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editorial 

A Revisto Brasileiro de Ciências Mecânicos - R8:M completou, com o pr~ 

sente número, dez anos de existência . Durante este período a RBCM 
publicou 156 trabal.hos em diversas áreas de engenharia, flsica e 
matemática apl icada . Um lndioe geral destes trabalhos é apresen­
tado nas páginas subsequentes. 

A criação e manutenção de uma Revista cujo objetivo seja publicar 
trabalhos de interesse permanente é uma tarefa árdua. Tal afirm~ 
cão é particularmente verdadeira tanto no que concerne ao processo 
de editoração como à revisão e submissão de traba'll'los por parte da 
comunidade cientifica que suporta a Revista. Neste contexto a RBCM 
representa os esforços de pesquisadores brasileiros que atuam em 
Ciências Mecânicas e que reconhecem a importância de haver um ve! 
culo de divulgação nacional nesta área . Graças a este esforço é 
que a RBCM existe, e se oonsti tu i hoje parte da memó:z:.ia técnico­
-cientifica brasileira. 

Embora existam atualmente no mundo em torno de 35000 periódicos 
científicos cujo objetivo é disseminar e arquivar os avanços do 
conhecimento, a participação brasileira neste processo tem sido 
irrisória. O Brasil além de gerar pouco conhecimento cientifico 
devido à pequena parcela de sua sociedade que trabalha em pesqui­
sa, não conseguiu que um grande número de seus pesquisadores se 
convencesse da importância de ter seus trabalhos registrados em a!_ 
tigos de interesse permanente. Poucos são os pesquisadores bras! 
leiros que têm como hábito publicar si-tematicamente em revistas o 
resultado de suas pesquisas. Este fato é facilmente confirmado ao 
se verificar que a RBCM é um dos únicos (se não o único) periódi­
cos brasileiros na. sua área, e que muitos pesquisadores atuantes 
em Ciências Mecânicas além de não fazerem uso da RBCM não têm seus 
nomes encontrados nas revistas estrangeiras correspondentes. 

A publicação de um artigo em uma revist~ cientifica é uma ativid~ 
de enriquecedora para os editores, revisores, para a comunidade 
que lê a revista, e , principalmente , para os autores. Um dos obj~ 
tivos da RBCM para o futuro próximo é educar o pesquisador brasi­
leiro neste sentido. A RBCM precisa ser utilizqda e divulgada. 
Aqueles que se iniciam na atividade técnico-cientifica se tiverem 
sido educados a utilizar a RBCM , sem dúvida sentirão a necessidade 
de nela participar como autores. e um forte desejo dos presentes 
editores que o editorial dos vinte anos de existência da RBCM re­
flita este espírito. 

Árvaro Toubes Prato 
OdJ.tor Assoclado 
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UNSTEADY FORCED AND FREE CONVECTIVE 
FLOW PAST AN INFINITE VERTICAL POROUS 
PLATE WITH VARIABLE SUCTION AND 
OSCILLATORY WALL TEMPERATURE 

V .M. Soundalgekar 
Brindavan Society 
Thane - lndia 

S.R. Sbende 
Walchand Institute of Technology 
Department of Mathematics 
Solapur - lndia 

ABSTRACT 

An analys!s of the unsteady flow of an LncompressLble, v!scous fluLd past an 

LnfLntte verttcal plate 1\as been carr!ed out uru1er the followjng condtt!ons: 

1) vartable suct!on at the p!ate, 2) wall temperature osclllat!ng about a 

non-zero constant mean, 3) constant free-stream. Apprf?xlmate solut!ons to the 

coupled non-lLnear equattons have been der!ved for the trans!ent veloctty and 

the transLent temperature, the ampt!tude and phase o{ the s.kLn-[rictLon and· 

the rate of heat trans{er. The transtent velocLty and temperature are shown on 

graph whereas the numer!cal v alues of the amptt.tude ot the s.kLn-Jrtctton I B I 
and the amp!ttude of the rate o[ ~at transfer 101. the phase o/ the 

sktn-{rict!on tan « and the phase of the rate O{ heat transfer tan fl are 

entered Ln the TabLe. The effects of A (variable sucUon parameter), "' 

(frequency), G (Gra.shof nwnber) and E (Ecltert number) are discussed. 

NOWENCLATUR.E 

I B I amplitude of skln/frictlon 

c" speclflc heat at constant pressure 

E Ecltert number 

g acceleration due to gravlty 

G Grashof number 

SubO'Ittldo •m abrll/88 Acelt.o •m dozembro/88 
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k 

M,M 
r I 

p 

q' 

T' 

T' 
w 

T' .. 
T,T 

r I 

u',v' 

u 

u 
o 

thermal conductivity 

fluctuating parts of the velocity profile 

Prandtl number 

rate of heat transfer 

amplitude of tbe rate of beat "transfer 

dimensional time 

dimerisionless time 

temperature of fluid 

temperature of tbe plate 

temperature of the fluid in the free-st.Peam 

fluctuating parts or the temperature proflle 

veloclty components ln x and y directlons 

dimensionless veloclty in the x-direction 

free-stream veloclty 

u 
0 

mean veloclty 

u
1 

fluctuatlng part of the veloclty 

v 
0 

suctlon velocity 

v',y' co-ordinate system 

y dimensionless co-ordinate normal to the wall 

~· frequency 

c.~ dimenslonless frequency 

T skln-f rlctlon 

e dimensionless ~em~ture 

e 
0 

mean temperature 

c( e 
1

) amplitude of temperature fluctuation 

a. phase angle of the skln-frictlon 

/3
1 

pbase angle of the rate of heat transfer 

I;' density of the fluld 

I;~ density of the fluid in the free-stream 

v kinematic vlscosity 

viscosity 

INTRODUCTION 

• 

Oscillatory flows were studied by Moore 111, Lighthill [2), Un [3). ln Ref. 

[2), small amplitude phenomenon was studied and ln Ref. [3], finlte-amplitude 

phenomenon was studied. The theoretical predictlons were 'confl.rmed 

experimentally by Hill and Stenning (4). L(ghthill solved the pr.obiem by 
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Lntegral-method whereas Nlckerson [51 solved lt by numerlcal method. ln the 

presence of constant suction at the horizontal plate, the effects of 

free-stream oscillatlons were studied by Stuart (61 and he observed that 

reverse-:tYI>e of flow exlsts near th.e plate at high frequency. Messiha 171 

studled Stuart's problem on taking lnto account variable suctlon at the 

horizontal plate. The effects of free-stream osclllatlons and the 

free-convectlon currents on the flow ln the upward directlon past an lnflnite 

vertical porous plate were studied by Soundalgekar 18,91 ln case of constant 

suctlon and ln the presence of variable suctlon by Soundalgekar [IOJ. ln Refs. 

17-101, the plate temperature was assumed to be isothermal. 

Another physlcal situation whlch Is often encountered ln Industrial 

appllcatlons Is that the plate temperature Is often found to be osclllating 

about a constant non-zero mean. Hence lt Is lnterestlng to study these effects 

of osclllating plate temperature on the upward motion of a viscous fluid, past 

an lnfinite vertical porous pia te, in the presence of an unlform • free-stream. 

This was studied ln the presence of coostant suction by Soundalget:ar [11] and 

it Is now proposed to study the effects of variable ~ct!on at the vertical 

inflnite porous plate ln the presence of an uoiform free-stream and 

oscillating plate temperature. ln Section 2, the mathematlcal analysis is 

presented followed by discussion and in Sectlon 3, the conclusions bave been 

set out. 

These results may be · found applicable ln alr-conditioning, solar-energy 

appllcations, etc. 

MA THEMA TI CAL ANAL YSIS 

Here the x'-axis Is chosen along an inflnlte vertical porous plate in the 

vertlcally upward direction and the y' - axis is chosen normal t o the plate. The 

unsteady flow of a viscous iJ;!compressible fluid past an infinite vertical 

porous plate in the upward dlrection Is assumed. The mean plate temperature Is 

assumed to be T:. Then the physical varlables are functions of t' and y' only 

and are independent of x' . Then the problem is now governed by lhe following 

equations uoder usual Boussinesq's approximation. 

Contlnulty: 

8v' 

8y' = o (1) 
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Momentum: 

8u' au· au· 
- + v' -- ., -- + 

8 2u' 
&fi(T'-T' l + v--

ôt. ôy' 

Energy: 

(

õf' 
t;'c --+v' 

p llt .• 

at · .,. ay· z 

8T') a2T' (au·) 2 

-- =k--·~-

ay• 8y' 2 8y ' 

Ali the physlcal quantitíes have been deflned ln nomenclature. 

The boundary conditions are: 

u' = O , T' = T' + c(T' - T' )e1W't' 

u' = u· = u 
o 

w w .. 

T' = T ' .. 
at y' =O 

as y' 4"" 

for variable suctlon, equation ( I I i.ntegrates to (Messiha (611 

[ 
IW't'] v' "" -v 

0 
l+«J A e 

(2) 

(3) 

(4) 

(5) 

where A and C are small such that cA<t. A is called variable suction 
I 

parameter. Tbe negative sign io (S) indicates that the suction Is directed 

towards the plate. lntroducing the following non-dimensional quantíties 

y = y'v /v 
o . t "' t'v2/4v . w = 4l)(ol'/v2 

o o 

T' - T' .. 
u "" u'/U u U'IU e ----

o o T'-T' 
w "' l6l 

p =J.IC/k 
p 

G vgli(T ~-T~I/U 
0 

v 
0 

E = U
2
/c (T' -T') 

o p "' co 

in cquatíons (2)- (4) and talclng ihlo account equation (5), we get 

I 8i 
(t+c A e'wt) :: = c e + 

a2
u 

4 8t ôy?. 
(7) 

P ae a e 8
2
9 

+ PE r:~) 
2 

4 at - P(l+c A e1wt) ---
ôy a/· 

(8) 
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and the boundary condltlons are 

u = o at y ~O 
(9) 

u = e • o as y-+ O 

We observe from equatlons (7) and (8) that the problem is now govemed by 

coupled non-linear equatlons. The exact solution to this system of equations 

Is not possible. So we now derive an approximate solutlon. Hence following 

Lighthill 121, we assume for the velocity and temperature, ln the 

neighbourbood of the plate, the followlng: 

u = u 
o 

e 

I~ 
+ c e u

1 

(lO) 

where c < L Substltutlng (lO) ln equatlons (7)-(8), equatlng the harmonic and 

the non-harmonic terms, neglecting the coefficients of c2
, we get 

u" + u' -c e 
o o o 

(ll) 

lw 
u" + u' -- u = Au' 2 - ce 

l o 4 I o l 
(12) 

e· • Pe' -PE u'z 
o o o 

(13) 

iwp 
9 " Pe' --e = -PA 9' - 2PE u' u' 

I I 4 I o o I 
(14) 

and the boundary condltions are 

u = o u • o 9 = 1 9 • I 
o I o I 

at u =O 

ClS) 
u = I u o. 9 o. 9 -o 

o I o I 
as y -+ "' 

Here and henceforth the primes denote dlfferentiation wlth respect to y. The 

system of equatlons (11)-(14) Is still coupled and non- llnear and hence 

c losed-form solutlons are not possible. So to get approximate solutions, we 

expand u 
0

, u
1
, e 

0
, 9

1 
ln powers of E, the Eckert number. for E is always smaU 

in case of an incompresslble flulds . Hence we assume 

u 
o 

9 
o 

u + Eu 
ol o2 

e + E 9 
ol o2 

u 
I 

e 
I 

u + Eu 
11 12 

(ló) 

e +E e 
11 12 
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Substitutlng (16) ln equations CllHlS), equatlng the coeffl clents of 

diff erent powers of E. neglectíng those of E.~. we get the following system of 

equatlons: 

u" + u' = -ce (J7) 
ol ol ol 

u" 
o~ 

+ u' 
o2 

= -ce 
o2 

(18) 

iw 
u" + u' - 4 u ""-A u' - ce (19) 

H 11 u OI ol 

lw 
u" 

12 
+ u' 

12 
--u 

4 12 
,. - A u' 

o2 
- Ge 

o2 
(20) 

e• + Pe' .. o (21) 
ol o l 

e" 
o2 

+ Pe' 
o2 

• -P u'2 
ol 

(22) 

lwp 
e· 

li 
+ Pe' 

11 
--- e 

4 11 
• - PA 9' 

ol 
1231 

lwp 
e" 

12 
+ Pe' 

12 
-- e 

4 12 
= -PA 9' - 2Pu' u' (24) 

o2 OI li 

arui the boundary condltions are 

u o u • o. u • o u .. o l ol o2 11 12 at y .. O 

e • I • e •, 0 e ,. I • e - o OI o2 11 12 

(25) 

u • I • u •0 , u -o. u .. o l ol o2 11 12 
at y ... "' 

e - o . e • 0, e • 0, e o 
OI o2 11 IZ 

Equatlons (17}-(24) are coupled and linear equations. These are solved subject . 
to boundary condlllons (25). To save space, the solullons are not shown here. 

The mean velocity and t he mean temperature are already shown in Soundalgekar 

(11) . Hence the expression ror the transient veloclty and the trans ient 

temperature can be wrl tten for wt • w/2 as 

u " u -cM 
o I 

(26) 

e • 9 - ce 
o I 

where 

.. + lN u 
' e + !9 .. 8 

r 1 I r I I 
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The expressions are evaluated for dlfferent values of A, w, G and E and the 

profiles are shown ln figures and 2 for veloclty and temperature 

respectively. We observe from thls figure that due to the presence or 

variable suction, the transient veloclty and temperature decrease and due to 

further increase in A, the velocity and temperature decreasc more. An lncrease 

in the frequency leads to a decrease ln the transient . velocity, whereas an 

incrcase in G or due to greater vlscous dlssipative heat, there Is an increase 

ln the translent veloclty and te.mperature. 

100 

e.o 

u 

6.0 

(0,0) Q5 

G E w 
5 .01 5 I 
5 .01 5 D 
5 .01 10 m 
5 .02 5 JJr 

10 .01 5 :lZ: 
.4 5 .01 5 E: 

1.0 1.5 2.0 2.5 

figure I. Translent velocity proflles 
(~:=0.2, wt"''ll/2, p=0.72J 

3.0 

Knowing tbe velocity field, we now calcula te tbe amplitude and tbe phase · of 

the sldn-frictlon. lt Is glven by (Ref. 1111) 

(27) 



(0,0) 

where 
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A G E "' o 5 .01 5 I 
.2 5 .()1 5 n 
.2 5 .01 10 rn 
.2 5 .02 5 rir 
.2 10 .01 5 y 

.4 5 .Ot 5 ':21 

JZ: 
ISl 

1 
II 
m 
:n 

0.5 1.5 

figure 2. Transient temperature proflles 
(e>=0.2, c.lt=l(/2, P=O. 72) 

du 

B = B + IB = -
1

1 and 
r I dy )"'O 

tan ex • 8/8 
I r 

The numerical values of I 8 I and tan ex are entered ln Table l. We observe from 

thls table that the amplitude of the skln-frictlon still decreases wlth 

lncreaslng the frequency w even ln the presence of varlable suctlon, A-o. But 

an lncrease ln the !ructlon parameter A ar the Gnt.shof number G or due to 

greater viscous disslpatlve heat, there is an increase ln the value of the 

ampUtude I 8 I· For AotO, the vaJues of tan ex being negative. we ,conclude t hat 

there Is always a phase-lag. 

From the temperature f'leld, we can now study the amplitude and the phase of 

the rate of beat transfer. lt is alven by 
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ôT' 
q' -k~l (28) 

Y y·~o 

Table L V alues of I B I and tan ex, lO I and tan 13
1 

A G E 18 1 tan ex lO I tan 13
1 

o 5 0.01 5 2.5260 -0.94108 1.2483 0.63667 

10 1.7722 -0.98718 1.6229 0.70725 

15 1.4400 -1.00130 1. 9142 0.74762 

.2 5 0.01 5 8.4393 -0.80514 1.2709 0 .56568 

10 6.3066 -0.83112 1.6366 0.66.321 

15 5.2743 -0.85102 I. 9244 0.71466 

.2 5 0.02 5 8.4749 -0.80317 1.2649 0.62671 

10 6.3441 -0.82835 1.6382 0.69523 

15 5.3091 -0.84851 1.9272 0.73592 

.2 10 0.01 5 16.9630 -0.80304 1.2625 0 .73848 

10 12. 7200 -0.82572 1.6440 0.75041 

15 10.6630 -0.84588 I. 9338 0.77174 

.4 5 0.01 5 14.3610 -0.78.302 1.2967 0.50119 

10 10.8480 -0.80780 1.6517 0.62160 

15 9.1140 -0.82822 1. 9354 0 .68305 

F'rom (6) and (28), -pe have 

(29) 

The mean rate of heat transfer has already been discussed in Soundalgekar 

(11]. The rate of heat transfer can be wrltten in terms of the amplitude and 

phase as 

de 

q = dy 
0

1 + & lO I cos (wt+tl
1

) 

y•O 

where 

de 
Q- Q + iQ = _., 

r I dy and 
yooO 

(30) 

299 
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The numerical values of I Q I and tan f! 
1 

are entered in Table l. We observe from 

this table that tbe amplltude 101 lncreases with increasing the frequency w 

for ali the values of the suction parameter A. An increase ln A or due to 

greater vlscous disslpatlve beat, there Is an increase in the value of the 

amplitude I O I· Tbe values of tan t1
1 

belng observed to be positive, we conclude 

that there is always a phase-lead ln case of the rate of heat transfer. 

CONCLUSIONS 

I) An increase ln A 1eads to a decrease ln lhe translent veloclty and 

temperature, but it decreases wltb increasing G or due to greater viscous 

dissipatlve beat. 

2) The amplitude of the skin-frlctlon IBI lncreases with increasing the 

suction parameter A or the Grashof number G or due to greater viscous 

dlssipative heat but decreases wilh increasing lhe frequency "' · 

3) There is atways a phase-lag in case of the slcin-friction. 

4) The -amplitude of the rate of beat transfer I Q I increases with increasing 

the suction parameter A or lhe frequency w or due to greater viscous 

dlssipatlve heat or due to lncreaslng G. 

5} There is always a phase-lead i.n case of lhe rate of heat transfer. 
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INVERSE HEAT CONDUCTION PROBLEMS 

M. Necati Õzislk 
Department of Macbanical and Aerospace Engineering 
Nortb Carolina State University, Raleigh, NC 27695-7910 

ABSTRACT 

A whole domain functíon specification approach and a splitting-up procedure are utilized 

to develop a computatlona.lly efficient method for solving linear lnverse heat conduction 

problems subjected to time variation of tempera.ture, heat Oux or ambient temperature a.t 

only one of the boundary surfaccs of the region. The use·of segmented polynomials in t he 

time variable to represent the applied surface condition is found sufficíently versatile to 

accommodate a wide variety of surface conditions involving smooth variations as well as an 

abrupt change in the surface temperature, heat Hux or ambient temperature. A method­

ology is presented to estimate qualitatively the stochastic e.rror in the predicted surface 

condltion be(ore measurements are taken. The confidence bounds provide information not 

only on the precision of the estimated temperatures in the inverse analysis, but also on 

whether any co.rrect ive action is needed to improve the precision of predictions. 

NOMENCLATURE 

Bi Biot number 

F(t) boundary condition function 

n total number of measured interior temperatures 

rl1 number of mea.surcd temperaturas on or before the abrupt change time, r 

n2 number of measured temperatures after the abrupt change time, r 

r radial space variable 

Pal eat ra convidada , apresentada pel o Prof. Ozisik no 29 Encontro Nac lonal de Cienclaa Térmicas -
• ENCIT 88 , ea Águaa de LindÓia, SP, Dezembr o 1988. 
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t,t, time; time a.t the mea.sured ith temperature 

the duration of measurements 

T(r,t) temperatura 

T1 measured ith temperature 

Greek Letters 

81J, 82J coefficients defined by Eq. (2) 

t; measurement errors 

a~ variance of the surface condition, F(t) 

Uf variance of t.he measured interior temperatures, T; 

r time at which an abrupt change occurs in the surface c<>ndition, F(t) 

Subscripts 

1 

2 

time interval on or before the abrupt change time, r 

time interval afier the abrupt change time, r 

contribution from the initial temperature 

j contribution from the jth term representing the surface condition 

Superacrlpta 

• estimated parameter 

INTRODUCTION AND LITERATURE SURVEY 

Direct heã.t conduction problema are roncerned with determining the interior tempera­

ture distribution of a t)()(id from a known partia! differential equation, thermophyslcal 

properties, internal energy aource, initial temperature and boundary conditions. Con­

versely, inverae heat conduction problems (ffiCP) involve determining unknown t.hermal 

propert.ies, interna.lsource, initial temperatu.re and/or boundary ronditions from a known 

partia! differential equation and the _remaining known initial, boundary, etc. conditions 

plus some incomplete information about the interior temperat ure hiatory and/or over­

specified boundary conditions. The many types of inverse heat ronduction problems ali 

share the characteristic of being mathematically ill-p06ed ln that the inverse solution la 

sensitive to small changes in the input data in its initial formulation. Ex&mples of inverse 
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heat conduction problema include the estimation of surface temperature, heat fiux or heat 

transfer coeffieient at one of the boundaries of a region from discrete interior temperatura 

measurements and known boundary conditions at the other boundaries; determination of 

thermal conductivity and díffusivity from temperature measurements taken in the interior 

region and at the boundaries; estimation of the solid-liquid interface position in a melting 

or freezing substance from temperature data taken in the solid region. 

Practical applications of inverse heat conduction analysis are numerous. Fre­

quently the direct measurement of surface temperature is not possible so that the surface 

conditions must be inferred from the interior temperatura distribution. For instance, mea­

surement of surface temperature inside a gun barrel or of an internal comhustion engine 

cylinder sidewall can not be done by direct thermocouple measurement without damaging 

the thermocouple. Harsh chemicals or very hlgh temperatures at a boundary may also 

dam.age a surface mounted temperatura sensor. ln other situations, the presence of a ther­

mocouple changes the actual boundary conditions. The heat transfer between contacting 

surfaces is strongly dependent on the small scale surface roughness and geometry; the 

presence of a thermocouple on the surface alters the surface properties being measured. 

H the surface Is subjected to therma.l radiation, presence of the temperature sensor may 

disturb the surface radiative properties such as emissivity and reflectivity. ln many a.ppli­

ca.tions the boundary of lnterest is moving due to ablation or phase change making direct 

surface mea.surernents impractica.l. These examples ali concern the lliCP problem of de­

termining an unknown surface condition (temperatura, heat tlux, heat transfer coefficient) 

from mea.surements taken below the surface. Measurement of constant or temperature de­

pendent thermal properties also involves the solution of an IHCP. ln casting and weldíng 

processes, a specific solid-liquid interface position with time is frequently desired. The 

manner in which caat metais solidify affects the strength of the casting. The sha.pe of 

the weld poo1 affecte the weld strength. Hence, the ca.pabllity of determining the required 

externa! boundary conditions a.nd initial temperature distribution needed to produce a 

particular solid-liquid interface in the interior region through the solution of an inverse 

problem is very useful. 
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The familiar dired heat conduction problema are mathematically well-posed in 

the Hadamard sense [1, pp. 7- 9]; that is, a solutlon existe, the solution is unique a.nd the 

solution is stable. Stability is taken to mean small va.riations ln the known input informa­

t ion produce small va.riations in the problem solution. Convereely, inverse heat conduction 

problema are ill-posed ln their initlal fonnulation. An ill-posed problem does not yield 

a solution satlafying ali the above conditions in its prese.nt fonnulation. Gradually, re­

sea.rchers realized that many real physical problems are truly improperly posed. Recently, 

Tikhonov and Arsenin [1], Payne [2] and Morozov [3] have presented deta.iled mathemat­

ical analysis of improper\y posed problems and fonnalized our understanding of inverse 

problema in general. Beck, Blaclcwell and St. Clair, Jr. discuss the solution of inverse heat 

conduction problema ln particular [4] and present an extensive review of the subject. An 

extensive bibliograplly of the Soviet research on lliCP is given in the referentes [1,3]. Many 

types of mcp problems have appeared in the litera.ture including determina.tion of surface 

conditlons [1,4,6,7], mea.surement of thermophysical properties [8,9], lnverse pha.se cha.nge 

problema [10,11), estimation of an initial temperature distribution [12) and determination 

of the geometry of the solid region [13] to name a few. 

Since the aolution of an equivalent direct heat conduction problem is implicit 

in the inverse heat conducLion solution, it is not surprising that virtoally ali of the di­

rect heat conduction techniques appea.r in the !JICP literature. For linear problema vari­

ous eigenfunction expansion techniqoes have been used including Duhamel's theorem for 

convolution integral), the integral transfonn approach and Laplace transforme !6, 14-1~]. 
These approaches naturally lead to the solution of Fredholm and Volterra-type integral 

equations. For nonlinear problems various fini1e difference a.nd finite element approaches 

have been used in the solution of IHCP problems li7-23J. Other papers present more 

computationally efficient versions of solving the direct problem, such as, methods utilizing 

rapidly converging eigenfunction series [14,15,16] and linearized problema I24J. For peri­

odic problems trigonometric functions are frequently used [27,28], but !ater work uses a 

polynomial periodical B-spline ba.sis for such problems [25,29]. By restricting the allow­

able functiona.l fonn of the inverse quant ity to a representation with a few pa.rameters, the 
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inverseproblem becomes a diacrete parameter estimation problem in.atead of a fllllction 

estimation problem. Finite dlfference a.nd finite element methods ca.n be used to diacretize 

the inverse qua.ntity too [18-23]. 

Probably the m06t important aspect of the inverse solution is the method of 

stabilization of smoothing used. Frequently used is a.n inverse parameter set with a Jower 

dimension tha.n the number of independent input data [4,6,29]. A.nother approach ia to 

augment the minimization function with terms which penalize large values, slopes a.nd/or 

curvature. This method is known as the regularization method [1,4]. A combination 

of these two approaches can be used !31]. Other workers introduce smoothing from the 

outset of the problem by modelling the parabolic heat conduction with the hyperbolic heat 

conducti_on equation [21,32]. Digital filters have been used to presmooth the input data or 

smooth the unstabilized resulta [18]. Various methods advanced in linear algebra ca.n be 

used such as damped least squares and singular-value decomposition. 

So far only deterministic a.spects have been considered. Since practical inverse 

heat conduction problelll8 involve measurement errors, some researchers ha.ve included a 

statistical a.nalysis of the effects of measurement error on the computed inverse resulta 

[4,18,29,33-35]. 

An importa.nt aspect of inverse hea.t conduction research concerns opti.mal inverse 

resulta. Some researchers have recognized the importance of computationa.lly efficient a.l­

gorithms [14,24,25], as previously mentioned. The main concern is optimizing the amount 

of smoothing in tbe inverse solution. The more para.meters or fiexibility included in the 

analysis ( not more Lhan the number of independent data) and the lesa the amount of 

smoothing, the more capable the method is of modelling or determining the true variation. 
\ 

The deterministic erro r is lowest with the maximal number of parameters and least smooth­

ing. Conversely, the fewer the number of parameters and the more smoothing included, 

the less sensitlve the parame~rs are to the measurement errors. The stochastíc error de­

creases with the number of parameters and amount of smoothing. The optlmal amount 

of smoothing can be estimated statistica.lly. Severa.l papers include statistica.l methods for 
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matching the levei of smoothing to the levei of enor in the input data [1,4,26,30,35]. 

Dete.rmination of thennophysical properties is another active area in IHCP presently 

[8,9,30,40-60], particula.rly with respect to Soviet research. Ea.rly works emphasize im­

proved or a.lte.rnate methods of minimizing the error function between the measured 

and estimated data. The methods utilized include steepest descent [30,49,9], exhaustlve 

sea.rch [40], semi-trial and error [41], Newton [43], random search [44], conjugate gradients 

[8,45,49,51,54,59,60] and bi.section [53]. Some papers treat special problema such as com­

poeite media [59], particular materia.ls [9,51], porous media [54] and phase change problema 

[61]. More recent studies consider attainment of optima.l results and experiment planning 

[55,56,58]. 

WHOLE DOMAIN FUNCTION SPECIFICATION METBOD FOR LINEAR 

INVERSE HEAT CONDUCTION 

The whoJe domain function specification approach can be applied to the inve.rse problem of 

computing the surface temperatura and heat fiux atone surface based on known boundary 

conditions at the other surfaces and discrete measurements of the interior temperature. 

The whole time domain method ma.kes use of a aplitting-up procedure in solving the 

equiva.lent direct problem to obtain fast converging series expansions. The method can 

accommodate discontinuous variations in surface temperature a.nd the statistical analysis 

gives the effects of measurement errors on the inverse resulta. The determlnistic part 

of the methodology in a generalized notation is given by Flach and Õz~ik [35] and a 

one-dimensional analysis is presented by AI-Najem and Õz~ik [14]. Here we consider a 

one-dimensional solid cylin4er with no energy generation and zero initial condition, but 

subjected to an unknown, time-varying convection boundary condition. The appropriate 

boundary value problem is given by 

! i. (8T(r, t)) = 8T(r, t) 
r 8r 8r 8t 

1 8T 
~-+T=F(t} 
Bl8r 

T(r,O} ;:, O 

O$r51 

r=l 

t=O 

(la) 

(1b} 

(lc) 
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where F(t) is the time-varying amblent temperature to be estimated by the invene analysls. 

We choose the functiona.l form for F(t) over both phases as a quadratic polynomial in t 

given by 

and 

2 

F(t) =L o11t' 
J=O 

s s 

(2a) 

F(t) =L 9t;ri +L o,j(t - r)f t > f (2b) 
j=O j=O 

The solution to problem (1) Is readily obta.ined using the splitting-up procedure and the 

resulting solution can be arranged in the form 
s 

T(r, t) =L 9tiXlj(r, t) (3a) 
J=O 

and 
2 2 

T(r, t) = L 8líX,1(r, t) +L 921X31(r, t) (3b) 
J=O J=O 

where the X functions are listed in reference [35]. 

Having establlshed the forma.lism for the solution of the direct problem (1), we 

now e.xa.mine the solution for the inverse problem whlch is concerned with the determina-­

tion of the unknown applied surfa.ce temperature F(t) from the temperature measurements 

taken at a.n interior point of the body. 

Suppose n temperature mea.surements are taken at a location x1 at times t1 

(i = 1, 2, ... , n). Let the first n1 of which be taken on or before the time t = r and 

the remalning n, = n- n1 taken after t =r. Here the time r, at whlch an abrupt change 

occurs in the surface condition, is an u.nknown; therefore the parameters n1 and n1 are 

also unknowns. Assuming that the measurements are subject to errors fi with zero means, 

the measured temperatures, n are related to the formal solution, given by equations (3), 

and 

2 

T; =L 91/Xlí(x., tt) + f11 
j=O 

2 2 

i= 1,2, ... ,n1 (4a) 

T; = L o.jx,,(xtt t;) +L o,JX3;(x., t;) + fsl i= (nl + 1), (nl + 2), ...• n ( 4b) 
j =O i=O 
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with 

(4c) 

Clearly, dueto the presence of random meuurement errora, tt, the meas'ured temperatures, 

n, are also random varlables. 

The aolution of the inverse problem u defined by equationa (4) is now reduced to 

that of eatimating the unknown parametere 111 , 12~o r and n 1, which ia essentially a problem 

in two-phaae regrenion- Eatimatee to the true values of the unlcnown parametera ' li• 821 , 

r and n1 can be obt&ined without ma.klng further aasumptiona about the diatrlbution of 

the errore, t 11 by using the lea.st squares technique as now described. 

The residual sum of squares (SSE) over both pha.ses of the regression is obtained 

from equation (•) aa 

"• .. 
SSE = Et~,+ E ~. 

,,., (%"•+1 

(5) 

Here we used th~ notation B1s, i,; and n1 to denote estimates of the true values 

of 81;. 821 and n11 respectively. The SSE is minimized with respect to the linearly occu:ring 

parametere IIi and B2; by differentiating equation (5) with respect to B11 and B2; and setting 

these derivatives equal to zero. 

To minimize with respect to the discrete unknown fi, we assume that measure­

ments are talten with sufficíently small interva.ls that negligible error occura by setting 

f = t"1 • Then, for a specified value of n1 (which now also fixes r), differentia.ting equation 

(5) with respect to êli and S2; and setting the derivatives equa.l to zero, we obtain a set of 

equations for each poesible value of n, (or equivalently f). 
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The unknowns Ô1; and Ô2;, for cach possible value of n1 (or ft) is determined 

from the solution of theae equations, for cach possible value of n1 (or f). Clearly, the fl1 

(equivalenUy f) which produces the minimum SSE is the estima.ted va.lue of the true value 

n1 (or r). 

CONFIDENCE BOUNDS 

Sometimes lacking in the ffiCP literatura is the sta.tistical analysis of the effects of me~ 

surement errors on the estimated boundary condition. Confidence limits on the inverse 

solution are a crucial aspect of the IHCP. Without the confidence bounds on the esti­

mated surface condition, the validity a.nd accuracy of the inverse solution is in doubt. 

Approximate confidence bounds are now developed for the estimated boundary conditlon. 

The difficulty in the statistical analysis comes from the discrete parameter n1 and 

nonlinear pa.rameter r. ln the prefent work we neglect a.ny errors in estimating n 1 a.nd r a.nd 

develop approximate statistical inferences concerning the stochastic error in the estimated 

surface condition. We also assume uncorrelated, normally distributed measurement errors 

with constant variance and zero mea.n. Then approximate statistical inferences concerning 

the estimated parameters Ô1; and Ô2j are readily obtained. Under these assumptions, the 

estimated parameters, Ô11 and Ô2it are unbiased, and the varia.nce-covaria.nce matrix of the 

Ô11 a.nd Ô2; coefficients is determined. The variance of the estimated surface condition (!.e., 

u}) depends on the precision 6f the measurements ur, the measurement location Xt. the 

times of the measurements t1, the total number of measurements n, the time of the abrupt 

change in t~e boundary condition f (or iit) and the sensitivity coefficients X, while X 

dependa only on the geometry and the boundary conditions for the problem considered. 

Therefore, for a specific a~plication selected from the general problem given by equations 

(1), the senaitivity coefficients are fixed. Thcn for a particular problem, var (F) dependa 

on O'c,Xt 1 tt,f (or n1) and n. 

Once an est.imate f is obta.ined from the measured data, approximate confidence 

bounds are for the estimated surfa.ce condition F(t). For example 99% confidence bounds 
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on F(t) are 

P'(t) ± 2.576up(t) (6) 

since 99% of a normally distributed populatlon is contained within ± 2.576 standard devi­

ations of the mean. Since the variance in f (or n1) has been neglected, the troe confidente 

levei associated with equation (6) is lower than 99%. 

RESULTS AND D ISCUSSION 

To illustrate the application of lhe forcgoing inverse analysis in the determination of the 

surlace condition 1!-nd the confidente bounds, we considera one-dimensional, solid cylinder 

wlth no energy generation and zero ínitial temperature and a time varying surface tem­

perature F(t). We assume an abrupt change in the applied surface temperature F(t) &t a 

time r. 

We examine, first, the effects of parameters such as the measurement LocaLion 

x 1 = r 11 the number of measurements n, etc., on the normalized standard deviation up/ uT 

of the estimated boundary temperature. Figures la, b, c, d illustrate the effects of, re­

apectively, the measurement location r 11 the number of measurements n, the time of the 

abrupt change in the surface temperature f, and the length of the time interval ove r which 

measurements are taken, t,.u, on the normalized standard deviation for the cylinder prob­

lem described above for evenly spaced data measurements and Bi = oo (i.e., prescribed 

surface temperature). Figure la shows, as expected, that the standard deviation decreases 

as the measurement location r 1 is moved towards the surface subjected to the u.nknown 

temperature variation. Increasing the number of measarements, n, taken over the total 

measurement time tm.o~ docreases the standard deviation as shown in Fig. lb. The time f 

at which an abrupt change occurs in the surface temperatare strongly affects the standard 

deviation as illustrated in Fig. lc. Clearly, peaks occur in the standard deviation at times 

f when an abrupt change occurs ln the temperature. Note that the peaks shown in Figs. 

la and lb coincide with the location of f. Figure ld shows that the shorter the total dura..­

tion of measurements, tm.o,., the large.r t he standard deviation because less infonnation is 

reaching the measurement location. Standard deviation charts such as those illustrated in 
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Figa. 1erd are quite usefulln planning the optimal conditions for meuurements in lnvel'Be 

studlea. 

We now utilize t.he presem inverse method to anal~ simuJe.ted measured date. 

for the case Bi = oo (prescribed surface temperature). Figure 2a shows the simule.ted 

measured data produced by adding pseudo-normal errors with zero means and ur = 0.01 

to the exact centerline temperatuxe for a step change in surface temperatuxe. Figure 

2b shows the exact surfe.ce temperatuxe F(t) and oux predictions P(t) wit.h the preaent 

method of inverse analysi.s. lncluded on thi.s figure are the 99% confidence bounds on F(t). 

lndeed, the exact temperature lies within the confidence bounds. ln these computations, 

we consider the temperature probe located at the centerline, r 1 = 0.100, evenly-spaced 

measurements are the time interval O < t 5 1 and the preci.sion of the measurements is 

ur = 0.01. 

Ftgures 3a,b are prepared to illustrate the usefulneas of the confidence bounds 

in determining whether sufficient measured information has been obtained to accurately 

estimate the unknown surface temperature. ln Figure 3a the broad confidence bounds 

near the end of the measurements suggest that insufficient information has been received 

to adequately predict the surfe.ce temperature in this region. Indeed, the estimated surfe.ce 

temperature is significantly in error near the end of measurements. Insufficient measur&­

ments may have been taken to properly estimate the temperatura over the entire time 

domain. Therefore, we extend the length of time over which measurements are taken from 

t,.u = 1 to t ..... & = 1.5 as shown in Fig. 3b. Now the confidence bounds indicate a well 

eat~ated surface temperature over the entlre time domain which is in agreement with 

the actual predicted temperature. Hence, the confidence bounds not only establi.sh the 

precision of the estimated temperature, but also provide information whether correctlve 

action is needed to obtaln a speclfied levei of precision. 
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Figure la. Effect of meaaurement locat.ion, r~o on the normalized 
standard deviation, C!j/C!r, of the estimated surfa.ce 
temperature (n = 100, f = 0.5, t,...,. = 1). 
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temperature (r1 = 0,1' = 0.5,t ... = 1). 
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Figure 2a. Simulated measured centerline temperature, T;, a,s a 
function of time, t, for a step change ln surface tem­
perature as shown ln Figure 2b. 
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ments on the estimated surface temperature after an 
abrupt change (r1 =O, n = 100, t ..... = 1). 
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Figure 5a by taklng additional measurements (r1 = 
O, n = 150, t-., = 1.5). 
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The difficulties of constructing efficient algorithms for three dimensional flow are 

discussed. Reasonable choice candidates are analyzed and tested. Most have obvious 

shortcomings. Yet, there is promise 'that an efBcient class of algorithms exist between 

the severely time step sized limited explicit or approximately factored algorithms and the 

computati<>naHy intensive direct inversion of large sparse matrices by Gaussian elimination. 

INTRODU CTION 

The rapid advances in computer hardware and arclútecture achieved during the last 

decade have enabled computational fiuid dynamicists to solve many complicated two and 

three dimensional flows. Yet, even with the present computer resources and those expected· 

to be available in the near future, there exist many problems of present engineeri~g interest 

that remain impractical computations. The prcdiction of the intensely hot fiow about 

candidate designs for the National Aero-Space Plane (NASP) and through their supersonic 

combustion ramjet engines are cases in point. New developments in the construction of 

efBcient numerical methods are desperate~y required now. 

Pa lestra convidada, apresentada pelo Prof . MacCormaçk no 29 Encontro Nacional de Ciêccias Térmicas 

ENCIT 88, em !!(lias de LindÓia, SP, Dezemt.ro 1988. 
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Rapid adva.nces have been made also iq computational fiuid dynamic:~. The 1970's 

saw tbe development of implicit approximately factored methocls U!!ing blcx:k tridiagonal 

inversion [1,2J that greatly improved numerical efficiency and cnabled compu a.tional fluid 

dyna.mics to attack a broad range of ocw complex: problems. Tbe emphasis of the 1980's has 

been on the development of higbly a.ccura.te procedures that use upwind flu:x split difference 

approxímations with ftux lirniters [3-6). During the mid 19801s the upwind procedures 

w~ used to combine implicit block tridiagonal inversion witb Gauss-Seidel relaxation 

to produce efficient unfa.ctored implicit metbods [7-10]. Th~ unfadored schemes showed 

exceptionally fast convergence rates for certain classes of problems in two dimensions. 

Tbree dil!ltnsionaJ flow solvers ha.ve remained persistently slow, bowever, usually requiring 

hundred~ · of int~gration time steps to converge to steady flow solutions. 

Well here we are now on the verge of entering the 1990's. Wha.t can we expect from 

computational fl.uid dynami<;S to meet our present large requirements? Can we expect the 

development highly eflicicnt schemes, those with unbounded integration time step sizes, for 

compressible viscous flows about or through çom~lex three dimensional geome.tries? For 

steady flow solutions, can we approacb tbe efficiency of a Newton procedure for determioing 

·, the roots of a vector equa.tion? Ca.n the numbc.r of itera.tions required for tbe solution be 

reduced to only those necessary beca.use of the nonlinea.rity of the flów, lperha.ps a fc\v 

dozen or so? The present paper discusses some of the difficulties of combining the basic 

elements of computational fluid dynamics, whose previous development ha.ve represented 

computational triumphs, into efficient methods for three dimensional compressible flow. 

At present there does not exist such a method nor is it promised that will one be presented 

herein. It is hoped, however, tha.t by focusing attention on this problem resea.rch for its 

solution will be stimulated. 
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G OVERNING E Q UAT IONS AN O NUMERlC AL METHODS 

Although our interest in general concerns both steady and unsteady flows, we will 

focus our attention on scarching for algorithms tha.t converge rnpidly towa.rd l\ steady state. 

Thc algorithms under considera.tion will faithfully approximate the equations governing 

unsteady flow without try1ng to fool Motber Nature by precond.itioning them or modífying 

their underlying physics. Nor will strategies for accelerating convergence by tampering with 

the uumerical temporal history of flow evolution,such as local time stepping, be considered. 

Optimal algorithms for converging ra.pidly to steady flow should also serve efficiently in 

solving for time dependent fiows. Althougb viscous effects do not receive attention d.irectly 

herein, the results of our d.iscussions also apply diredly to compressiblc viscous Bow. The 

numerical solutions to be presented are viscous fiow solutions. 

We begin our discussion of efficient numerical procedurcs for three dimensional flows 

by first considering optimal methods for one and two d.ime.nsions. 

One Dimension 

The unsteady equations governing compressible fiow in one dimension can be written 

in the following vector form. 

(1) 

The vector U is the state vector whose elements completely specify the flow at a. given 

time at each point in x coordinate space. The vector F is the flux vector that describes 

the convection of mass, momentum, and energy within the fluid and the stress acting on 

the fiuid. 

An implicit finite difference a.pproximation to the a.bove pa.rtial d.ifferential equation 

is (see a.lso Fig.l) 

+l p+l _ Fn+l ur - U;" = _..!?_. Fn+l = _ i+~ i-t 
~t ~X ' ~X 

(2) 

where the subscripts refer to a spa.cial set of mesh points, :r, , spaced ~x apa.rt and the 

superscript5 refer to times tn and t"+1 spaced ~t apart. The symbol D represents a spacial 
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difference opera.tor acting on tbe flux vector F . The superscript n + 1 on F implies tha.t 

its value depeneis implicitly upon the new va.lue of U a.t the new time tn+l. Because F is 

in general a nonlinear function of U, a lineariza.tion of F will be required before we ca.n 

solve the a.bove finite difference equation. For the equations describing compressible flow, 

the Euler equations, the flux vector can be expressed as 

o r 

F=AU, 
ôF 

where A = ôU' the Jacobia.n of F with respect to U. 

Using a central differeoce approxima.tion for D , 

F;+t = (A;U; + ~,+JUo+l) where the Jac.obian ma.trices A are evaluated at 

time t". 

The difference equation becomes 

Un+t U" 6t (A rrn+l A un+t) 
i = i - 26:t i+1Vi+1 - i-1 1-1 

(3) 

where 

Â=I, é = - 6 tA,_1 and D = U,!' 
26:r • 

Eq.(3) represents a block tridiagonal matrix equation, which together with ao implicit 

formulation of the boundary conditions at the end points aí the numerical domain, can 

be solved directly using the Thomas algorithm. This algorithm consists of a forward 

elimination followed by a backward substitution to directly determlne the solution veétor 

U at each grid point. 

Altematively, the flux vector F can be split as follows 

where A+ and A- are the split Jacobians fonned by diagonalizing the matrix A by a 

similarity transformation, replacing the elements of diagonal matrix containing the eigen· 

values of A by two diagonal ma.trices, one containing only the positive elements and the 
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otber containing only the negative elements, and tben by re-multiplying by the similarity 

transformations. 

A= T - 1AT, 

Tbe difference operator D is then used to represent upwind difference approximations for 

each pact of tbe fiux split vector (see Fig.2). Tbere is considerable choice in tbe present 

literature on what type of splitting to use and how to determine tbe split Jacobians from the 

data at neighboring mesh points near mesh point (i). At present the fl.ux vector difference 

splitting of Roe [5] appears to be a very good choice for both tbe solution of tbe Euler 

equations and for the compressible Navier-Stokes equations in whioh the inviscid t.erms are 

upwinded. 

A simple resulting fiux split implicit difference equation has the sarne form as Eq.(3) 

but with the following definitions for the block matrix elements. 

The flux split formulation is seen from the abovc to add weight to the diagonal block 

matrix element Â. This property could be used to solve Eq.(3) indirectly by a relaxation 

procedure, which will be discussed later. 

Eq.(2) can be written in "delta law" form by first defining 

and then rewriting Eq.(2) as 

{ I+ ~t_E_ ·A} 6U· = -~t_E_F'!' = ~U· 
~X ' ~X ' ' 

(4) 

where tbe difference operator D always operates on all factors to its right. 

The script óU is the change in the solution solved for implicitly by inverting a block 

trid.iagona.l matrix equation. The triangular ~U representa the predicted change in the 

solution using local data to explicitly approximate the right hand side of Eq.(l), which 
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we will cal! the drivíng term of the implicit equa.tion aod is also ofteo referred to as the 

residual term. It conta.ins the local informa.tion of the fiow physics at each grid point. 

Although a linea.rization has been used on the left haod implicit side, the right haod side 

retaios all the nonlinea.rity of the original partial differential equa.tion. The left. baod side 

of the above equation extends the numerical domain of dependence so tha.t information 

computed locally can be felt at grid points far away. lt globally integrates the data aod 

maintaios nw:nerical stability for large time steps. 

Eq.(4), solved for each time integration step di.reetly by block tridia.gona.l inversion, 

representa ao optima.l solution proeedure for the equations describing one dimensional 

compressible flow. Solutions should require a.t most a few dozen time step integrations 

for convergence. Of course, since we are discussing only one dimensional fiow at present 

there is little need to worry about optima.l procedures. Any ac.curate convenient method, 

explicit or implicit, should suffice for most one dimensional problems of current eogineerillg 

interest. 

Two Dimeosioos 

The unsteady equatioos governing compressible fiow in two dimen.sion.s can be written 

in the following vector forro. 

ôU lJF ôG 
7ft=- ôz-:- ôy 

An implicit delta.law forro approxima.tion to Eq.(5) is given by 

{5) 

in which A and B a.re tbe Ja.cobiaos of the fiux vectors F a.nd G witb respect to U, 

respecti vely. 

Upon performing the operatioos specified by tbe difl'erence operator D , tbe follo~g 

block pentadiagonal matrix equation resulta. 

(7) 
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The new solution upon solving m.at.rix Eq.(7) is 

Unfortu.nately there exists no direct eflicient solution of Eq.(7). If the five diagonais 

were adja.cent, or nearly so, then eflicient solution would be possible. However, on an n x n 

mesh two of the diagonais lie n positions away from the main diagonal,precluding direct 

efficient inversion. Direct solution is still possible by Gaussian elimination which can be 

made less costly by taking advantage aí the sparseness of the matrix equation. Two other 

choices are to solve indirectly by GaUS&-Se:idelline relaxation, which we will discuss !ater, 

or directly by approximate fadorization, which we discuss now. 

Eq.(6) is repla.ced by the following factored implicit equation. 

{I+ 6t! · A} {I+ 6t :!1 · B} óU;,; = 6U;,1 

The- above equation is an approxima.te factorization of Eq.( 6) and ~ witb. it to \erm.iJ • ,! 
of second order in Ãt. Each factor representa a block tridiagonal matrix operator which 

has a direct efficient inversion procedure. The equation is solved as follows. 

1) Define 6Ut; = {I+ 6t :y · B} óU;,; 

2) Solve {I + 6t :z · A} óUi,; = 6U;,; 

3) Solve {I+ 6t :JI · B} óU;,; = óu;:; 

4) u pdate u:r = U;j + W;j 

The above algorithm has been the work horse of computational Buid dynamics for 

solving the equations of compressible visoous Bow during the last decade and a half. Un­

fortunately, the factorization introduces an error tenn, not originally present in Eq.(6), of 

the order of 

6t2 !!._ · A.E_ · BóU ~ ÃtA · ÃtB D26U 
ÂZ Ây ÂZ Â!l 

whose magnitude ia proportional to the product of two one dimensional CFL (Courant­

Friedrichs-Lewy) numbers. The main purpose of using an implicit method is the efficiency 
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gained by using large integration time step sizes. This efficiency is now severely compro­

mised by tlre accuracy need to keep the approximate factorization error small during the 

initiaJ transient phase of the calculation. Approxima.tely factored schemes usually require 

severa! hundred time steps for convergence to stea.dy state. 

Ideally what is desired is a scheme approaching the efficiency of a Newton method 

with unbounded time step sizes. For example, Eq.(6) with infinite t::.t becomes. 

t::.t (E_· A+~· n) 6U· · = t::.U· t::,.:r, t::.y IJ t ,J 

The above is identicaJ in forro to Newton's method determining the solution of the vector 

equation F(X) = O, i.e. 

F'(X")(X"+ 1 -X")= F(X" ) 

which in our case F = t::.U, X = U, and we are determining an approximation to tbe 

steady state solution to Eq. (5). 

Eq.(6) can be solved indirectly witb nearly unbounded time step sizes by Gauss­

Seidelline relaxation. CFL nu.mbers of severa! \housand are not uncommon. Gauss-Seidel 

line relaxation solves Eq.(7), the block tridiagonal forro of Eq.(6), iteratively as follows. 

First the 6U;,j are initialized for rela.xation index t = O by setting them to zero, the null 

vector, at all interior points and by calculating them implicitly at all boundary points. 

The i direction, or the :r.-direction if the mesh is Cartesian, is identified roughly witb the 

flow direction. The j direction spans the flow field, from blade to blade in the cascade flow 

problem shown in Fig.3 to be discussed as an example later. Starting at tbe downstream 

boundary and moving toward the upstream boundary, Eq.(7) is solved for a line ata time. 

The three line terms at (i,j - 1), (i,j), and (i,j + 1) are solved for simultaneously by block 

tridiagonaJ inversion while the two off line terms, (i- l,j) and {i+ l,j), are evaluated in 

Gauss-Seidel fashion using tbe latest available data and then placed on the known right 

hand side of the equation. For the sweep in tbe negative i direction, the term at (i+ l,j) 

lies behind the line and is evaluated at relaxation index e, and the tenn at (i- l,j)"lies 

a.head of the line and is therefore evaluated at e - 1. The block matrix elements and the 

driving term 6U;,j remain unchanged during the Gauss-Seidel iteration process and are 
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evaluated using data. at time tn, 

Aíter the first sweep is completed, a second sweep is started at the upstl'eam boundary 

with the solution line moving in the positive í direction toward the downstream boundary 

as fóllows. 

Flux splitting is used to ma.ke the block diagonal elements as highly weighted a.s 

possible to enhance iterative convergence. Usually the results a.íter two iterations, one 

upstream followed by one downstream sweep, are sufficient. Also, the spacial differencing 

on the right hand explicit side is usually second order upwind and that on the left hand 

impliçit side is first order upwind clifferenced. The resulting approximation is first order 

accurate in time and second order accurate in space. 

The above two sets of Gauss-Seidel line relaxation equations can also· be expressed 

as follows. 

(8) 

where f.' indicates that the Jatest data ÍS used in the evaluation - some at e l)Jld !>Offie 
I 

at e- 1. The flux split traffic pattem to and from mesh point (i,j) is shown in Fig.4. 

Note that ali data travelling away from mesh point (i,j) contribute weight to the diagonal 

block matríx element Â. Solutions to the Navier-Stokes equations for transonic fiows past 

cascades as shown in Fig.5 require about 50 time step integrations for convergence. The 

CFL nurnbers increased with each time step rea.c.hing vales as high as 106 • 

Before proceeding to the next section on three dimensional fiow, let's summarize our 

discussion on one and two dimensional methods. An optimal method for solving Eq.(3), 

describing one dimensional compressible inviscid or viscous fiow, is given by Eq.(4) and 

costs one block tricliagonal matrix inversion per time step. ln two climensions Eq.(5), 

describing compressible inuiscid or viscous fiow, is optimally solved by the unfactored 
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method of Eq.(8) and costs two block tridiagonal inversions, one for each sweep per i mesh 

line, plus two Gauss~Seidel difference approximations per mesh point, per time step. 

Three Dimensiona 

The phrase, which I have at times written myself, "the extension to three dimensiona 

is straight forward" appears often in pa.pers describing new numerical methods. Unfortu­

nately, it is not straight forwMd a.t ali. The lea.p from two to three dimensions is every 

bit as large as from one to two, a.nd its graveya.rd will be as la.rge as that for via.ble one 

dimensional methods who perished upon two dimensional application. 

The unstea.dy equations governing compressible flow in three dimensions can be writ­

ten in the following vector fonn . 

The equatians are written in Ca.rtesia.n {onn for simplicity, but for actual computa­

tions they must be eitber transformed from (x , y,z ) physical space into ({,f1,0 computa­

tional space and solved there or approximated directly in physical spa.ce by a finite volume 

approach. This latter approach was used for the computations of this paper. ln our dis­

cussion.s we will identüy the computa.tional indices (i, j , k) with the coordina.te directions 

of the computational. space, wbich is in general non-Cartesian. 

As án initial three dimensional test problem, let 's take the flow problem oí Fig.5 

and add a third dimension in the z-diredion by replication of the ca.scade geometry in ali 

pa.rallel planes. The three dimensional cascade channel h8S a plan view as shown in Fig.6a 

and a span view as shown in Fig.6b. The channel is approximately three times as long 

as it is wide or ta.ll. Tbe side wa.lls in the z-direction will be treated as slip boundaries 

and the entering flow will have zero velocity in the z-direction. Thus, although trea.ted 

numerically as three dimensional, the flow should actua.lly be only two dimensional with 

the solution replicated on each x - y pa.ra.llel plane. 
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We will now consider some candidate algoritbms for the efficient computation of three 

dimensional compressible fiow. ln practice we will, perhaps, never achieve the development 

of computa.tional methods with unbounded integration time step sizes. However, for the 

test problem just described we should be able at least to take the sarne time step size as 

was used earlier for the two dimensional method whose results are shown in Fig.S. The 

algorithms given below are all reasonable choioes that disp~ some surprising difficulties 

when applied to solve our simple tbree dimensional test problem at large time steps. 

3-D Algorithm #1 (BTD-y + GS-x + GS-z). 

An implicit unfactored approximation to it is 

{ 
D } <l) D (t'l D Ct') I +~t- 6U- . • +~T- · A8U . . • +~t- ·C6U . . • 
~y ' •1• ~x ' •" ~z ' •1• 

(
DF DG DH)" 

=-ó.t -+-+-- = ~U; · • 
~x ~'IJ ~z . . '1' .,,,k 

in which A , B, and C are the Jacobians of the fiux vectors F, G,and H with respect to U, 

resp ectively. Th.is a.lgorithm was used in Ref.(ll] to calculate three dimensíon supersonic 

fiow past the X-24C Air Force Shuttle design. Although it performed well, it was limited 

to only moderate time step sizes, as we will soon see why. 

The j direction1 blade to blade, is solved for simultaneously, line by line, using block 

tridiagonal inversion, and the i and k , streamwise and spanwise, directions use Gauss­

Seidel relaxation. As for the i direction, the line needs to be swept also in the k direction, 

perhaps in the increasing k direction on the i direction backward sweep and vice versa on 

the i direction forward sweep {see Fig.7). Again, note that the prime appearing on the 

relaxation index e indicates that the term it belongs to uses the latest a.vailahle data, some 

at l and some at e- 1, for its evaluation. Also, as shown in the traffic pattern of Fig.7, 

flux splitting is employed to increase the weights of the diagonal block m.atrix elements for 

tenhanced iterative co.nvergence. 
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Difficulty '# 1. The algorithm is not balanced evenly in the k direction. lnfo.rmation 

coming to mesb volume (i,j, k) from volume(i,j, k - 1) is a.t rela.xa.tion index l wbile 

informa.tion coming fro.m volume (i, j, /c'+ 1) is at l - 1. When the rela.xa.tion procedure 

is initia.lized a.t ea.ch time step, ali interior 6U are set equal to the null vector. Hence, on 

tbe first sweep volume(i, j, k) receives newly updated informa.tion on convection of ma.ss, 

momentum, and energy and stress from volume (i, j, k - 1) and nothing at ail from volume 

(i, j. k+ 1 ). This imbalance witb large ilt is enou~ to generate significant tbree dimensional 

flow and instability for tbe text case tha.t should remain two dimensional. 

3-D Algoritbm #2 (BTD-y + GS-x + J-z). Algorithm #1 can be balanced in the 

k direction by replacing tbe Gauss-Seidel trea.tment of tbe z-derivative term by a Jacobi 

evaluation o! it (see Fig.8). 

Difficulty #2. Tbe traffic pattern as sketcbed in Fig.8 ahows tbat tbe modified ai-

' goritbm is bala.nced in tbe k direction. However, as tbe time step is made sufficiently 

large, altbough tbe flow remains two dimensional, its rate of convergence surprisingly goes 

to zero, locking the solution onto its initial value. Tbis is caused by a radiation of in· 

formation from the syste:m. Now on tbe finrt s'Mlep, l = 1, volume (i,j, k) receives zero 

information from both volumes (i,j, k -1) and (í,j, k + 1) wbile sending information itself 

across surfaces at k- ~ and k + !· Unfortunately, the information sent across tbese two 

surfaces is not received by volumes (í,j, k -1) or (i,j, k+ 1) and hence is lost to tbe system. 

The larger the time step, the more information is lost, resulting in loss of convergence. 

It is evident because of tbe above difficulties and also from the channel geometry 

being about as wide as it is tall that the solution at po.ints along lines in the k direction 

should be solved for simultaneously in the sarne manner as for points along lines in the 

j direction. As in tbe j direction, information can travei from side wall to side wall and 

back again many times during a single large time step used for the present test case. 

Therefore a block tridiagonal inversion sbould be used also in tbe k direction. Well oow 

we are fMed with the construction of an efficient numerical method under constraints 

that require block tridiagona.l inversion in both tbe j and k directions. We will still use 

Gauss-Seidel rela.xation in the streamwise i direction. 
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3-D Algorithm #3 ((BTD-y + GS-x)(BTD-z))o lt is tempting to "bite the bullet" 

and revert ba.ck to approximate fa.ctorization to construct the following algorithm 

{ I+ l:l.t.!!_ o B<t> + l:l.t.!!_ · A<t'>} {1 + D.t.E_ o c} 6U· · 1t = D.U· · i 
l:l.y l:l.x l:l.z •.J, '·1· 

The first factor is equivalent to the two dimensional algoritbm used earlier to obtain 

the results of Fig.5 and the second factor enables us to extend the prooedure to three 

dimensions. 

Difficulty #3. Besides the difficulties discussed earlier concerning approximate fa.c­

torization, consider the following paradoxo The above equation is solved in two steps. 

(1) Solve {1 + l:l.t.!!_ · B<t> + l:l.t.E_ ·A<~'>} 5U~ · i= D.U1 · * 
l:l.y l:l.x '·'· ,J. 

(2) Solve 

Because of the two dimensional nature of our test problem, we have after the first step 

ali tbat we need to update the solution for one time step. Our bope is tbat the second 

step will do no barm. Doing nothing would be ideal. Let's assume that the time step 

is so large that we can ignore the identity matrix in both steps. The second step then 

tries to find a change in tbe solution, óU, such tbat when operated on by a z-derivative 

difference operator tbe result equals the in general non-zero rigbt hand side. Th~ only such 

solution is three dimensional which contradicts tbe structure of tbe tesniovrproblem. This 

para.dox was formed by throwing the ideotity matrix away) yet one wonders how the o?es 

appearing along the main diagonal, completely dwarfed by the magnitudes of the other 

terms multiplied by the time step also appeariog tbere, could avoid' this paradox on finite 

word size ma.chines. 

3-D Algoritbm #4 (Time Split, (BTD-y + GS-x), (BTD-z)}o Tbe difficulties of the 

last algorithm cao be overcome by time splitting the rigbt hand side driving term. The 
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solution is advanced a portion of it at a time. The algoJ;itbm is as follows. 

(1) 

(2) 

u~?J = u~ . L + 6U~2.> .._ .,,,,. •• J,,. • .., •• 

U•• A D B " 6. · • L= -ut- · · · • 
'•'•" 6.z '"• 

{ I+ t::J.t.!!_ • c} 6U.,· J • = t:J.u·~ L t::J.z ' ' '.J•• 

u•+l u-.+t 6U i,j,l = i,j ,ll + i.,j,l 

Difficulty #4. The above algorithm has no trouble efficiently eolving the test problem. 

Step (1), which is identical to the two dimensional method used for the results shown in 

Fig.5, is ali that. is needed because our test Bow problem is actually two dimensional. Step 

{2) does not change tbe aolution at all becauae its driving term is zero. However, in a truly 

three dimensional problem a difficulty would occur as the solution approached a steady 

state with la.rge time steps. At steady state 

D D D 
-F+-G+ -H =O 
l::J.:r. 6.y 6.z 

The above sum vanishes, in general without each term or any subset of terms of the above· 

vanishing. Using a portion or subeet of the above in a time split algorithm to drive the 

solution during one step followed by counter driving terms in other steps will introduce a 

pseudo unsteadiness into the solution. At large time steps tbis will lead to non-physical 

ínterim resulte and numerical instability. 

3-D Algorithm #5. Our aim is to c:onstruct an efficient algorithm tbat avoids the 

difficulties discussed earlier with the following the con.straints: 

(1) Block tridiagonal in the 11 (or j) direction. 

(2) Block tridiagonal in the z ( or k) direction 



(3) Gauss-Seidel relaxation in the z ( or i) direction. 

We fust define the right hand side driving terms. 

( 
D D )n 

t::..rr -" = -t::..t -F+ -G 
•,J, t::..x t::..y .. ,..,,.t 

Au•• A (DF DG DH)n 
u · · 11 == -ut - + - + --

' •1• óx t::..y óz t,j,k 

Note that the first driving term is only a partia! sum. It will be used to initiate the­

algorit.hm. The second term is complete. The algorithm is Gauss-Seidel in the x (or i) 

direction, which for our test case flow problem is roughly aligned with the stream direction. 

The algorithm in tenns of the relaxation index e, whose first sweep is in the counter stream, 

decreasing i, direction and second sweep is in tbe stream direction, is given by the following. 

(1) Backward i sweep 

l = 1: {1 + ót.!!_ · B} 6U;<1
1
.>t + t::..t!!_ · A6Ufl1'i = t::..Ut1· 1o 

óy 0 0 ÓX 'I 
0

' 

t = 2: 

(2) Forward i sweep 

l = 3: 

e= 4: 

{ 
D } (2) D (2') I+ t::..t- ·C dU. · 1t + t::..t- · A6U · 1t óz •,J, t::..x •,J, 

{ 
D } (3) D (3') I+ ót 

611 
· B 6U;,;,~< + t::..t ôx · A6U1,1,,. 

D (2l • + t::..t 
611 

· C6U, ,1 ,.t = t::..U;,J,Ir 

{ I+ t::..t!!.... c} 6u<•-'. + t::..t.!!._. A6u<•.·~ 
óz '·1• óx '·1• 

D <s> + 6t óy · B6U;,J,t = t::..U;,; ,t 

Again, the primes on the relaxation indices indicates Gauss-Seidel evaluation with in­

erea.sed weigbts for athe diagonal block matrix elements. The unprimed indices imply 

evaluation entirely Crom data at that index. 
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The z-deriva.tive term is missing from the driver term of the i= 1 substep because 

data does not as yet ex:ist for the evaluation of the implicit counter balancing term required 

for numerical stability. ln the actual cll;lculations tbe driver term for this step sbould 

be quasi-two dimensional to retain as much balance as possible, just as standard quasi­

one dimension flow .descriptions balance the stress Lerms of tbeir actual two dimensional 

geometries. Each following substep uses the complete driver term and inverts one block 

tridiagonal matrix equation, either in the j or k directions, witb the i direction term 

evaluated in Gauss-Seidel fashion and the remaining implicit term for the k or j directioos, 

respectively, evaluated using data entirely from its own last block tridiagonal solution. 

The cost of this three dimE:nsional algorithm is two block tridiagonal inversions in 

each of tbe j and k directions plus the Gauss-Seidel evaluations for terms in the i direction. 

It is approximately twice as expensive as an approximately fa.ctored scheme. lt is hoped 

that an increase in numerical efficiency will be obtained by the larger time step that can be 

used and, consequentry, the fewer number of time steps required to achieve convergence. 

The above algorithm was able to solve the test problem with tbe same time step sizes 

as tbe optimal two dimensional algorithm discussed earlier. Tbe results were tbe same as 

those shown in Fig.5. The test problem wa.s then modified for a truly three dimensional 

flow by deflecting tbe si de walls in the blade section through small angles typical of cascade 

flow geometries. The solution again converged rapidly in under fifty time steps. The mesh 

geometry and computational results are shown in Fig.9. It is not known at present if the 

above algorithm will hold up when applied to more general three dimensional fl.ows. 

GENERIC NUMERICAL METHOD 

The algorithms discussed above were devised with a given class of fl.ows in mind, 

fiows in which one computational coordinate direction could be roughly identified with the 

stream direction and the otbers along whose boundary surfaces, perhaps, fine mesh spacings 

reside for resolution of viscous effects. The streamwise direction was treated b~ Gauss­

Seidel relaxation and the others required block ttidiagonal inversion. We now consider a 

more general fl.ow with no assumed preferred directions in which block tridiagonal inversion 
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is desired in ali three diredions. Consider the following three climensional algorithm to 

advance a numerical solutioo ooe step in time. 

f = 2: {I + t:1t.!!_ · B} óU~2.lk + t:1t.!!_ · AóU~ 1.>t = -t:1t (DF+ DG)" 
t:1y •,J, t:1:t •,J, t:1x t:1y ,,j,k 

i= 3: 

Note that the driving terms ou the right hand si de are not complete until the last step and 

the corresponding implicit terms are not included until after they are determined from 

a block tridiagonal inversion. The first two solution steps are preliminary one and two 

dimensional solutlon procedures, respectively, setting up the three dimensional third step. 

Tbe numerical arnplification factor for tbe algorithm is of form 

G =(I+ X )- 1 (I+ Y)-1 (I + Z)-1 

where X, Y, Z depend upon the definitions of the difference operators D used. For stable 

choices. either upwind or centra.l,their eigenvalues will bave positive real parta and the 

magnitude of tbe amplification factor is bounded by one. 

ln actual comput&tional use the spacia.l difference operators should be of second order 

accuracy for the driver terms and can be of only first order accuracy for the implicit terms 

on the left band side. Also, tbe algorithm itself ma.y have preferred clirections because of 

the order in whicb tbe tridiagonal inversions are QIJ:I'ied out. 

The last algorithm of the previous section can be considered a derivative of the above 

generic algorithm. lt was presented as heing unía.ctored and non-time split. Yet, when 

we look at its generic form and its amplificatioo factor, it appears hotb factored and time 

split. Fortunately, for the author and perhaps the few readers as well who have gotten 
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this far, spa.ce limitations of the present paper prevent a thorough analysis to resolve these 

issues. 

C ONCLUDING REMARKS 

Tbe difficulties of constructing efficient algorithms for tbree dimensional fl.ow have 

been discussed. Reasonable choice candidates have been tried and tested. Most have 

obvious shortcomings. Yet, there is promise tbat an efticient class of algorithms ex:ist 

between the severely time step sized limited explicit or approximately factored algorithms 

and the computationally intensive direct ioversion of large sparse ma.trices by Gaussian 

elimination. 

Not discussed herein are the effects of both computer a.nd unstructw-ed mesh ar­

chitectures on algorithm development. Tbe new architectw-es appear to favor explicit 

algorithms. The explicit turtle may yet outdistance the implicit hare. 
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Fig.S Tbree dimemional cascade flow test problem. 
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Fig .9 Three d.m:lensional cascade fiow rerults. (Inlet Mach number = 0.38, Reynolds num· 
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METODOS ASIN1UfiCOS EN LA 
TRANSFERENCIA DE CALOR 

C&arTremo 
Facultad de ingeniería, UNAM 

RESUMEN 

347 

En este trat:>ajo se descrfbe la apUcaclón sistemátlca de t~cnf.cas asf.ntótlcas 

en probLemas de transferencf.a de calor. El proceso de reducción dei número de 

parámetros que f.nfluyen en el fenómeno estudtado, ayuda grandemente a simpti­

car su estudto. Medf.ante los procesos de adtmenslona.lLzactón, normattzacf.ón, 

descarte y absorción de los parámetros cuyos ltm!tes aslntót!cos sean de lnte­

rés, eL fenómeno puede ser descrtto mediante un sistema de ecuaolones, que en 

eL mejor de Los casos no conttene ya ntngún parámetro. En este caso unicamente 

será necesarf.o integrar las ecuactones una sola vez. 

INTRODUCCIÓN 

En el estudio de problemas de transferencia de calor, ha sido de gran impor­

tancia la aplicacióo de métodos aslntóticos. Ello se manifiesta en los proble­

mas tratados en la monografia de Aziz (11. En la mayoria de los textos "clási­

cos" en transferencia de calor se manlfiesta claramente la lncluslón de limi­

tes asintóticos en el estudio, sobre todo, de problemas de convección tanto 

forzada como natural. Sin embargo, el tratamiento dado en dlchos textos en es­

te aspecto es superficial. Es conveniente por lo tanto exponer claramente las 

técnicas asintóticas y su apUcación en forma sistemática en el caso particu-

Palutra convidada, apreoenta.da pelo Prof . cesa.r Trevlno no 2• Encontro Nado-

na! de Cl6nclu T6rmlca• - E:NCIT88, em Aluaa de Llndóla., SP, Dezembro 1988. 
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lar de problemas de t r ansferencia de c_alor. Ello constituye el objetivo 

fundamental (lei presente trabajo. En el punto 2 se descrlbe el procedtmlento 

utilizado, usando técnicas asintóticas. En el punto 3 se da como ejemplo e! 

problema clásico de la transferencia de calor por oonvecclón forzada en una 

placa plana. En el punto 5 se estudia el proceso de .enfriamlento de una placa 

plana expuesta a un flujo convectivo. Finalmente, en el punto 6 se tiene la 

sección de conclusiones. 

PROCEDIMLENTO 

El procedimiento utilizado en la ap licaci6n de técnicas asintótlcas ha s ido 

aplicado en gran cantidad de trabajos en transferencia de calor, pero en la 

mayoria de las veces su aplicaclón ba sido más de la experienc ia dei ínvesti­

gador que su utilización sistemática. En general 'e puede decir que e! 

procedimiento utilizado contiene 4 fases en donde se reduce sistemáticamente 

la influencia de parâmetros en el proceso estudiado. A continuaci6n se desc.ri ­

ben las diferentes fases . 

Fase I. Adimensionallzaci6n. En una primera fase, se procede a la adimensiona­

lizac16n dei conjunto de ecuaciones que gobiernan el fenómeno estudiado. En 

esta primera fase se reduce e l número de parâmetros y se definen los números 

adimensionales que podrian influir en el proceso. Asl, la relación funcional 

puede expresarse como 

11 
q 

(1) 

donde n q corresponderia ai parâmetro adimensional que contiene la informaclón 

relevante dei proceso. En la mayoria de los casos, lo más importante es la 

transferencia de calor. rr
1 

denota los diferentes parámetJ'OS adimensionales 

resultantes dei proceso de &dimensionallzac ión. El número de parâmetros dimen­

sionales originales es n y k corresponde ai niJmcro de unidQ.des independientes 

que entrao en eJ proceso. 1:, .:~:. ~ y l) corresponden a i tiempo y coordenadas 

adlmensionales, respectivamente. 

Fase 2. Normalizaci6n. El siguiente paso consiste en la normalizaclón. Esto 

es. mediante una técnica de alargamiento o comp•·es ión de las va•·iabtes adimen­

sionales tanto independientes como dependientes, se acota la variación de di ­

chas variables haciêndolas de orden unidad. Generalmente estes dos pasos pue­

den realizarse en forma paralela. Sin perdida de generalidad, se puede supone1· 
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que después de este paso,la relaci6n funcional queda dada por la ecuacl6n (1). 

fuü. Aplicaci6n de llmltes asint6ticos. Después dei proceso de normaliza­

ci6n, ai estar acotadas las variables adimensionales tanto dependlentes como 

independientes. es posible evaJuar la influencia de los parâmetros adimensio­

nales. Para ello es necesarlo identificar tanto los parâmetros relevames como 

no-relevantes. Un parâmetro no-relevante es aquel que representa un limite re­

gular ai tender dicho parâmetro a cero o infinito, segón sea el caso. As!, en 

e! limite asint6tlco apropiado (n
1
-i0 o lt)+a>), hace que e! limite dei paràmetro 

de interés !en este caso n ) t!enda a un valor diferente de cero. Esto es 
q 

nq -t a , con a • O , cuando • J -+ O,oo . (2) 

Por otro lado, un parâmetro relevante es aquel cuyo limite es singular ai ten­

der dlcho parâmetro a cero o infinito. En este caso 

1! -t O,oo 
q 

coando 11
1 

-+ O,oo . (3) 

SI un parâmetro es no-relevante y su magnitud es muy grande o muy pequelia com­

parada coo la unidad en e! limite aproplado, entonces es de suponer que la in­

fluencia de dlcho paz-ãmetro sobre el proceso es despreciable, por lo que se le 

puede directamente quitar de la relaci6n funcional. Coo ello, se puede reduclr 

fuertemente el nOmero de parâmetros que influyen en el proceso. Asl, la rela­

ci6n funcional puede quedar como 

(4) 

donde m representa e! oo.mero de parâmetros no-relevantes que pueden excluirse 

dei anállsis por ser su valor muy grande o pequeflo comparado coo la unidad. 

Dependiendo dei valor dei parâmetro relevante, es conveniente explorar los li­

mites aslnt6tlcos n
1
-i0 o ~t1-+oo; ltq-iO o 1t<1-too. La relaci6n funcional en este caso 

puede escriblrse como 

1t • g(lf )F (T,X,Ç,TJ,lf ,ll ,lf ,lf , .. .,n ) , 
q J I I 2 .)-1 j<l n-1<-m 

IS) 

donde g(n
1
) puede tender a cero o Infinito, segOn sea el caso, ya sea en forma 

algebráica o en forma expone.nclal o Jogarltmlca. Entonces, la forma funcional 

se puede reduclr (suponlendo una dependencia algebrálca) a 
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con (6) 

Para un proceso permanente, ello puede contlnuarse hasta poder lograr la rela­

clón funcional 

•••••••• e C • 

" 
con . ...........• a. .,!J ... 

q q J I 
(7) 

La constante C puede encontrarse ai Integrar una vez las ecuaclones de movi­

miento. Debldo a la normallzaclón, esta constante debe ser de orden unidad. En 

muchos casos de lngenlerla, donde se requlere solo el or den de magnltud, basta 

con poner c-L La relaclón funcional (7) ha sido la base de estudios en pro­

blemas de transferencla de calor, Es de hacerse notar que es poslble aplicar 

los limites asintótlcos aun siendo el valor dei parâmetro de orden unldad. El 

llmite apropiado (muy grande o muy pequeilo comparado coo la unidad) debe verl­

flcarse mediante la solución dei sistema de ecuaclones o mediante la experl­

mentaclón. También, lo mismo se aplica para valores de grandes o pequeflos ya 

sea dei tiempo o de las coordenadas adlmenslonales. En si, la relaclón funcio­

nal (7) puede ser el limite asintótico para -r-. 

~- Soluci6n auto-semejante. Por Oltimo habrla que ver la posibilidad de 

reduclr el número de variables adimensionales independlentes mediante su ~u­

pamiento. E.llo conduce a la dlsminuclón de las varlables que influyen en el 

proceso. Ello es posible slempre y cuando las ecuaclones de movimiento sean 

invariantes a una transformación tal que resulte d~ dlcho agrupamiento. En es­

te caso, es poslble definir una nueva variable adimensional independiente de 

la forma, cr=tlh(xl. La relación funcional se transforma en este caso 

n: = F (cr.~,7).n: ,n:~,lt , ... ,11 ) • 
q I 1 • ) n- 1<-m 

(8) 

Es de hacerse notar que las variables T y x han sido escogldas en este caso 

pero que pueden ser cualquiera de' las variables adim·ensionales indep~ndientes 

que aparecen en el problema estudlado. También es conveniente explorar cuando 

existe semejanza aun cuando ésta no sea válida en todo el espacio paramétrico, 

sino que tenga valldez restringida en algún limite aslntótlco o lntermedlo. 

FLUJO CONVECTIVO FORZADO 

En esta secci6n se trata el problema general de flujos convectivos y el caso 

concreto del problema clásico de la transferencia de calor en una placa plana 
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,;ujeta a un rlujo lncompresible convectivo laminar. Las ecuaciones de movi­

miento en cl fluido, lntroduclendo la aproximaciOn de Boussinesq, son las 

ecuacloncs de Navler-Stokes dadas por 

V· V c O 

pOV/Dt ., - Vp + pg + f.l v2v 

pDh/Dt "V·(>.VT) + p.4> + Dp/Dt 

(9) 

(10) 

(li) 

donde V corresponde a i vector velocidad; p, p y T corresponden a la presl6n la 

densidad y la temperatura dei fluido, respectivamente: g es el vector acelera­

ciOn de la gravedad; p. y >. corresponden a los coefic ientes de viscosidad y 

conduc tivldad térmlca dei fluido, respectivamente: h es la entalpia y ~ es la 

disipaciOn viscosa. Las ecuac iones de estado son las slguientes 

P,. pCD(I-fJ(T/TCD)) 

h = cT + pl p . 

(12} 

(13} 

Aqui, fJ corresponde ai coeficiente de expansi6n térmica y c el calor especifi­

co dei fluido . La condlciOn cuyo sublndlce es •· corresponde a un valor de re­

ferencia a deflnirse en cada problema en particular (por ejemplo muy lejos dei 

cuerpo). El parâmetro mAs Importante en los problemas de transferencla de ca­

lor es el flujo de calor hacla un cuerpo sumergido dentro dei flujo y está da­

do por 

q ., - >.lVT· n ln (14) 

donde n es un vector unftar!o normal a la superflcle en consideraciOn. A oon­

tinuaci6n se procede a La adlmensionalización dei conjunto de ecuaciones. Con 

la ayuda de parâmetros caracterlstlcos, se introduce el siguieote cambio de 

variables 

x-+xL , V-+V V 
c 

p-p -+pV
2
p, t-+V t/L T-T -+T 9 V-+VIL 

2 
CD ç c c • e o 

(15) 

donde L c' V c y Te corresponden a una long!tud, velocldad y tempera tura carac­

ter1st.Jcas, respectivamente . Asl, las ecuaciones adirrumslonales quedan como 

'i/·V ,. O (16) 
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l19/8t + (V· \1)9 s l l/RePr-)V29 + Ec/ Re ' , 

donde aparecen los pará.metros siguientes: 

nOmero de Fraude, Fr • V/(gle)l/2. 

trr 
c 

número de Reynolds, Re • V L p/1-l 
e e 

número de Prandtl , Pr "' 1-!C/À 

mlmero de Eckel't, Ec • V2/(cT ) 
e e 

En forma adimensional, la expresi6n dada en la ecuaci6n (14) toma la forma 

Nu ~ (Ve·n) . 

donde aparece el nOmero de Nusselt, Nu = -qL/(ÀT/ 

(17) 

(18) 

[19) 

La relad6n funcional que relaciona el flujo de calor con los demás parâmetros 

está dada por 

Nu .. Nu(x,t,Re,Pr.Fr, Ec,trr / Fr2
, parâmetros geométricos) 

c 
(201 

A continuaci6n se trata el problema clâslco dei flujo convectivo laminar con 

alto n(Jmero de Reynolds, sobre una placa plana. Para este problema se toman 

los siguient.es valores caracterlstlcos 

T • IT -T ) 
c p ... 

v A IV I ... L 
e 

(21) 

donde T corresponde a la temperatura de la placa, asumida constante y unifor-
P 

me; V • corresponde ai vector velocidad dei flu ido lejos dei cuerpo. L c es la 

longitud de la placa. Se designan a (x,yl las coordenadas longitudinal y 

transversal, respectivamente a si como a (u, v) las componentes de la velocidad 

longitudinal y transversal, respectivamente. Muy lejos dei cuerpo los efecto~ 

viscosos son despreclables y se tienen las slguiemes condiciones de contorno 

o de frontera 

e ·o u .. v -v .. v p .. o . 1221 
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El 11m1te as!nt6tlco de Re~. representa claramente un limite singular y por 

lo tanto hay que absorberlo en el proceso de normallzacl6n. Muy cerca dd 

cuerpo donde los erectos viscosos son importantes, el término viscoso tiene 

qne ser dei mismo orden de ID.ll.gJÚtud que los de inercia. Esto es 

(23) 

Dado que tanto u como x son de orden unidad. la distancia, y, donde los efec­

tos viscosos son importantes es de orden l/Re112
• Por ello es conveniente de­

finir otra coordenada transversal adimensionaJ de orden unldad, Y, dada por 

Y = (Rel
112 

y . (24) 

Dado que en la ecuaci6n {24), Y es función no solo de y sino que tambl~n de la 

longitud de la placa, de aqui resulta una nueva varlable de semejanza 11=Y /x1n.. 

De la ecuacl6n de continuidad (16), se tiene que 

8u/8x - 8V/8Y , (25) 

de aqui que la velocidad transversal apropiada de orden unidad sea definida 

como 

(26) 

Con todo ello, las ecuaciones adimensionales que gobiernan ei proceso en esta­

do estacionarlo, estân dadas por 

Bulôx + 8VIlJY = O (27) 

uôuiBx+VBulôY c -8{p+z/Fr
2)/8x-jrr g /(gF r 2 )&+82

ui8Y
2+(l/Re)ô2ul8x2 

(28) 
C X 

8{p+z/Fr
2
)/8Y + jrr g /(gfr

2
)6 - !IRe (29) 

c y 

u86/8x + V89/BY = 1/Pr B
2
&/8Y

2 
+ (l/PrRe)ô2.y/8x

2 
+ Ec t '. (30) 

Dado que ya se han normalizado las variables tomando en cuenta la zona donde 

los efectos viscosos son importantes, en el limite aslntótico de R- se pue­

den ahora despreciar los términos de orden 1/Re. Asl, las ecuaciones (28) y 

(29) se reducen a 

(31) 



El n(Jmero de Nusselt es para este caso 

Nu "'- 00/ôyl 
p 

(Re)l/'l 89/BYI 
p 

o sea 

Nu" Nu(Rel"l/i • ô9/ôY) 
p 

Rev. BrMoc. Alo de Janelo, VoL X. n9 4 - 1988 

(32) 

(33) 

(34) 

Aqui se puede observar cOmo el efecto dei n(Jmero de Reynolds ha sido absorbido 

en el nuevo parâmetro, abOf"a de orden unidad. La nueva relacl6n funcional que­

da como 

Nu" Nu"(Pr,Fr,Ec,,!IT / F"r1 ) 
c 

(35) 

El limite Ec«l. asl como el llmJte ,!IT / Ft.2<<1 representan limites regulares y 
< 

por lo tanto representan parâmetros no-relevantes que pueden quitarse direc-

tamente de la relacl6n funcional (35). En este caso el sistema de ecuaciones 

se reduce a 

8u/8x + ôVIôY = O 

u8u/8x + Vôu/8Y • 82u/ôY2 

u89/8x + V89/8Y • JIPr tlelôYz 

La nueva relación funcional en este caso, se reduce a 

Nu• = Nu"(Prl ., 89/ôYI . 
p 

(36) 

(37) 

(38) 

(39) 

Los limites Ec»l y ,!IT IF'r~>l desequillbran las ecuaciones. lu cuales dejan 
c 

de ser de orden unidad. En estos casos es necesario reescalar las variables 

absorblendo dichos parâmetros en la nueva defloición de las varlables. En la 

slguiente secci6n de este trabajo se analizarll el caso donde ,!IT / Fr2»1. En el 
c 

caso donde estos parâmetros sean de orden unldad hay que retener los en el aná-

Usis. Volviendo a1 conjunto de las ecuaclones (36)-(38), babria que expl<lf"ar 

los limites Pr»l y Pr«l. Claramente se puede observar el carâcter singular 

del limite Pr»l. En este caso, debido a la dlsminución de la capa limite ter­

mica 
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Nu• 8S/8Y I -+ ., como Pr -+ • 
p 

(40) 

Por otro lado si Pr<<l, la capa limite têrmica aumenta en tal forma que los 

gradientes transversales se reducen a cero. Esto es 

Nu• .. ae/8Y] _. o como Pr .., O . (41) 
p 

Ambos limites por lo tanto son singulares y deben estar asoc.iados con Wl pro­

ceso de reescalamiento de las variables. Veamos primero el caso donde Pr»l. 

E:n este caso, la capa llmlte t~rmlca es muy delgada compant.da con la capa li­

mite viscosa. Dado que lo que queremos obtener es el flujo de calor, debemos 

concentrarnos en la ecuací6n de la energia. Aqui, el t6rmino convectivo debe 

ser dei mlsmo orden dei t~rmlno difusivo, esto es 

E:n esta zona u puede obtenerse mediante la expansión de serle de Taylor, 

u - (du/dY) Y 
p 

como Y-+ O 

(42) 

(43) 

de las ecuaciones (42) y (43) se deduce que Y - l/Pr113
. Por lo tanto el gra ­

diente 89/BYI es de orden Pr
113 

La relación funcional queda finalmente 
p 

(44) 

donde C tiene que ser de. orden unidad graclas ai proceso de normalización. El 

valor de la constante puede obtenerse ai Integrar una vez el conjunto de ecua­

ciones. E:n este caso c-.339. La relación (44) es ampliamente conocida y en la 

mayoria de los textos de transferencia de calor se le da un caràcter axiomáti­

co, cuando en realidad resulta dei anàJisis asintótico en los limites Re>)J, 

Pr»l, Ec:«J, (3T / Frz<<J. En variables dimensionales el flujo de calor por 
ç 

unidad de tiempo está dado por 

q 
I /2 1/6 

X J! 

Para obtener esta relación no se na hecho ning6na integración númerica. Por 

otro \ado en el limite Pr «l. de la ecuaci6n de la energia tenemos que a1 com-



R41v, &t.1ec, Rio de Janeiro, VoL X, n9 4- 1988 

parar los Urmlnos coovectivo y difusivo 

(45) 

ahora ron u-+1, dado que la capa limite térmica es muy superior a la viscosa. 

E1 lado izqulerdo sigue siendo de orden unldad, por lo que el espesor de la 

capa limite'\ t~rmica es dei orden Y - 1/Pty·z. Por lo tanto en este caso, la 

relación funcional queda como 

Nuu • Nu Re -liZ Pr -Vl • C (46) 

slendo la constante ahora c-. 565. La relaci6n funcional dada por la ecuaclón 

(44) ha demostrado ser una buena aproxlmaclón aun para valores de Pr de orden 

un1dad. 

CONVECCIÓN NATURAL EN UNA PLACA VERTICAL 

En esta sección se anaiiza el caso dei proceso de transferencla de calor por 

convecdón natural eo una placa vertical . Las ecuaclooes de movlmlento adimen­

sionales estAn dadas por las ecuaciooes (!6) a (18) . La condlción de frontera 

lejos de la placa es 

lo cual hace que 17(p+z/Fr2l '" O. Si el numero de Fraude definido coo una velo­

cldad forzada es mucho menor que la unidad, eUo indica que la velocidad pro­

ducida por las fuerzas de flotaclón son mocho mayor que la forzada. Por lo 

tanto es conveniente retomar la velocldad caracterlstlca resultante de dlchas 

fuerzas de flotación. Para in.iclar el proceso de normallzaclón es de bacer no­

tar que en la capa viscosa, tanto las fuerzas de flota c16n como viscosas tle­

oen que ser dei mlsmo orden que las de inercia. Esto es 

(47) 

Dado que el t~rmlno de la Inercia es de orden unldad, entooces el espesor de 

La capa es 

y (48) 
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También tiT / Fr2 
- 1, de donde se obtiene la velocidad caracterlstica apropiacla . 

ç 

para este proce~o 

v = (trf gL )1/Z • 
c. ç c 

(49) 

El número de Reynolds definido con esta velocidad caracterlstlca está dado por 

(50) 

donde Gr es el denominado número de Crashof. En la literatura ya es cluico 

utilizar el número de Grashof en vez dei nfimero de Reynolds . En el limíte sln­

gular Re»l o Gr»l, de acuerdo con la ecuaciOn (48) la nueva coordenada adl­

mensional de orden unidad está dada por 

Por la ecuaciOn de contlnuidad es conveniente definir una velocidad transver­

sal de orden unidad como 

Con esto las ecuaclones en estado estacionaria toman la forma 

8ul8x + 8V/8Y = O (51) 

u8u/8x + Vôu/8Y = -a + a2
u/8Y

2 (52) 

ull9/ôx + V89/l!Y = V Pr a2
a/l!Y

2 
+ Ec t' (53) 

Para Ec«l, se puede descartar su efecto y la relac!On funcional para el nWne­

ro de Nusselt queda como 

Nu = Nu(Gr,Pr ) • 89/8y • Gr
11

• 89//JY Cr
11

•rtPrl 

o sea 

Nu• = Nu Cr-114 Nu• (Pr) 89/l!Yl 
p 

(54) 

aqui como en el caso anterior los dos limites Pr»l y Pr<<J. son singulares,por 

lo que se deberá absorberlos con la redefinic16n de las nuevas VMiables de 
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orden unldad. Analicemos prlmero el limite Pr»l. En este caso, la capa t6rml­

ca e. muy pequel\a pegada a la pared.. Dado que las fuerzas de flotaci6n son las 

encargadas de gen~ el movimiento, la velooldad má.xima a1canzada depende en 

gran med.ida del espesor de la capa t6rmlca o sea dei número de Prandtl. AsJ, 

la varlabJe u deja de ser de orden unidad y la velocidad caracter[stJca defi­

nida en la ecuación (49) deja de ser apllcable, lo cual hace necesarlo evaluar 

nuevamente eJ t6nnino forzante si lo hublese. E.n esta capa limite t6nnica las 

fuen:as de Jnercla dejan de ser Importantes y existe un balance entre las 

fuerzas de flotaci6n y las viscosas, esto es 

8~u/8y2- 8 . 

De la mlsma forma en la ecuaci6n de la energia, el t!rmlno C<"nvectivo debe ser 

dei mismo orden que el difusivo 

De ambas relaclones se obtie.ne que 

de donde se lnflere que el espesor de la capa es dei orden de 

y- 1/PrV4 

y la velocldad es dei orden de 

La relaci6n funcional queda finalmente 

o sea 

Nu .. • Nu Cr -v• Pr "114 
• c . (SSl 

En este caso Ca.SOJ. En el otro limite aslnt6tico, Pr«l, la fuerza de flota­

cl6n es dei mlsmo orden de magnitud que el t6rmlno de inercia. Esto es 

u8u/8:X - -6 
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de donde se lnfiere qu.e la velocldad u es de orden unidad. Por otro lado, en 

la ecuaci6n de la energla debe exlstlr un balance entre el t~rmlno convectlvo 

y el difusivo 

de donde se lnflere que el espesor de la capa limite es 

Y - V(Prll/2. 

E:llo da como resultado una relacl6n funcional de la forma 

Nu•• • Nu Gr ·1/
4 Pr - 1/2 • C (56) 

con c-0.6 . 

E:NFRJAMIENTO CONVECTIVO DE UNA PLACA PLANA 

E:n esta secci6n se analiza el proceso de enfriamiento de una placa plana del­

gada expuesta a un flujo convectlvo forzado. El objetivo fundamental es el es­

timar el tiempo de enfrlamiento as! como el de evaluar el erecto de la conduc­

tivldad de la placa en dlcho proceso de enfriamlento. Una placa plana delgada 

de espesor 2h y loll8ltud L a una temperátufa .inicial T , s e coloca paralela a 
po 

un flujo coo un fluido incompreslble con velocidad U • y temperatura Tao La 

conductlvidad túmlca f1nlta dei material de la placa, hace factlble la 

transferencla de calor a trav~s de la misma. AI haber transferencia de calor a 

trav~ de la placa, el problema es de carâct.er ellptlco. E:n este problema se 

consideran los bordes de la ple.ca como adiabá.ticos, de tal forme. que el calor 

que fluye a trav~ de la misma se transfiere finalmente aJ fluido. La ecuaci6n 

de la energia dentro de la placa es 

aZ-r 18x?. + aZ,. IIJ/ • p c /").. BT 18t 
p p • • • p 

Coo las condiciones lniclales y de frontera dadas por 

T .. T en t • O ; BT /8x • O en X • 0 y X • L; 
p po p 

").. 8T 18y -.-q 
• p c 

er1 y- b ; IJT /8y - o 
p 

en y • O 

(57) 

donde qc es el flujo de calor transferido al fluido por convecx:!On forzada. Se 

lntroduce primero le. adimenslonalizaciOn de la ecuaci6n (57) mediante la defi-
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nlcl6n de las varlables adimensionales 

e • (T - T )/(T - T ) 
p p .. po .. 

~ • x/L 'I) .. y/h 

la eçuaci6n (57) toma la forma 

(58) 

Aqui T corresponde ai tlempo adimensional que será definido después. Dado que 

la temperatura adimenslonal de la placa, 9P es funcl6n de aP .. aP(~.l!.Tl, es ne­

cesarlo lntroducir una simpliflcaci6n que haga factlble el obtener una soiu­

ci6n analltica dei proceso estudiado. Se supone a contlnuacl6n que la tempera­

tura en la placa es una funcl6o de la coordenada' longitudinal X · y el tiempo T, 

en una primera aproxllhacl6n. Después veremos las restr-lcciones a que está se­

metida dicha aproximaci6n. En este caso, suponemos que e P está dada por 

(59) 

donde c es un nUmero pequel\o comparado con la unldad, el cual será definido 

despu6s. lntroduciendo la relaclón (59) en la ecuacHSn (58), 6sta toma la for-

ma 

(h/L)z[81e lô;/+c82s 18i+ .. l + r;ôze /8711. + c1.81.9/8l!2 + .. 
o I I • 

- (p c hz/À d't)[8e 18-r+côa lôT+ .. J 
• ' • o 1 

(60) 

I 

Integrando Ia · ecuacl6n (60) de la forma J 
0

[ ldl!, y descartando términos de 

orden superior, nos queda en una primera aproximaol6n 

(61) 

En esta ecuac16n se han aplicado las condiciones de frootera por las partes 

superior e Inferior de la placa. Debldo a que los tlempos caracter!stlcos en 

el s61ldo son muy superiores a los tlempos caracter!sticos de residencia en el 

fluido, se puede considerar la aproximacl6n cuasl-estacionarla. Dado que la 

ecuaci6n de la energia en el fluido es lineal, la solucl6n de la mlsma puede 

encontrarse utilizando la superposicl6n de soluciones, encontrada para el caso 

referido en la secci6n 3 de este trabajo. Tomando en conslderaclón la solucl6n 

asint6tica para el flujo 4e calor contenlda en la eouaci6n (44,, la extensl6n 
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para temperatura no uniforme en la placa estâ dada por [2,3): 

Q
0 

• 0.339 .\ Re
112 

Pr
1
1'3/x {T-T •JT K(x,x'JdT'} 

t X I ~ T 
(62) 

I 

donde T
1 

r epresenta la temperatura en el borde de ataque de la placa y el nú­

cleo de la integral estâ dado por 

Tambíên, la condlclón de frontera en la lnterfaz Tl'"l, tlene la forma 

q g -IT -T 111. / hlcôe /87)1 • .. I . 
c po oo 1 l TJ• l 

(631 

lntroduc iendo las ecuaclones (62) y (631 en la ecuación (61) obtenemos la 

ecuaclón integro-diferencial que goblerna ei proceso 

2 z [ Je J 1n « lJ a1ax ; aa1a-c • e
1
+ 

9 
K<x.x'lde' l(xl . 

I 

(64) 

Aqui el sublndke O ha sido extraldo por simpllcidad. El tiempo adlmenslonal -c 

se ha definido como 

-c • 0.339 .\ Re1
/2 Pr11:l/[hl,o c )t . 

C I I 
(65) 

E1 parâmetro « estâ definido corno 

(66) 

Este parâmetro representa la relaclón entre la transferencia de calor a través 

de la placa con la transferencia de calor por convección hacia el gas. Para 

«» I la conducción de calor a través de la placa es tan grande que no admite 

grandes gradJentes de temperatura en la misma. Por otro lado, para «<<1, solo 

se transflere calor hacia el gas. Integrando ahora la ecuación (60) de la for-

• 
ma J

0
1 )dx, se obtlene en una primera aproximaclón 

de donde resulta la deflnición de c como 
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c ~ 0.339 (h/Ll(>. />. )R.e11z Pr
113 « J • ' . (67) 

La ecuaciOn (67) nos da la condici6n para ser vâlida la aproxlmaciOn introdu­

clda anteriormente. De las relaciones (66) y (67) obtenemos que el valor para 

ex debe cumpllr que 

lo cua1 nos da un amplio rango de apllcabUidad de la aproximación introduci­

da. Las condiciones iniclales y de frontera para la ecuaclón integro-diferen­

cial son las sigulentes 

9(~.0) = and 89/ôx • o at ~ z 0.1 . (681 

Resumiendo, las ecuaciones (64) y (68) representan el proceso de enfriamiento 

de una placa plana en los s[guientes llrnites 

Re » I , Pr » I . Fr » I , Ec « I , c « I . 7 « I , 

donde 

r=0.339>. Re112 Pr 113/(U hp c I . 
1 ao • • 

representa la relación entre los tiempos característicos en el fluido y el sO­

lido. La relac[ón funcional resultante es 

9 = nx.~.exl . 

Una simplíflcación mayor se obtiene aJ considerar los limites asintOticos ex»l 

y ex({) . En el prlmer caso, para a>>l que representa un limite regular, se su­

pone una solución de la forma 

.. 
6 = 6 (T) + r v ex" 9 (~. T) 

o n•l n 
(69) 

A1 introducir esta relación en la ecuación (64), obtenemos el siguiente con­

junto de ecuaclones 

(70) 

8
2
9 18/ • 89 lô'T 

n+l n 

6 

+ [e •J n K(~.x· )d9' ] /(~l 112, para todo 
nl 

6 
n 

n I 

n (71) 
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con las condiciones 

e (X, T200) • I; e (x, T•O) " 0 para n>O; 8e /8')'. • O en XZ'0,1 para todo n 
o n n 

La ecuaci6n (70), junto con las condiciones de frontera adlab6tlcas, nos dice 

que e 
0 

es solo funcl6n dei tiempo. La prlmera ecuación en 1711, queda de la 

forma 

a'e /Bx1 
• de /dT • e /txll/2 

l o o 

I 

Integrando la ecuaci6n de La forma J
0
t ldx y aplicando la condición de adia-

batlcidad en los extremos, obtenemos 

d9 /dT + 20 = 0 
o o 

Lo cual da como soluci6n que e =exp(-2T), la cual es válida para 
o 

Re»l , Pr»l , Fr»l • Ec<<J • c«l • y«l , «»I 

Si intentamos la soluci6n para el síguiente valor de n de tal forma de dismi­

nulr el valor de Cl para el cual la aproximaci6n sigue siendo válida. nos en­

contramos con el problema de que la soluci6n asumida en un principio de la 

fo•·ma dada por la ecuac ión (69) deja de ser válida ya que se generan transito­

rios con tiempos caracterlsticos dei orden de l/Cl. La forma asintótica correc­

ta para este caso es .. 
() = () o(s) + n~l l/Cln e n <x.s,cr) 

con S=TU+<o~/«+ .. l; cr=ClT. Dada la exlstencia ~e dos escalas de tlempo en este 

problema, la solución puede encontrarse utilizando la técnica de escalas mül­

tiples o bien la teoria de la capa limite. Con esto, el conjunto de ecuaclones 

toma la form a 

t/a /8;/ - 89 /ôu a o 
o o 

o 
,. ao /Bs•w 86 /8s•.• [e .·J nK(x.x')de·]/txl·n 

n 1 n .. l m. 
8 

n 

.. t 
para todo n. 

Con las condiciones O 
0
(;t.O.O)•I; 0

11
(x,O,O)•O para n>J 
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88 /Bx_ 3 O at x. • 0, 1 para todo n . 
" 

La soluci6n para 8
1 

está dada por (4) 

[ ~ ] 3n z .2 2 
8 (;t:,s,cr) = -VS+4/3 x. -x. + t aCos(•Jx.lexp(-J • CT) e:xp(-Zsl 

I J•l ) 

donde los coeficientes a, están dados por 

a • rJ
1 

[ l/S+i-413in]Cos(•.Jxld;t, con r z2 para j>O,r • I para j=Q. 
) o J J 

La constante (,;j se obtiene ai eliminar t~rminos seculares 
I 

cu
1 

• 2/38(2,2/J) - 8/ISB(S/3.213) 

Por otro lado, el limite «<(I representa un limite singular . Sln embargo el 

caso c:t•O da gran información dado que las capas limites en ambos bordes de la 

placa no tienen un efecto especial sobre el proceso de enfriamlento de la pia­

~ y su acción es solo local. En este caso. ai no existir conduccion axial, la 

ecuacl6n que gobierna el proceso está dada por 

e 
8818T + (Vx.v 2) I K(x,x ')d8' = O , 

o 
con la condici6n inicial 8(;t. T=O)=I. La 

semejante de la forma 

para «=0 , (72} 

ecuacl6n (72) tiene una solucl6n auto-

8 
21)<18/dll = t/(1))

1n I K (1),1l')d8' (731 
o 

con la varlable de semejanza definida por n-x.IT2
• La condlci6n inicial se 

transforma en 8(~).,1. La ecuaci6n (73) no tiene ningún parâmetro y necesita 

integrarse numérlcamente una sola vez. Para mayor profundidad en el tema se 

pueden consultar las referencias (4.51. 

CONCLUSIONES 

En el pre~nte trabajo se han expuesto en forma sistemática la apllcacl6n de 

t~ni~s asintóticas en problemas de transferencia de calor. Primeramente me­

diante una adimenslonallzaci6n dei conjunto de ecuaciones que gobierna el fe­

nómeno, se logra reduclr el nfunero de varlables que lntervlenen. En la mayoria 

de los casos ello no basta para reduclr en tal forma el problema que pueda 
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de los casos ello no basta para reduclr en tal forma el problema que pueda 

conduclrnos a lograr una soluci6n cerrada ai mlsmo. o cuando menos reduclr el 

problema a ecuaclones sln nlngún parâmetro. El sigulente paso es el de norma­

lizar cuidadosamente las varíables adímensíonales. tanto las tndependlentes 

como las dependientes. En seguida es conveniente contar con e l valor de los 

parâmetros, explorar sus limites aslntóticos e identificar los parâmetros re­

levantes y no-relevantes. Dependiendo dei valor de los paràmetros, es posible 

ahora descartar eJ efecto de los pan\metros no-relevantes por considerar pe­

quella su influencia. Con respecto a los parâmetros relevantes, se pueden ir 

absorbíendo gracias a la continuacl6n dei proceso de normali:zaci6n. Flnalmen­

te, es conveniente explorar las posibles soluciones auto-semejantes y evaluar 

las restricciones que puedan afectar su validez. 

En e l proceso de absorción de los parâmetros relevantes se ut.Jiizan técnicas 

de perturbaci6n singular. En general basta con el prímer término para obtene.r 

una muy buena aproximación. Sin embargo, de ser requerida una aproximación de 

orden superior es necesaria la utilízaci6n de técnicas de expanslones asintó­

ticas acopladas, capa limite, WKB, escalas múltiples y otras. El Ir obteniendo 

nuevas aproximaciones va complicando en gran medida el análisis. 
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C HAM A DA DE TRABALHOS 

A Revista Brasileira de Ciências Mecânicas está lhe convocando 
a submete.r trabalhos técnicos e/ou cientificas que prestigiem sua nova fa 
se. Nos seus nove anos passados de existência, com quatro números anuais:­
foram publicados 140 artigos, dos quais 40 em inglês e 5 em espanhol, 
apresentando os resultados de pesquisas de 152 autores pertencentes a 29 
instituições nacionais e 24 estrangeiras. A Revista, que conta com o au 
xilio da FINBP no Programa de Apoio às Revistas Cientiticas, pretende age 
ra simultaneamente atingir dois objetivos: maior divulgação internacio= 
nal e incrementar seu aceite internamente no pai s. 

Para tanto conto consigo! 

Além de alterações visuais que sim~lificam e tornam mais agra­
dável o manuseio da Revista estamos dando in1cio a uma verdadeir« •cata• 
de produção técnico-cientifica brasileira: não deixe seu trabalho escon­
dido e resumido em anais de congressos nacionais e internacionais . Publi 
que-o na RBCM. -

A Revista Brasileira de Ciências Mecânicas o tende a um amplo es 
pectro de interesses. Entende-se que esta área abrange os fundamentos e 
métodos básicos em mecânica teórica e aplicada , dinâmica e vibrações, con 
trole e otimização, materiais, mecânica dos sólidos, mecânica dos fluidos-;­
termociências, geociências, energia e meio ambiente, biociências . As apli 
cações destas técnicas sãoe ncontradas em muitas ramificações da engenhã 
ria conforme um estudo preparado pela ABCM . -

Estamos também incentivando a publicação em inglês . Cada traba 
lho onde um dos autores seja residente no Brasil poderá fornecer ao Edi~ 
tor uma lista de 20 nomes de pesquisadores no exterior que receberão um 
exemplar de cortesia da RBCM. Trabalhos em português por sua vez dever ão 
ter um sumário estendido em inglês (aproximadamente uma página) 9ue per­
mita o acompa.nhamento das fórmulas e figuras do texto. A RBCM dara o apoio 
necessário ao autor na revisão do texto em inglês . 

Por outro lado pretendemos dar eapecial atenção a trabalhos d~ 
rivados de aplicações tecnológicas, realizados pela indústria ou em coo 
peração com ela . A RBCM deve se tornar um veiculo de estimulo do diálo~ 
go entre a empresa e o meio acadêmico . vamos iniciar na Revista três s~ 
ções novas: Comunicações, Cartas ao Editor e Notícia& . 

Comunicações são trabalhos cientificos ou tecnológicos, curtos, 
ou , aspectos parciais de um trabalho mais extenso. Podem também ser in­
formaçoes sobre trabalhos do autor publicados em congressos ou em revis­
tas internacionais. Sua publicação é rápida e de precisão do Editor ou 
de um doa Editores Associados da Revista. 
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Cartas ao Editor pretende abrir um espaço para a discussão doa 
temas relevantes que interessam a nossa comunidade . Os temas podem ter c a 
ráter cientifico ou não. Sua publicação é de decisão do Editor. -

Noticias deve apresentar em forma de resenha as novidades nacio 
nais e internacionais relativas ao mundo de Ciências Mecânicas, difundin 
do informações sobre a ~articipaçio brasileira em eventos estrangeiros-; 
cooperação de instituiçoes, quem está onde fazendo o que, etc. 

Os trabalhos científicos continuarão a ter o tratamento habi­
tual. Oevem ser originais, se possível com parte experimental e serão ana 
lisados por 2 ou 3 revisores de escolha dos Editores. A decisão de publi 
cação é do Editor ou dos Editores Associados ante o parecer dos revisores . 

A RBCM espera se tornar o meio natural de publicação de : 

resultados de pesquisas financiadas por fontes governamentais brasile! 
r as; 
resultados de pesquisas de programas de cooperação bi-lateral com o e~ 
terior (em inglês, por favor .•• ); 
versões completas de trabalhos apre5entadoa em congressos onde os anais 
restringem as comunicações a poucas páginas! 
resultados de teses de mestrado; 
resultados de teses de doutorado (em inglês, por favor ••• ); 
trabalhos que antecedem uma publicação em revista internacional de am­
pla circulação, 
trabalhos que incluem ou derivam de pesquisas experimentais; 
resultados de trabalhos realizados ea conjunto com empresas, 
resultados de trabalhos tecnológicos ou científicos desenvolvidos pe­
las empresaa1 
comunicações qu e enfoquem aspectos parciais de uma pesquisa. 

A A8CM pretende que sua Revista seja um excelente instrumento 
de intercâmbio de informações entre instituições brasileiras, institui­
ções brasileiras e estrangeiras, universidàdes, centros de pesquisa e i~ 
dustriais ou empresas. Toda a sua renovação está sendo feita visando e~ 
ta função. 

l04TOI• 

Encaminhe seu trabalho, em 3 cópias, nos padrões ha­
bituais de datilografia e apresentação a um dos nomes 
abaixo. Se estiver enviando um trabalho cientifico 
em português inclua titulo em inglês, sumário esten­
dido em in2lês, resumo em português, palavras chave 
em portugues e inglês. Se o trabalho cientifico for 
em inglês inclua o resumo em português, o abstract em 
inglês, o titulo em português e as p&lavras chave em 
português e inglês. Comunicações, Cartas ao Editor 
ou Noticias podem ser enviadas em português ou inglês 
livres de qualquer norma. 
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BRAZILIAN SOCIETY OF MECHANICAL SCIENCES 
(Associação Brasileira de Ciências Mecânicas - ABCM) 

ORG~ATION/CONnrnEN~ 

INTRODUCTION 

The bir th of ABCM is closely related to the organhation of the II Bratilian 
Sympos1um o! Mechanical Engineering whicb waa held ln Rio de Janeiroin December 
of 1973. ln November of that year, a small group professor• of several 
Oniversities had a meeting in Florianópolis, in the southern state of Santa 
Catarina, t o discuss the orga~ation of a aociety which could home all persons 
concerned with areas of mechan~cal engineering intereat. ABCM was founded t wo 
yean laterwiththat spiritinmind andit.sname, "Science" rather than the usual 
"Englneering", reflects a modem concept of engineering aasooiated with the 
kn<Nledge and mastering of the baaic concepta and iu applications in production, 
energy, material science, desiqn, simulation, etc . 

ln t.he p.ut fifteen years ABCM bas become a well l>t.ablished engineerinq society 
1n Brazil witb a rapidly growing apectrua of a ctivitiel>, sponaoring national 
and international conferenees , organizinq speciali zed courses for indu~trv. 

stablishinq regular and "ad boc" groups and committeea, helping the 'feder aL and 
st.ate goverrunents in. sorne key areas of technology·, supporting and sponsoring 
students contesta, r epresenting Brazil i n some international organizations such 
as the International Union for Theoretical and Applied Kechanica -lOTAM, the 
lnternational Federation for Theory of Machines and Mechanisms - lFToMM, the 
International Measurement Confederation - lMEJ(() . 

ABCH has today about 800 members , most of them participate actively in the 
soc1ety's main events. To some degree r eflecting difficulties of the Brazilian 
industry in the past decade , t.here is atill a r e latively small percentage of 
professional enqineers in the society. A&CM is currently engagad in a process 
to increaae its involvement with many industrial segmenta, and expecta to 
increase significantly its membership in the near future. 

ORGANIZATION 

The Brazilian Society of Mechanical Sciencea ia governed by a BOard o f Directora 
consisting of five members (pr esident, vice-president, general secretary, 
aecreta.ry and treasurer) , all elected for a two-year term. 

A Council, consisting of ten members e l ected for a staggered four-year term , has 
t o aprove major society's deciaions in matters such as budget, permanent 
committee members, authocization f or new geographical Regions , etc. 

The General Assembly consisting of all ABCH membera aproves important decisions 
auch as the election of members for the Council and for the Board of Directora, 
and changes in the Constitution and By-Laws. 

Geographical Regions au localy responsible by the society • a actiyities such as: 
courses , conferences and symposia, industry contacts, etc. Each Region has a 
Chairman which reporta directly to the Board of Directora . 
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COMMITTEES 

Pive permanent committees helpts the Board of Directora in the followi ng areas: 

- ~tting eo..ittee. Recomenda nev members. 

- Exchange COIIIII.ittee. Advises t.he Board of Directora in all mattera concerning 
the interaction of ABCM with other societies . 

- Editorial Coaaittee. la respondble in stablishinq ASO! policy for its 
publications . 

- Teaching and Researcb Committee. Is reaponsible for the orqanization of 
proqram in the areas of teaching and research, includinq r ecomendations for 
Uníver sities and Government Agencies. 

- Science and Technoloqy Committee. Is responsible for the organization of 
programs in the areas of Science and Technoloqy. 

eurrently ABCM has specilized committees workinq in the following areas: 
pressure and vessels ; dynamic s ystems, precieion mechanics; termo scie nces. 

OUES 

CUrrent dues for ABCM members (dollars equival ent t o Brazilian currency) are: 

- $30. 00 f or fellow membe r, permanent member 

- $15.00 for student member 

- $600. 00 for institut íonal 

MEMBER BENEFITS 

Members receive ~ regular subscriptíon of lhe Brazilían Journal of. Mechanical 
Science. Special d1scount in conferences, meetinqs, publications and coursea. 

BOARD OF DIRECTORS 1988/1989 TERM 

Preeident: Sidney Stuckenbruc k 
Vice President: ~uiz Bevilacqua 
General Secretary: José Luiz de França rre1re 
Secretary: Tito Luiz da Silve1ra 
Treasury: José Augusto Ramos do Amaral 

READQUATERS 

Associação Brasileira de Ciênc1as Mecânica~ 
Rua Marquês de São V1cente, 22S - cávea 
22453 Rio de Jane~ro, RJ Br5sil 
Telephone: (021) 529-9437 
Telex: 31048 PUCR BR 
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CONFERENCES SPONSORED BY ABCM - 1989 / 1990 

1. 01-04/ Auqust/1989 
III Symposium on Dynamic Systems in Hachinea a nd Equipmenta 
~guas de são Pedro, SÃo Paulo 

2. 25-27/0ctober/1989 
Workshop on "WUality of Software for Enqineerinq" 
Rio de Janeiro, RJ 

3. 27-30/November/1989 
Workshop on "lnovative Hethods on Finite Elements• 
Rio de Janeiro, RJ 

4. 05- 08/0ecember/1989 
X Br.uilia n Congress of Hechanical Engineering 
Rio de Janeiro, RJ 

5. 28-31/Auqust/1990 
VI 8razilia n Symposium on Preasure Vessels and Pipinq 
Salvador, Bahia 

6. lD-12/Dec~r/1990 

111 National Heetinq on Thermal Sciences 
ltapema, Santa Catarina 

CONFERENCES SPONSORED BY ABCM - 1975/1989 
(TP • total numbers papers 1 BA • national authors 

1. 09-12/0ecember/1975 
III Brazi lían Congress o! Hechanícal Engineering 
TP ~ 106 ; BA • 80 1 FA = 26 
Rio de Janeiro, RJ 

2. 12-14/0ecember/1977 
IV Brazilían Congress of Mechanical Enqineering 
TP ~ 133 1 BA • 154 1 FA = 52 
Florianópolis, Santa Catarin~ 

3. 12-15/0ecember/1979 
V Brazilian Congress of Hechanical Engineering 
TP = 171 1 BA • 245 1 FA = 38 
Campinas, São Paulo 

4 . 19-21/November/1980 

FA • foreign authors ) 

I Brazilian Symposium on Pressure Vessels and Piping 
TP = 33 ; BA • 51 1 FA • 8 
Sa~vador , Babia 

S. 15-18/December/1981 
VI Br~zi1ian Congress of Hechanical Engineering 
TP a162 1 BA • 159 1 FA • 18 
Rio de Janeiro , RJ 
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6. 24-2&/Nove.mbe.r I 1982 
11 Braz.i1ian Symp.o11íum on Pressure Vesse1s and Pipin9 
TP • 38 1 BA • 72 ; FA c 4 
Salvador, Bahia 

7. 23-25/November/1983 
Meeting on Analysis of Struotura.l Compooents at E1evated Temperatures 
BA • 10' 1 f'A • 5 
Rio de J&neir o,RJ 

8. 13- 16/Deoernber/1983 
VII Brazilian Congress o! Mechanical Engineering 
TP = 197 1 BA s 272 1 FA = 44 
Oberlãndia, Mi nas Gerais 

9. 22-26/0ctober/1984 
SemJnar on Design of Pressure Vesse1s 
BA 3 10 ; FA = 3 
Rio de Janeiro, RJ 

10. 29-31/0ctober/1984 
III Brazi1ian Symposium on Pressure Vessels and Piping 
TP ~51 ; BA • 91 1 FA a 20 
Salvador, Bahia 

11. 10-13/Decewber/1985 
Vlil Braz~lian Congress of Mechanical Engineering 
TP E 230 ; BA .. 301 ; FA - 72 
São José dos Campos, São Paulo 

12. 23-28/Fabruary/1986 

• 

I Symposium on Dynamic Systems in Machines and Equipments 
TP = 27 ; BA = 23 ; FA = 16 
Friburgo, RJ 

13. 05-09/August/1986 
Symposium o~ Ine1astic Behavior of Plates and Shells (ABCM/IWfAM) 
TP = 32 ; BA = 3 ; FA = 29 
Rio de Janeiro, RJ 

14. 28-31/0ctober/1986 
IV Brazilian Symposium on Pressure Vessels and Piping 
TP = 47 ; BA = 110 1 FA 5 20 
Salvador, Bahia 

15 . 10-12/December/1986 
I National Meeting on Thermal Sciences 
TP = 58 ; BA = 105 i FA = 7 
Rio de Janeiro, RJ 

16. 07-11/December/1987 
IX Brazilian Congress of Mechanical Éngineering 
TP c 283 1 BA = 261 ; FA c 67 
Florianópolis, Santa Catarina 
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17. 26 Feb-04 Har/1988 
Il SYmpoaium on Oynamic Syst-s in Machinu a.nd EquiPIIIenu 
TP • 29 I BA • 40 1 FA • l 
e-mpoa do Jordão. são Paulo 

18. 25-28/0ctober/1988 
v Bruilian S)"'llposLua on Preaaure Veasels e.ncS Piping 
I Latin Aaerican sv-poaium in Presaure Veaae1a and Piping 
TP • 61 1 BA • 1 FA • 30 
Salvador, Bahia 

19. 06-08/Deceaber/1988 
II National Meeting on Thermal Sciencea 
TP "' 94 1 BA • 1 FA "' 
~guas de Li.ndÕia, sio Paulo 

20. 03-06/January/1989 
Pan Aaerican Congreaa of Applied Mechanica 
Cosponaorahip with the ~ican Acad~ of Science Mechanical 
TP • 197 1 BA • 27 1 FA • 
Rio d.e Janeiro, RJ 

• 
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