicados. Tal interesse decorre, em grande
parte, das dificuldades numcéricas associadas a solucdo de escoamen
tos com altos Reynolds, ou fendmenos de transporte governados por
elevados numeros de Peclet. Em tais situagbes, caracterizadas pela
preponderancia dos termos convectivos (acentuados gradientes) sobre
os difusivos (operador de Laplace), ocorrem freguentemente proble-
mas de chogue e/ou problemas tipicos de camada limite.

Em termos de solugdes numéricas baseadas na técnica de dife
rengas finitas, as caracteristicas de estabilidade e maior ordem de
aproximacao do operador de diferenca centrada, quando utilizadopara
a discretizagdo de operadores elipticos, gxplicam o seu uso na apro
ximagao dos termos difusiﬁos. Por outro lado, como ressaltado em
[1], o uso de diferenga centrada para o tratamento da parte convecti
va, deve-se possivelmente, a uma errdnea nocgdo de consisténcia, ba-
seada no erro de discretizagdc numa expansdo em série de Taylor. As-
sim, se em termos do erroc de discretizacgdo, o operador de diferenca
central é de 23 ordem, em termos do erro de truncamento global, que
obviamente & o gue importa do ponto de vista de solugbes aproximadas
de equagCes diferenciais, esse operador conduz a uma aproximacdo de
"3% ordem" para as derivadas segundas (termos difusivos), ede 2@ or
dem para as derivadas primeiras (termos convectivos). Logo, esse nao
é um procedimento consistente. Pior do gue isso, a diferenga cen-
trada ndoc apresenta as caracteristicas deestabilidade numérica, quan
do aplicada a derivadas de ordem impar. Decorre dai, gue em proble
mas predominantemente convectivos, o uso desse procedimento conduza
uma resposta oscilatéria, que se propaga ao longo dos pontos nodais
do dominio. Por isso, nem mesmo o recurso da utilizagdo de malhas
extremamente refinadas, na regiao de elevados gradientes, consegue,
normalmente, fazer desaparecer essas oscilagbes espurias.

Os primeiros intentos, no sentidc de contornar essa dificul-
dade, foram feitos em problemas uni-dimensionais, empregando-se di-
ferengas nao-centradas (1@ ordem) para o termo convectivo. Do ponto
de vista fisico, essa aproximagdo era mais condizente, visto que as
informagdes carregadas pelo escoamento eram mais fortemente pondera
das a montante. Do ponto de vista matematico, a maior estabilidade
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desse operador, na discretizacdo de derivadas primeiras, era respon
savel pela eliminacdo das oscilagdes [1]. No entanto, do ponto de
vista numérico, esse procedimento era equivalente & adigdo de uma di
fusividade artificial [1,2].

Se se interpreta que o esguema de diferencga central é que &,
na realidade, o responsavel pela introducgdo de uma difusividade ar-
tificial negativa, justifica-se entender que o emprego de diferencga
nao-centrada corrige esse problema pela adigdo de uma difusividade
numérica. Surgem entdo os chamados esquemas hibridos, (combinacdo
ponderada do operador de diferenca centrada para os termos difusivos
e "one-sided upstream diffenence" para os termos convectivos), e os
esquemas ditos de "upwind" otimo, em que o coeficiente de difusivi-
dade artificial era calculado de forma a fornecer, (para um proble-
ma relativamente simples: modelo uni-dimensional de trghspcrta emre
gime e sem termo de fonte), aproximagbes nodalmente exatas [3]. No
entanto, como mostradc em [1], o uso deste procedimento para a abor
dagem de  problemas de transporte predominantemente convectivos,tran
sientes e/ou contendo termos de fonte, conduziam a resultados exces
sivamente difusivos; ou ainda, a sua generalizacdo a dominios bi-di
mensionais produziam muitas vezes piores resultados que aqueles ob-
tidos empregando-se diferencas centradas, devido & presenga de uma
marcante difusividade artificial, perpendicular & diregdo do escoa-
mento.

Esse aspecto, exaustivamente discutido em [1] e [4), decorre
pura e simplesmente do fato de que se por um lado o operador de di-
ferenca nao-centrada de 1% ordem aumenta a estabilidade do esquema
nﬁmérico, por outro lado, ele pode comprometer sensivelmente a pre-
cisao da solucdo.

De novo, analisando-se do ponto de vista do erro de truncamen
to global esse algoritmo & inconsistente, e neste sentido agquele au
tor propde a utilizagdo de um esquema de diferen¢a ndo-centrada de
3% ordem, para a aproximagao dos termos convectivos, combinado com
diferenca centrada, para os termos difusivos, com o que retém-se glo
balmente as caracteristicas de consisténcia, estabilidade eprecisio,
e uma relativa simplicidade para a sua generalizacdo a dominios bi
ou tri-dimensionais [4]. No entanto, a despeito dessas caracteris-
ticas, as solugdes cbtidas com o emprego desse algoritmo apresentam
oscilagdes localizadas na regido proxima a formagao de camada limite,
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Também a construgdo de modelos de elementos finitos, para a
resolugdo numérica de problemas de escoamento e/ou transporte, teve
{ou esta tendo) uma evolugdo semelhante aguela verificada com o mé-
todo de diferencas finitas. , Assim, as primeiras aplicac¢des tiveram
por base o método de Galerkin, possivelmente pelo uso generalizado
dessa formulacdo na resolucac de problemas estruturais, para osquais,
via de regra, estimativas de convergéncia otima [5], decorrentes da
V-elipticidade dos operadores normalmente envolvidos nesse tipo de
problemas ja eram entdo bem conhecidas.

Ocorre que, nos problemas de escoamento e/ou transporte, a
presenca do termo convectivo destr6i a simetria do operador, e o mé
todo de Galerkin nao apresenta mais a propriedade de melhor aproxi-
macao. Além disso, as equagbes discretas, resultantes dautilizacdo
desse método, apresentavam a mesma estrutura daquelas obtidas viadi
ferencas centradas. Em outras palavras, em problemas predominante-
mente convectivos, as solugdes de Galerkin apresentavam as mesmas
oscilagdes nodais, aquela altura ja bem conhecidas por aqueles que
empregavam diferencas finitas.

Ora, se operadores de diferengas ndo-centradas tinham carac-
teristicas estabilizadoras quando usados na discretizagdo do termo
convectivo, algo semelhante deveria ser procuradc noc contexto deele
mentos finitos. Era preciso, portanto, adaptar & formulacdo varia-
cional empregada, um adequado método de residuos ponderados, de for
ma gue as equacgdes discretas, assim geradas, reproduzissem o modelo
fisico do problema. Modificar o espago de fungdoes peso era a solu-
cao natural [6].

A primeira aplicacao deste procedimento, o chamado método de
Petrov-Galerkin, a uma equacdc de transporte em regime, num dominio
unidimensional, é feita em [7]. Al saoc utilizadas fungGes peso con
tinuas, construidas adicionando-se as funcdes de interpolagdo clas-
sicas, fungGes que ponderavam mais fortemente as informagdes a mon-
tante do escoamento. Assim como nos procedimentos de diferencas fi
nitas, aqui também o parametro de "umuind" & escolhido de forma a e-
liminar as oscilagdes ou, em certos casos, fornecer solugdes nodal-
mente exatas.

Generalizagoes deste procedimento para problemas bi-dimensio
nals sdo posteriormente apresentadas em [8] e [9]. Ocorre que na-
queles trabalhos a matriz de difusividade era tambémafetada pelapon
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deragdo, © que ndc acontecia nos problemas unidimensionais, e o que
de certa forma contrariava a experiéncla adquirida com diferengas fi
nitas, onde apenas as derivadas convectivas tinham a sua aproximacéao
modificada.

Volta-se de novo ao método de Galerkin. Alguns autores pro-
pbem um esquema de integragdo modificada para a obtencdoc da  matriz
convectiva [10,11]. Outros adotam a idéia da difusividade artifi-
cial sequndo a diregdo do escoamento, criando a terminologia "dissi
pagdo de balanceamento anisotropico" [12].

Assim como ja havia acontecido com . alguns modelos de diferen
¢as finitas do tipo "upwind", também com os modelos classicos de ele
mentos finitos, do tipo "upwind", uma excessiva difusdo ortogo-
nal a&s linhas de corrente estava presente . Se esse inconveniente
podia ser remediado pela consideracgdo da difusividade artificial,
agindo tdo somente segundo a diregdo do escoamentoc, o mesmo ndo acon
tecia guando termos transientes e de fonte ocorriam na equacgdo do
problema. Alguns exemplos numericos ressaltando esses aspectos sdo
apresentados em [2], onde & mostrada a superioridade domodelo "SUPG
-Stheamfine Upwind Pethov-Galerkin" [13] na resclucgdo desses proble
mas.

Do ponto de vista matematico esse ultimo método consiste ba-
sicamente numa formulagao do tipo Petrov-Galerkin, onde as fungoes
peso, que sao descontinuas, sdo construidas adicionando-se as fun-
¢bes classicas do método de Galerkin, uma perturbacgdo, definida pe-
los autores como "sfneamfine upwind", que atua somente na direcao
das linhas de corrente. Essas funcgdes pesc modificadas incidem so-
bre todos os termos da equacdo, de forma gque a condigdo de ortogona
lidade do residuo em relacdo as mesmas é satisfeita, resultando,por
tanto, numa formulagdo consistente de resliduos ponderados. Em flti
ma instdncia, esse modelo & uma generalizacao de [7] a dominios mul
ti-dimensionais.

Conforme mostrado em [14] o método SUPG apresenta elevada or
dem de precisdo e boas propriedades de estabilidade. Assim, se as
solugdes exatas sd3o suficientemente requlares, estimativas globais
de erro "6timas" ou "quase-Otimas" sdo obtidas. Para solugdes exa-
tas tipicas de camada limite, estimativas locais de erro otimas ou
quase-otimas sdc previstas fora de uma pequena vizinhanga, envolven
do a camada limite. Em outras palavras, para esses problemas as so
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lugbes do método SUPG apresentam oscilagdes localizadas numa regiao
proxima & de desenvolvimento da camada limite. Claro, portanto,que
se a formagado da camada limite decorre de uma descontinuidade causa
da pela condicdo de contorno prescrita, uma possivel solugdo & refi
nar a malha nessa regido. Se a descontinuidade é interna, uma es-
tratégia & combinar esse modelo com um esguema auto-adaptativo de re
finamento de malha.

Uma outra estratégia & refinar o método, de forma gque o mode
lo tenha a capacidade de absorver possiveis descontinuidades. Um
grande avango neste sentido & apresentado em [15], onde seus auto-
res mostram gue nem sempre a linha de corrente €& a diregdo apropria
da de "upwind " . Como, na construgdo do método " Streamfine upwind",par
te-se da idéia da difusividade artificial negativa causada pelo mée-
todo de Galerkin, a perturbagdo adicionada & fungdo peso procura ge
rar uma difusividade positiva, na direcdo do escoamento. Isso &con
seguido via um fluxo convectivo segundo as linhas de corrente. Cla
ro gque gualquer campo ortogonal aco gradiente da gquantidade transpor
tada, gera um fluxo convectivo nulo, o gual, obviamente, naoc altera
a difusividade artificial buscada no método "Streambine upwind". Isso
em esséncia traduz a idéia anterior desenvolvida em [15]. Partindo
dessa idéia, aqueles autores utilizam um principio de maximo, satis
fazendo o método de Petrov-Galerkin, e desenvolvem um elemento tri-
angular apropriado a resolucao desses problemas.

Esse modelo gera um esquema iterativo, de forma, que pode ser
visto como um modelo internamente auto-adaptativo. Os resultados ob
tidos com o mesmo sdo bastante superiores aqueles fornecidos com o
SUPG, principalmente no que diz respeito 3 grande precisao na deter
minacao de camadas limite. O seu grande inconveniente @€ a extrema
dificuldade a generalizagles.

Mais recentemente um novo modelo tambémdo tipo Petrov-Galerkin
consistente, que adiciona & funcdo pesoc do método SUPG um termo vi-
sando a captura de descontinuidades, foi proposto em [16]. De cer-
ta forma ele combina as caracteristicas do "Streamline upwind" com a
observacdo basica ressaltada em [15]. Os resultados apresentadosem
[16] mostram uma melhor performance deste modelo, em relacao ao SUPG
original, na representacdac de camadas limite internas e/ou externas,
muito embora, em problemas regulares, note-se um pegueno decréscimo
na precisao global.
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0 modelo que sera apresentado neste trabalho baseia-se emdois
aspectos basicos:

1) o primeiro, jd exaustivamente discutido nesta introducdo, € a
inadequac¢do do método de Galerkin na obtengaoc de solugdes apro-
ximadas de problemas de transporte predominantemente convecti-
vos. Isso nos leva a adogdo do método de Petrov-Galerkin pelas
vantagens também ja discutidas anteriormente;

ii) o segundo, relaciona-se com a construgdo do espago de fungdes
teste. Neste sentido duas observagdes ainda ndo explicitadas
sdo fundamentais. Se o problema & puramente convectivo o fluxo
é carreado segundo as linhas de corrente. Essa & a solugdo exa
ta do problema. Porém, em termos de solugdo aproximada, a dire
4o de transporte & também aproximada. Logo as fungles testede
vem ser capazes de representar esta condigdo. Ou seja, guanto
mais proxima a solucdao aproximada se encontrar da solugao exata,
tanto mais proxima deve estar a direcdo aproximada de fluxo, da
direcdo fisica de transporte, isto é: das linhas de corrente.

Com isso o modelo procura se auto-adaptar, no sentido de for
necer a melhor aproximacdo.

A primeira parte desse trabalho & dedicada a formulagdo va-
riacional do problem e a sua forma discretizada viaPetrov-Galerkin.
A sequir discutem-se rapidamente os métodos SUPG e SUPG +operador de
captura.

Na segunda parte mostra-se a construgdo das fungdes peso es-
pecialmente apropriadas para a solugdo do problema e apresenta-se a
montagem do modelo discretoc. Posteriormente ressaltam-se algumasca
racteristicas do modelo proposto e mostra-se que o modelc SUPG +ope
rador de captura & um caso particular do mesmo.

Finalmente alguns exemplos sdo analisados, e os resultados nu
méricos obtidos com o modelo desenvolvido neste trabalho sido compa-
rados com ocutros existentes.

FORMULACAO DO PROBLEMA

Neste trabalho estamos interessados na resolugac do problema
de transporte de uma grandeza escalar num meio fluido, cujo modelo
matematico & descrito pelo problema de valor de contorno com condi-
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gao inicial definido em termos:
i) da equagao de difusdo-convecgao

b+ usVd + div(-KV$) = f(x,£) em Q (1a)
ii) das condigdes de contorno

$bx,t) = glx,t) ; X€Tg TgUTg=T

g q
. (1b—=)
-KV¢*n = g(x,t) T XE I‘q T‘gﬂ I“:1 = vazio
iii) da condic¢do inicial
$(x,0) = d,x) : xEQ (14)

Nas expressoes anteriores, QCIR™ (1 €n $3) & uma regido fi-
nita de fronteira suave ' e normal exterior n. O campo escalar ¢(x,t)
fornece, para cada x € 0 e para cada tempo t€ [0,t), o valor dagran
deza imersa no meio fluido, cujo escoamento @ definido pelo campode
velocidade u(x,t), suposto conhecido. As funcées f, g, q e ¢, séo
dados do problema; K(x) & o tensor difusividade; V¢ denota o gradi-
ente de ¢; div (+) € o divergente; (+) produto escalar e (+) =3/0t.

Se designamos por:

a) L,(R), ao espago das funcSes guadrado-integraveis, com produto in
terno

w0 = fvoan ,

e norma

1
h < 4@

Fell, = <wu>
b} H, (22) = (0; VEL, (D)5 (Vy)EL,(2); 1 =1,2,3} ao espago de Sobolev
cujos elementos tém norma
1
Tol, = [vb> + <oy, w1 2

e se introduzimos:
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c) o conjunto 5 de fungdes teste (cinematicamente admissiveis)

S = {v(x,t); p/ cada tE[0,1); VEH, (@ ; ¥, = g}

d) o espago V das variagbes admissiveis
V= {0y, @; ¥l =0}
entao:

Problema (P1): A solucac do problema proposto & a fungaoc ¢€ 8, tal
que, para cada tempo t € [0,T) e para toda @GZU, satisfaz a relagao

<p+ucVh,b> + <KV Vo> — <£,$> — <<g,$>> = 0 ; (2a)

onde:

<q,§>> = J}q gb ar , (2b)

e no instante inicial:

<h—¢,,0> = 0 (2c)

SOLUCOES APROXIMADAS
Seja agora Ty uma partigdo de elementos finitos definida em
©, construlda através da unido de elementos e, que ndo se sobrepSem.
Diremos gue ¢h € uma aproximac¢dc de Galerkin do problema an-
terior, se para cada tempo t€ [0,T), e para toda ahEZUh, essa apro-
ximagdo satisfaz as relacdes:

1) <dPau-ve®, 30 4 axugh, w8 - <, 3 - caq i < 0
h_“he oh *he oh (3a-b)
11)  ¢h-ghevd ; wihe S
onde:
Fedthecm;: o _epk, vecn, ; . =0
e h Iq
(3-d)

shs{qshc co@; o €, vec, ; ¢hlrg=g} ,
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sendo P* o espago dos polindmios de grau menor ou no maximo igual a

k. Além disso, no instante inicial:
<¢h-¢o,3h>.=0 (3e)

Em resumo: no método de Galerkin, as mesmas fun¢Ges que inter
polam localmente, em cada elemento finito, a solugdo aproximada ¢h,
sao usadas, tambem, para a construgac do espago de fun¢des peso vh,
Em coutras palavras, se o problema envolve condigdes de contorno ho-
mogéneas, (do tipo Dirichlet), os espacos VP e s coincidem. Ja no
método de Petrov-Galerkin isso ndo ocorre, ou seja o espago de fun-
¢des peso ndo coincide com o espago de fungdes teste.

Na proxima secdo apresentamos, resumidamente, o método desen
volvido na referéencia [16], conhecido como SUPG +operador de captu-
ra; uma variante do método "SUPG-Streamline Upwind Pefrov-Galerkin™
[13].

O METODO SUPG + OPERADOR DE CAPTURA
Neste método [13,16] o espacgo de funcdes peso & constituido
por fungdes da forma

wViaitip , (4a)

onde $P € Uh, e p € uma fungdo descontinua definida como:

LS . h ~ )
p=ou-wdy a% veh e veb (4b)
v

a e B sdo conhecidas como fun¢des de "upwind" (ver (7,9,16], e para
8 =0 tem-se o metodo SUPG.

A solugdo aproximada ¢h£:Sh é entdoc determinada de forma asa
tisfazer a condicgao:

crusgh, 30+ <xveh, vl - <f, i - <cq, > 4
2h [&ah+u-v¢h+divi—l<?¢h)—f] pde=0vghe h | (5)
e

Como ja foi mencionado na introdugao, e de acordo com os re-
sultados apresentados nas referéncias [13,16], este método guando
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aplicado a problemas predominantemente convectivos apresenta um de-
sempenho bastante superior ac do método de Galerkin. No entanto,co
mo sera mostrado em alguns exemplos a serem apresentados no final
desse trabalho, na presenga de termos transientes ou termos de fon-
te, e desde que o problema envolva a formagdo de camada limite, mes
mo com o uso desse metodo podem ser observadas oscilagdes de grande
intensidade, numa regido proxima 3 da formagao da camada limite.

Na préxima segdo desenvolveremos um novo método que elimina
substancialmente a ocorréncia dessas oscilacgdes.

0 METODO PROPOSTO
Suponhamos que de alguma forma uma solugdo aproximada ¢h, do
problema variacional

<h+u sV, B> + <KV, VE> = <£,4> = <<h,B>> =0  WHEV (6)
tenha sido obtida. O sequinte problema é entao proposto:
Problema (P2): determinar o campo vh, tal que:
1) Weggher(eh) =0 em 9, : FloM = &P+ atv(-kveM)-£ (7a)
ii) | v® - H: = fne (vh ~u)« (WD ~u)dn seja minimo. (7b)

Minimizar (7b) com a restrigdo (7a) & equivalente a determi-
nar o par (vh,ll que torna estacionario o funcional:

Iivh,)) "fﬂe [% (WD —u)« (vh —u) +?\{vh-\‘.'¢h+r~'(¢h]}]dn . (8)

Estamos assumindo que no sub-dominio QeC N as funcdes vh,v¢h eF(¢h)
s@o suficientemente regulares de forma que I[vh,A] tenha sentido.Da
condicao &I =0 obtemos:

: h
1i1) o multiplicador A = o ow e : |veh| = (vehewety 4 w0 (oa)

|vgh|?

¥ h
iv) o campo . veh +F(¢™) 7gh
lvoh|*

A solugdo anterior nos diz que para cada ¢

= {9b)

h o, valor minimo &
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alcangado para:

2
Houl? = £ _ 4 (10a)
[ I, %.‘fne TR

onde,
£ = u- vl +F (oD {10b)

& o residuc correspondente a solu¢do aproximada ¢h, em {ly. Emoutras
palavras: em cada sub-regido fl,, o campo de velocidades "real", da
solugdo aproximada ¢h, e gue se encontra mais proximo, (proximidade
no sentido da norma em L, (Rg)), do campo de velocidade real da solu
cdo exata ¢, € agquele que verifica (9b).

Como ligar esses resultados com a husca de uma melhor aproxi
magao do problema (P1}? Suponhamos, por exemplo, gque houvéssemos
adotado o métqdo de Galerkin. Neste caso, como j3 vimos, sh e yh
coincidem, e guando o problema & predominantemente convectivo, solu
¢bes aproximadas de carater oscilatdrio, e fisicamente ndo-realisti
cas, sac comumente observadas. Se refinamos a malha, eportanto, au
mentamos a dimensao do sub-espago Uh, obviamente o residuo diminui,
e |vh -u, também decresce. A questdc &, e se fixamos a discretiza
cao?

Neste caso, uma possivel sglugfo seria: uma vez determinada
uma certa aproximacao ¢E€:Sh, calcular o correspondente campo VQ:
com este determinar nova aproximacao ¢E+1€Zsh, e novo vﬁ+1, e assim
sucessivamente. Tal procedimento nos levaria ao seguinte esguema
iterativo:

<é§+1-pu -v¢£+1 , o <KV¢E+1 , S - <f, 3 - <ch,iPes =
5 [u~V¢ﬂ+Ft¢}k1]

2
oL Tupl

Desta maneira a solugao aproximada e o campo de velocidades

h ., ggh ah
Vdak v¢k+1] ¢ an . (11)

aproximado devem se auto-adaptar de forma a fornecer o menor erro
quadratico na solugao. O inconveniente deste esquema é gque o pro-
cesso & desacoplado, e portanto, deve-se esperar uma "reduzida esta
bilidade".

Um procedimento mais consistente pode ser obtido se exigirmos
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gue asolugdo aproximada verifique, simultaneamente,(6) e (7a-b). An-
tes porém algumas conclusOes devem ser ressaltadas:

a) gualquer que seja o0, a equagac (7a) é satisfeita com vl defini-
do em (9b}

b} a solucao vh =u existe & ocorre sempre que
5 hyq2
34 51 La-9h PN aq. 9 , |ugt =0 . (12)
e | veh|

Portanto: dentre todos os ¢h, aquele para o gual aexpressdo acima é
satisfeita, verifica, em cada sub-dominio g, a equacao de transpor
te. Seqgue-se dal que:

Problema (P3): A funcdo ¢h€ sP que satisfaz, simultaneamente, a ex-
pressao (3a-e) e a condigido

. hy 12 i ~
Ty LI oh pranao , vl "
]

é uma solucac aproximada do problema de difusdo-convecgao.

Realmente, se a expressdo acima deve ser satisfeita para to-
do Vah, em particular ela € valida para Vah EV¢h, e neste caso

%k [u-v¢h+F{¢h1]’ an=0 . (14)
[=] e

Note-se ainda que em (13) nenhuma mencdo & feita com relacdo as con
dig¢des de contorno do problema. Essas sdo verificadas pela satisfa
¢ao simultanea de (3a-e).

Antes de apresentarmos a expressdo final do método proposto,
um Qltimo aspecto deve ser ressaltado. As solugles ¢h, caracteriza
das no problema (P3) devem necessariamente satisfazer a condigao
v¢h 20 pois somente assim o problema (P2) tem sentido.

Isso nos remete a consideracgdo de duas situacSes distintas.
A primeira, caracterizada por fenOmenos puramente convectivos; a ou
tra, oposta a essa, constituida exclusivamente por fendmenos difusi
vos. Vejamos cada uma de per si:
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Problema (P4): Transporte puramente convectivo.
A aproximacao ¢h, da solucac do problema puramente convectivo
u+*V¢ =0 em i , (15)

pode ser obtida da minimizacao do funcional

1) = % w7t u - VP> (16)

o que variaciocnalmente eguivale a ekiqéncia da satisfacdo de
v, 0.9 -0 wehevh (17

Do ponto de vista da determinagdo de aproximacgdes numéricas, a mini
mizagdo da forma gquadratica (16) & mais conveniente do que a aproxi
macgac de Galerkin:

vt , ¢ =0 yghevh (18)
empregada na formulacdc classica (ver eq.(3a)).

Observemos que a expressao (17) acrescenta uma informacao adi
cional no calculo da solucac aproximada, que €, justamente buscar
fluxos transportados por convecgao segundo as linhas de corrente.

Realmente, se ué€ U & um campo vetorial, @ possivel associar,

ao mesmo, o campo tensorial

T R , (19a)
tal que
™= uRwv=u'viu;¥vel (19b)

#

Portanto, se a expressdo (17) e escrita como:

< -v¢h , u -v$h> = <(u -V¢h}u R v@h> ' (20)
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e identificamos v zV¢", vemos que o minimo esta sendo buscadodentre
todos os fluxos na diregao do escoamento u.

.

Problema (P5): Transporte puramente difusivo

Neste caso a aproximagdo construida no problema (P3) nado tem
sentido, ja que agora a solugdo buscada deve satisfazer:

Fl¢) =0 em 0 . (21)

E bem sabido que nesta situacdo a aproximagao de Galerkin,
obtida da condicdo

F@h) , -0 wihewh (22)

& otima. Ainda assim podemos tentar uma formulagdo semelhante aque
la proposta no problema (P4), identificando o campo ¢, que satisfaz
a4 equacgdo de difusdo (21), pela exigéncia de que

<F(p) ,u7> =0 VIV . (23)

Nao & dificil de ver gue a equacac de Euler-Lagrange associa
da a (23) é:

div(F{$)u) = 0 em @ . (24)

Portanto, ainda que F(¢) =0 seja uma solucaoc de (24), qualquer cam-
po ¢, tal que

VF »u = —(div u)F , (25)
verifica também essa equagdo.

Em resumo, a forma (23) ndo é adequada para caracterizar aso
lugdo de um problema exclusivamente difusivo. Ora, em que medida en
tdo justifica-se a apresentac¢dc desses dois ultimos problemas? Jus-
tifica-se juntamente se o problema a ser abordado envolve termos con
vectivos e difusivos.
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Consideremos entdc a seguinte expressao

Sh [ooot @] e o viha-o , vl ; (26)
e e
em que v® & uma funcao de 2gx[1,#) em IR, e que satisfaz as seguin-
tes condigoes:
1) 0s Wi, <1 ; ¥x €0 , ¥AE[1,2 (27
1i) Vix,A) =0 em lu contorno de @, , ¥ A (28)
1i1)  m | e = 1] g =00 (29)
dson 04te

e

A determinacgdc de v sera dada no Apéndice B.

*
Assim sendo, a igualdade (26) mais as restricoes (27) a (29)
implicam em que

) 5 div}[u'v°h+F(¢h,]\r’e u%&hdﬂ=0 , vheh | (30)
e e

Portanto, para "i" suficientemente grande, se exigirmos que
a expressao (26) seja satisfeita simultaneamente com a forma(3a-e),
estamos melhorando a aproximacdo, visto gue, neste caso, tamhéulorg
siduo local da equacdo de transporte, convectado pelo escoamento u,
esta sendo ortogonalizado em relacdo as mesmas fungbes base 3h, o
que deve contribuir para reduzir substancialmente as oscilag¢des,ndo
-fisicas, gue eram obtidas guando se utilizava exclusivamente a for
ma (3a-e) em problemas predominantemente convectivos.
Concluindo-se: se a expressao (3a-e) acrescentam-se termos da forma
(13) e (26}, tem-se uma melhor representacac do campo aproxlmado@h.

Finalmente, das discussdes anteriores, tem-se gue a solugao
aproximada she sh deve satisfazer, para cada tempo t€ [0,T), a ex-
pressao:

=]
"

P auengh, 3 o aw® , % - <£, —<cq,i>> o+ T [ uea[éh susugh +
e e

+

h_oth

h 2 U0 h h

div(-Kv¢") - £ dan + ald" +us7e" +
] |weh|? zgjia [

div(-mah;-f]u-vshcm , wvie | (31)

+
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Se analisarmos a equacdo (31) verificamos que a solugdo apro
ximada ¢h sh & determinada usando-se o método de Petrov-Galerkin,

com fungdes peso da forma:

“tu e v + (¢ gl

| b

Para "A" suficientemente grande, e se adotarmos na definigao

. (32)

e ah N }1u + B

das funcdes livres o e B a mesma metodologia apresentada em [16] (ver
Apéndice A) vemos gue o método agui proposto coincide com o método
"SUPG +operador de captura", desde gue:

*h _

i) ¢ =0 {auséncia de termos transientes)
ii) f =0 (auséncia de termos de fonte)
iii)  aiv(-kv¢) = 0 (interpolacdo linear)

Quando isso ndo ocorre o método agqui desenvolvido apresenta
uma performance superior ao SUPG e ao SPUG +operador de captura, co-
mo demonstram os exemplos numéricos que serdo apresentados a seguir.

RESULTADOS NUMERICOS )

Nos trés exemplos teste gue serdo apresentados nesta segdo,
os resultados numéricos obtidos com o método aqui proposto serdoc com
parados com a solugao exata desses problemas e com os resultados ob-
tidos guando sdo utilizados os métodos SUPG e o SUPG +operador decap
tura.

Em todos os problemas estaremos interessados na determinagao
de solugdes estacionarias em um dominio bi-dimensional, em cujo con-
torno & conhecido o valor da funcaoc (ver Figura 1). Admitiremos gue
o meio é homogéneo e isotropico (coeficiente de difusividade k=107%),
e gue o escoamento é unidimensional e constante.

No calculo das solugbes numéricas foram empregadas malhas uni
formes, (10x10) ou (20x20), constituidas por elementos bi-lineares
com integracdc numérica de Gauss (2x2). Dado o carater iterative do
procedimento desenvolvido na seca@o anterior, bem como do procedimen-
to apresentado em [16) (ver segdo “Método SUPG+Operador de Capturd),
adotou-se em ambos os casos, o limite max|¢i - ¢i_1| < 1077 (i =no;

k =ordem de iteragao) comc critério de convergéncia.
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y -
| b
(10x10)
1 ® -
oy f Ql,
(20% 20)
x
Pro
u (direglo de escoamaento)
J
i -

Figura 1. Definicao do problema

19 Exemplo: Neste problema o termo de fonte. & nulo (f =0), e o es-
coamento se processa obliguamente em relacdo aos eixos globais x-y,
com uma velocidade de fluxo cujas componentes emrelacgdo aesses eixos

valem ug =-1e uy =2, Para as condicoes de contorno assumiu-se que:

- 0; se 0 sx«<0.7
%0 =

1; se 0.7 sx5s
- 173 se 0csys0.9
¢1y =

10{1-y) ; se 0.9 <y <1
P = ¢oy =0 .

Nas Figuras 3 e 4 estdoc mostrados, em elevagao, os resultados
obtidos empregando-se uma malha de (10x10), correspondendo a um Peclet
de malha P: =2.2x107 (ver Apéndice A). Na Figura 2 apresenta-se a
solugdo exata, calculada nos mesmos pontos nodais.

Apesar do Peclet resultante ser extremamente elevado, os re-
sultados mostrados na Figura 3 concordam razoavelmente bem com a so
lucdo exata do problema. S&o observadas pequenas oscilagfes na vi-



Rev.BrMec. Rio de Janeiro, V. VIII, n? 4 — 1986 327

zinhanga da camada limite interna, e um certo "arredondamento" na
formagao dessa camada limite, indicando umasolugao mais difusivaque
a real. Quando comparados com o0s resultados plotados na Figura 4,
(SUPG), facilmente observa-se o éfeitc favoravel dos termos ndo-li-
neares, {associados a determinagdo da direcdo vh}, naredugdo das os
cilagbes. Essa mesma conclusao ja havia sido previamente observada
em [16]. Note que, para esse problema especifico, © método desen-
volvido na secac anterior fica idéntico ao SUPG + operador de captura.

Para caracterizar o efeito do refinamento da discretizacgao,
na Figura 6 mostra-se a solugio obtidé_com uma malha de (20x20). O©
ganho de precisao e evidente; e a proximidade com a solugio exata
(Figura 5) & bastante acentuada, muitoiembcra o Peclet demalha (P:=
= 1.1x107) seja da mesma ordem de grandeza daguele anteriormente re
portado. Com relagaoc a solugdo via SUPG (Figura 7), mesmo com o re
finamento da malha, os resultados sdo, ainda assim, piores que aque

les mostrados na Figura 3.

Figura 2. Solugdo exata
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Figura 7. Solucdo pelo métode SUPG (malha 20x20)

29 Exemplo: Neste problema o termo de fonte & constante em todo o
dominio, e vale £ =1. O escoamento se processa nadiregdo x (ver Fi
gura 1) com uma velocidade u, =1. As condigbes de contorno sac ho-
mogéneas, isto e,

A solugao exata desse problema (um plano inclinado a 459) esta mos-
trada na Figura 8.

Na Figura 9 tem-se, parauma malhade (10x10) (Peclet =1.0%x107),
a solugdao numeérica gerada pelo modelo desenvolvido neste trabalho.
E marcante a capacidade do mesmo na resolugao das camadas limites
externas. Oscilagdes sao praticamente inexistentes. Situacao dis-
tinta ocorre se observamos as Figuras 10 e 11. Vé-se que, para es-
se problema o operador de captura (Figura 10) nao consegue redu-
zir as oscilagbes previstas na solugdc calculada via SUPG (Figura

11), chegando mesmc a apresentar maiores picos nas camadas limites
laterais.
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_—F'V-—!
_..--"”’
———"""F'_
A LA
—1
7

[

Figura B. Solucdo exata

Figura 9. Solucgdo pelo método atual (malha 10x10)
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£ J=

Figura 10. solugdo pelo método SUPG +operador de captura

(malha 10x10)

Figura 17. Solucao pelo método SUPG (malha 10=10)
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125

Figura

777
L7~

método atual (malha 10%10)

13. Solugac pelo

Figura
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As solugdes calculadas pelos trés métodos, usando-se uma malha de
{10x10), estdc apresentadas nas Figuras 13 a 15. De nove o método
proposto apresenta uma performance superior aos outros dois. E mais
uma vez, as oscilagdes do método SUPG sdo de menor intensidade gque
agquelas verificadas, introduzindo-se, nas fungdes peso, o termo as-
sociado ao operador de captura.

Figura 14. Solugdo pelo método SUPG +operador de captura
{malha 10x10)

Figura 15. Solucac pelo método SUPG (malha 10x10)
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CONCLUSOES

Neste trabalho apresentamos uma formulagao consistente do mé
tode dos elementos finitos, para resolucdc de problemas difusivo-con
vectivos. A partir dessa formulacgdo foi proposto um novo método que
mostrou-se bastante eficaz na obtencgdo de solugbes numéricas desses
problemas, mesmo nas situagfes em que o transporte se dd quase que
exclusivamente por convecgao.

A facil generalizacdo desse método, permitindo a utilizagio
de diferentes tipos de elementos finitos, evidencia a sua potencia-
liadade. No entanto, a sua aplicagdo exige a resolucgdo de um siste
ma de equagdes nao-lineares, mesmo que o problema seja linear.

Os resultados numéricos apresentados demonstraram a capacida
de desse método na resolugdo de camadas limites internas e/ou exter
nas, e a4 sua superioridade em relagac aos metodos SUPG e SUPG +ope-
rador de captura.

Generalizagdo do novo método a sistema de equagbes estd eman
damento. . Além disso, desenvolvimentos estdo sendo feitos nosentido
da determinacao das fung¢des de ponderagaoc, a e B, Otimas.

REFERENCIAS

[ 1] Leonard, B.P., A survey of finite differences of opinion on nu
merical muddling of the incomprehensible defective confusion
equation. Finite Element Methods for Convection Dominated
Flows, AMD vol.34, ed.T.J. Hughes (ASME, New York, 1979).

{ 2] Brooks, A.N. and Hughes, T.J., Streamline upwind Petrov-Galer-
kin formulations for convection dominated flows with parti-
cular emphasis on the incompressible Navier-Stokes equations.
Comput. Meths. Appl. Mech. Engrg., 32 :'199-259 (1982).

[ 3] Spalding, D.B., A novel finite difference formulation for dif-
ferential expressions involving both first and second deriva
tives. 1Int. J. Numer. Meths, Engrg., 4 :551-559 (1972}).

[ 4] Leonard, B.P., A stable and accurate convective modelling pro-

cedure based on guadratic upstream interpolation. Comput.
Meths. Appl. Mech. Engrg., 19 :59-98 (1979).

[5] Strang, G. and Fix, G.J., An analysis of the finite element
method. Prentice-Hall (1973).

[ 6) Zienkiewicz, 0.C.; Gallagher, R.H. and Hood, P., Newtonian and
non-Newtonian viscous incompressible flow. 2nd Conf. Mathe-




[7]

[ 8]

[ 9]

(10]

(11]

[12]

(13]

(14]

[15]

[16)

Rev.BrMec. Rio de Janeiro, V. VIIl, n94 — 198€

matics of finite elements and applications, ed. J.R.Whiteman
(Academic Press, New York, 1975).

Christie, I.; Griffiths, D.F. and Mitchell, A.R., Finite ele-
ment methods for second order differential equations with
significant first derivatives. 1Int. J. Numer. Meths. Engrg.,
10 : 1389-1396 ({1976).

Heinrich, J.C.; Huyakorn, P.S.; Zienkiewicz, 0.C. andMitchell,
A.R., An upwind finite element scheme for two-dimensiocnal

convective transport equation. Int. J. Numer. Meths. Engrg.,
11 :134-143 (1977).

Heinrich, J.C. and 2ienkiewicz, 0.C., Quadratic finite element

schemes for two-dimensional convective - transport problems.
Int. J. Numer. Meths. Engrg., 11 : 1831-1844 (1977).

Hughes, T.J., A simple scheme for developing "upwind" finite
elements. 1Int. J. Numer. Meths. Engrg., 12 : 1359-1365 (1978).

Hughes, T.J.; Liu, W.K. and Brooks, A., Finite element analysis
of incompressible viscous flows by the penalty function for-
mulation. I. Comput. Phys., 30 : 1-60 (1979).

Kelly, D.W.; Nakazawa, S.; Zienkiewicz, 0.C. and Heinrich, J.C.,
A note on upwinding and anisotropic balancing dissipation in
finite element approximations to convective diffusion prob-
lems. Int. J. Numer. Meths. Engrg., 15 :1705-1711 (1980).

Hughes, T.J. and Brooks, A., A theoretical framework for Petrov
~Galerkin methods with discontinuous weighting functions:
Application to the streamline upwind procedure. Finite Ele-
ment in Fluids, vol.IV, eds. R.H. Gallagher et al. (Wiley
London, 1982).

Johnson, C.; Navert, U. and Pitkdranta, J., Finite element
methods for linear hyperbolic problems. Comput. Methds.Appl.
Mech. Engrg., 45 :285-312 (1984).

Mizukami, A. and Hughes, T.J., A Petrov-Galerkin finite element
method for convection-dominated flows: An accurate upwind

technique for satisfying the maximum principle. Comput.Meths.
Appl. Mech. Engrg., 50 : 181-193 (1985).

Hughes, T.J.; Mallet, M. and Mizukami, A., A new finite element
formulation for computational fluid dynamics: II Beyond SUPG.
Comput. Meths. Appl. Mech. Engrg., 341-355 (1986).




Rev.BrMec. Rio de Janeiro, V. Vill, n94 — 1986 337

APENDICE A
h
Seja ﬁe dado por:
Lo4h h
A: S CLATa) AT DA (A1)
|veh|
Desta forma, o campo vl em Qe é dado por:
VP eu Al (A.2)
Compatibilizando vh e u, escolheremos ”2 da seguinte forma:
h i “2
0 = By e Yy (A.3)
|l 5

Seja.xe =x%(e) o mapeamento geométrico do dominic gerador para Qe.
0 mapeamento inverso é escrito como e® =¢(x).

Sejam os vetores a e b®; dados por:

a® = (ve®)u (A.4)
b® = {VEEIA: (A.5)
Fazendo uso da metodologia utilizada em (7] e [16], definimos h: e
hi de modo gue:
hy = 2|u| /7 |a®| (A.6)
A h e
hg = 2|2 7 |b%] (A.7)
0 numero de Peclet de malha & definido como:
1 hY {u[
u e
S el b A.8
Po 3 . ( )
A h
A 1 he I&e|
Pl e — == A.9
S > s ( )
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Sejam Su(P:l e Gﬁ{Pgi dados por:

s %) = max {0, c; - {A.10)
e cp?
1Me
c
s%(p4) = max |0, c, - —2 (A.11)
P,

onde as constantes ¢, e c,, dependem do tipo de elemento utilizado.

Por exemplo, para elementos lineares em uma dimensdo, bilineares em
duas dimensées, e trilineares em trés dimensdes os valores c, e cC,

sdo:
¢, =1 (A.12)
oy = 1 (A.13)

Com essas definigles 1, e 1, sao expressos pelas relagodes:

u u u
nY s%(pY)
1, = 2= (A.14)

2

0, se 1, =0
= A A B
. he 67 (P)

e
2

(A.15)

Fazendo uso de (A.1) a {(A.3) obtemos:

sual h
WE o Jam [ T; _ ] [u vé Zf‘f )]9¢h (A.16)
[u] léel [u] |ve™]

Seja agoravoz a funcao peso dada por:

$h ¥ {mg °?5h} H se —lé— 2 i
aa Tl —
- ] 1 ~h 2 T
¢+ v [—— u V") ; se L e
“ lul BIR

Assim, por compara¢do com a equagdo 32 da segao "Método Proposto,’
as funcées o, B, sado determinadas e valem:
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ad = —T'l— ‘A.1B}
lul
B = max (0, —lﬁ— "3 (A.19)
l6gl  lul
APENDICE B

A fungao "sino", v€i(x,A), pode ser definida para os elementos tradi
cionais, em termos das coordenadas locais, da seguinte forma:

I. UNI-DIMENSIONAL
Ve (x,X) = (=1 /(X(1=-£2)))
-1 £ e 51 ; X = x(g) {B.1)

II. BI-DIMENSIONAL
Elemento Triangular

VE(X,A) = exp(=1/ (A(27.L,.L,.L,))) (B.2)
*x = x{l,,L,,L;), onde [

1+» L, e L, sdo ascoordenadas de area.

Quadrilatero

v (x,0) = exp(=1 /A(1-e?) (1=n%}))

-1 sns
1 x = x{e,n) {B.3)
-1 5€es1
III. TRI-DIMENSIONAL
Te traedro
Ve (x, 1) = expl(-1/A(256.L1,.L,.L,.L,))) (B.4)

x = x{l,,Ls,L3,L,), ONde L,, L,, L,, L, sdo as coordenadas
de volume.
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Paralelepipedo

vE(x,0) = exp(=1 /% + (1=e2}= (1=82) + (1=n2)))

-15&s1
1
i

A
3
[

1 : x = x(e,n,8) (B.5)

T4t
[ 138
-

Das eguagdes (b.1) a (B.5), vé-se que a fungdo "sino" V& (x,1) satis
faz as condigdes (27) a (29) da secdo Método Proposto.

Na pratica trabalhamos com A suficientemente grande, o que emtermos
numéricos é eguivalente a assumir uelx,A) = 1.
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