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ABSTRACT 
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Amathemalica/ model h as been developedfor lhe detem1inati011 of thennal crmditions in nulte 
entn'es in a generol efforl to simulate opttmting conditions in mining nerworks. The time 
dependence oj tlu IT1te of_heat transferred /l'()m the rock ha:s been handled lhrough a numerically 
olitained Time FOCior. lt has been shown that the Time Factor deviates (mm the previously 
accepted ch01T1cteristics. A W1:tne.~:r Factor, as introduced by Amano, hm been inclsided ln lhe 
modelto h(Jitd/e partial/y wet rock surface problems. P~limlllaty fmalysis of tlte obtained ~u lts 
undetlines the adequacy of tire propoud modeL 

Keywords: Mines • Tunnels • ThermaJ SimuLation • Ventilation 

RESUMO 

Um modelo matéllldtico pDIT1 a detenuina~ão das condíções ambientais em túneis de minas 
foi desenvc/.vidono Ombiu)de um esjrxt;omaisgeral de simulaçiiodas condiçooopero.cionai& 
de ~des de túneis em nui1as. A variação tempõra/ da tauz de trtJJufuincia de ca[or da rocl1a 
foi pos:ifvt:f ~as à intfT)dução de um Fator "TemfX?., o qual mostrou COIT1Ciensticas di{e~utes 
daquelas que anteriomwrtt se admitiam como Vdlidas. O problema da ~cie áa rocha 
parcialmence molhada foi incluído no modelo pela intioduçi1o ·do Fator de Umidade, 
anterionnente Sljgerido por AmaJto. Análises p~liminara dos "sultados apontam para uma 
adequação do modeftJ proposto. 

Palavras-chave: Minas • Túneis • Simulação Térmica • Ventilação 
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lNTRODUCTION 

Thennal conditions in mlning networiCs h ave been investigated for quite a long time, specilliiY 
ln applicatlons where significant h~r generation may occur. Severe thermal conditions ln 
work.ing areas affect proouctivity and the health of people ex:posed to such an environment 
for a long period of time. Thus, it is imponant to predict conditions which may occur during 
mining operatlons in order to provide means of reducing temperature and humidity to 
adequate leveis. ln those cases where there-is intense heat and hu:midil:f generation such 
predictiori is not easy dueto the complexity of mine operatlon. Scveral simulation programs 
h ave appeared ln tbe last thirty years, ali of them bascd upon models of the mine network 
(1], [2], [3]. One of them, dcveloped by AMANO and co-workers, [3], has been successfully 
applied to the predict ión of thermal conditions in mine networks. The main contribution of 
the procedure developed by AMANO et a1 is related to the heat and mass transfer 
mechanism from tbe rock to the air in underground mines. Even though different sources 
of heat and humidity may be present, the one originated from the rock may be important 
and difficult to cvaluate. The present work is based upon a mine network símulation program 
dcvcloped at the Escola Politécnica of the University of São Paulo, Bcazil. The aspects of 
that program referred to ln lhis paper are related witb thermal simulation of an underground 
mine. The basis for that simulation is the above mentloned work by AMANO et a1 (3). 
However, a different approach was adopted, since the heat transfer from the rock was 
obtained from a numerlcal proced~re, from which qualitatively dífferent results were 
obtained when compared to those by AMANO et a1 [3]. 

THEMODEL 

General Consldentlons. As it has been mentioned ln the Introduction, the mechanism of 
heat and mass transfer to tlle' air in a borc of a mrne is a very complex'one. ln order to make 
it amenable to a fe8Sl'ble analysis, some simplil)ttng assumptions have to be made. ln this 
work most of Lhe a.Ssumptions previously made by AMANO et a1 [3] have been adopted. 

Figure 1. Geometry associated to the model of a mine entry 
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The associated geometry of the problem is shown in Figure 1, wbere the most significant 
pBrameters of the heat and mass transfer mechanisms are included. The main assumptions 
made in the development of the model are the following: 

1) The entty presents a constant cross section, and its length is divided in equal volume 
regions of length L. One of thosc regions is displayed in Figure L The length L will be 
discussed later on in the paper. 

2) Transport properties of the rock and the air are considered to be constant 

3) The wan of the entry is assumed to be covered with a ~ layer of water. This assumption 
will be discussed later. 

4) The air in thc mine network is assumed to present no thcrmal inertia effeas. This does 
not imply that the system openltt'.S under steady state conditions. 

Jf heat and mass balances for the control volume (CV) or Figure 1 are pérfonned, the 
following equations may be obtained: 

(1) 

(2) 

where qR, in W! m2, is the heat Oux from the rode, I refers to the enthalpy, and w to the 

humidity ratio of the air. m refers to the mass Oow rate. whereas QD includes the hcat 
dissipated by machines, llghts, etc. Subscripts 1 and 2 designate the entrance and exit of the 
CV respeáively, and subscripts A and W designate air and water respectively. The above 

equations should be complementcd by rate equations, such as: 

(3) 

(4) 

(S) 

(6) 

where h c and hcm stand for the heat and mass transfer coefficients, C pu is the humid alr 
constant pressure specific heat, and the 5ubscript I deslgnates conditions in the air at the 
water-air interface. In the development of Eq. (3) it has been assumed that the Lewis 
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Relation for air-steam mixtures i.s very close to one (4], (5]. Undçr this assumption the 
convective mass transfer can be detennined from the following relation: 

h c 
h =­r:m c 

Pu 

(7) 

The solution of the set of Equadons (1) to (7) willlead to the exit and air-water interface 
conditions of the CV of Figure 1. However, the·value of the rate of heat dissipated by 
equipment in the CV must be estimated, as well as the enthalpies of the air and the heat 
flUJC from the rock, qR. QD can be evaluated from informatlon about the equipment 
operating in the area, and the effect of auto-compression•, rclated to gravity. The term 
qR will be discussed in the next section. With respect to the enthalpies, the following 

psychrometric relation can be used to relate the hurnid air entalph to the temperature and 
humidi.ty ratjo: 

i= cPA T +(a+ cpyT)w (8) 

Where the subscripts A and V of the specific heat designate air and steam, and a is a 
numerical constant. 

Heat Transfer rrom the Rock. The heat transfe.J:Ted to the air ls dependent on the 
temperature gradient in the rock at the surface. The law which governs lhe conduction heat 
transfer in the rock i.s the so-called Poisson Law. lf heat conduction effects in the entry 
dlrection are neglected, that law can be written as: 

(9) 

where a is the thermal diffusivity of the rock. Figure 2 can be used as reference for the 
heat conduction problem. Equation (9) involves time variation effects, and to solve it, initial 
and boundary conditions must be providcd. Those conditions wül be established here, 
through the following arguments: 

1) The rock is as.~umed 10 bc ata uniform temperature, T0 , at lhe beginning of the mine 

operation. 

2) The surface is assumed to be dry for lhe moment. 
"Auto·compressloo Is lhe term use<! ln mining ~nginterill$10 desi&nal~ lhe risíng in lbe lemperalure of lhe alr wb.eo 

iC flo••1 from lhe mim entra~ (ela blgb kml) lo lhe lunnel under eonsidenllion (at 1 Jower levei). 
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3) The air in the entry is assumed to be blown constantly at a temperature TA. Thus, the 

entry operares as a heat sink for lhe rode, progressively cooling ít. As a result lhe 
temperature ín the rock will diminish with the time. 

4) The rock is assu.med to be of inflnite thickness, so tbat the temperature at lhe furthermost 
regions will remain unchanged, and equal to T0• 

/ 
/ tt.ot c:~ion 

Roçk 

Ory aurfoçe 

Figure 2. Geometry of lhe heat conduction problem 

Given the aforementioned arguments, thc boundary and ínitial conditions associated to Eq. 
(9) can be written as: 

1 =o T = T0 

I> 0 

r-+ oo T= T0 

where k stands for tbc thcrmal conductivity of lhe rock. 

ln order to simplify the proccdurc for the evaluation of lhe heat flux at the surface, thc 
procedure suggested by AMANO [J) has been adopted ín this work, according to which a 
TIME FACfOR,Ji, is defined such rhat: 

(11) 

Uoder lhose circumstances, the hear flux at the rock surface can be deterrnincd fr(}m the 

following equation: 
•For lhe! sako of 5implicicy, Trar1 wiU be lUbilitut«< for Ts. designalllla lbe temperat~ euho awfa"' oW\e nxk. 
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(12) 

The Tune Factor is dependent upon the rock Biot number, hcfllk, and time. lt must be 
noticed that in Eq. (12), Ts is also time dependent. Ts wi.ll be obtained from the solution 

of the system in section 2, whereas the Time Factor can be determincd beforehand. The 
procedure for that wiU be dcveloped in the next section. 

The qucstion that remain.s to be answcred is the one related to the procedure when the wall 
is completely wet, as it has been assumed in the previous section. ln that case, under the 
assumption of negligibly small Lhermal resistance of the water film, the boundary conditions 
associated to Eq. (9) cou}d..be wrinen as•: 

(13) 

r .. oo T = T0 

Under the form that it is presented, Eq. (13) is cumbersome to deal with, sín.ce the surface 
tcmperature does not appear explicitly. Thus, a combined heat ana mass transfer coefficient 
could be deftned,hf, in such a way that: 

(14} 

and 

(15) 

Thus. instead of working with Eq. (13), one may use Eq. (15), and the problem becomes 
formally alike to the dry wall one. The only difference is related to the heat transfcr 
cocfficient, which in lhis case is hJ, and !n the forme r is h~:. One may argue that hJ may 
vary with time, since it is dependent upon the mass transfer rate. Tablc 1 was included to 
display the ht var1ation for dlfferent oondltions at the water film. The ai! tempcraturc was 

assumed to be equal to 20°C and its entha.lph 40 kllkg. The ot.her assumed parameters were: 
Lhe entry radius, 11. and thermal conductivity of the rock, k, which were assumed equal to 

1.5 m and 2.5 W/ m°K, respectively. 

It can be noticed thatthe maximum hJ variation is27.9%, forboth ltc'sadopted. That figure 

is acceptable if one considers that the ftlm tcmperature for which hJ presented the highest 
deviation is very close to the air temperature. ln cases where the air and film temperatures 

were very cluse, the variaúon of hJ would be even smallcr than in the case above. 
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Partially wet walls nave also been considered by introducing a Wet:ness Factor, lP, as in 
AMANO et ai [3]. The Wetness Factor is deftned as the ratio between the f'íites of 
evaPQratlon of water in a partially wet wall and in a wet wall. Since those rates are given by 
the following equarions: 

. 'ârL 
· Wet Wall: (mw)w = hc - n(wi- w) 

C pu 

· PartiaUy Wet Wall: (mw)J>W = mA(W2 - Wt)R.eat 

Table 1. hf va.lues for different water ftlm temperatures 

h1(Wim 20C) 

Ts("C) 
h = 6.2 Wl m2 °C h = 29 Wlm2 °C c c 

40 166.6 1.054 37.2A 177.2 

35 129.4 1.045 3537 1683 

30 100.0 1.041 35.72 170.0 

25 76.5 1.034 45.2A 215.2 l 

the wetness Factor can be written as: 

{16) 

The dcfmition for IJ1 adoptcd by AMANO et ai is not apparent. Howcver, it is imeresting 
from the practical point vicw, since (w2 - w1)Reo1 may by measured, where:u (w1- w), 
for a wct wall, can be theorctically dctermined Thus, \P can b e cxpcrimcntally cval~ated . 
As it has been shown in [3J, the above defmed Wetness Factor can bc used to determine thc 
average wall temperature of a partially wet waiJ. Thus, 

(17) 

Where the subscripts D,W and PW stand for dry, wet and partially wet waDs respectively. 
Since both, (Ts)D and (Ts)w can be dctcrmincd througl\ the proposed model for given 
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entrance characteristics of the air, for a partlally wet waJl the average wall temperature can 
be evaluated by Eq. (17). 

To concJude this section it must be noted that the heat transfer from the roclc: is evaluated 
by a previous detenninatíon of tbe Time Factor, which depends upon a non-dimensional 
time parameter, the Fourier Number, and the aforementioned Biot number. Jt must be 
stressed that the air temperature is assumed to be constant throughout the transient process 
in the rock. Thus, wben the system of Equations (1) to (7) is solved along with either, Eq. 
(10) or Eq. (15), the heat transfer from the rock is evaluated as ü the obt.ained air 
temperature, T.-t, were constant throughout the life of the mine. The real process does not 
happen that way, since the air temperature varies graduaUy with the time. 

NUMERICAL EV ALUATION OF THE TIME FACTOR 

Tbe Time Factor,ji, was introdllccd in the Jast scction without mentioning thc procedure 
to obtain it. Speak.ing in general tcrms, fi may be evaluated by solving Eq. (9), and then 
introducing the adequate parameters into the dcfinition equation, Eq. (11). AMANO et a1 
[3) sought an analytical solution ofEq. (9). That solution wasgiven in tenns ofFourier series 
of Bessel Functions, as it should be expected for a cylindrical geometry like the one under 
consideration. ln thi.s work, the authors adoptcd a numerical solution for the problem. 
Severa! algorithms have been considcred either for Eq. (9) dlscretization or the evaluatlon 
of the temperarurc gradient at the rock surface. The most adequare procedure in terms of 
mesh size and processing time has becn found to be the Finite Volumes one {5]. According 
to that procedure the domain is dcvided in finite volume cylindrical ceUs, as it is shown in 
Figure 3. A heat balance for each ccllleads to thefollowing set of non-dimensional equations: 

. CeU 1, i= 1 

, 6-r ( 2 ) { 6r ( . 2 )} Bi M e 1 = (~) llx + 1 9 2 + t - 6x w, + Ax + 1 e1 + 2-;;;;-

. Internal Cells, i > 1 

, l\T ( Ó.X) ( ÓX) ( 2ÂT ) e,=-- 1 +- f>.+1 + 1 - - e ._1 + 1 - -- e. 
(f:.xi 'J.x{ r 'J.xi I (óx'/ I 

Where 

llr = radial dimension of t h e ccUs = (111m - 11.)/ N, N is the nu mber of cells 

6x = 6rl f1. 

I r = atlri = Pourier Nurnbcr, cr is the thcnnal difTusivity of the rock 

l 

(18) 

(19) 
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.1• = non-dimensional time discretization 

'r ( f ·1 I r (fI 

Figure 3. Fi.nite volume cells for the numerical procedure 

At th.is point, ii should be noted that the numerical procedure requires a finite region, 
whereas the model assumes an infinite region. The procedure adopted ín lhis work was t-o 
assign the boundary conditlon at infinity to a region sufficiently apart from the surface, such · · 
that its temperature will remain unchanged. Tests were conducted to determine such a 
region, and it has been found that a total of 80 ceUs is adequate for a non-dimensional mesh 
size, llx, of 0.25. 
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Equations (18), {19) a re typical ol an explicit numerical procedure, according to which the 
temperature ahead of time can be determined oompletely from previous temperatures. 
Explicit algorithms are very simple, but they require the introduction of a stability criterion, 
sucb as the one due to Lax-Ritchmyer, according to whicb the nece5sary condition for 
stability is that. 

(20) 

Wllere ae; is the coefficient of the temperature of tbe cen at a previous time, that is, lhe 

coefficient of 61 in Eqs. (18), (19). That criterion was adopted in this work to detennine 
the required maxitnum of the time increment for stability. 

The numerical evaluation of the Time Factor was performe<l through an equation which was 
obtained from its definilion equation, Eq. (11), as follows: 

(21) 

Adequare manipulation of Eq. (21), and the inlroduction of the non-djmensional 
temperature at the first cell, 81, leads to the foUowing equation: 

!, == Bi·(l/81 - 1) (22) 

That sirnple cqualion reduces lhe determination of lhe Time Factor to the cvaluation of lhe 
temperature of the first ceU. at the surface of the roclc.. The results are shown in Figure 4, 
where curves of lhe Time Factor are plolled as a functjon of the intervening paramcters: 
Fourier and Biot numbers. lt has been found thallhe cwves presented in Figure 4 are similar 
to tbose by AMANO et a1 [3], but they presenta trend for the Biot number effect which is 
the opposite of lhat suggested in [3). Exaustive tests were conducted in the numerical 
procedure to cross-<:heclc the oblained resuhs. Those tests confmned the results displayed 
in Figure 4 [6}. 

The analytical solution obtained by AMANO et al [3] involves an infuüte series of orthogonal 
Bessel Functions, and it was presen.led in graprucal form. ln tho p rocess of evaluatlng 
numerically those series, significant errors may be introduced ignoring some smaU value 
terms of the series. On the other hand computationaUy speaking, lhe numerical proçedure 
is simpler, and it can be easily handled by a personal oompu1er. It must be noted that the 
graphical presentation of the time ractor is not fitted for using in the simulation procedure. 
lnstead, an equation in terms of the Diot and Fourier numbers must be developcd for it. 
That equation was obtained in this work by oorrelating the numerical results in terms of 
exponential equations, which were associated to elevated correlation coefficients (close to 
1): Finally, it must be observed that the above mentioned discrepancies in trends must not 
be cause<! by the numerical procedure, since reduced mesh sizes and different boundary 
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conditions treatment have shown the very sarne trend. Jt must be recognized, at thJs point, 
that the analytical solution must be worked out to defmitely conftrm the obtained results. 
This wlll be the subject of a future paper. 

, .. 
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Figura 4. Curves for the determination of the Time Factor as obtained by the numerical 
procedure 
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TRERMAL SIMULATION OF A SINGLE TUNNEL 

The proposed model has been applied to the thermal simulation of a coai mine in operarion 
ln the south of Brazil 

A detailed description of the simulation program can be obtained in Reference (6]. ln this 
work only the thermal simulation of a single tunnel will be considere<!. The first step in the 
tunnel simulatíon was to estabUsh the optimum ceU length, L (see Figure 1). That Jenght 
was obtained by observlng the effect of the ceU lcngth over the exit oondftions of the air. 
Thar analysis allowed us to stablish that the maximum lcngth which produced no significant 
effect over exit oondftions was of the order of 50 m. Cell length above that figure would 
affect significantly exit conditions of thc air. On the other hand, lower values of that length 
would increase computation time with no tangible improvement ofthe rcsults. Tables 2 and 
3 illustrate the obtained results for a tunnel under partially wet ('P = 0.6) and wet waU 
conditions. The tunncl was assumed to be of 1090 m length with the foUowing characteristics: 

· Rock initial uniform temperature: scf'C 
· Entry radius: 1.1 m 
· Air'mass flow rate: 16.3 kgls 
· lnlet air temperature: 2/J°C 

· lnlet air bumidity ratio: 6.43 x 10-3 

· Barometric pressure: 101.6 kPa 
· Thermal oonductivity of the rock: 3.6 WlmoC 

· Thermal diffusivity of th.e rode: 2.5 x 10-6 m21s 
· Operation time of the tunnel: 720 h 

Results shown in the above tables can be su.mmarized as follows: 

1) The rode surface is cooled in a relatively short period of time (1 month). 

2) As the wetness ofthe.rock incresse..~. the waU lemperature is reduced, dueto mass transfer 
effects. Those effects are apparent at Lhe tunncl entrance, where the waD temperature is 
lower than that of the air. 

3) As the humidily of lhe air incresses along the tunnel, mass transfer effect.s are reduced. 
That trend can clearly be observed from the variation of the Rela tive Humidity. 

4) As the wetness of lhe wall incresses, the outlel air temperature is reduced, whereas its 
humidity is increased. 

The qualitative trends above were not compared to experimental results, since they were 
not avaUable. However, mine network simulation compared fatrly weU with measurements 
obtaJned in the aforementíoned mine [6], indicating Lhat Lhe proposcd model is adequate. 
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Table 2. Wall temperature and humidityand temperature ofthe air alonga 1000 m of tunnel. 
L = 5() m; 'P = 0,6 (partially wet waD) 

Distance Wall Aít Rela tive Humidity . 

(m) Temperature C'C) Temperature (f'C) Humidity (%) Ratio (Kg/Kg) 

100 18.7223 19.35359 56.4111 7.85241E-03 

200 19.17284 19.23165 65.35897 9.046181E-03 

300 19.73907 19.43938 71.79689 1.008367E--03 

400 1JJ.36707 19.84922 76.34665 1.1014618-m 

soo 21.02244 2fJ.3T797 79.52936 1.187207E-02 

600 21.68354 2fJ.97175 81.77988 1.267802E..m 

700 22.33708 21.59596 83.38055 1.344702E..m 

800 22.97514 22.22868 84.54854 1.418873E..02 

900 23.5933 22.85632 85.42363 1.49095SE-02 

1000 24.18938 23.47067 86.11313 1.561371E--02 

Table 3. Wall temperature and humidity and temperature of the aít alonga 1000 m tunnel. 
L = 50 m ; lJI = 1 (wet wall) 

Distance Wall Air Relative Humid.ity 
(m) Temperatura fC) Tcmperatu.re C'C) Humidity (%) Ratio (Kg/Kg) 

100 15.62092 17.88512 67.35446 8.561815E-OJ 

200 16.65716 17.2677 81.96003 1.0044838-m 

300 17.62002 17.4016 90.31484 L U8242E..Q2 

400 18.52041 17.90174 94.82011 1.2l3466E..02 

500 19.36632 18.56933 97.17038 1.298582E..m 

600 2fJ.16388 1930247 98.37832 1.3 78007E..m 

700 20.91802 2fJ.04955 98.98596 1.454052E-02 

800 21 .63283 20.7852 99.28391 1.527926E...Q2. 

900 22.31175 21.49764 99.42914 1.600259E-m 

1000 22.95781 22.18202 99.48343 1.671379E-m 

CONCLUSIONS 

A mine tunnel has been thermaUy simulated in an erron to develop a simulation program 
for mine nctworks. A simple yet accurate model has been proposed, based upon a model 
prcviously proposed by AMANO ct al [3). H eat transfer from the rock has been numerically 
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dctcrmined. Exaustivc numerkal tests have ~own that trcnds for Lhe Time Faaor obained 
in thi.s 'work are opposite to those suggested by AMANO et aJ. Thermal simulation of a 

tunncl has shown that the results are qualilativelly sound. However, givcn that experimental 
data were not available, it was not possible to cross-chec.k simulation resolts. The tunncl 

modcl has been applied to the simulation of an operating mine for which experimental 
mcasurcments have been raised. The results indicare the adequacy of the proposed modcl. 
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ABSTRACT 

A the~ticaf in~stigation of the motion of a layer of a viscous jluid around a horizontal 
cylinderis rr:ported in ú1is paper. The layerhas lnitiiúly a unifonn thickness, and, ai some instanJ 
o! time, it SlartS to [low dllt: to the prese.ncc o[ a ~vity fieid. Tire result sousht is the film 
úu"clc.ness as a ftmchon of time and angular posuion. 171e mass- and mommtWlz-const:rvation 
principies are employtd i11 conjunct;on witJz the integml method, Qlld a systt!m o(twO non-H~ 
nyperbolir equations is shown to go~m tlte probfem. The results show that the fTow tcnds to 
an equilibrium conflguraticm where file jluitf weight is bafanaed by tht stllface úmsion ef(ects. 
Forlow viscosity flwds, an oscillalO!J moti011 is observed, "whicll rr:mains u11til ali the fànetic 
energy is dissipated by the viscous enect. 

Keywords: Wirc Coating • Integral Melhods • Surface tension 

RESUMO 

Um estudo teórico do movimento de uma camada de W11 fluido viscoso t'm tomo de um 
cilindro horizontal é rtlatado neste anigo. A camada tem inicialmente uma esptssura Wlijorme, 
e, em um dado instante, começa a escoar por ação dt um campo gravitacional. O resultado 
almejado i a espessura do filme como fu.iição do lt!mpo e d(J posição angular. Os princfpios 
de conservação de massa e de momentum silo utilizados em conjw1to com um método integro/, 
e mostra-se que wn sistema de duas equações diferenciais hiperbólicas não-lineares governa 
o problt!ma. Os resultados most.ram que o ~coamenlo tende a W~Ja confisu_roçãp de equillôno 
onde o peso do fluido i controbaLQ/Içodo ~los efeitos de tensãr; superficial. Para fluidos de 
baixa viScosidade, um movimento oscilatório i observado, o qual permanece aJé qut! toda a 
energia cinética seja dissipada pelo efeito viscoso. 

Palavras-chave: Esmaltamento de Fios • M~todos ln regrais • Tensão Superficial 

Submetido em Navembro/88 Aceito em Iunllo/89 
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INTRODUCJ'ION 

An effective simulation of coating processes of electrical wires is stiU an unresolved question. 
The processes employed do not perform satisfactorily, and therefore need improvement. 
Howe\rer, the physical mechanisms mvolved are very complex, and a model tfiat is both 
realistic and amenable to mathematical solution is yet to be developed 

Specifically, for horizontal wire coating, the gravity effect causes thc liquid coatiJ1g material 
previously deposited to flow down around the wire before solidification. This causes 
eccentric layers of deposlted material, which is highly undesirable. 

Therefore, prediction of the fluid motion arround the wire is necessary to control the 
eccentriclty of the deposited Jaycr of electrical insulation. 

Coating processes have deserved some attention in the fluid mechanics literature. TAYLOR 
( 1) proposed lhe so-called paint brush model to simulate lhe deposition of a fluid on a plane 
surface. SA V AGE (2) employed the lubrication theory to study the flow of a newtonian fluid 
in the narrow gap bctween a pair of rollers of different radil and at different peripheral 
speeds. H is predictions for lhe rum thickness were found to compare weU wi1h experiments. 

KISTLER and SCRIVEN [3] described 8 nu.mber of valuable oomputationnl strategies to 
tackJe coating Oows. Predictions base<l on two different theor.ies, one based on llS)allptotic 
expansions and the other on the full solution of the Navier-Stokes equations. are compared 
with the predictions of thc lubrlcation theory for flows ln forward-roll coating (4), and it was 
concludcd that the latter theory is reallstic only for high capillary numbers. 

The coating process of a cylindrical wire moving in its axial direction, however, has not been 
addressed to date. The present research is focused on the issue of oontrolling the eocentriclty 

of the deposited layer. The physical model is depicted ln Figure 1. At time l =O, a fluid 

layer of unüorm thJckness dô is deposited around 8 horizontal cylinder (or wire), and a 

gravity field g directed downward is switcbed on (Figure la). At some later time r•, the 

(a) (b) 

Figure 1. The physical model 
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flow has moved downward dueto gravity (Figure lb), and surface tension effects together 
with viscous forces tend to decelerate the motion. For the sought-for application, the ft.lm 
thickness is typically very srnall, generally of the order of 1 or 2% of the wíre radius. 

THE ANALYSJS 

Thc principies of mass and 8-momentum conservation are evoked, and applied to the 

deformable control volume shown at some instant r" in Figure 2. 

Figure 2. Magnification of the deformable control volume 

ln this two--dimensional analysis, the fluid density p is assumed to be invariant. The velocity 
field is givcn by ir = u • ;r + v • ;o. V' stands for the velocity component v • evaluared at 
the interface, i.e., 

V"(B, t') :: v•(R + ~·. 8, t') (1) 

whcre ~· ( 8, r') is the mm thiclmess, measured in the radial direction, at some instant of 
time and 8 locaúon. 

Thcre exists apressure differencc l:lp • across the interface, duc to thc surface tension. Since 
thc presem stud)• is focused on very thin films ( <5 ' < <R), the curvature radius ofthe í.n'tcrface 

is nearly constant and close to R + do, where ~Õ is the irutial (and uniform along 9) film 
thickncss. Thercforc, if cr is thc surface tenslon, 

• C1 

6p =R+ ~Ô (2) 



l 

P.ltS.Mendes 

Mass Consen'atlon. Tbe continuity equation for the control volume sbown in Figure 2 is 
(it is the unilary vector normal to the control surface): 

I - " I .. " I- " I- " I- " O= u·ndA= u·ndA+ u·ndA+ u·ndA+ u·ndA 
cs l 2 3 4 

.. J- " At surface 1, u = O, and hence u · 11 dA = O. At surface 2, 
I 

" " " and n = cosa e, - sina e9 . 

Then, at surface 2, 

- ,. (d~· ) u · 11 = - - V tan a cos a 
dJ" 

Now it is observed tbat 

1 ~· tana::o--- --
R +- c:S' éJ8 

and 
d~· ~· v ~· -=-+-----
dt' ai" R + ~· ao 

(3) 

(4) 

(5) 

(6) 

Substituting the above equations into Eq. (5), the dot product Ü · ~ becomes simply equaJ 

ac5' 
to -. cosa, and 

iJt 

f - " ac:S" u · n dA =-a. (R + c:S") M , 
2 I 

(7) 

where, assuming a urutary length aJong the third direction, dA was substítuted for by 

(R + ~·) dB! cos a . 

It is not dífflcu lt to see that 

- [ 6" l ~,.. .. A a • • I u . 11 dA + I u . 11 dA = 7i8 I v d1J M 
3 4 o 

(8) 

where .,.,· s r - R. 
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Now, Eqs. (7) a.nd (8) are plugged into the continuity equation (Eq. (3)), yielding 

~· ~· 1 a 1 
0=(1+-)-+--[cS"V I Vd7J] 

R õt" R ali o (9.) 

wpere tJ ii r/ ld" roman and v a v" 1v-. 

The abQVe equation is then made dimensionless, yielding 

~ a 1 
o ::: (1 + d) - + - [Vd I v dtJ] ac ê6 o 

(lO) 

where 

ó' lõ 
õ=R' t=:t"v*, and {11) 

g being the acceleration dueto gravity. 

Momentum Conservation.. ln the 9-direc.tion, the principie of conservation of momentum 
gives, when applied to the control volume shown in Figure 2, 

-I~ I· ........ Fc + F~ - • dV + v pu 11 dA . 
cr at cs 

(12) 

Thê rontact forces Fc are due to the shear stress at surface 1 and to the pressure acting on 

surfaces 3 a.nd 4. Then, 

(13) 

where t:.p• Is given by Eq. (2). Jt is obseJVed f.rom Eq. (13) that the surlace tension effect 

depends directly on the thidc:ness gradient along 8, the derivative ad 0 /a8. The sheat stress 
at the wall ~a> is obtained tJr 

• av•] "'v av] 
~OJ(g, t ) = Jl Br r=R ::: 6" "dij rf=O (14) 

The external forces F11 are due to gravity, and hence given by 
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(15) 

The first terrn on the right-hand side of Eq. (12) may be written as 

(16) 

If the sarne reasoning employed to obtain the mas.s consetVation equatioo (Eq. (10)) is 
followed whfle working on the right-most term ofEq. (12), the expression bclow is obtained 
with no particular difficulty: 

ac5• a 1 

I. v• pÜ. ~dA = pv- -. R(l + 6)M + ao [6"v-2 I ..; dTJ] pM (17) 
cs at o 

Now Eqs. {2), (9), (12), (13), {14), {15), (16) and (17) are combined, yíelding, after some 
algebra, the following dimensionless equatlon: 

v av ] 1 ad . 6 
- - - - ( . ) 6- + sm fJ (t + -) 62 = 

Rt orJ 11-o .'i(l + <50) iJ6 2 

I l iJ(uV\ a 1 a 1 
=<52 ~(1 + 6q)d'l +~ - [~~I vld'l]-6V- [6v I vd,1] {18) 

O ul (18 Q . éJ{J O 

where 

Re sR VgRiv and (19) 

Eqs. (10) and (18) are subjectcd to the foUowing initlal cooditions: 

V( 8, 0) =O; and 6( 8, O) :::o ~o (20) 

The boundary conditions are: 
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V( O, t) =,V( n, t) = O ; and 
ad ad àl (0, t) = ãi1 ( n, t) = O (21) 

Evaluation orthe Int~l Terms. Further inspection upon Eqs. (10) and (18) reveals that 

there are four terms where the tangential compon~ v • v•IV of the velocity appears, 
three of thcm involving integrais, and the fourth involving a derivative evaluated at the wall. 

lt is clear that the evaluation of these tenns require thc knowledge of th.e function 

v·c ,, 8, t) . 

ln the present work. a linear pro file of the f orm v = a'l + b was adopted. I t is worth notlng 
that this assumption is quite reasonable when ~ < < 1, since any continuous function can be 
approximated by a straight line ln such a small interval. 

Using th.e facts that, at 'I = O, v = O, and at 'I = 1, v = 1, it is straightforward to obtaln 
v = 11· This pro me is uscd ln the four term.s mentioned above, and the following results are 

obtained: 

1 1 I VZd'J = - ; o 3 
av] = 1 . 
ihJ ,,..o ' 

J
1 ar v VI (a v v ad) (1 ~) ~ (1 + ~'I) dr] = - - - - - + -o at at a at 2 3 

and 

With the above results, the final form of the goveming equations can be obtained: 

ad 1 arv<5' 
(1 + ~)- + - ~ = o at 2 ao 

and 

(22) 

(23) 

The problem under study is govemed by the above partia1 clüferential equations for <5 and 
V, togeth.er with the inltial and boundary conditions given ln Eqs. (20) and (21). 
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lt can be seen that the parameters that influence lhis physical situation are S, Re and the 
climensionless inltial ftlm tlúckness ~o. S is lhe ratio between gravity forces and forces due 

to surface tension, whereas the modified ReynoldS number & compares gravity forces with 
viscous forces. 

METHOD OF SOLUTlON 

It can be observed that Eqs. (23) and (24) form a non-linear system of hyperbolic partia! 

differential equations. Since no· discontinuities are expected in the sougl:lt-for solutíon, a 
finite-difference scheme is, ín principie, appropriate for the integration of the governing 
equations. ln the present work, the Crank-'Nicolson implicit scheme was employed to 
gonerate the albebraic discretiultion equations, which were solved wi1h tho aid of the 
Thomas algorithm togethcr with an iterative scbeme. 

This itenttive scheme consistcd basically of, for a given instant of time, (i) assumíng initial 

gucsses for ~ and V; (ii) solving the set of algebraic equations generated from Eq. (23) 
using the Thomas aJgorithm and the initial guesses for <5; (iii) solving lhe set of algebraic 
cquations generated from Eq. (24) using the Thomas algorithm and the present values 

of V; (iv) going back to stcp (ii), but now using the prcscnt values of <5; (v) procceding in 
this manner until convergcnce is achievcd. The initial guesses mentioned above wcre just 
lhe values at the previous t ime step. Convcrgencc was typically achieved in thrce or four 
itcrations. 

Duc to symmetry, lhe solution domain in 8 is from O to 1r. The grid employed was uniform, 
wilh 33 nodal points in 8 and time steps varyi.ng from case to case in the range 0.001-liJ, 
depending upon lhe Reynolds number Rt. 

RESULTS ANO DISCUSSION 

Attention will now be focuscd on thc rcsults obtained with the just dcscribed model. Figure 
3 shows lhe variation of lhe fllm thickness d with the angular posiiion 8, for the case 

<So = 0.02, S = 0.2 and Rt = 5.0. From this figure it is scen thal, at instant t = O, the ftlm 
thickness is uniform and equal to its lnítial value <5o. As time eUapses, the fluid falls around 

the cylinder due to gravity, and therefore the fúm thickness at the upper region diminishes, 

whereas at the Jower region lhe thickness increases. 

However, once a thickness graclient in the 9 direction is established, a force dueto surface 

tcnsion appears, and acts to balance thc gravíty effect. Furthermorc, the viscous force also 
acts against the movement, and the ovcrall effect is that the fl.uid tcnds asymptoticaUy 10 an 

cquilibrium configuration, where the surface tension effects exactly balance the fluid weigllt. 
This equilibrium ronfigura1ion satisfies 
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( 
1 ) dd . d 

S(1 + d
0
) dfJ- SU\fJ(l + 2> 6 "'" 0 ' (25) 

whích expresses the equih'brium between gravity and surfacc-ten&ion forces. The solution of 
Eq. (25) is 

6(8 oa) = ~(O,oo) 
' 2 + c5(0,oa) 

exp{s(l + c5o)(l - cos 9)} 
(26) 

d(O,oaJ 
1 - 2 + c5(0,oo) exp{SCl + do)(l- cos 9)} 

The value of c5(0,oo) is obtained by assuring OYerall mass conservatlon i. e., 

(27) 

The curve in Figure 3 indicated by t = oa, which was obtained via numerical integ:ration of 
Eqs. (10) and (18) for large times, satisfies the analytical relation given in Eq. (26) within 
les.s than one percent. This fact strongly suggeSts that the numerlcal scheme employed 
performed satisfactorily. Another interesting fact that is indicated in Figure 3 is that the fJlm 
thídcnes.s at an angular position of ... 100° is nearly independent of time, and equal to the 
initial thickness do. 

0024 

o 

~-
~ooror-~----~~-----4 

40" 80" 12:)- ~ 

NttJ..AR POSITKlN 

Figure 3. FUm thidcness versua angle for various times 
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Tbe behavior of Lhe tangentiaJ velocity at the interface is illustrated in Figure 4 for the sarne 
case shown in Figure 3. Tt can be seen that the fluid accelerates very fast at the onset of the 

motion, when Lhe only force acting on it is gravíty. Soon lhe surface tension and viscosíty 
efieas 'become important, and the volocity dismbution V( 9, t) reaches maximum vaJues 
at some early instant of time and then starts decreasing to zero until the equillbrium 

conftguration is reached. lt can a1so be seen that lhe location of maximum velocity happens 
in the range 80° < 8 < 100°, depending upon the time instant. 

80 

.. 
~60 .. 
> 

Figure 4. Tangentlal velocity versus angle for varlous times 

The effect of the fluid viscosiLy is.now addressed. Figures 5 and 6 show the variation of the 

film th.ickness at 8 = 0° with time, for different vaJues of the modified Reynolds number 
Re. From its defi.nition, it can be seen Lhat low values of Re indicate high fluid viscosity, 

and vice-versa, for a glven cylinder radius and gravity flold. Figure 5 shows lhe cases of high 
fluid viscosities, whereas in Figure 6 lhe cases of low fluid vi.scosities are illustrated. 

ln Figure 5, it is observed that , for W irute fluld viscosity (Re = 0), lhe fluid flows at infinitely 
smaJl velocity, and no change ín thickness is observed. As he viscosity decreases, the fluid 
flows faster, needing less and Jess time to reach the equllibrium configuration. 

If the fluid viscosity gets very low (Figure 6), the viscous forces are not intense enough to 
dissipate at once aJ1 the fluid initial potentiaJ energy, and a damped osciJJatocy modon is 

observed (& = 5 x 10\ For the extreme case of zero fluid viscosity (Re = oo ), the 
equüibrium configuration cannot be reached, since no viscous damping for the fluid kinetic 

energy is available. 

1t is worth to mention at this point that, for these cases where oscillatocy motions are 
c:xpected, the presem simple model may J\Ot be appropriate. The reason is that lt is most 
probable tbat reci.rculations occur, as well as sharp ripples at lhe interface. l n fact, lhe case 
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(R~ = oo) shown in Fig\lre 6 refused to yield a plauStble solution for targer times than the 
ones shown. Howcver, even for these cases, the present model serves to generate some 
qualitative information that may be useful in developing more sophisticated models. 

b~l 

• c» 
t; 
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o 40 00 120 160 200 
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Figure 5. Film thickne.ss at 8 = 0° versus time for various Re's 

Figure 6. Film thidcness at 8 = 0° versus time for various Re's 

The effect of surface tension u on the llow under study will now be analy1.ed ln Figure 7, 
the effea of the parameter S is illustrated. lt can be seen that, for S = O (inflnile surface 
tension), there is no flow, since gravity is not st:rong enough to move the fluid. For largcr 
values of S, i.e., for lower volues of u, fluid motion is observed. The lower is the surface 
tension, the longer it takes for lhe ftuid to reach lhe equilibrium configuration. Morcover, 
the equilibrium configuration departs further from tbe initial configuration of uniform 
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Figure 7. Film thick.ness at (} = 0° versus time for various S's 

thickness, since the low value of u must be compensated for by a high variation of ~ with 
8, in order to balance gravity. 

FINAL REMARKS 

Thc purpose of the research reportcd here was to develop a simple methodology to simulate 
thc motion of a falling film around a horizontal film, aiming at the process ofwirc coating. 
ln the range ofparameters that is lmportant for this industrial process, the present simulation 
scems to be appropriate, lack:ing, however, experimental continnation to validare the 
procedure. For cxample, from what is experimentally observed in other geometries, 
instability phenomena might be expcaed for Re values larger tban .., 800. 

It is worth to emphasize, however, that the present model is not valid for óo """ 1 o r larger, 
i.e., ln the cases that the surface tension forces are never intensc enough to balance with 
gravity. In these cases, there will be no equilibrium conflgu.ration, and the Owd will fall and 
separate from the cyünder. 
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ABSTRACT 

ln this work perturl>ation techniques are used to study the prohlem of the interactlon between a 
shock w~ anda tronspirt:d tlbbulent boundary layer at transonic speeds. ln tM case considered 
hert:, the Mach number is assumed to be hiR.h enough for the some tine to penetmte deep into 
the botmdary layer so that it ends close to tlíe wa/L A detailed analysjs of t1Je whole jlow field 
is canied out and solutions vaiid in the double limitas Reyn_olds number tends to ínfinity and 
Mach number tends to one are proposed. The analysis )11efds solutions for the pressure and 
skin-friction proftles. ln the construction o( a soludon for the undistwbed region ahead of tlle 
shock, a new expression is proposed for tfu! law of the wake for tronspird llirbulent boundary 
layen. 

Keywords: Turbulent Boundary Layer • Transpiration • Shodt Wave • Interaction 

RESUMO 

No presente trabalho, técnicas .de perturbação silo utilizadas para se estudar o problema da 
interaçdo e~ uma onda de choque e uma camada limite turbulenta com transpiração a 
veloddades transiJnicas. No casó a ser considerado, assume-se ser o námero de Mach grwrde 
o suficiente parQ que a .onda de choque peneln! fundo na camada limite tennirumdo perto da 
parede. Uma análise detalhada do escoamento é realizada e solUfões válidas nos limites 
R-+ oo e M ... O são propostas. Esta análise previ soluções para os perfiS de pressão e de 
fricção. Na busca de wtta soluçdo para a região não perturl:Jada à frente fk onáa de choque, 
prop(Je-se uma nova expressl1o para a "lei da esteira" po.ra camadas limite com transpiração. 
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INTRODUCTJON 

The problcm of the interaction between a shock wave anda boundary layer occurs in many 
situations of practicaJ importance. ln aviation, examples include flow on transonic aerofoils, 

in supersonic air intakes, .in propeUingnozzles at off-dcsign cond1tions, and around deflected 
controls at supersonlc spceds. As a result, thcre bas been a continuous interest over lhe past 
truny years in gaining a good understanding of trus problem. This has motivated a 
considerable numbcr of theoretlcal and experimental researches into this phenomenon. This 
research has vasUy lmproved our knowledge of the problem, prOviding a fairly good 
undcrstanding of lhe lnteraction proc.ess including a number of simple rules for estimating 
ccrtain of its properties; and some tbeoretical treatments for particular types of flow. 
However, the phenomcnon of thc interaction manifests itseU in cliverse forms and hcncc a 
single theoretical framework which embraccs aU the aspects of lhe problem is very dlfficult 
to develop. For example, the four practical situations descnbed in the beginning of thís 

section include flow over forward-facing and reward-facing steps, flow over compression . 
corners, and interaction betwccn normal and oblique shock waves wi1h boundary layers. 
Solutions for these problems are very complex since they must account not only for the 
geomctry of the problem but also for Lhe nature of the boundary layer, i.e ., whether it is 

laminar o r turbulent, and for the strength ofthe shock. lf the pressurc rise acrvss the shock 
il moderate the boundary layer will remain attached through the interaction. giving a 
situ'lltion which can bc treated analytically. Once separation occurs, however, the flow pattem 
changes drasticaJly (1,2,3) a.nd analytical solutions become very difficult to obtain. 
Three-dúnensional effects may further complicate these situations. 

The airn of this work is to review m detail a solution procedure for a specific type of 

interaction which occurs on transonic aerofoils. The general pattem of the flow over a 
transonic aerofoil at constant incldence anglc is shown in Figure 1 [4]. We assume that the 

conditions are such that rhe flow rcmains a"ached wcll beyond the point where the criticai 
Mach numbcr is achicved. By definition, the criticai Mach number is that frce-stream Mach 
number at which sonic line is flrst encountcrcd on rhe aerofoil 

For M.., slightly higher than Mcr, the local Mach numbers are close to unity, a weak shock 

wave dcvclops on the aerofoil anda smaU superson.ic region forms ahead of the shock. As 
M"" incroascs, the shock posltion moves downstream, and both the size of lhe supersonic 

rcgion and the strength ofthe shock increasc. When lhe shock. is sufficiently strong. boundary 

layer flow separation occurs. A further increase in M"" moves theshock to Lhe trailing edge 

ofthe aerofoil yielding a Oow pattern whlch is pcedominantly supersonic. Finally, for Moo 
much larger than unity, a detached bow wave and oblique trailing-edge shocks are produced. 

The nature of the boundary layer is of fundamental importance for the defmition of lhe 
pattem of the flow on the aerofoil. For situations of tcchnological interest the transition 

point is locatcd at around the 10%-chord position and therefore the shoclc wave normally 
interacts with a turbuJent boundary Jayer. Jn an ínvisdd flow region, Lhe pressure rise through 
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the shock is discontinuous. However, in the inner viscous layers of the boundary layer, the 
flow is subsonic and hence oannot undcrgo a dlscontinuous change in pressure. The boundary 
layer adjusts itself so that the ríse in the wall pressure is abrupt but continuou&. This pressure 
rise thickens the boundary layer at the foot of the shodc and, depending on the flow 
conditions, it may even detach the Oow from the wa1l. Once separation occurs, th.e ft.ow 
configuration changes dramatically leading to a spec:tacular change in the flow properties. 
Tho separated reglon provokes a sudden fali in the tra.ili.ng edge pressure and a marked 
increase in wave drag, both of wbich seriously compromise lhe aerofoil's performance. 

I 

-..>t -
Figure L Flow patlem for a transonic aerofoil 

The demands for more efficicnt ait transport require these adverse effects of transonic llight 
to be reduced. Aerofoils which delay lhe onset of the transonic drag rise, thus allowing high 

aerodynamic efficience at higher Mach numbers., have becn deslgned recently. These 
aerofoils are termed supercrítical aerofoils. 

The general shape of a conventional aerofoil and of a supercritlcal aerofoil are shown in 
Figure 2 [5]. Supcrcritical aerofoils are characterized by substantially reduced curvature ~r 
the middle region and considerable camber near the traillng edge. The reduced ourvature 
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eliminates the fiow acceleration on the top surface abead of the shock, resulting in a decrease 
of the shodc strength. As can be seen, the shock is located significantly aft of the midchord 
posltion. The rc-energization of the bounda.ry layer by mixing. which takes place after lt 
moves through the sh~ and before it moves thmugh the pressure gradient near the traillng 
edge, is one of lhe important factors whlch allows the fJow to remain attached to the surface. 
Unfortunately, supercritical aerofoils are very sensitive to small changes in Mach number 
anel angle of attack and at off-design conditions separation may occur resulting in poor 
pcrformance. 

+ 

COHVENTIONAL AEROFOIL 

SI.JPERCAITICAL AEAOFOIL 

FJgUre 2. Typical pressure profsles for conventional and supercritical aerofoils 

ln arder to widen the off-design margins of supercritical aerofoil perfarmànce, one 
possibllity is to make the surface in the vicinity of the shock porous. Transp.irati()n can then 
be used to control the shockfboundary layer interaction (SBU). Active control may be 
achieved, for example, by applying suction or tangential blowing. Passive contrai provides a 
more eoonomic means of controlling the SBLl. A passive contrai technique consists of 
placing a porous su.rface over a plenum cbamber in lhe interaction region. The hlgher 
pressure downstream of the shock forces fluid into the cavity and out ahead of the shock. 
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This secondaty flow thiclcens the boundary layer upstream of the shoclc generating 
compression waves in lhe supersonic region whicb meet and weaken the nearly normal shoclc 
wave terminating the supersonic flow. These effects minimize the overall entropy ri.seacross 
the shock and hence deaease the wave drag. 

Experimental investigations by severa! authors bave sbown that passive control can be an 
effective means of improving the performance of supercrit.ical aerofolls at off-design 
conditions. SA VU et aJ [6, 7) considered a symmetric aerofofl with a porous surface whicb 
ertendsfromnear theleading edge to near the trailingedgc. They observed that theresultin'g 
Oow configuration was shoclc-free and that an increase in the drag riso Mach nu.mber was 
obtained. 

o) 

b) 

c) 

Figure 3. a) Passive control with plenwn cbamber, b) passive control with double slot; c) 
active control with double slot 

NAGAMATSU 'et aJ (8] studied a supercritical aerofoil with a unifonnly perforated surface. 
The porosityextended from the 56% to 81% chord position.s, i.e. a porosity of2.8% ofthe 



116 A.P.S.Fretre 

total surface area. The studies were conductcd for Mach numbers varying from 0.7S to 0.90. 
It was reported that a distnbuted porosity of 2.8% decreased the drag by 46% c4mpared 
with the solid aerofoü surface at M "" 0.865. At Mach numbers less than M = 0.84, a 
decrease in aerofoil drag was not ach.ievcd by this method. 

RAGHUNA THAN AND MABEY [9] investigated the passive effect on circular are models 
with porous surfaces cxtending from 53% to 93% of lhe chord lengtb. Tho porosity was 
variable from 7.ero to 3.16%. The interesting fcature of this study is tbat thé porous surfaces 
were obtained by drilling boles normal to the surface and inclined to the surface in the 
fo:rward-facing and baclcwarcJ..facing direction. The results show that tbe normal hoJe models 
present a small reduction in drag whereas the inclined hole modeJs show an appreclable 
increase in drag. 

KROGMANN et ai [10} experimentally studied a supercritical aerofoil with a porous surface 
of 7.5% of the chord length. The drag coefftcient was considerably reduced for a high angle 
of incidence whereas at a low angle of incidence the drag decreased only slightly. ln this 
work, the effects of active suction, and of passive suction and blowing, using a double slot 
with a cavity beneath the interaction region were also studied. 

Since the majority of the works on the pas.~ive corurol technique have been conducted 
experimentally, it has beco me increasingly important to develop a theory to explain the main 
features of this control technique in a rotional way. So far, most of the theoretical studics of 
viscous-lnviscid interaaion for porous aerofoils havc basically used the sarne approach 
[11,6,7]. ln these worksviscous-inviscid ínteraction is used to compute two-dimensional Oows 
over porous aerofoiJs. The results suggest that the transpiration leads to a decrease in lhe 
drag coefficient and an increase in the lift coefficienL 

Recently severa! researchers (12,13,14,15,16,17) have applied perturbation methods to the 
problem of the interaction between a normal shodt wave and a turbulent boundary layer 
over a solid flat plate with a fai.r çlegree of success. This approach h as been parti cu larly use fui 
in identifying the relevant length scales of the prqblem. and in revealing the primary 
dependence of the llow variables on the flow parameters. Thus it seems that an analysis of 
the passive control technique under t.h.is theoretical framework would help to further 
understanding of this problem. The objective of this work is to show in detail how sucb 
anaJysis can be carried out 

Most of the studies which use this theoretical approach divide the llow field into a region 
of strong interaction and regions of weak interactíon upstream and downstream of the shock 
wave (Figure 4). The region of strong interaction is that ln whích tu e Reynolds stresses can 
be neglected in most of the defect layer. This leads to a thteo-deck formulation for this 
region. A blending layer is introduced to ensure that the solutlons for the defcct layer and 
for the walllayer can be matched. The two weak interaction regions h ave a classical tw~eclc 
structure (AFZAL [18), SILVA FREIRE [19]). To obtain a smooth solution for the whole 
flow field we must match the solutions for the various regions in both the x-direction and 
tlte y-direáion. Thus, it follows that the solution for the defect layer in the strong interaction 
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region will depend strongly on the solution for the defect layer in the upstream weak 
interaction region. He-nce, before one proceeds to the analysis of the interaction problem, 
it becomes necessaJy to obtain asymptotic solutions for lhe undisturbed flow ahead of the 
shock, that is, for transpired turbulent bounda.ry layers. Unfortunately, the majority of the 
works on rhis subject are experimental aod, in particular, no solution of this problem 
obtained through perturbation methods was found by the present author in the literature. 
ln fact, further rcsearch revcalcd that even for the incompressible case no asymptotic 
solution was available. Moreover, severa] authors (14,15,17] pointed out that application of 
a three-deck model to compressible turbulent boundary layer caused some problems in the 
matching of the defect layer and of the walllayer, w!lich couJd not be rectified. 

SttOat 

INVI"IO 
AEGICW 

OU'ECT DEI'E'Cr 
LAYEII 

LAr 

eLEMliNG 
LAYER 

_WALL AYfl' 
,- ,. ''" ''" 

Figure 4. Flow structure for SBLI phenomcnon 

To tackle the interaction problcm we then adopt the following proccdure. First wc apply the 
matched asymptotic expansion method to transpired incompressible turbulcnt boundary 
layers (20] to derive profiles for the defect and wafl Jayers. Next, a careful study of fhe 
application of perturbation techniqucs to compressible Elow is carricd out (19) to justify the 
choice of ôle prorlles for tho undisturbcd region ahead of the shock (Figure 4). With theso 
resu lts we extend the analysi~ developed in Refs. f19,20] for transpired incompressible now 
to compressible 11ow (21]. 

Having obtained cxpressions for lhe lnitial profiles, we extend the theory developed in Refs. 
(14,17], for the interaction between shock wavcs and turbulent boundary layers, to oor case 
of interest. The overal.l procedurc is illustrated in Figure 5. A rcview of the main worlc on 
shock interaction is presented in Section S. 
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Figure 5. Solution procedure 

TRANSPIRED INCOMPRESSIBLE TURBULENT BOUNDARY LAYERS 

Turbulcnt boundary layers with injection or suction of fluid have bcen the subject of many 
lheoretical and experimental works [22,23,24,25). Much of these studies bave concentrated 
on the investigation of the 1aw of the wall and of the law of the wake. Tbe tbeoretical anaJyses 
normally use tbe m.ixing-length theory of Prandtl together with the assumption tbat the 
mixing-length is proportional to the distance of the walL This procedure leads to equations 
which have some parameters that need to be detcrmined with the aid of experimental data 
and that for this reason depend strongly on measured values of the sldn friction-coefficient. 
Unfortunately, these values are normally obtained through the use of some fonn of the 
rnomentum integral equation whlch is very sensit:ive to small changes in the flow parameters 
and so tends to be very inaccurate. 

l 
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To overcome this difficulty, we havc studied this problem in Ref. (20) using perturbation 
mcthods. The ma.in ourcome of this analysis was the derivation of a skin-friction equation 
whlch is much less sensítive to smnll changes in the injection velocity and in the Reynolds 
number, so that it gives much more reliablc results. The analysis also proposes a new 
exprcssion for thc law of the wakc. This expression is u.sed to cross check lhe results obtained 
by the skin-friction equation. 

Thc analysis adopts a classical two-dcck modcl for the boundary layer and shows that, as for 

the solid surface case, the defect layer is scaled by ó = O((f)(e = u,IU., = v -rlpíf..), 
whereas lhe walllayer is scaled by ~ = O(óê) = O(vlur). The boundary conditions at the 
wall define thc small regular paramctcr e= V.,!Uco . 

1n solving ou r problcm we fllld solutions similar to those ofSlMPSON (23], STEVENSON 
(25] and MCQUAID (22]. The solutlons are shown to give good results for flows with either 
injection or suction or lluid. 

The analysis which follows deals only with the two innermost layers, the defect layl(f and the 
walllayer. A solution Is obtained assumlng proper asymptotic cxpansions for these regions, 
and then using the matched asymptotic expansion metL.J to derive the equations for the 
various orders of approximation. 

The walllayer solution is shown to be given by 

A A (] ,.. "' ) ( 1 2" A A "') u(r,y)=t Klny+A + C 
4
K2 tn y+Clny _+D, (1) 

whcre y ( = Yleê) is the stretched walllayer co-ordinate, K Is the Von Karma11 const'l!lt 
and Â, ê and D are parameter to be detennined. The circumllex is used to denote a wall 
layer variable. 

Equation (I) is Lhe classical law of the waD for transpited turbulent boundary layers. A 

comparison of this equation wilh the equation derived by other authors is presented in Refc 

[20]. 

The defcct Layer solution on the other hand is given by 

where 

y • Y/<5 
:n - Coles' profile parameter 
w(y) - Coles' wake functions 
fl' - proftle parameter of the wake component due to lhe transpiration 
B, C - parameters to be determined 



Comparison of Equations (1) and (2) in the overlap region requires 'that 

(3} 

1 cS " C=-,ln .... +C I 

2/(.. cS 
(4) 

and 

1 =• -In"'"+A +- +r -ln2 .... + In...-+v+- . ( 1 cS ,. 2n) ( 1 c5 ê cS A 'JJr) 
Kd K 4K'l 6 c5 K 

(S) 

Equation (5) is tbe skin-friction equation for transpired turbulent boundaty layer layers. The 
novelty of Equations (2) and (S) is the introduction of a profile parameter, tr, distinct from 
:!C. 

" ,. A Parameter .A, C, v and tr are determined through a careful analysis of the data of 
ANDERSEN (26) for different flowing rates (Table 1). This data set Is recom.mended by 
SQUIRE [21) as a basic test case for flowswith zero pressure gradient and constant injection 
rates. Thus we fmd that A is given by 

A=5-5l2r, (6) 

wherea.s tr is given by 

ff = - 1.95ln r- 3.1 (7) 

Table 1. Experimental flow conditions 

F1 i" U ~Is) .. 
1 0.0 31.0 

2 0.00102 31 .0 

3 0.00200 31.0 

4 0.00375 31.0 

s 0.00800 31.0 

l 
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Values of the skin-function predicted by Equation (5) are compared with experimental 
conditions in Figure 6 and ln Table 2. To check Equation (5) for sudced flow we have used 
the data ofSfMPSON [23) and of FA VRE et ai (28]. As can be seen the agreement is quite 
good. The predicted velocity profiles aro shown in Figures 7 to 8. 

Figure 6. Comparison of results for various injection rates and R9. 0
, Equation (5); x, 

Andersen's resulls 

Table 2. Suction results 

lnvestigator FS e e e R6 
Theor. Exp. 

Simpson 1 -().00115 0.0474 0.0469 31010 

2 -0.00117 0.0484 0.0482 24070 

3 -().00231 0.0554 0.0558 22620 

4 -().00242 0.0576 0.0558 12840 

5 -().00462 O.OTIO 0.0663 1526 

Favre 6 -0.0119 0.0493 0.0469 18570 

7 ...0.00252 0.0573 0.0534 17730 

8 ...0.00516 0.0730 0.0663 15960 
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Figura 7. Velocity pronte correlation for injection data. x. experimental data; o, Equation 
(2), +, previous formulation 
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Figura 8. Velocity pro me correlation for suction data. x, experimental data; 0 , Equation (2), 
+, previous formulation 



THE 1WO-DECK MODEL FOR COMPRESSIBLE TURBULENT 
BOUNDARY LAYERS 

Severa.! authors [29,30] developed in recent years asymptotic theories for incl)mpressible 
turbulent boundary Jayers using the matched asymptotic expansion method, together with 
asymptotic hypotheses descnõing the order of magnitude of the tluctuations of the several 
flow parameters. 

AFZAL [18) extended the theorles developed for inoompreSStõle flow to compressible flow. 
He worked with an underdetermined system of equatlons and showed that, as for the 
incompressible case, two layers are requlred. Unfortunately, Afzai's solutlon was quickly 
dismissed since variou! authors [14,15,17] pointed out that Afzal had worked with an 
underdetermined system of equations and had not showed that the wall and the defect 
solutions did, in fact, match. The difficulty stemmed from the fact that the density varied by 
order unity from wall to free stream values, whlch could not be accounted for by Afzal's 
solution. It is important to note that up to then no systematic study about the domains of 
validity of the solutions had been carried out. 

To study thc domains ofvalicllty ofthe solutions, the present author applicd the intermediate 
variable technique [19) to the problem of a compressible turbulent boundary layer. The 
theory's underlying ldea is to characterize the solutions by thelr domains of vality so that 
overlapping is promptly determined. 

Asymptotic Hypotbeses and Domalns or Valldlty. The velocity fluctuations are assumed, 
accorcllng to Kistler's data [31 ), to be of the o r der of the non-dimensional frlctlon veloclty, 
e, i.e., 

[ UT ] [ 1 t""'] u ' =O - =O - v- = O(t) u.,. u., Pw 
(8) 

Further measurements ofKISTLER & CHEN (32] and ofMORKOVIN (33] showthat the 
density and temperature fiuctuations have the sarne order of magnitude, '• and that thc 
root-mean-square value of p' is a1so of order e. 

The domains of validity are studíed usíng the intermediatc variable technlque [34,35,36]. 
This method uses the.concept of intermedíate Urnit to study the imp<>rtanee of the various 
terms of the goveming equations in the distinct regions of th~flow. Thus a careful analysis 
of thc problem presenta approximate solutions for the various flow reglons which are 
associated to domains of validity. Thc intermediate equations [36] are shown to coincide 
with the usual approximate equations for the logarithmic and larn.lnar reglons whereas the 
principal equations coincide with the boundary layer equations. Thus, for the defect layer 
the governing equations are; 
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· x-momcntum: 

- - - a[-......, __ ôu __ ôu an __ P__:•,...:.;..J_ 
pu - + pv- = - -=- + 

clt ôy ck ôy 
(9) 

• energy: 

- - - - a[:o:r.J arv-1 __ at __ at D[_ao _a, ] ,.,w D-L'""' 
pu - + pv - - u -=- + v .;;&:.. = + --'--L.-

clt ôy ck ôy ôy ôy . 
(10) 

ln lhe above equations the bars denote conventional time averaglng, the tildes denote 

rnass-weighted averaging and D = (y - 1) ~. Correlations of the type iTv' are denoted 

by T~t~~ • 

The analysis a1so shows that according to Lagerstrorn and Casten's defutition of formal 
domain of validity of a solution, the domain of valiclity of Equations (9) and (lO) is given by: 

D0 = {7Jioni 'I > oni ~ (11) 

where 7J is an arbitrary function of e. 

For lhe walllayer we find that the approximate goveming equatlons are: 

· x-momentum: 

(12) 

· energy: 

_ar 
.!.a[wãJ"] a(pf';,) ôlf;J_ 
o ôy + ôy +D éJy -0 I (13) 

wbere o is the Prandtl number. 

The domain of valiclity of the above equations ls, in its tum, given by 
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(14) 

We are now in a position to evaluate the overlap domain of the defect and walllayers. ln 

face, applicarion of Kaplun's motching principie (341 to sets (11) and (14) yields that the 
overlap region is given by 

(15) 

This result does suggesr that, if a two-deck model is assumed to a compressible turbulent 
boundary layer, then lhe defect and thc wall layer solutions do have a common region of 
validity. 

Asymptotlc Analysis. ln Ref. [19J it is also prescnred an analysis where we show how 
asymprotic solutíons for the defect and wall layers can be proposed whlch do match in an 
overlap domain. The analysis uses the matched asymptotic expansion method and focus its 
an ention on thc defcct and walllayers. 

An important finding of this analysis is the ocurrence of second-order bilogarithmic terms 

in lhe velocity profiles. l n fact, ir is demonstrated that the ftTst-ordcr tenns are Iogarithmic 
tcrms and that this condition is cnough to ensure lhe appearancc of second-order 
bilogarirhmic terms. Thus a similar conclusion is reached for lhe temperature profLles. 

The second order bilogarithm.ic tcrms play an important role in the performance of the 
matching since they changc their ordcr of magnitude in the ove rlap region, so increasing the 
number of parameters avaliablc for the malching operation. Ln previous analyses thc 
matchlng could not be carried out because thc number of available paramcters was smaller 
than the number of equations. This caused diffirulties wilh lhe matching of the density 

profi..les which couJd not be overcome. 

TRANSPIRED COMPRESSIBLE TURBULENT BOUNDARY LAYERS 

The majority of the works publishcd on lranspired compressible turbulent boundaty tayers 
is the result of research undertakcn by SQUIRE and his students at Cambridge Univcrsi.ty 
l37.38,39,40,41J. These results covcr thc Mach number range L.8 to 3.6 at various injection 

rates. As for the incompressible ca~. the analyscs concentrate on deriving exprc~ions for 
thc law of lhe wall and for lhe Jaw of the wake. Unfortunately, a definitive chcck on those 

expressi.ons is not possiblc sincc values of the skin-friàion are evaluated using thc 
momentum-integral equation which is vcry inaccurate. 
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Almlngto extend thesolution developed in Ref. (20} for incompressible flow to compressible 
flow, the present author [21) applied the concept of generalized velocity (VAN DRIEST 
(42}) to expressions (1) and (2). For a boundary Iayer with a finite wake, MAJSE & 
MCDONALD [43) sbowed that 

(16) 

wbere 

and w = Coles' wake function. 

Application o! Van Driest's transformation direct.ly to lhe expression derived in Ref. (20) is 
tben made in Ref. (21) so that a skin-friction equation can be derived for transpired 
compressible turbulent boundary Jayers. 

This procedure gives a defect velocity proffie which reads 

u• - u• c: u [ -_!_ln l +:: (2- w(y/d))] + vwO [ - - 1- Jnll _ 
ao T KdK 4K2 d 

(17) 

Parameters A, n and :ft' are assumcd to vary as defmed in Section 2, Equations (6) and (7). 
Pararneter v., in Equation (2) is replaced by ~ in Equation {17) due to tbe flow 

compTCSSlbility. ln a compressible flow the normal velocity varies to order unity and hence 
a reference veJocity needs to be defined. 

ln Ref. (21 ], it is shown that 

v,.o = characteristic normal velodty in the overlap region = v(O.l) (18) 

Matchlng arguments applied to the defect and waU layer solutions yield the skin-friction 
equation which reads 

where 
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The above equation determines Ct for given values of M, U ""' d and Vw(). Predictcd values 
of Ct are compared with lhe experimental data of SQUIRE [39) in Figures 9 to 11. The 

agreement is reasonable despite clear indication that the strength of the walce function due 
to the transpiration does varywith Mach number. The predicted velocity profiles are shown 
ln Figures 12 to 14. 

Figure 9. Predictions of Ct for M = 1.8. x, Equation (19); •, Squire's results 
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Figure 10. Predictions of Cf for M = 24. x, Bquation (19); •, Squire's r~ults 
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Figure 11. Predict:ions of CJ for M = 3.6. x, Equation (19); 0
1 Squire's results 
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Figure 12. Velocity profiJes for M = 1.8. x, Equation (17); 0 , experimental results 
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Figure 13. Velocity profiles for M = 2.4. x, Equation (17); 0
, experimental resul ts 
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Figure 14. Velocity profiles for M = 3.6. x, Bquat:lon (17); 0
, experimental results 
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INTERACilON BE1WEEN SHOCK WAVES AND TRANSPIRED 
TURBULENT BOUNDARY LAYERS 

A.P.S.Frelre 

ln the present section, we shown how thc problem of the interactlon of a normal shock wave 
and a rurbulent boundazy layer over a porous surfacc with a cavity beneath is solvcd (Ref. 
[441). The study employs asymptotic tcdutiques and is ba.ctically an extenslon of the works of 
MESSITER [17} and of UOU & ADAMSON [141 for the permeable surface case. Thus, 
Ref. [44] deals with fiows at high transonic speeds. 

lnteraction between Normal Shock Waves and TurbuJent Boundary Layers. H ere we 
briefly review the various theorles developed in the pnst for the interaction problem when 
the surface is solid. For comments on experimental works the reader is referred to the revi~ 
of GREEN PJ, SfANEWSKY [45] and HANKEY and HOLDEN [46]. 

Thc first serious attempt at developing a rational theory for the interaction problem was 
made by LighthlU in 1953. ln hls paper, Lighthill identífied the physical mechanisms of the 
interaction, recognizing that in most of the boundary layer the.slream-wise pressure gradieot 
is large compared to the shear stress so that the local interaction can be describcd by the 
inviscid now cquations. The inviscid rotational now model for strong viscid-inviscid 
interactions proposed by Lighthill became the basis for most ofthe theoretical works on this 
subject. ln fact, years after, these ideas led to the development of the triple deck-thcory by 

the late Keith Stewartson. Most of the details in Lighthill's theory are generally correct ror 
laminar flow. However, for turbulent flow some modifications need to be made sincc thc 
original procedure is inconsistent with ,the now well known [18,29,.30) structure of thc 
turbulent boundary layer near the wall. 

ln recent years several authors (1,14,15,171 have perfected Lighthi.LI's theory for turbulent 
now ustng carefuUy chosen initial profiles. These theories have usually deaJt with normal 
shock waves on flat, solid, surface because of the important applications of this case. The 
two basic parameters of the problem are the free stream Mach number, M.,, and Reynolds 

number, R.,.. The limit as R tends to inlinity can aJso bo represenred by the Limit as the 

non-dimensionnJ friction velocity, e = uTIU ,., tends to zero since e = O(ln R..,) -l [18,29). 

Thus solutions obtained with the use of asymptotic techniques are characterizcd by the 
double limit M- 1 and e ... O. MELNlX [48] has classilied lhe structure of thc now fíeld 
according to the order of magnitude of a parameter X r deflned by 

Four di.fferent cases to be studied occur depending on the relative rates at which parameters 

(~ - 1) and e approach their respcctive limits. They are: 



• 

a) veryweak shoc:k wave, Xr ... O 

b) weak shoc:k wave, Xr = 0(1) 

c) moderate $hock wave, Xr .. oo 

d) strol\g shoà wave, x .... 00 (M. large tt 1) 

Parameter X r expresses the ratio between the velocity change across the shock wave and 

the velocity change across the boundary layer, in other words, it acoounts for how dcep thc 
5hock penetrates the boundary layer. Cases a througb d are illustrated in Figure l S which 
is taken from referenc:c (48). 
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Figure 15. Flow configuration according to valucs of paramctcr x, 

The veryweak shock limit was sludied by ADAMSON and FEO (12}. For this case thc wnic 
tine is loqted close lo lhe edge of the boundary laycr and comprcssion wavcs gcncratcd by 
the thickening of the boundary laycr wcakCTl the shock so that it rcmains outsidc thc 
boundary layer. The strcam-wise prcssure gradienl is shown to sprcad ovcr a distancc largc 
compared to the boundary laycr thickncss whercas thc normal prcssurc grodicnt ~~ shown 
to be ncgligible in the inner rcglons. Thc Oow in the outer part of thc boundary !:1ycr is 
govemcd by inviscid equations. 

Thewcak shodc límit was studicd by MELNIK and G ROSSMAN [:tSJ. Thc main fcaturc of 
trus case is that the velocity change across thc shock and thc vclocity changc across thc 



l 

boundary layer have the same order of magnitude and oon.sequently lhe sonic: line is located 
somcwhcrc in the maín part of Lhe boundary layer. The flow is consldered inviscid in the 
ou ter region. The now region was divided into rcgíons of strong and weak interaction and 
expressions werc obtained for the pres.sure and slcín-friction proffies. The novclty of tbis 
study was thc use of three decks to describo the structure ol the boundary laycr ln, lhe strong 
interaction region as opposed to the commonJy used two-deck structure. 

MESSITBR(17] andLIOU &ADAMSON (14] analysedthemoder.ateS(rength shoddimit. 
ln this ta$e, the shodc wave pcnetratcs dccp into the boundary layer but remains outsidc 
the W2ltlayer. The sorúc tine is located close to lhe waU and hence lhe upstream influence 
is negligible. The now downstream of thc shock is described by a Linear perturbation to the 
undisturbed flow upstream the shock. 

The fourth case, the strong shock wave, is not of interest ln the present study and since no 
racional study of thls problem has becn performed no further comments about lt will be 
made here. 

The Flow Realons. As mentioned before, Ma eh number in ou r case of interest is such that 
the normal shoclc wave penetratcs deep into the boundary layer. Hence, the structure of the 
flow is that depicted in Figure 16-This structure is sún.ilar to that inlroduced by MESSITER 
and by UOU &: ADAMSON in (14) and ( 17). lndeed, it is shown in Refs. (20) and (21) that 
the influence of the blown or sucked flow is such that the various flow regions are preserved. 

The as.sumed threc-deck: structure of the undisturbed region ahead of the shoclc is justified 
in Secrions 2to 4, The distuTbed region requires the inclusi<m of a fourth layer, the Reynolds 
J.aycr, since now for most ofthe defect layer thc Reynolds stress is negligiblc when compared 
to thc pressure grad.ient provokcd by thc shock wave. 11•us.tne dcfect Jayer in the interaction 
regíon is govemed by ínviscid equations and momeruum Is transferred from the walllayer 
to the ddcct Jayer through the Reynolds Jayer. 

The order of magnitude of the various flow regíons are shown m Figure 16. Note that the 
solutions are expressed in terms of four small parameters; two parameters related to the 
extemal flow and, two parameters related to the blowing and the suction of fluid, 

v...v and Vwd· The subseripts w, u and d refer to conditions at the waU, upstream of the 
shodc and downstream o r the shoclc respectively. 

u .. ·=-. -1 a 
. a• = criticalsound spced in the extemal now just 

ahead of the shoclc 

1 r; 
ur = a• v Pw , T,.. = laminar stres.s at lhe wall 

Pw : density at lhe wall 

• 
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Figure 16. The flow regions 

Jn solving our problem, solutions for adjacent layers mus& be matched so that a smooth 

solution is obtaincd Finally, ii can be shown [1] that in Figure 16, 1:1 > > 1:1" and 

<5 > > l>•, whích implies that the jnviscid flow region at the shock foot is e:xponentially smnll 
when compared to the interaction region scalod by 1:1 and <S. 

The P~ssurt' Distnl>utio~ ln tbe lnteraction Region_ Since in the dcfea laycr thc tur­
bulence terms are very small when compared with the inertia and the pressurc lcrm.~ it 

follows lhat lhe motion of the flow is governod by the gas dynamic equation, thc momcntum 
equation, lhe vorticity equation and the state equation [17]. 

The gas dynamic equation and lhe vonicity equation imply that the lcnglh scales in lhe 

interaction region are 1:1 = O (b0 d), bã = 1 - Mã (Mo = Mach number in the externa! flow 
behind the shoclc wave), and <5. Hence, the stretched co-ordinates for the defcct layer nrc 

x = Xl(b0 <5) I y = Y/<5 (20-21) 
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whcrc 

1 
bo = (Y + 1)112 ,t/ 2 (1 - 4 (2y + 1)' + ... ) (22) 

Thc boundary conditions are determincd by lhe normal sho<:k wave jump condítíons and by 
the wall. The velocity profiles for this region, separated lnto a rotational and an irrotational 
pan, are writtcn as 

u4 = (1 + t)- 1 + u,11 uí (x,y, e) + urw Y't (x,y, t) + "- uí (x,y, t) + 
:.r 

+ v,... tplx (X1 Y1 t) (23) 

(2A) 

The equat ion of state, togethcr with thc fact that alonga streamline the entropy is constant, 
gives f17] 

pl p, = 1 - y (u - u11) -I (u11 - l)(u - u,.) (25) 

Substilution of Equàtions (23) and (24) (Ref. [44]) into the goveming equations gives, for 
the irrotational pan of u4, 

u; = (1 + 2ye + y(2y -1),2 + ... )u.-{y) 1 l = 1,2 (26a-b) 

where 

1 :rr 
"ot = K ln y - K (2 - w (y)) 1 

and 

For the rotational pan of lld, wc have 
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(27) 

The solution of the above equation subject to appropriate boundaly conditions [44] gives 

4 1 . Joo XUo;{y) 
'Pi (x, y) =-;r [1 + (y -l) t + [y[y- -2] + 3) ~] x'- 'f d1].(28) 

"Z o +(y-1] 

Substitution of expression (23) with results (26) and (28) into Equation (25) gives the 
pressure distribution across the boundary layer. Henc:e, the pressure at the walJ. given by 
the llrniting form or the pressure expression as y .. o, is 

with 

p.,., (x) [ ] [ 1y - 7 ] -;;- = 1 + y 2t + (2y - 1) ~ - y 1 + yt + ~ [ (y - l'f + -2-) 

yt2 
Pe = 1-yt + T. 

(29) 

The SkJn-Frlctlon Equatlon. The evaluation of the sldn-friction requires the study of the 
two inner layers. The Reynold layer and the wall Layer. It is clear from the defect layer 
solution that solLltions for the inner layers must depend on uTu and """'· Moreover, in these 
layers lhe shear stress terms are important so ihat we must cxpect the effects of the suction 
to be strongly felt near the wall. Consequentiy, solutions for these laters must also dépend 
on Vwd· 

a) Reynolds Layer 

The Reynolds layer is, as shown in Ref. (14], governed by standard turbulent boundary layer 
equations. This result follows from the fact that in this region the characteristic .length in 
y-direction, c3 = O(uT d), is small compared with-the characteristic length in x-d.irection. 

To fmd a solution for tbe goveming equation.s we adopt a classical clossure model, the 
mix:i.ng-length theory of Prandtl, together witb the hypotbesis that tbe mixing length is 
proportional to the distance of the wall. Thus, Sttbstitution of an appropriate [44] set of 
asymptotic expansions into the equations gives the several order approximate equatioos. 
Unfortunately, the resulting equations and solutions are vel)' complex and bence are onu'tted 
here for the sake of simplicity. Of course, the Reynolds layer solution ·as l .. · Q) matches 
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the defect layer solution as y ... O. Here, the tilcle is used to denote a Reynolds layer quantity. 

b) WaJl Layer 

Since the ~o previously introduced layers cannot satisfy the no--sllp condition it becomes 
necessaJy to con.sider a new layer adjacent to the wall to do so. Thus, viscous effects in this 
laycr must be such that the fluid is brought to rest ar the wall. From these considerations, 
weget 

~ 

15 = c51(u111 R.,.,) , 

so thar the stretched co--ordinate for this region is 

; =yi(~.R.,.,). 

The Reynolds layer solution suggests_that 

(30) 

where, in general. Urd is a function ol x, •, Ut>u, VWv, "wd, c5, cf, and d ; ~01, represe~ts a ,.. ,.. 
loga.rithmic funáion and u02 and UOJ represent bilQgarithmic funáions. The underlying 

idea is to separare ~ in.to two paru; one to account for the shoc:k and upstream inje<:tion, 
and another to account for the downstream suáion. Now, if adequate .functions are chosen . " ,.. ,.,. 
to represent u.,d ~). uo1 (y), u02 (y) and u03 (y), the matching conditions give (44) 

where a1,a2 and the furu:tions ut(x),u1J(x),uu~),u2~),u21(x),u2m"(x),and U22~) 

are defined ín Ref. [44]. 

The aboYe equation gives the sldn-Criáion in the interaction region. This expression will be 
compared with experimental results in the ne:xt section. 
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RESULTS 

To find a solution for our problcm we need to couple both the extemal now solution and 
rhc solution for the now inside thc plenum chamber. This is done througb the boundaly 
condition at thewall which may bc very compJex if one is dealing with Ouid whlch is blown 
or sucked through orifices or slots. H•!re, to simpl.ify the calculations we assume that the 
vclocity normal to the surface is essentially homogeneous, i.e., that the spedfled 
mathcmatical condition at the surface, v-,.,{X), reproduces well the physical conditions. Thus 
if the velocity of the fiow through the plate's surface is assumed to be directly proportional 
to the pressure difference betwcen the extem.al and the internal regions, we can writ~ 

"w (x) = CT (plt - p..,) 

whcre 

p.., = external pressure, 

p1r. = internal pressure, 

cr = plate factor. 

Since rhe net mass now rate over Lhe porous region is zero, that is, 

I Pw v..,d:x =O 
L 

, L = length of porous bed , 

(31) 

(32) 

lt follows that, for a surface of constant porosity, subs.titution of Equation (32) ln to Equation 
(31) gives 

I p..,p.., (x) d:x 
L 

p,. = I p..,dx 
L 

The waU velocity is then detennined by Equations (31) and (33). 

(33) 

Beforc comparing our theoreticat results with the data obtained for the interaetion with flow 
through a porous surface, let us ftrst consider the solid surface case. unfortunately, even for 
this case, lhe performing of experim~nts is a very difficult task. rn fact, several practical 
problems such as the control of lhe position of the shock, are very difficult "to overcome 
whlch make the planning and execution of such experiments a rathcr complexjob. As a result 
onty fewworks are avat1able in the Uteraturewhich cover our Mach number range of interest. 
Furthermore our theory corresponds to the case of two-dimensional, non-separated tlow, 
and hence we need to be sure thar any eventually considered experimental data set 
reproduces well those two conditions. 
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A review of the literature shows th.a1 the most adequate results to. test the theory are those 
of GADD (49) and of SA WYER and LONG [50). Unfortunately, a careful e:xan\ination 
reveals that even these results do not posses the flow conditions desired here [44). Desplte 
that, Sawyer and Long's experlment is, to the present author's knowledge, the most detailed 
investigatlon of this pheno~enon for the Mach number range 1.2 to 1.4. Because of that, 
we have comparcd our tbeoty with the results given in Ref. [50]. This is d~ne in Figures 17 
to 20. The flow conditiorÍs are shown in Table 3 . 

... 

-· I 

Figure 17. Results for solld plate, M = 1.27. - · · - , e:xperiment; -, theory 

... 
u 

Figure 18. Results for solid plate, M;:: 1.27. - · · - , e:xperlment; - , Lheory 
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Figure 19. Resulta for aolld plate, M = 1.37. - · • -, experiment; - , theory 
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F~p~rC 20. Reaa1tJ for aolid plate, M • 1.37. - • ·-, expcrimcnt; -, thcory 
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Table 3. Experimental Oow c:onditions 
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No experimental data set was found for tne porous su rface case which satisfied the conditions 
assumed to hold in this work. Therefore, to study the effeots that a bleed system lik:e the one 
studied here would have on the properties of a shock wavefboundary Jayer interaction, we 
just replaced part of Sawyer and Long's surface by a porous plate with a chamber beneath. 
The possible cases of interest are Ulustrated by short (- ~) and long surfaces ("'" 24ó) 
witb porosities that yield wea.lc (u = 0.005) and moderate (u = 0.02) injection rates. The 
results are shown in Figures 21 to 26. 

As can be seen, the theoretlcal results show the ~eneral expected trend. Thus a significant 
increasc in Ct downstream of the shock is obtalned for moderate inj.eçtJon and suction rates, 
which suggests that the control technique under present study can be used as a means of 
preventing separation. 

- .ITO UTIOII 

.. 
I) ' X lln(JIMI 

lO .. 

Figure 21. Results for a long suetch of porous surface. M = 1.27. -.:..-, u = 0.0 , - , 
q = 0.005, ... ' q = 0.02 

' ' l 

~~~~----~.----~0----~.----~~~--~~ 
Xl~l 

FtgUTe 22. Results for a Jong stretch of porous surface, M = 1.37. ---, u = 0.0 , - , 
u = O.OOSJ ••• , u = 0.02 
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Figure 23. Results for à long stretch of porous surface, M = 1.27. ---, q = 0.0 , - • 
(1 = 0.005, ... ' (1 = 0.02 
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Figure 24. Results for a long stretch of porous surface, M = 1.37. ---, q = 0.0 , - , 
(1 = 0.005, ... ' (1 = 0.02 
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Figure 25. Results for a short stretch of porous surfaa; M = 1.27. ---, q = 0.0,- , 
(1 = 0.005, ... ' (1 = 0.02 
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Figure26. Results for a short stretch of porow surface, M = 1.37. ---,tT = 0.0,- , 
(1 z: 0.005, ... ' (1 = 0.02 



CONCLUSION 

We have shown in thls paper ltow the problem of the interaction of a shodt-wave with a 
boundary layer can be taclded using perturt)ation technlques. Thus, the solution in the 
dlsturbed reglon downstream of the shocJc is completely determined by the undísturbed 
profiles and by the flow structure assumed in Figure 16. 

Unfortunately, the proposed theory could not be compared with experimental results since 
none were available. lt is worth noting that porous surfaces mak:e the use of probes or tubes 
impoSSlble near the wall since they would blodc the openings thus affecting the local 
transpiration rates. This greatly compticates the obtainíng of experimental skin-friction 
values. 

Another lnteresting feature of the theory is that it can be applied to active control cases. 
The theory can also be easily extended to the case of a curved wall. 
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RESUMO 

Este trabalho visa analisar termodinamicamente ciclos ténnicos cujo fluido de trabalho é um 
sistema flsico que hãomssui a propriedade de convexidade em uma das variáveis de seu espaço 
de estados. Na ref 8] foi abordado o problema valendo-se do conaito de função de 
acumulaçllo, urilizan o como fluido de trabalho um gds ideal, cujo espa9o de estados admite 
a prqpn'edade de convexidade. O mesmo nlio ocorre quando o sistema /Tsico é por exemplo, 
um fluido de Van der Waals, cujo modelo oriundo de sua equaçl1o de estado pemtite a e.xistbrcia 
de duas fases em equilfbrio1 fato este explicado pela existtncia de estados termodin8micos que 
violam o critério de estabiltàade sob isolamento proposto por Gibbs. 

Palavras-chaves: Estabilidade Temtodinâmica • Função de Acumulação • Ciclos Térmicos 

ABSTRACf 

The p~smt worlc intends to tlte thermodynamic ana/ysis of thermal c:;cles which MJOrlcing {luid 
is a pllysica/ ~ystem that doesn't h ave the characteristic of convexity 111 one of the variables of 
its state space. ln ref {8] the some probfem was discussed using tfte concept of acc:umulatiort 
function and e'!'{Jioying an ideal gas as the workingfl_uid which state spaa possesses theprope!JY. 
áf conve.xity. The sarne doesn 't occur wlren the p_ltysical syston is, for example, a Van der Walls' 
fluid, wltose model derived from its .equatioll of state a({ows for t1te possibility uf two phases in 
equilibrium, what is oplained by til e existena of thennodynamic states that v10lates the stability 
crituion under isolation, as proposed by Gibbs. 
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INTRODUÇÃO 

Uma das versões da Termodinâmica Racional pertencentes as chamadas 'Teorias sem 
Entropia a Priori" foi estruturada por Serrin admitindo uma classe mais restrita de conceitos 
prímit ivos. Na referida versão, a existência de grandezas tais como entropia e energia intema 
é mostrada mediante hipóteses constitutivas, nlio valendo portanto num universo termodi­
nâmico qualquer de sistemas fisicos. Valendo-se somente de oonceitos primitivos nesta 
estrutura, os autores cm rsJ analisam termodinamlcamente os ciclos de Camot e Rankine 
utilizando um gás ideal como fluido de trabalho. Esta análise enfoca o comportamento da 
função de acumulação, presente na fonna do segundo axioma nesta teoria, e não apresenta 
grandes diflculdades devido as propriedades de convexidade do espaço de estados do gás 
ideal. Entretanto. ainda no univcr~o termodinâmico dos sistemas ideais. quando o fluido cm 
questão viola o critério de estabilidade termodinâmica proposto por Gibbs em certas regiões 
do plano, ocorre a não convexidade do seu espaço de estados. Este fato acarreta uma maior 
complexidade na abordagem do problema. A extensão desta análise pata a presente situação 
constitui o principal objetivo deste trabalho. 

No início apresentaremos as grandezas primitivas e os dois axiomas presentes nesta teoria 
racional enfocando o conceito de funçl!o de acumulação. Mais adiante definiremos o 
universo termodinâmico dos sistemas ideais, aonde enquadraremos o nu ido de trabalho dos 
ciclos de Carnor e Rankine, no caso um fluido de Van de Waats. Na Seção 5 será apresentado 
o conceito de Estabilidade Termodinâmica sob isolamento introduzido por Gibbs, expresso 
pelos princfpios de Entropia Máxima e Energia Mfnima. O teorema enunciado a seguir 
estabelece, no contexto abordado por Serrin, condições necessárias e suficientes para um 
estado tcnnodlnâmico homogêneo, satisf87.er as condições de estabilidade. Finalmente, 
baseado num corolário do teorema aplicado a classe de nuidos simples, será determinado 
o espaço de estados de um fluido de Van der Waals, o qual não apresentará a propriedade 
de convexidade devido ao fato da violação do critério de estabilidade em uma região do 
plano. 

ESTRUTURA PRIMITIVA DA TEORIA 

Postulamos a existência de um universo termodinâmico N, cujos elementos são sistemas 
físicos s. A cada sistema associamos um conjunto de processos tennodinAmicos P(s). O 
subconjunto de P(s) de particular interesse neste trabalho é o processo cíclicos Pc (s), que 
são caracterizados por não se distinguir os estados inicial e final do sistema. 

Não questionamos a existência deu ma escaJa cmplrica de temperatura. Supomos a existência 
de uma variedade topológica v, denominada variedade de -nfveis térmicos. Uma escala 
empírica de temperatura é um mapeamento injetivo deftnido na variedade com valores nos 
reais, ou seja: 
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aonde N é definido corno um nível térmico do sistema. 

O trabalho W(l') c o calor Q(l') trocados pelo sistema físico s durante o processo P são 
definidos como funç(lcs reais da forma: 

W : P(s) ..... R Q: P(s)-+ R 

I'.- W(P) p ..... Q(P) 

A informação qualiu:uiva d;,~ troca de calor realizada pelo sistema físico é dada pela função 
de acumulação Q(l', N). Esto função mede o cal(lT 1 roca do por níveis térmicos inferiores 
ou iguais a N por um sistema físico s durante 0 processo />. 

Q( ·, ·) · P(s) x v ..... R 

(1', /1.') - Q(P, ·"'') 

Definimos N; c Ns respectivamente como os níveis térmicos inferior e superior do sistema. 

Abaixo de N; c acima de N1 não há troca de calor. Ponnnto temos que: 

Q(I',N) =O , 

Q(P. N) = Q(P) , p:.~r:.~ N 2: N, 

Defínimos n espaço de e5tndos do sistema r como um conjunto cujosclcmcnws são estudos 
termodinâmico~ do sistema. Um e~tado termorlinâmico ~·:!:E r, é descrito por uma n-upla 

da forma: 

Neste trabalho trataremos somente de processos homogcncos cm fluidos simples, cujos 

estados lermodin:'imieos são descritos por dois parâmetros c portanto l: C If-. Cabe 
snlientar que no caso não homogênc{l l: é um espaço de funçõ<:~. pos.~uindo as.~im dimensão 
infinita. 

De posse d~)S conccilOs nprcscnt:Jdos podemos enunciar us leis da tcrn11l<.lin5mica no presen­
te contexto. A priori não se assume a interconvcrtibilidadc de calor cmt rabalhn. Entrclanto 
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pode-se mostrar que pam a classe de nu idos simples a 11 Lei se comporta tal como na teoria 
clás!IÍCa (ver r 1], [3j). A I I Lei da termodinâmica é então enunciada na sua fonna forte. 

11 l-t-i (forma forte}. Seja P E P~ (s), então: 

W(P) = Q(P) 

Um procc~o P é dito ser adiabático se Q(P, N) = O, para todo N E v. Enunciamos agora 
a 2.• Lei na sua forma mais geral. 

21 Lei (rorma fraca) . Seja P E Pc (s), P não ad.iabático, então existe No, No E v, tal que: 

Pode-se provar que esta fom1a fraca da 2• Lei engloba os princípios de K.EL VTN-PLANCK 
c CL.A ll$1 US (ver (3]). 

A forma forte, conhecida como Teorema da Acumulação, é válida no universo termodinâmi­
co dos sistemas físico~; compatíveis com um g5s ideal J nformações mais detalhadas podem 
ser encontradas em III, p]. 

CICLOS TÉRMICOS 

A aplicação dos conceitos enunciados anteriormente será rc~;trita a dois ciclos 
frcqi.l cn temcme estudados pclu Termodinâmica Clássica. O ciclo de Carnot e o ciclo de 
({ankine. 

O Ciclo de Camot. Defi11imos um cido de Carnot positivo P cm I, como sendo o ciclo 
no qual: 

aonde /+ e r são respectivamente os intervalos de tempo associados a absorção c rejci· 

ção de calor, T + e r valores da temperatura empírica sendo que: 
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() Ciclt1 de Rankine. Definimos um ciclu uc Ronkinc po~itivo cm ~ como sendn o ciclo 

no qu<•l: 

I' E P,. (s) 

, =, cm r 

;,mntle p ... c p s;Jo rc~pcct.v:ulJemc 115 valores dns prcssllcs con,wntc~ ~entlo que: 

S ISTEMAS IDEAIS 

O nuido de trabalho dos ciclos térmicos aprr~cntados será enquadrndu num universo tcr­

modin5mico particular uc sistemas fí!>icos denominado univcrS(' dos sistemas ideais. 

Um sistema ideal é caracterizado pelos seus pnssíveís estudos tcrmodinilmicos serem dndo~ 

pelos \'alorcs de suns propriedades para c:ada tempo num espaço de cswdt~s de dimens:Jo fi­
nito. Os proccs.~os termodinflmicos s:io a~st>ciados a cuminhns no espaço de estudos. M ate­

muticamente um proce!'~n ideal pode ser descrito J}elo mapeamento: 

(I) 

I -+~ (I) (!) 

aonde I é o intervalo de tempo de tluraçiio do processo. 

O calor c o trabalho trocndos pcln ~is1cma ideal no pn1ce!'~O ide<~l r podem ser calculados 

através das exprcsst>cs: 

" 
Q(P) =I q com I{ = I Q; (i) tlr; 

r i= t 

(3) 

" 
W(P) =I 11' com u•=I IV;(!) rL(; 

r l"t 

(.:I) 

aonde r é um caminh11 cm '"· q c 11· sào respectivamente a~ 1-form:Js diferenciais tlc 
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calor c trabalho, as quais cm cada ponto ·!E ~ pos.~ucm componentes Q; W c W; (!_) na 
base canônica dos funcionais lineares dx1• 

Pode-se mostrar (ver 11 ), [2],19]), a partir dos resultados anteriores, a existê'ncin para siste­
mas ideais de funções Continuamente diferenciáveis tais como temperatura ahsnluta (T), 
energia intcrnll (U) c entropia (S), definidas da forma: 

N .... T(.l\,') 

! - U(x) 

S : };-R 

satisfazendo a equação de Gihhs: 

q = TdS = dU + w (5) 

aonde R+ são os reais pMit ivos. 

Relações termodinumical- conhecidas (ver )lO)) entre os coeliciemcs Q; c W; tias fom1as 
diferenciais q c w podem ~crfatilmcnte obtidos ao ::~plicarmos (I Teorema de Schwart. aos 
pntl·nciais termodinâmicos. rara o potencio! encrgi<.~ livre de Hclmotz, F = U - TS obte­
mos, no caso de particular intcres.<>c neste trabalho cm que X1 = T e W1 =O, a rclaçfio 
t1SiiJXj = aW_/éJT (j = 2 . ... 11) a qual juntamente com (3) c (5) fornece: 

(j = 2, .. .. 11) (ó) 

f'aril o pntcncsal S obtemos de forma ::sn~lnga. c adicionando (6). a rclaçiio. 

(j = 2, .... 17) (7) 

Os sistemas abordados pela TcrmodinGmic<J Clássica, denominados lluidns simples, consti­
tuem uma suhclassc do$ sistemas ideais o onde seu estado tcrmoc.Jin!imicn é dcscritn pnr du::ss 
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variáveis (1: c If-), sendo Xt = T, x2 = v, wl = o, w2 = p, Ql = Cv e Q2 = v aonde 

v é o volume específico, C., o calor e..~cífico a volume constante e ' o valor latente, as 
formas diferenciais de calor e trabalho são dadas por: 

w = p(T, v)dv 

q = Cv (T, v) dT + v (T, v) dV 

Decorre de (6) e (7) que para um fluido simples valem as relações; 

v =T.21!_ ar 

ESTABILIDADE TERMODINÂMlCA 

(8) 

(9) 

(lO) 

(11) 

Quando se quer determinar o espaço de estados de um sistema fisico, é necessário que seus 
e lementos satisfaçam determinadas condições de estabilidade a serem imposta,s a cada caso. 
Neste sent·ido estabelecemos que o dom mio de validade da teoria em questão não contém 
estados termodinâmicos instáveis. 

Na literatura encontramos alguns critérios de estabilidade em Termodinâmica, como po.r 
exemplo, segundo LIAPUNOV [5J e segundo GffiBS [6], os quais são introduzidos no con­
texto de teorias que utilizam a desigualdade de Clausiu~Duhem como forma de expressar 
o segundo axioma [7]. O objetivo aqui é apresentar, no contexto da presente estrutura, o 
conceito de estabilidade segundo Gibbs. O estado que satisfaz as condições de estabilidade 
a serem enunciadas será dito Gibbs estável sob isolamento. 

Tal denominação salienta o fato de sua validade ser restrita a termostática, ou seja, só se 
aplica cm estados termodinâmicos em equilíbrio com o meio (Q = Q( ·, 7) = W = 0). 

Consideremos o universo termodinâmico U aonde existam as funções energia interna espe­
cffica, u, entropia específica s e temperatura absoluta T, como por exemplo o universo dos 
sistemas ideais. Estas funções estão relacionadas entre si por intermédio da equação de 
Gibbs (5) derivada da equação fundamental: 

u:: u(s,!) ; 
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Enunciamos agora os prindpios que ccpressam matematicamente o conceito de estabilidade 
termodinâmica sob isolamento segundo Gibbs. 

Princípio de Entropia Máxima. "Um estado termodinâmico (s,-!) de um sistema físico 
s ê dito ser Gibbsestável sob isolamento se e somente se, qualq4er estado de s distinto de 
s(!) tal que: 

tkf de/ 
U' = I u' (!' (!), s'(!)) dm = I u(! (!), s(!)).dm = U 

• • 

satisfaz 

de/ tkf 
S' = Is' (!) dm < Is (!) dm = S " 

aonde .! =! (p', t) é o ponto espacial ocupado pela partícula p' do sistema tisico s no 
tempo t. 

Prlodplo de Energia Mínima. "Um estado termodinâmico (s,!) de um sistema fTsico s 
é dito ser 'Gibbs estável sob isolamento se e somente se, qualquer estado (s'. !') de a 
distinto de (s,!) tal que: 

tkf tkf 
S' = J s' (!) dm = J s (A) dm = S 

• • 

satisfaz 

U' ~I u' (!' (!),s' (!))dm >I u (!(!),s (!)) dm ~ U " 

• 
O teorema a seguir enuncia uma condição n~a e suficiente para um estado termodi­
nAmicohomogmeo ser loca/mm te Gibbs estável sob isOlamento. É importante salientar que 
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a condiçào de estabilidade local é mais fraca do que aquela apresentada nos Princípios de 
Entropia Máxima e Energia Mínima. Tal fato pode ser elucidado pela condição a ~cr satisfei­
ta no referido teorema, a qual compara o estado termodinllmico em questão S(lmcnte com 
estados na sua vizinhança, não possuindo assim, ao contráriu dos Princípios enunciados, ca­
rátcr global. Neste sentido observamos que nem todo estado localmente estável será global­
mente estável. 

Tei>rema. Seja ~ um estado termodinâmico homogéneo de um sistema rísico s. Sejam 

" 
u = u W c w = ,2: W; dx; com x 1 = T e Wt =O respectivamente a equação funda-

i= I 

mental c a l -forma diferencial de trabalho de s. Então uma condição necessária e suficiente 
para rn ser localmente Gibbs estável sob isolamento é que a matriz: 

i ,j = 2, ... , 11 

Seja negativa definida cm 111· 

Pnwa. Consideremos as r unções T, U';, ... , Wn de (s, :!). Para cada estado tem1odinnmico 

y E 2:, diferenciando a equação de Gibhs (5) c aplicando (4) obtemos a seguinte relação 
entre formas bilincarcs: 

( 12) 

Relacionando W; c W, pela regra da cadeia, (12)'podc ser escrita da forma: 

(13) 

Sendo x1 = T c Qt = C,., podemos combinar (3) c (5) c aplicar (6) para obter al' relações: 
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aT T 
- =-
às c. 

" " ar Q,· aw. 
- =--=-:.:..:.1.. 
;u., c,. as 

i = 2, ... ,/I 

. . aw,. 
Definindo a1j = -. - c valendo-se das relações acima (13) pode ser escrita da forma: 

OXj 

Definindo a fu nçà<l V'o da forma: 

n 

V'o (s,x2, .... xn) = u (r,x2 . ... ,xn) - u0 - T0 (s - s0) + L W10 (x, - x10) ( 14) 

( ilu) - =To as ~ 

(üu ) = -w. 
ik; l:() 'o i = 2, ... ,11 

Então é fácil observar que: 

n 

fo c~.x2, ... ,xn) ::::LI o + To(!- so)- L w,.o (X;- X;J 
, .. 2 

1=2 
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6 a equação do plano tangente em .(}:o, u flo)). Logo pela equação (14), 'PoÚ') mede a 

diferença entre o valor da função u e o respectivo valor no plano tangente a supertlcie no 
ponto !lo, u(to)): 

'PoW = uW- foW 

Supomos agora que matriz aq seja não negativa definida. Portanto existe 
11 11 

ç = (Ç2, ... ,Çn) e K'-l ,i ;li! Q,talque .2: .2: Oij~IG) ~ O.Mostraremosentãoqueoesta­
/=2 )•2 

do .l!o não satisfaz a condição de estabilidade imposta pelo Principio de Energia Mínima. 

Consideramos então o vetor I:. e K' de coordenadas (s, Ç;), i = 2, ... , n tal que: 

No estado .1!. temos que: 

'Po =o 

/1 

du = T0 ds- _2: W10 dr 
/=2 

11 

d<p0 = du- T0 ds + ,2: W10 dr1 =O 
1=2 

Portanto em to vale: 
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11 11 

cP u L2 = - Í: Í: a(IJ>o ÇiÇJ 
1=2 )=2 

Como por hipótese: 

Vale então: 

Consideramos agora um estado y' não-homogêneo definido a partir de~ por: 

x/ .= x10 + • Ç1 r (p') ; i = 2, ... , " 

aonde: ' > O e r • s - R uma função a ser determinada. 

Integrando (17) a (18) no sistema ftsico s vem: 

X/ = J x/ dm = I x10 dm + e Ç1 J t (p') dm i=2, ... ,n 
I I I 

11 Q, 
S' = J s' dm = I s0' dm + e Í: T €1 J 1 (p') dm 

I I /+2 0 I 

Impondo: 

X/ = X10 = J x10 dm 

• 
S' = s0 = J s0 dm 

i= 2, ... ,n 

Obtemos entlo através de (19), (20), (21) e (22) que: 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 
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I 1 (p')dnt =o (23) 

Para cada panfcula p' expandimos u(i) em série de Taylor em torno de ~ obtendo: 

aonde impomos f!lf=. de coordenadas: 

Então: 

e 

" 
du IX,o) ~ = (T0 ds - }: W10 dx1) ~ = 

1•2 

11 

=e t (p' )}: (Q10 - w1o> ~,. 
(s2 

n n 

d2 
u fro) Vl = - ~2 fl (p') }: }: a(ij)o ~~~j 

ia2 )•2 

Integrando (24) e aplicando (26) e (27) vem: 

(24) 

(25) 

(26) 

(27) 
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U(y')- UlliJ) = J (u{I') -u!.l!o))dm = 

(I 

=e ~ (Q; - 1-Y,) G; J t (p ') dm -L o o 
i:2 ' 

+ J t{~) dm 

b.wlhcndo r : s ... R de tal ror ma que (2J) é sat i~lcit '' c : 

f r (p')dm = I 

(28) 

:Jnnuc M é n m:~:;sa du :;iqcma físico s. 

Cnnw u (I) é ~uposta o.:nntinuamcntc úil'crc.:nciãvcl, vale cntãn: 

/~V) -
lim I 

1
.., - O 

!:-o " &. 

F:v.cndo c-+ O, nhtcnws de ( 16). (2i\) c (2Q) que: 

(29) 

Entao fO niio é (jihh., cM:lvd ,uh t~olamcnw p111S nãn ~;,ui~f<v. a~ l.'l•ndi.;õc.' in'(W.<ota~ pelo 

Princípio tk r.ncrgi:~ 1\1 i n i nw 

A Cllnúiç:'in (2:9) é ncc:c~sária. M ostr:lrcnw~ <~g<>ra que é também suficiente. 
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(30) 

Logo vem que: 

(31) 

Aplicando (30) em (31) e utilizando os resultados anteriores obtemos: 

d2 f/Jo (fu) a2 > O ; df/Jo Cro) ~ > O ; f/Jo Cro) =O para "'f! = (a1, ... ,a,) (32) 

Para cada partfcula, uma nova expansão em série de Taylor fornece: 

(33) 

De (32) e {33) vem que: 

(34) 

Fazendo a ... O, supondo f/Jo continuamente diferenciável, obtemos de (32) e (34) que 

tpo > O para 1. E viz (l:o). 

Sendo: 

11 

df/Jo = du- T0 ds + ,2: W10 dx1 
1•2 

Integrando (35) de xo a ,t: e aplicando (32) vem: 

(35) 
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n 

u W - u 00,) = 'Po (i) + T0 (s - s0) - 2: W10 (x1 - x10) (36) 

Integrando (36) no sistema fisico e impondo: 

S = Is dm = I s0 dm = S0 

X 1 = I x; dm = I x10 dm = X10 
I 

Obtemos: 

U W - U (lli) = I 'Po Ú') dm 

como 'Po Ú') > O, entdo U (i) > U ~). 

i~2 

i= 2, ... ,n 

Logo pelo Principio de Energia Mínima, .lO é localmente Gibbs estável sob isolamento e a 

prova do teorema está completa. 

P(ldemos observar que a condição (30) expressa a convexidade da função energia interna 
específica em ~-Com efeito se ~ é um ponto de convexidade para u,vale: 

n 

u W > u 00,) + T0 (s - s0) - L W10 (x; - x;r) , para .l E viz ~) (37) 
1=2 

Comparando (37) com (14) obtemos que 'Po (i) > O. 

Portanto o estado termodinâmico homogêneo 10 é localmente Gibbs estável sob isolamen­

to, se e somente se Y.o é um ponto de convaidade para a função energia interna específica. 

Consideremos agora algumas aplicações do teorema nos slste!IUIS fisicos abordados pela 
Termodinâmica Clássica. 

1) F1uido Simples: Para um Ou ido simples temos n ::: 2 então a matriz aí) é 1 x 1 com: 

Para i= ~2 ~O temos que: 



Portanto o critêrio de estabilidade para um fluido simples se reduz a: 

~<0 av 
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(38) 

2) Fluido de Van der Waals: Um fluido de Van der Waals ~um fluido simples que satisfaz 
a equaçlo de estado: 

(39) 

aonde R, a, b são constantes positivas e v > b. 

Decorre de (11) que para um fluido de Van der Waals a<;.,!av = O e a l-forma q e dada 
por: 

RT 
q = C, (T, v) dT + --b dv v-

(40} 

O crit~rio de estabilidade (38)1 aplicado a (39} fornece T > 1A (v- b)IRv3 e a restriçlo 

de p > O ímpõe T >a (v - b)IR;. Logo l: é dado por: 

v > b 
2 

T 
1A(v-b) 

> Rvl 

T 
a(v-b) 

> R..Jl 

quando v O!: 2b 

quando b < v < 2b 

Observamos que no caso de' fluido de Van der Waals, ao contrário de um gás ideal, l: não 
~ COJ\VexO na variável v. Decorre entlo que embora valha ac,lav .. o, c, depende 
explicitamente de v. Entretanto podemos dividir em duas regiões l:t e 1:1, convexas na 
variável v, representando respectivamente as fases liquida e gasosa. Com efeito temos: 

1~ 1mpo1tan1e salienlar que DO c:uo de um &" Ideal, u coodiç6es de estab!Udade ~inlmlal e ptalio polltiva 
llio llltldeila. para T > O ·e ., > O. 
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· Região '1:.1 - fase liquida 

b<v<3b 

T > 2a ~v- b) 
Rv3 

2 

quando 2bsvs3b 

-r.,: T a{v-b~ 
> RVl quando b<vS2b 

8a 
Ts 28Rb 

· Região L, · fase gasosa 

I 
v > b 

8a 

-r.,= T > 28Rb quando b<b<3b 

2a 2 
T>-(v-b) quando v C!: 3b 

Rv3 

T 

... 
III: ... 
C\1 

...... 
o • ----

b 2b 3b v 

Figura 1. Espaço de estados de um fluido de Van de Waals 

T 

... 
CIC ... 
C\1 
...... 
o 
eo 

b 2b 3b v 
FigUra 2. Regiões "1:.1 e :r, do espaço de estados de um fluido de Van der Waals 



Portanto vale: 

I C .. 
1 
(1) ; para a região 'E1 

Cy E c .. , (1) ; para a régilio I:
1 

aonde Cv1 e Cv
1 

são respectivamente os calores e'specfficos a volume constante das fases 

liquida e gasosa. Sendo que: 

c, (
2

7Rb& ) = lim cv (1) 
I 8a g 

r .. 27Rb 

O CICW DE CARNOT PARA UM FLUIDO DE VAN DER WAALS 

Ao contrãrio de um gás ideal, a análise termodinâmica dos ciclos t~rmicos para um fluido 
de Van der Waals deve ser parcelada em região COnvexa$ na variável v. Abordaremos aqui 
os ciclos em :Eg. A sistemática utilizada poderá ser faCl1mente aplicada nos outros dois casos: 
(ciclo em I1, ciclo em I t e I,). 

O Ciclo em 'Eg. Para um fluido de Van der Waals temos o seguinte esboço do ciclo de 
Camot cm Ig. 

T 

b 2b 3b v v c 

Figura 3. Ciclo de Carnot na região I, do espaço de estados de um fluido de Van der Waals 



aonde a equação das adiabáticas A-D e B-C que passam por (T0, v0) E ~ 6 dada por. 

De (40), com r constante, temos que as l-formas diferenciais de calor absorvido e rejeitado 
são dadas por: 

R r+ 
q + = 

11 
_ b dv , para o caminho que liga A a 8, associado a r 

q- = :~b dv , para o caminho que liga C a D, associado a r 

Portanto as funções de acumulação são dadas por. 

o 

, para r< r+ 
, para Ti!: r+ 

I para T <r 

Q(P.1) = 

y - b 
- Rr ln (-c--) , para I s r< r+ 

"D- b 

( "B- b) 
R (r -7) ln "A _ b , para r 2: r+ 

aonde vale: 

"»- b "c- b --=--
"A- b "D- b 
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o+ (P) 

o· t P) 

O ( P) 

- - - - - - - . - - - - - - - . r----0 + ( pI T) 

---------------~----'i(P,T) 
I I 
• I 

-··-···r···- ... ..,: ---0. ( P, T) 

r-. 
' 

• 
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T 

Figura 4. Comportamento das funções de acumulação de calor no ciclo de Camot para um 
gás ideal 

Sendo: 

Q(P) = Q(P, 1) ' para r~ r+ 

Portanto: 

Aplicando a 1' Lei na forma forte vem que: 

A eficiência de um ciclo termodinâmico com Q (P) ::>: O é definida por: 

W(P) 
Efc (P) = Q+(P} 



Logo obtemos o conhecido resultado: 

r 
Efc(P) = 1-r 

Podemos mostrar de uma maneira análoga que o resultado obtido acima para a eficiência 
6 o mesmo para o ciclo de Carnot nas outras regiões. 

A e:xpresslo para a eflci~ncla do ciclo de Camot retifica o conhecido resultado da Termodi­
nâmica Clássica de independência desta com o fluido de trabalho. 

O CICLO DE RANKINE PARA UM FLUIDO DE VAN DER WAALS 

Tal como procedido no caso anterior a análise será apresentada para o ciclo em I 1, podendo 
esta ser facilmente estendida para os outros casos. 

O Ciclo em .I1. Para um fluido de Van der Waals temos o seguinte esboço do ciclo de 
Rankine em .Ig. 

T 

.. 
I[ 

.... 
N 

' v 

• 

Figura 5. Ciclo de Rankine na região .I1 do espaço de estados de um fluido de Van der 
Waals 

aonde as curvas B-C e A-D são adiabáticas e as curvasA·B e C-D são isobárícas, cuja equação 
passando por (To. v0) E .I 6 dada por: 

( v - b) ( RTo ( 1 1 )) T+ -- ---+a ---
R v0 - b ..?- ~ 



Para p constante, temos que as l-formas diferenciais de calor absorvido e rejeitado são 
dadas por: 

q + = Cv 
1 

(1) dT + (p + + ;) clv , para o caminho que liga A a B associado a .r+ 

q- • C.,
1 

(1) dT + (p- + ~) dv , para o caminho que liga C a D associado a r 

Portanto as funções de acumulação são dadas por: 

Q+ (P,1) = 

Q(P, 1) = 

aonde v+ e v- são funções cresoentés de r, obtidas diretamente atrav6s da equação de 
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estado fixando reapectivamente p = p + c p = p-. 

a+ (P, T) 

w---0 (P,T) 

Ta T 

Figura 6. Comportamento das funções de acumulaçlo de calor no ciclo de Ranldne para 
um fluido de Van der Waals 

Portanto: 

Ts Te 
W (P) = Q (P) = 1 C., (1) dT - 1 C11 (1) dT + p + (v8 - v .J -

TA I · To I 

- ( 1 1 ( 1 1 )) -p (vc-v0 )-a ---- ---
"B "A Vc "D 
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Q(P,T) 

Q(P) 

T 

Figura 7. Comportamento da função de acumulação no ciclo de Rankine para um fluido de 
Van der Waals com Cp constante 

Neste caso a eficiência é dada por: 

+ ( 1 1) Cy (Te- Tv) + p (vc - vv)- a - - -
g vc vv 

Efc (J') = 1-
+ ( 1 1) C, (T8 - TA)+ p (v8 - v A)- a ---

g ~ ~ 

CONCLUSOES 

Foi apresentado neste trabalho os principais conceitos da teoria termodinâmica proposta 
por SERRIN em (1]. Sua principal virtude consiste em não postular a priori a existência de 
funções tais como entropia e energia interna. Portanto as formas propostas dos dois axiomas 
ao contrário das 'Teorias Tipo Clausius-Duhem", não estão ~ressas em função destas gran­
dezas. Desse modo na classificação das estruturas apresentada em [71, a presente versão se 
enquadra nas chamadas 'Teoria sem Entropia a Priori". 

O conhecimento da função de acumulação, presente no segundo axioma, fornece uma infor­
mação qualitativa da troca de calor efetuada pelo sistema físico, ou seja, em que nívcis térmi­
cos esta foi realizada. Com esta ferramenta podemos obter maiores informações a respeito 
dos processos termodinâmicos que O(:()rrem por exemplo em ciclos ttrmicos. 

Foi proposto, no contexto desta estrutura, o conceito de estabilidade termodinâmica segun­
do Gibbs, apresentado em (6] no contexto de uma ''Teoria Tipo aausius-Duhem". 

O teorema 53, para estados homog~ncos, possui uma grande aplicação na determinação do 
espaço de estados de um sistema físico. Foi abordado o caso do Fluido de Van der Waals. 
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A metodologia utilizada neste trabalho pode ser estendida para outros ciclos com outros 
Ouidos de trabalho. A complexidade da análise aumenta quando o sistema tisico não perten­
ce ao universo termodinâmico dos sistemas ideais. Neste caso é adicionado um termo dissipa­
do no cálculo da função de acumulação, nilo sendo esta simplesmente a integral de uma 
l-forma diferencial ao longo de um caminho no espaço de estados. 
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NOMENCLATURA 

A parâmetro, adi.mensional 

Ar área de troca têrmica, definida pela Equação (2), (L 2) 

A· definido pela Equação (ll), [8) 

B parâmetro, adimensional 

B' deftnido pela Equação (13), adimensional 

Bi = h(dp/2) ks, número de Biot, adimensional 

C calor específico, [L2 1 2 e- 1] 

dp diâmetro mêdio de partícula, (L] 

d1 diâmetro da esfera que circunscreve a partícula, [L] 

D diâmeLro do tubo, [L] 

G densidade de fluxo de massa, (ML - 2 T-i.] 

h coeficiente de transferência de calor gás-partícula, [MT- 3 e-1] 

Nu =h dplkJ, número de Nusselt, adimensional 

Rep = f>!(Vf- vs) dp/J.l, número de Reynolds de partícula, adimensional 

r coordenada radial, [L] 

S área da superffde das particulas por unidade de volume do leito, [L -I] 

temperatura, (8] 

v velocidade, [LT- 1] 

W vazão de massa, (MT-1] 

Z coordenada na direção do escoamento do fluido e do sólido,(L 1 

(3.,. = (Ws vriPs (Wrv11pf). concentração volumétrica de sólidos, adimensional 

6/m média logarítmica da diferença de temperatura, definida pela Equação (3), [8J 
razão enLre o volume da fase fluida e o volume da mistura, porosidade, adimen­
sional 

À definido pela Equação (14), (L -l] 

14 vl.srosidade, [ML - I T-11 
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p massa especifica, [ML -lj 

<p dpld1, esfericidade, adimensional 

k condutividade térmica, [MLT-3 8-1] 

'I' defmido pela Equação (15), a dimensional 

f fluido 

s sólido 

w mistura 

O ou 1 entrada da célula 

2 saída da célula 

INTRODUÇÃO 

O ótimo contato entre os constituintes sólido e fluido propoTcionado no transporte 
pneumático tem motivado inúmeras aplicações tecnológicas, principalmente, devido à 
grande ampliação nos coeficientes de transporte tanto de calor como de massa 

Um grande potencial destas aplicações está nos processos de secagem, resfriamento e 
armazenamento .de produtos agrícolas. 

Apesar da importância desta técnica ser muito reconhecida, os estudos sobre a transferência 
de calor no transporte pneumático ainda estão po11co de$et~volvjdos. Com relação ao 
coeficiente de troca ténnica entre o sólido e o .fluido, h, o número excessivo de definições 
deste parâmetro tem dificultado não s6 o estabelecimento de correlações mais amplas em 
função das variáveis do processo, assim como, impossibilitado a análise dos resultados dos 
diversos pesquisadores, uma vez que estes pesquisadores não apresentam seus dados 
originaís, mas apenas o númeTo de Nusselt em funç-:io do Reynolds de partícula e da 
concentração volumétrica de sólidos. Isto leva, como afuma TORREZAN [1], à não 
exístência, até o momento, de uma correlação confiável para a estimativa do número de 
Nussell. 

O conhecimento preciso sobre o (enômeno de troca térmica entre a fase sólida e a fase flwda 
é de importância fundamental para o relacionamento entre as variáveis dinâmicas e térmicas; 
tais como, as velocidades e temperaturas de fluido e partículas, tempo de residência das 
partículas e consLlffio de energia no processo. 

Entre as poucas referências bibliográficas que tratam da transferência de calor entre o sólido 
e o gás com ambas as fases em movimento, os trabalhos de BANDROWSKY e 
KACZMARZYK (2,3] estão sendo os mais usados como citasão básica. Em p1Wcípio, estes 
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trabalhos são fundamentados em um balanço global de energia, no qual, o coeficiente de 
transferência de calor entre o sólido e o gás é deftnido segundo a equação, 

(1) 

onde, 

Ar é a área de Lransferência de calor entre a partícula e o fluido que no caso de panfcu­
lns esféricas é dada por, 

(2) 

e !J.tm definido como sendo a média Jogarfr.mica da diferença de temperatura entre as fases, 

(3) 

th e ts
1 

são as temperaturas de entrada do fluido e do sólido, respectivamente, e c12 e 

ts2 as temperaturas de saída do fluido e do sólido, respectivamente. 

Devido às diferenças nos perfis de temperatura experimental em vários níveis do tubo de 
teste, BANDROWSKI e KACZMARZYK [2,3] decidiram interpretar o dado de safda 
usando um valor para a temperatura do ar obtido a partir de uma equação que melhor 
ajusta.w: os dados experimentais, ou ~ja, 

'f -1(Z) 
1 =A zB 

rf(Z)- tw 
(4) 

onde, 

tr(Z) é a temperatura do fluido na posição Z, 

tw é a temperatura média da mistura na entrada, dada pela igualdade, 

(5) 

e os parâmetros A e B são detenninados a partir de dados experimentais. 
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É comum, JESUS (4), subdividir o método de BANDROWSKJ e KACZMARZYK [2,.3] 
em dois modelos, ou seja: 

Modelo 1: Constitui do pelas Equações (1 e 3), onde as temperaturas de entrada e safda são 
os valores obtidos experimentalmente. 

Modelo H: Constituído pelas Bquações (1 e 3), onde o valor da temperatura do fluido na 
safda é obtido pelo uso da Equação ( 4). 

A aplicação de qualquer um destes modelos exige a obtenção do valor da porosidade para 
a determinação da área de transferência de calor, A1. Entretanto, o que se constata na 
literat11ra é que, até o momento, não se dispõe, devido ls grandes dificuldades de ordem 
experimental, de técnicas de medidas diretas da porosidade com boa precisão. Em razão 
diSSQ, tem-se feito a determinação por meio de técnicas indirctas, isto é, através da aplicação 
de modelos fiuid()-dinâmicos, onde a porosidade é uma variável a ser determinada, conforme 
realizado por BANDROWSKY e KACZMARZYK [2,3), TORREZAN [11 e JESUS (4]. 

Assim sendo, a partir da análise dos problemas sobre a transferência de calor no transporte 
pneumático, apresentada na literatura, e considerando a relevância do assunto, este trabalho 
tem como objetivos: 

Projeto, construção e montagem de um sistema experimental de transporte pneumático, 
com características similares às apresentadas na literarura, (1,2.3). 

Análise do desempenho de dois tipos de alimentação de sólido: gravitacional c com pa­
rafuso helicoidal. 

Desenvolvimento de uma técnica de medida de temperatura do sólido em diferentes 
posições na célula de medida. 

Desenvolvimento de um modelo matemático para o estudo da troca térmica entre as 
fases e determinação do coeficiente de transferência de calor entre o sólido e o flllido. 

DESENVOLVIMENTO DO MODELO MATEMÁTICO 

O volume de controle utilizado, de acordo com o esquema apresentado na Figura 1, é 
semelhante ao tradicionalmente usado em leito deslizante, conforme pode-se constatar nos 
desenvolvimentos realizados por FURNAS [5] e SARTORl (6]. 

O balanço térmico entre as fases sólida e fluida é efetuado levando-se em conta as segujntes 
considerações: 

escoamento unidimensional concorrente e na direção vertical ascendente; 

regime permanente; 
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transferência de calor dcsprezfvel na direção normal cm relação à transferência de calor 
na direção do escoamento da suspensão; 

efeito de entrilda desprezível, portanto, o coeficiente de troca térmica 6 uniforme ao 
longo do leito; 

não há perda nem geração de calor no sistema; 

u resist~ncia térmica interna das partículas é desprezfvel em relação à resistência de 
convecção na superfície da partícula, isto ê, 8i < 0,1. 

I 

SOLIDO 

Figura I. Esquema pa r:~ os escoamentos concorrentes de sólido e de Ou ido 

Levando cm consideração a geometria cilfndrica do sistema econfórme as condiç{les indica­
das na Figuro 1, as cquaçõc.~ diferenciais de balanço de energia são dadas por: 

(6) 

(7) 

$ujeit<JS às seguintes condições de contorno: 

(8) 

(9) 
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A solução do sistema constitu[do pelru> Equações (6) e (1) com as condições de contorno 
(8) e (9) foi obtida em [6] atravês de uma adimensionalização. A solução é expressa na forma 
das Equações (10) e (11), para o fluido e o sólido, respectivamente. 

onde, 

A'+ B' tr(Z) -· 
A ' + B' t = ex:p (.U:J 

'lo 

A ' + B' 11 (Z) 
A' + B' t = - 'J! ex:p (.tz) 

'lo 

B' = 1 + 'P 

S = (6 (1 - a) Jl9' dp 

a = porosidade, (volume da fase tlu.lda)/(volume da mistura) 

d1 = diâmetro da esfera que circunscreve a panícula 

(lO) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

Deve-se notar que a dependência dos perfis de temperatUra do fluido, Eq. (10), e do sólido, 
Equação {11), em relação ao coeficiente de transferência de calor se dá através de À. 

DETERMINAÇÃO DO COEFICIENTE DE TRANSFER.tNCIA DE CALOR 

A Equação (14) relaciona o coeficiente de troca térmica, lt, ao parâmetro . .t. Este é determi­
nado pelo método de ajuste dos mínimos quadrados aplicado à Equação (10), no caso em 
que as temperaturas de entrada de ambas as fases e a distribuição de temperatura do fluido 
ao longo da célula de medida são conhecidas, ou a partir da Equação (11), quando a 
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temperatura de entrada e a distribu.íção de temperatura do sólido ao longo do lello são co­
nhecidas. 

Foi provado por SARTORI [6} que estas duas maneiras de obtenção do coeficiente de troca 
têrmica conduz aos mesmos resultados. Como é possfvel obter a distribuição de temperatura 
do fluido com mais facilidade experimental em relação à obtenção da distribuição de tempe­
ratura do sólido ao longo do leito, optou-se por usar a distn'buição de temperatora do nu ido. 

A parti r deste método foi desenvolvido um algoritmo que originou um programa computa­
cional. O programa foi implementado em um microcomputador, que permitiu calcular valo­
res do coeficiente de transferência de calor para diferentes condições operacionais da unida­
de experimental. 

~observações experimentais foram possíveis a partir da montagem de um sistema de trans­
porte pneumático. 

ENSAIO DA UNIDADE DE LABORATÓRIO 

As medidas foram realizadas em uma unidade de laboratório operando em processos de 
aquecimento das partfculas tendo o ar como fluido percolante. As propriedades destes mate-­
riais são descritas a seguir. 

Propriedades Utilizadas dos Sólidos e do Fluido. Os valores das propriedades dos mate-­
riais são obtidos por meio de experimentos ou advindos da literatura [6,7}. As principais 
propriedades destes rnllteriais encontram-se nas Tabelas 1 e 2. 

Tabela L Propriedades dos sólidos 

d. p: C' p , 
Sólido (10-3m) qr (lolkglm3) (JikgK) 

vidro 1,00 1,00 2,50 753,48 

vidro 1,70 1,00 2,50 753.48 

vidro 2,85 1,00 2,50 753,48 

areia 1,00 0,68 2,65 795,34 

areia 1,69 0,68 2,65 795,34 

areia 2,83 0,68 2,65 795,34 

Técnica de medida: 
•- diâmetro médio de peneira (peneiramento); + - picnometria; 

- advindo da literatura [6]; x- medida por meio de projeção fotográfica 
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Tabela 2. Propriedades do fluido, ar à pressão de 1 atm, Pl 

I PJ p c! kf 

(K) (kg/m3) (10-5 kg/m s) (JikgK) (Jim sK) 

300 1.1774 1,983 1004,64 0,0263 

350 0,9980 2,075 1008,83 0,0300 

400 0,8826 2,286 1013,01 0,0336 

450 0,7833 2,484 1021,38 0,0371 

O desenvolvimento experimental, empregando estes materiais, é realizado em uma unidade 
constituída por um conjunto de instalações típicas em equipamentos usados nos estudos so­
bre transferência de calor em sistemas particulados. 

Desenvolvimento Experimental. A) Equipamento 

O equipamento, conforme esquematizado na Figura 2, é constituído basicarnenre por siste-­
mas de alimentação de materiais, medida, separação e resfriamento de sóüdos. 

· Sistemas de alimentação 

No sistema de alimentação, o ar é impulsionado por um soprador de 7;36 KW, (Figura 2), 
para um aqueGedor elétrico contendo três resistências elétricas de 19,1; 27,1 e 19,20, sendo 
as duas primeiras ligadas a varlac de 6KVA e 25A e a terceira ligada diretarnente à rede elé­
trica. Este ar ao sair do aquecedor elérríco tem vazão controlada pela válvula V1 e medida 
no Vemur~ após o qual está instalado o tennoparTl para a medida de temperatura de flui­
do. O sólido é alimentado por gravidade através da abertura de uma válvula gaveta, V2, de 

2,54 x 10-2 m de diâmetro interno. 

· Sistema de medida 

O sistema de medida consta de uma célula de medida c seus periféricos. A célula de medida 

é constituída por um tubo de ferro galvanizado, sem costura interna, de 5,38 x 10-z m de 
diâmetro interno e 3,88 m de comprimento. Ao longo deste tubo estão distn'buídas oito 
tomadas de pressão, nas posjções 0,08; 0,58; 1,08; 1,58; 2,58; 3,08 e 3,88 m, a partir da região 
de entrada de sólido, sete termopares tipo T de cobre-constantan, protegidos com tubo de 

aço inox de 1,8 x 10-3 m de diâmetro externo, em posjções idênticas às anteriores, com 
exceção da posição 0,08 m, e dez coletores de sólidos, (Figuras 3 e 4), nas posições 0,33 e 
0,83 m, além das oito tomadas jã existentes. 
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Figura 2. Esquema do equjpamento 

-t~ 
j-~·-:-~1 -·.L- i ~ 

... w-y.--

Flgura 3. Esquema dos coletores de sólidos e dos termopares (unidade: 10-3 m) 
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CAI.ORÍMETAO 

Fi&lJra 4. Detalhe do sistema de coleta e medida da temperatura de sólidos ao longo da 
célula 

Os termopares e os coletores de sólido são instalados de modo a permitirem a medida de 
temperatura no centro da célula. 

Além dos termopares e colctores já citados, têm-se também um termopar, sem proteção, 
TI, (Figura 2), para a medida da temperatura de entrada do fiui~o na célula e os-coletores· 
Cl e C2, para a medida das temperaturas de entrada e saída dos sólidos, respectivamente. 

Os teunopates são ligados a uma chave seletora de 20 pontos de marca REGUlA O circuito 
da medida da temperatura é completado por um ponto frio e um mllivoltímetro digital de 
4 1/2 dígitos e repetibilidade de 0,1 %, fabricado pela ECB. 

O isolamento térmico do aquecedor, da célula e da tubulação é feito por meio da aplicação 
de calhas e mantas de silicato de cálcio e lã de vídro, fabricados pela ROEKWOOLBRAS 
S/ A e CARBORUNDUM, respect.ivamente. A proteção mecânica deste revestimento é 
feita com cal-jack, preso com cintas e selos de alumínio. 
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B) Procedimento Experimental 

Foram desenvolvidos testes preliminares de pressão em função do comprimento da célula 
para cada material indicado na Tabela 1. Os objetivos são verüicar o seu comportamento 
em relação ao previsto peta literatura e analisar o desempenho dos sistemas de alimentação 
de sólidos, gravitacional e com parafuso helicoidal. 

A vazão do ar procedente do soprador, (Figura 2), é controlada pela válvula Vl e medida 
no Venturi através do desnível, pré-estabelecido, que é indicado em um manômetro acopla­
do às tomadas deste medidor, com incerteza de 4,5% na medida. Em seguida, São introduzi­
dos os sóüdos peta abertura parcial da válvula V2 e ajustada a válvula VI até que o desnível 
inicial do fluido manométrico indicado pelo manômetro ligado ao Venturi seja restabeleci­
do. Procede-se, então, à leitura manom&rica para as diversas posições na célula. Finalmente, 
a vazão de sólidos na saída do resfriador em cascata é determinada pelo método gravimétri­
co, isto é, faz-se a determinação de uma certa quantidade de massa de sólido coletada cm 
um intervalo de tempo cronometrado. Este método apresentou uma incerteza de medida 
igual a 2%. 

Após o controle das vazões de ar e de sólidos, espera-se até que as temperaturas indicadas 
pelos termopares, distribufdos na célula de medida, e as temperaturas na entrada e na saída 
da célula fiquem constantes, quando então são obtidas as medidas. Nos experimentos 
realizados as temperaturas de entrada do fluido e do sólido variavam de 115,5 a 132,2°C e 
de 12>,7 a 7</'C, respectivamente, e as temperaturas de saída do fluido e do sólido variavam 
de 64 a 92,1°C e de 59,9 a 82,8°C, respectivamente. 

A temperatura do fluído é medida pelos termopares com proteção, distnbufdos ao longo da 
célula, e a temperatura do sólido em calorfmetros. Todos os tennopares foram calibrados 
utilizando termômetros de merdirio com precisão de O,l0C. 

A Figura 4 apresenta um detalhe do sistema de coleta e medida de temperatura do sólido. 

APRESENTAÇÃO DOS RESULTADOS E CONCLUSÕES 

A Figura 5 ilustra o comportamento das curvas de pressão manométrica em função do 
romprimento da célula de medida para esferas de vidro de diâmetro médio igual a 

10-3 m. As curvas obtidas para as demais partlculas, mostraram-se semelhantes a estas, va­
riando apenas em relação ao valor do comprimento de entrada que não superou a 1,5 m. 
Esses resultados apresentaram um afastamento máximo de 5% em relação aos dados da li­
teratura [8), para materiais e equipamentos semelhantes. 

Foram testados dois tipos de alimentadores: alimentação com parafuso helicoidal e alimen­
tação gravitacional. A alimentação por meio de parafuso helicoidal, apesar de possibilitar 
um melhor controle da vazão de sólidos, mostrou-se ineficiente, uma vez que o parafuso era 
constantemente imobilizado pelas partículas finas que ficavam enLre o eixo transportador e 
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o tubo. Bm função disso, foi usada a alimentação gravitacional, cujo maior inconveniente 
se verificava na situação em que as partícuhiS eram de fonna não-esfêrica, o que, para um 
bom escoamento tomava necessária uma vibração no tubo alimentador ocasionando, em 
conseqüência, uma alimentação pulsante. 

o:ll 
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COMPRIMENTO Z (n~) 

Figura 5. Pressão manométrlca em função do comprimento da célula a uma vwo constante 

de ar, usando esferas de vidro com dp = 10-3 m 

A Figura 6 ilustra as tempernturas do fluido e dos sólidos obtidas ao longo da célula de 
medida. Conforme se pode verificar neste gráfico, a temperatura experimental de s61ido 
apresenta um comportamento anômalo. Observa-se que entre 0,08 e l,S mas temperaturas 
são sempre maiores que as previstas por balanço térmico e que a partir destes valores 
tornam-se ligeiramente Weriores. Observa-se ainda que a forma da curva assemelha-se mais 
com a da temperatura do fluido. 

Assim sendo, acredita-se que: 

1) Na entrada da célula, devido à grande diferença de temperatura entre o sólido e o fluido 
e como o ato de medir aumenta sensivelmente o contato entre ambas, há uma maior 
absorção de calor pelos sólidos do que o normal no ponto de coleta, indicando desta 
maneira uma temperatura superior à real. 

2) Quando a diferença real da temperatura entre o sólido e o fluido é pequena, durante a 
medida de temperatura do sólido eriste uma perda de energia, o que ocasiona um valor 
para a temperatura do sólido ligeiramente inferior ao valor obtido através de balanço 
têmúco. 
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Figura 6. Temperatura do fluido e do sólido em função do comprimento da célula (esferas 
de vídro; dp = 10-3 m) 

A técnica usada para a medida da temperatura dos sólidos ao longo do leito não reproduziu 
a temperatura real dos sólidos na célula. Isso deveu-se, principalmente, ao longo tempo de 
coleta em relação ao tempo de residência dos sólidos na célula. No entanto, as temperaturas 
de entrada e saida são confiáveis uma vez que sua medida é efetuada em tempo muito curto 
(inferior a 4 segundos), principalmente a de entrada. 

O modelo matemático apresentado neste tnbalho e o d e BANDROWSK1 e 
KACZMARZYK (1,2], foram testados com 35 experimen1os em uma faixa de vazão de sóli­

dos de 55x10- 3 a 192,5x10-1cg/s, de vazão de fluido de 26,9x l0- 3 a 54,4x 10- 1cgls, de 
números de Reynolds de partlculas de 357 a 611 e de concentração volumétrica de 

1,4x 10-3 a 5,4x 10-3 m3 de sólidoslm3 de suspensão. Uma ilustração desses resultados, 
advinda de JESUS L4J, encontra-se na Figura 7, onde se tem as temperaturas do fluido e dos 
sólidos em função do comprimento da célula de medida. 

A deternrinaçllo do perfil de temperatura por meio do modelo de BANDROWSKI e 
KACZMARzy]( [2,3] é possível através da correlação, 
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(18) 

Porém, para isso é nece.ssá.rio que sejam fornecidos os valores dos parâmetros A e B que 
por sua vez são conhecidos a partir da realização de experimentos. 

No modelo que está sendo proposto neste trabalho, o cálculo de h envolve o conhecimento 
prêvio dos dados de entrada e da distribuição da temperatura do fluido ou do sólido no sis­
tema. 

Conhecido o valor de h, toma-se possível a determinação da distribuição de temperatura 
do fluido pela Equação (10): 

ou da distribuição de temperatura do sólido pela Equação (11): 

t1 (Z) = - ['P(A' + B' r10) exp (lZ) + A']IB' 

que são soluções do problema e onde A', B', 'V e ). são determiJlados pelas Equações (12), 
(13), (15) e (14), respectivamente. 

A partir da distribuição de temperatura é possível determinar não apenas a quantidade total 
de calor trocado como também a quantidade parcial, ou seja, em qualquer comprimento da 
célula. 

Uma comparação gráfica entre os modelos e os valores experimentais é encontrada na 
Figura 7. Como pode-se observar, tanto o modelo deste trabalho, Figura 7a, quanto o modelo 
de BANDROWSKI e BACZMARzyK [2,3}, Figura 7b, reproduzem com boa aproximação 
os valores c:xPerimentais de temperatura do fluido. O maior afastamento encontrado em re­
lação a estes, ponto a ponto, roi de 5,1 e 7,0% para este trabalho e para o modelo de 
BANDROWSKI eKACZMARZYK [2,3], respectivamente, e este afastamento ocorre qua­
se sempre na posição 0,5 m. Nesses gráficos, pode-se perceber que a troca térrruca é predomi· 
nanre na região de entrada, aproximadamente l j5 m, e que, quanto maior é a concentração 
de sólidos menor é a distância em que as temperaturas do sólido e do nuido entram em 
equilíbrio. 

Tanto o modelo deste trabalho quanto o de BANDROWSKJ e KACZMARZYK [2,3) 
apresentaram desvios muito pequenos em relação à temperaturas originalmente medidas. 
No entanto, com o modelo de BANDROWSKJ e KACZMARzy}( [2,3) não é possível se 
chegar a uma distribuição de temperatura ao longo da célula, enquanto que, com o modelb 
deste trabalho isto é possível, permitindo assim o cálculo da quantidade de calor trocado 
para qualquer c<~mprimento da célula. E ainda, devido à boa concordância com os dados 
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experimentais de temperatura do fluido, toma possível a estimativa da temperatura do só­
lido. 

160---------------------------------~ 
I'UJI DO sá.tl!O 
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Figura 7a. Temperatura do fluido e do sólido em função do comprimento (Modelo deste 
trabalho 

I'UIIDO SÓLtOO 

EXPUIMIUITAL O O 
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COMPR1MENfO, Z (M) 

Figura 7b. Temperatura do fluido e do sólido em função do comprimento (Modelo de 
BANDROWSKI e KACZMARZYK [2,3] 

Na Figura 8 são apresentados os valores Nu / Reg·8159 em função de Pv obtidos neste traba­
lho assim como os obtidos por TORREZAN [1), para o mesmo sistema e partícula, além 
dos valore.s previstos pela correlação de BANDROWSKY e KACZMARZYK (2,3], 
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Figura 8. Comparação entre os valores obtidos neste trabalho, dados de TORRBZAN [1] 
e a correlação.de BANDROWSKl e KACZMARZ"YK [2,3] 

A finalidade da Figura 8 não é de comparação numérica mas, principalmente, mostrar que 
mesmo partindo de uma defm.ição única para o coeficiente de troca térmica (11 ); como 6 o 
caso do nosso modelo, dos dados deTORREZAN [1] e da previsão deBANDROWSKI e 
KACZMARZYK [2,3), ajnda não se chegou a números de Nusselt comparáveis uma vez 
que cada autor usou um método diferente de obtenção do fator de atrito entre o sólido e a 
parede do tubo. 

Portanto, pode.se concluir que: 
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O comportamento fluidodin.Amico está em consonância com o da literatura para equi­
pamento e material semelhantes. 

A técnica usada para a medida da temperatura dos sólidos ao longo da célula não repro­
duziu a temperatura real dos sólidos. Dois outros sistemas estão sendo testados: 

i) sistema que desvía todo o escoamento de sólido para utn calorimetro. Assim, o tempo -
de coleta será minimizado; 

ü) sistema "sensor" para desvio, coleta contínua no interior do transportador pneumático 
de uma parte do sólido em escoamento e medida da temperatura deste material. 

A alimentação de sólidos apesar de limitante mostrou-se eficiente para panículas esfé­
ricas, podendo ser aumentada a faixa de \'BZão de sólidos com a elevação na altura do 
resetvatório. 

O modelo proposto é de simples aplicação e forneceu boa previsão para o perfil de tem­
peratura. A principal vantagem em relação ao modelo proposto por BANDROWSKI e 
KACZMARZYK [2] é que fornece diretamente a distribuição de temperatura ao longo 
da célula, uma vez conhecido o coeficiente de troca térmica. 
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