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RESUMO 

DisPile-s~ de uma forma gmú os mllodas o;perimentais de Andlise Modal, nos domlnios da 
freqD!llcia e do w;rpo, cem ós mais te«ldn destnVOI9imm1os. SiiojdltU COIISideraç&s sob~ 
em~o, sensoramento, m2mm> efetblo de pi$ de /1/urrlade e uwesti~ç4o de oro. Con .. 
clue-se (lQn~dQth 4~ invu~ga.f~ estaJ/stiças nos dlftrentts mllodos, devido a ~ll!f4o :::J;r'"tiiDS, bem como do lu,ute dt t/7'0. Flllalmtlttt aprestJrltHt asptcl.t:Js dt idtlltific.~&, 

q~ neéessitam ilnlútigilÇilo atmta em de.tallte. 
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H.G.Nalke & G.E.CLaux 

INTRODUCfiON 

Experimental modal analysis is weU understood and is very common today. It·\s sometimes 
used when it is not rea.Uy required, and there are cases when experimental modal analysis is 
performed while other meth.ods would be preferablê. The knowledge of modal quantities is 
nooded, if 

í) the inner structure of the dynamic behavior is requifed (decompositlons), 

it) particular (generalized) degrees oi freedom are requested (stability investigations), 

iit) they are used for mathematícal handling (e.g. modal transformation). 

ln all other cases the engineer is interested in the predictions of dynamic responses using a 
mathematícal modeJ with known confidence withín pre-given error limíts. 

The basic theory of experimental modal analysis,ca.n be foun4 ifl ril-10). The $late of the arr 
ofits theory and applicatlons are described in [1,11-16] and elsewhere, [17] is an c:xtensive 
review. Another review paper [32) additionally contains practical rules. 

Thestate ofthe art is not directly presented here (see e.g. [14,15]), but only sorne statements 
will be made which seem to be irnportant frorn the authors' poínt of view. The maln 
characteristies of experimental qtodal anatysistoday can be descn"bed briefly as.folJows: tlíe 
various possible ~citations are applied mostly in the searc;h for goód coherent output 
qúantities. lt is known that multi-point excltations and ~auitablY' çhosen force shapes 
increase the confidence of estimates. An atternpt is mad'ê to improve the accuracy of the 
measurements by a large signal-to-noise ratio, and by repeated tests and appliattions of 
(approximated, e .. g. averaging) estimations. With regard to the measurement it.self, 
improvement may be noted with the applicalion of suitably chosen piclcups and high-quality 
instrwnentation. The selection of transducers depends on the task, frequency range etc., and 
wetb.er rotating part.shave to be measured a~d many other conditions have to be taken into 
account, as described, for instance, in [1) and elsewhex:e. The choice of piclcup positions is 
generaUy determined by prior kn~ledge. The choice of ~ctuafors and theít locatiOJ\S is done 
by prior knowiedge and a1so by trial and error. Llnearity çhedu; ~e not alwa,ys.perfonned, 
though they are absolutely necessary to avoid biased estimate~ Boundaty conditions and 
their realizatio.ns are a1so important in this context and have to ~·fmlestigated thoroughiy. 
If necessary their influente has, of course, to be model1ed. 

Data acquisition and signal processing can be a hard job. However, the effects of the various 
manipulations in this context are known and can be assessed. ln consequence, if the correct 
approximation.s and remedíes are chosen, the additional inaccuracy introduced must not 
exceed a pre-given bound. 

Free respon.se measurements and dynamic responses due to a defmed excitation are the 
b asis of identification. One flrst step may be the non-parametric estimatiQn of inlpul~ 
response functions, frequency response túrtctions (connected with the Foutier transform) 



and transfedunctions (wíth n:spect to thcl..apJacettansform). Withregard to thi.s, thetheory 
is well established {1,6). Some improvcments eonceming erro:r m.inimization have been 
devcl.oped an:d will be discussed later. Howcvcr, in general the csrimates are presenfcd 
without any direct error statements. 

Modal parametcr estfmati,on methods àl'C well developed They fTC defined in the tbne 
domain as well as fu the trequene)' domaln. Measurements or clynamic rcsponses, random 

.( 

decrement functions and inversc FfT apptied tofrequenc;.y response-fur . ..tions are províded 
as starting data in the time domain. ThB dassic $eC!Ond arder equation of motiomas well as: 
the state space fonnulation serve as a ~for lhi;s. 'Thd;r sollltions are taken directly 
decomposed in modal quantities. Approximatlori of the equation of motiotl (see e.g. ARMA 
models) as well as of íts soluciona ls !11Vored. For detai1s see the available pubUcations and 
the reviews and surveys mendoned bere. They may be complemented by (16,18,26,28,33]. 
Some of them are also tutorlal and re>confirm statements (e.g. conceming excitation, local 
and global procedures) wh.ich are wetl-known to the practíslng engineer and analyst ani:1 
which have alteady been publi.shed (sometimes· the statements are ·self-evídent). Many 
proced.ures e:xist, and some. metbods are i:ompared and assessed mainlytaldng bencbmarJts. 

A compari.son may be usefulln arder to c:xp.tess a preference Cor one method for the 
assist&Me of lhe non-<:Xpert,. bu:t this isluttd to testabÜSh and o.ne should ask whethec such 
a co.mparison is really necessacy. U lhe appliets wece ablo to give some enor bounds 
( estímates) orthei:rresults, they eould decide by themselveswhether theirresults are accurate 
enough within the requiremenLS. U·not, Lhey have to consider why they (ailed and then 
improve the .estimates. ln lhls QOlltext it should be mentioned. that it can.be diffieWt.to 
determine the effective B!lmber of dc:gree.& of freedom. This problem 1s.alsQ. diseussedJater. 

Recent developmeÍús can be obtained from the proceedl.ngs or natfon.al and internationál 
conferences on experimental modal analysis. sucb as the annual semlrlars ÍJ1 Hanriaver [ts], 
IMAC, IFAC. the internatlonnl seminar at Leuven and, for lnstance held tit CALTEClf, 
Pasadena 1988. The$e p~pers have been a.ssessed and sene as the basis of tlte paper ln hand. 
Commenu are made on tbem by the autbo.rs.. 

TEST REQUJREMENTS 

With regard to test requirements, less new essential work is n·oted. Oniy a rew publlcaHons 
deal with the optimization of measuremcnt and excitation. The llmited number of plckúpS · 
and actuators must be taken into account. and also the limited excitation energy available. 
The types of sensors and actuators and theit locatl<>ns should be optlmízed. 

Exdtatlon. The trend is .again towar$! mu.lri-point creitatión, becaase it provides high.er•· 
oonftderu:e in the estimales, allO\Vl onc to estimateseveral columns of thc frequen~esponse-



rnatrfiE at tho sarne time, and deQ-eases thc «tanger of omitting eigenmodes. Fewa- problems 
arise with unwant:ed·phase shifts ii thc synchrono11s ex:cltation is perl'ontted elcctronically 
with.~emtem, tb:an when elec:tronic control is combinedwith mechanical ( e.g. 
hammcr) or 12ploslvc ex:cltation source1. Nowadays a rcnewed interest ln .harmonio c:xclt'a· 
tion aa a llepped ~ can be noted wilh non-constllnt frequency blcrcmentJ [26). The 
c:xcilewystcm inleraction ha,l aJso been redisc:oVered. lt should be noted that it c:an be 
4if!iaút to measure the input forca with adllcient acx:uracy. 

A good -.wvey ol c:xolation signaJ4 is p1'C$CDted in (~). 

1be appropriated c:xdation of a mWI:i-degree of freedom SXSfem so that the syaem vibTates 
in o.ne pro-selec:ted normal mode is rlt.eoretkaUy welkteBned. It uses the unknown modal 
quantities. Papers which deal with tpe prQblem of hQW to find out tbe appropriate t~citation 
are, for c:xamplo [450]~ which a1so in,dude attompts to automatize a procedure or this kind. 
As far as tbe authors are aware, no general conv~ent procedure exists. 

Optl.mi%ation ol lhe excitation concems thc force sbape. tbe nwnber and placement of tbc 
act\laton (S2] usi.ng Fisher's infonnatioo matrlx undcr limplifybtg assumptions. 

lt should be noted that the opt.imum excitation of modos.( modal quantitiu) is quite di:fferent 
ftom the etdtation needed for modelllng eritieal load paths. ln the lattet. realistic loading 
is favorable [1] (p. 186 withrespec:t to the desfgn Joads). 

Measurement. Multi-point measuremenu are necessary for mode shape estimation. ln 
Eu ropean ground \>ibtation testing for airplanes ( • módal test a1 tbê ground) mor~ than 
200 pidc-ups are used simultaneously. The Boeing comp8lly report~ on 300 channels (S3). 
Tho difficulty here is cahpratio~ and in ,:onscqucnc:ç one has to look for. ea5J bu! acx:urate 
methods for doing thiS [54,55}. 

Bológraphic fnterferometry is not new; but ft needs some improvement bec:au&e of the 
ambiguity in tringe interpretation. p6} presenta a modulatedfringeteéhnique whicb removes 
the fringe ambiguity by superposi:ng a linear ptwe variation on the phase change produced 
by lhe vibration displa<:ements. AJ low coa mnsducers are used as apatiaDy dlstnbvted 
tranJducer&, piezoelectric films are diseuued (38.41]. Th:is can be a step towards mcaswing 
field quantitia instead of their di.sc:redzed approxtmations. 

1 
• ' 

Wíth regard to the sensor &ypes, numbers and their polltions, the first papeo bave appeared, 
sucb aa{S6,35}. 

NON·PARA.METRIC IDENTIFICATION 

Non-parametrle idontifkation ret:ers to tho impulso response funcúons (and step response 
funaiou) in the time domam and to the ftequency response functicw in the frequenc:y 
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domain and the transfer functíons in the s-domain (s- Laplacian variable). 

Estimation of the Impulse Response Function.. The determinati on of the impulse 
response function is equivalem to the deconvolution, which is a numerically u.nstable process. 
Altbough some direct estinration procedures f<>r the estímation óf impulse response func.
tions exíst [57), in general ít is done indírectly by inverse Fourier transformation (Laplace 
transformation) using estimated frequency response functions (transfer funotions).'(Fte
quency response functions need only matrix inversion instead Qf convolution.) The step 
response function then fo!lows from the unit impulse response fu nction by single integration, 
as is well known. 

Estimation of the Frequency Response Function (fransrer Function). The estimaiion 
of frequency response functions uses spectral analysis and takes inro account output noise 
as well as inpu't noise [21). Unbiased estimates are poSSlõle for multi-degree-of-freedom 
models [33). The roherence functlon serves to indicate the quality of the inputfoutput 
relationship and can be used for obtaining estimates with the pre-defined variances. The 
reader ~ find an extensive error discussion in the o1der paper by H. Schmidt [51J. 

MODAL PARAMETER ESTIMATION 

Experimenta} modal analysis today ought to be based on parameter estimation methods. 

Etfedive NllDlber ofDegrees ofFreedom. The methods dfscussed here need lhe 
lmowledge of the effective number of degrees of freedom hidden in the measured data. Thi$ 
number defines the order ofthe model used in estimarion. With regard to frequency domain 
methods, various procedures are discussed ln [58]. ln {34] the fracticmal rationai function of 
the etements of the frequency response matrix is used in terms of orthogonal pofynomials. 
Curve fitting of the denominator by a polynomial with pre-given maximum power using l.S 
yields a squared erro r which serves as proof of the statistical hypothesis. 

Deterministic methods are investigated in [39,42J. [39] starts with an Ls problcm and states 
that adding a rolumn to a matrix increascs its largest singular value and decreases its small:e.si. 
singular value, thus making it closer to rank deficiency. In consequence, the ~true" 
parameters will ronverge to a smal1 area· bounding the true valu~eSt the remaining paràmeters 
will be arbitrary (and will change in each stcp). Time domain merhods will use the 
generalized inverses o.r rank decomposition. The lattér is discussed in f42]. Here, for 
exampJe, the (ge.neralized) Hankel matrix is taken and the singular vqlue decom.po.sitioq 
applied which extracts the eigenvalue of the system from measu rements. Another 
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deromposition method appUes the QR algorithm. The modal methods [59,60] should be 
mentioned in th.is context. Many time domain metbods make use of overspecificatlon (rhat 
means taking a larger number of degrees of freedom than contained in the measurements) 
ii required. This is necessary for determiníng the model order, and seiVes to feduce the bias 
[43). Concerning the order determination of ARMA models see f61]. 

A further dcvelopment is the complex mode indication function (CMIF) [23). lt is based on 
the frequency response matrix and is defined as the plot of tha eigenvalues of the frequency 
resporu;e ·matrix premultiplied by its Herrnitian matrix (the result is equal to the normal 
matrix). The plot is done on a tog scale over the frequency axis. Thus it is .a method for 
dete<:ting the effective number of modes within the measurements. 

Time Do:maln Metbods. A comparison ofparameter estimation methods (LS, double LS, 
total LS, correlaJjon fit and Smith LS- which includes a constant offset ter.m in the basic 
equatíon) is made in.[25] by mea~s of aircraft te~>'t data. and is applied to the impulse response 
of a multi-degree of freedom model. The LS applied resultS in the polyreference method. 
This investigation does not result in clear statements with respectto what methods in general 
seems to be favorable. 

ln (26] the state space formulation is used to develop a frequency domain method. SVD .is 
applied to extract valid state variables. A combination of knówn methods, such as the 
so-called Ibrahim Method with the random decrement method, can be found in (62). A 
probabilistic time domain identification method js presen.ted in [30}.. The ide~tification of 
distnbuted systems (rontinuously modeDed) using the Rayleigh quotient and admissible 
functions for discretization is descnbed in {31]. ln paper (32] the recursh:e prediction error 
in the rontext of ARMA.X mo'dels is compared with the maximum-li.kelihood estirnation in 
the rontext of st.ate space modal parametrization by their characteristics. The optimal 
experiment design is based on the information matrix. Simpliflcations can be achieved by 
the deternúnant-optimal experlrnents for identi.fyfng modal frequertcies and damping 
parameters. Various practical rules are given in thls paper. 

Total LS methods are investigated from a statistical point oi view írt [40). The advantage is 
the practically unbiased estimates rompared wtth the LS (pseudoinverse) solutions. 

Frequency Domaln M~tbods. It is agreed in the "modal community" that these methods 
work well in a nanow frequency 'intervall (small effective number of degrees of freedom) 
and that they are suitable (predestined) for the ~aration of highly roupled modes. 

Some methods result in the root determ.ination of polynomials. ln .[19] the numerical 
corulitioning is investigated by root sensitivity due to ooefficíent perturbation. A small 
effective number of degrees of freedom (5-7, see (1)) can be handled. 

The ARMA model in the Laplace domain is taken in (37]. Multiple reference frequency 
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response measurements (emphasized dueto multipoint exdtation) sexve for estimatil;m. U 
i& a rettonal fraction fot11\14lation of orthogonal polynomiaa (Fonythe) which is able to 
reduce ill-conditioning and decouple the normal matrix. 

The complcx mode indication function (23) is mentioned in the contcxt o( chapter 4.1. lt is 
ba&ed on the frequency response matrix, applies the SVD, and in a second stage procedure 
(by applying a aíngle degree of Creedom modal parameter estimation aigorltbm and mass 
matrlx information) ali modal paramcters can be obtaincd. 

Thc optimizat:ion of cxperlmenlal design in order to obtain eatim.atea of minimwn variance 
wu ltarted in (63). lt takes into aa:ount onJy die c::xdtation and minimizes the Fashet's 
infonnation matrix under the restriction of decoupling submatrlces with respect to the 
dcgree o r freedom. lt is continued e.ssentially with regard to updating mathematical modela 
(64). 

ERROR lNVESTIGATIONS 

Experimental modal analysi.s resulta are, in general, erro~ous and incomplcte. lt is ( or 
should be) common practice that lhe (statlstical) crrors ofthe m~remcnts on which the 
modal procedure is based, including those or the frequenq response functions if u.sed, are 
known (estimated). Bowever, thc tstimates of modal quantiti~ ín general, are not 
presented with their uncertainties, alfhough early àceptions do c::xf.st [65). For validation of 
the estimates it is absolutely necessary to know these uncerta:intles in addition to global 
cheda, such as looking for residua.J.ç (prediÇtion errors ete.). 

One has to distinguish betwcen deternúnistic (including bw coming from estimation) and 
random errors on one hand, and on rhe other. hand betwecn the physical and mathematical 
interp.retation of the results witbln their error bounds (~.g. it an asymmetric mode is 
estimated for a symmetrical system). Thc Iatter and detenrilitistic crron due to lesting 
conditions can be handled by indlcators (functionals) and (sometimes) by I:M errors in the 
cstimates. Statistical erron from the test set-up should be avoided or deteaod and correaed 
computationally. 

With regard to indicaton, one should mcntion the orthogonaUty chect of measw-ed modes 
(if not direaly a part of the procedure as a dynarnic constraint) (1). The application of the 
so-called model assurance criteria (little, big, multi MA C) Is widespread. Here the cosine of 
the angle bctween two estimated eigenvectors are checked ( see (18) and the reference5 cit~d 
there). It i.s therefore a dctcrmin:l.stic chedt (no correlation in the statistic;al meaniJlg) and 
the analogy to the cohercnce funá:ion is pureJy formal. 

ln [28} th~ unmodeUed residual modes are ínvestigated applying the indu.si.on principie in 
the identification of dislnbuted systems (continua). The incWsicm principie c::xists in 
identification as well as ln modelling. 
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1be basic! icb of paper (35] iJ very interesting. lt deals wilh different sets o( eigenmodes in 
the stat apace domain and investigates lhe infllience or external forces and number of sensors 
on lhe modal resulta. 

Estimates of covarian(eS and/or of varlances c:an be obtained by tbe weU-known meth,ods, 
ma.inly u&ing welghted averaglng. This is nec:ess&Iy in order to verify tllc ~e& [27,29). 
The application of parameter estimation methods preswnes tluu the sttucture or the used 
mathematical modeJ is adcquately valid The structure of lhis Unear model with a tinire 
nwnbet of degreea of freedom. i! predetermined by lhillllUilber (sec Chapt. 4.1) and by lhe 
modeii.Ulg of tbe damping Cotccs. 

CONCLUDING REMARKS 

The cit ed rei erences with their su bjectJ &hould indi.cate lhe trend ln the field of experimental 
modal analysis. However, Jt I! ve:ry dlfficult to sum.rnarlze ít ~lly. T'li.J)ce do~ai,n meplOJh 
are favorably disc:ussed, benchmark.s scem to be popular, il.nd error investfgations (ut the 
aensc of indi.cation function~) are widespread. Papen wbich sumrnarize systcmatically the 
experiénc:e made wilh difJét'ent methods and áppliéd to variOIH struetures are raré. 

ln the apecience of the authots it ii neces.wy to present mod4ll eslilnates wiih their craot 
estimatea. Detenninistic errors have to be c:otrecte4 mathcmatically (lf detected) and 
ra:ndom erro.ra ahouJd be approximalely dctcnnined. The asse6Smcnt ol modal CJlinultC$ 

with respeá. to their c:onfidence is indispensable lor application. ~ investigation of 
the various mechod seem to be needcd in tJUs context, because (statistical) correlations of 
lhe panunetets c:an involve lnhetent ertor bounds which caim.ot bc reduced. 

Some problems wbich should recdve more detailed attention within modal identifk.ation in 
future are 

· direct estimation of impulse response functions 

• test optimi:zation in g_eneral 

• realiz.ation and opt.imization of multiplc transient exdtation 

• inci\Uiion or knowledgo lrom the prior mathematical model 

• real time identiflcation ror conttol purposes 

· 11J1teDWic approactu:s ror applying the estimaled modal quantitiea. 
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INTRODUCTION 

[n structural ~ opt.inúzation some proble1111 have design varlables whieh can be 
subdivided lnlo twO"Very distiru:t groups_ The case of vadables desmbing cross sectional 
sizes and variables describing the ove.nUI geometry of the struaure is a typical e:xample. ln 
these cases it is natural to decompose tbe problem into two subproblems. A lower level 
problem is defined in which one group of variables iS neld flxed whlle the objective function 
is tninintized with respect to the othcr group of varlables. ln the ~er levei problem the 
optimal values of the grou p of variables beld fixcd in tbe lower levei problem are sougbt tn 
ord~ to obtain a local mfnhnum of tbe objective function with respect to aD varlables. The 
advantages of thi:s decomposition are multiple. The dl.Jnension of eaç.b problem i$ decreased, 
the ruuure of the variables is more uniform so that the curvatures of the Lagrangian fu:nàíon 
are a1so more unifofll1, and the complexityof at least one oftheproblems<:an be drarnaticaUy 
reduced. 

On the other hand this decomposltion has to be dealt with due care since in general the 
bigber levei problem is not qmtinuously differentiable. As the 110lution can be a point of 
nondifferentiablllty the usual optirnitation algorlduns, designed ror smooth functions, may 
not converge. Difficulties attrlbutable to this problem can be foundln the litenuure (1). 

A systematic procedure is proposed to treat tbe above décomposition. It is shown that the 
gradient of the objective f~mction of the higliet hWel problem can be cornputed from the 
Khun-Thc:ke'J' paiT of the lQWer levé1 problcp:t.:The procedlué is then applied to the 
optimization of reinfor~ epn.çr~o çol~mn.s of general shapc. ln this eumple thc 
decomposition schemc is·paJtirulafly erf'ective because the lower levet prolifero. is a linear 
programm.ing probtem W>oMng the majorlty of lhe vtÍriables. The result:lng higher levei 
problem is nondifferentiablc and a reduced subgradient algotíthm is proposed for its 
solution. Fmally examples are presented to demonst:rate the tiumerlcal efficienc:y of thc 
decomposltion scheme. · 

PROBLEM FORMULATION 

Consider the problem (P) below: 

(P) F(r,s) 
r .a 

subject to: lt; (r) s O, i =l, ~., nh 
g1(r,.r)SO, j=l, ... ,ng 



Tbis problem can be solved by flt'Sl fixing r =r and mi.n.imizing thc objective fu.nd:ion with 
rcspec::t to s: 

(P1) Minímlze FV', s) 

subject to: g(r, s) :S o 

Let s" be lhe sol:ution to problem (Pl). We can then define a new objective function: 

(1) 

Now the solution to problem (P) can be found by solvfng: 

(P2) Minimize /(r) 

subject to: lr(r) :S" O 

We c:all (Pl) the lower level problem and (P2) the h.igher level problem. ~ shown below 
the gradient of the new objective func:tion Vf is readily obtained from the Lagrange 
multipliers of (Pl). 

Computatlon or Vf. Consider the foQowing rnodtfication of problem (Pl): 

(Pl ') Minimize F(r, s) 
r.• 

subject to: r -r = o 
g(r, s):S O 

Obviously (Pl') is equivalent to (Pl). Through the application of the sensivity theorem [2] 
it can be shown that the sought gradíeru Vf is lhe negative of the Lagrange multipliers 
associated with the equality constraints of (Pl'). Applying the Khun--Tucker fl.rst order 
conditions [2) to (Pl') we get: 

{ V,F} [1] [V,.gl VJF + O .1+ V_,g Jl==O (2) 

wbere À e R"", and Jl e Jfl are the Lagrange 1'DI1ltiptíers of (Pl '). The Iast row gives: 
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(3) 

this shows that p. is the vector of Lagrange multipliers of the original problem {Pl). nie 
first row yields: 

(4) 

lt can be concluded therefore tbat the gradient Vf can be computed with negligxble 
additionaJ numerical effort once (Pl) is solved .. 

OYI'IMIZÃTION OF CONCRETE COLUMNS 

The design of reinforced concrete columns of general shape is fr~ently encountered in 
the structu.raJ e:Qgin:eering practice. Tbis problem can be formulated as a nonlinear 
programming problem (3]. Consider the cross section of Figure 1. The co11crete geometry is 
defined by the coordinates of its NVC vertices. Also indicated are tocations of the NTS 
possible reinforcmg bars, each of area Ab. The loading is specified by the three factored 

stres.s resultants NSd, Ms.u~, and MSyd. Compression and moments causing compres.sion of 

the first quadrant are considered positive. Let the strain at any point be given by: 

t = t 4 + y · 1/}z + x • 'Py . (5) 

with corresponding resisting stres.s resultants gíven by: 

(6) 

Tbe problem is which of the possible NTS bar locations sh~uld be actually ftlled with bars 
so that the section can resist the externalloading with the minimum amount of steeL ln [3] 
this problem is fonnulated as foUows: 

(PC) Minimize 
Aat·-·· AaNrs 

e., 'Pr 'Py 

subject to: a · MRlil - MR14 =O 
ÇN ' Nsd - ~N ' NRd S 0 
ÇM • eS2 · NRd- ÇM • MRlil S O 
tclt- 3.5 s O, k = 1. ... ,NVC 

-'li- 10 s o I j = 1, ... , NTS 
4 'IICII'UI&' + 3 • llcmin- 14 = 0 
o s Ali s Ab I • i = 1, ... , NTS 
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where: 

I MSld I = max {I MS1rdl• I~MS)od ll. Le., 1-axis corresponds to that with Lhe largest acting 
bendiJl8 moment, Wtuíe 2-axis is thc other ais. 

eS2 = Ms:w!Nu 

a = MS2t!/MS1J1. 

~ = sign (Nu) 

EN = sign (Msw) 

lcJt = conc:re.te deformation at vertex k (fn •f .. ) 

'IJ = stccl dcf"OtDlation at location j (ln •/ .. ) 

•- = maximum co.mpr~on sttain .in tl;le concrete (ín •!-) 

'cmbl = nUnimom comptession stra.in in ttu~ conc:rcte (in •/ .. ) 

'I 

F'~ 1. Cross $CCtion definition 

The fint three constrainu enforcJe strength w.bile the nm three ronsuaint& rep.reseru codo 
prorisions .repnfing l.ímitlng conm:tc BDd stee} dcfOlDlllt.icms 'áCéOrdirt,g to NB-Jft& (4) 
whidJ. are similar t~ lhe CBS..Model Code [S). As do= in {3) variablcs. ~ are~ 
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continuous to simplify the problt:m. 

Decompositloa Scheme. Using the procedurc desaibed above wc ca:n dec:ompose this 
problem ínto two subproblema. Givcn a deformation oonfiguration ~ed by the values 
ã,, i'z, ;;,., thc lower level Jm?blem is: 

(PlC) M.inimize 
"sJ.-.ASNfS 

sobjcct to: a · MRJd + M1114 ,.. O 

~H · Nu- tN · NIW S O 
e, · eS2 • NRII- tM • MIUd s 0 
o :s.A.w :SAb I i= 1, ,_,NTS 

and letting A; be the solution to (PlC) we c:an define the new objective function f as: 

NTS 

J(l,,pltlrp,) =L A$, 
l•l 

The higher level problem is: 

subject to: 'de - l..S s O, k = 1, . .., NVC 
- 'SJ - 10 s o. j = 1, _,NJ'S 

4 . ·~ + 3 • ·~ - 14 s o 

(7) 

The proposed decompQSition is actually a generallzation of thc usual prooedurc to design 
rectangular cotumns subjectcd to u~ bending whereby one riXes the neutral axis and 
computes the required top and bouom reintorcemcnt applying the equ.ilibrium equations. 

The ~ l..eYel Probi6D. Tbe most significant advantage ofthe proposed dec:omposition 
scheme results from tbe fact that the l<J~~Rt levei problem (PlC) is a Hnear programming 
prob•ln fact, if the deformation is beld ftted the resultant of c.onc:reto-stresses as well as 
thesteel messes at bar locations ~an tnted. Aa a consequencethe resfsting srress :resultallts 



are linear funaions of ,the steel areas: 

NRd = NCd + 1: (us,) . As/ 

MRxd = MCxd +.! (usl · YJ) · Ast 
MRya = MCyd + 11 (usi · xt) · ASi 
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(8) 

where Ne4, MC:ub and MCyd are the concrete stress resultants. The.se stress resu.Itants as 

well as their derlvatives wíth respeet to '~~' 'P:o and 'Py are r~di1y oomputed by the 

procedure of reference (6]. Notice also that {PlC) usually contains the large majority of toe 
design variables.. 

ln a.pplying {4) to compute the gradient VI we obselVe that the first tenn vanishes and tha1 
lhe onJy nonzero column.s of the gradlents in the second term are those associated with thc 
flrst three constraints of (PlC). The algorilhm of reference [7] is uscd to solve problem 
(PlC). The Lagrange multJpJiers are natutally computed inside the method whlch has the 
advantage of usíng the inltial poi.nt to dccrease lhe number of iterations. 

The Hliher Levei Problem. Problem (P2C) has only three design variables and all its 
oonstraints are linear. It would have been a simple problem to solve ü it were not for the 
fact that I is not oontinuously dífferenda.ble. This happens because the active const:raint set 
or problem (PlC) changes depending on the deformatlons productng thereby suddcn 
changes of the gradícnt. Unfortunatety this generally happens exactly a.t lhe solution 
rendering the usual optimizatlon algorithms useless. 

An important point to keep in mind wh[)e one develops an algorithm to handle (P2C) is that 
one generally knows from the begining the active set at the solution. ln faot, this generally 
amounts to knowing the most!y strained concrete vertex. This ean be detemúned by 
inspection but can be more rellably done tbrough an inicial strmgth analysis of the section 
wilh all bar location.S filled. This not only gives a good starting point for the deformation 
variables but also indícates if the problem is feastble. The next few sections present an 
algorlthm to handle (P2C). 

AN ALGORITHM TO SOLVE PROBLEM (P2C) 

Only a very brlef introdllction to the baslc tools <>f nondifferentiable optimization ahd the 
sdl.ematic algorithm to sol've (P2C) are given below. Detafted i.nformation can be found m 
(8-10). 

Basic Tools. We shall start the dí.sc:ution with the unconstraincd minim.ization o{ a 

piecewisc continuously differentiable oonvex function I defmed in R". In this case f. lias 
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continuous gradients almost everywhere. Vector g e R" is a subgradient of f at x e R" if. 

f(z) t!:.f(x) + <g,z -x> , Vz E R" (9) 

where < ·, · > represents scalar products. This can be geometrically interpreted in Figure 
2 as a slope that falls below the grapb of f. 

f 

l 

Figure 2. The subgradient 

We will call the set of all súbgradients of f at x the subdifferential of f at x denoted by 
õf (x). The set âf (x) is closed and convex and if the funáion is oontinuouSly differentiable 
at x it reduces to the usual gradient. lt represents the complete behavior of f at x and it 

can be shawn that x' minimizes f if O E àf(x'). 

Assuming that we k:new how to compute 3/(x) the probabllity of it not being only the 
gradient of f is zero. As a consequence if we use the steepest descent algorithm and we get 
very close to a point of nondifferentiabllity it may be impoSSJble to numerically fmd a usable 
nonzero move in the direction - Vf. ln which case our method would fail ar oonverge to 
the wrong solution. This suggest that we need information on f not only at x but a1so in a 
neighborhood of x. Conve:x: analysis provides an instrument to· solve this problem. Given an 
e t!:. O we define the e-subdiffetential as: 

a,J(x) = {g I /(z) t!:.f(x) + <g,z -x> - B' Vz} (10) 

To be consistent we must also define e-solutions. Point x" is an e-sol'ution to the 

minimization of f if: 
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l(x) i!::.l(x•) - t, Vx (11) 

Now, let d = - Nr(êal(x)), where Nr(ôal(x)) Lei the vector with m.inimum norm in 
êel(x). It can be shown that d is a lrind of steepest descent dlrection for 1 at x. Also, if 
d =O then x is an e-solution. 

The question that arises in the numerical treatment ofthese problems is that it is generaUy 
impossíble to compute the whole set Bel (x). What is available ill practice is only an element 
g E êl(x) at every point x. ln the so-called "bundle-type" algorithms ôd(x) is replaced by 

an inner approximating p<>litope G~ (x) wbich is constructed as we proceed with the 
algorithm. Glven xb ... ,x.~; with the4" corresponding subgradíents g; E êl(x), i= 1 •... , k , 

then: 

(12) 

where: 

(13) 

Notice that a (x,x;,g1) is the error at x when I is línearized at Xi with the subgradient 

g1. It can be shown lhat G, (x)!.: a.l(x). 

Reduced Subgradlent Algorithm. Let us retum to the higher levei problem (P2C). lt can 
be writen as: 

Minimize I 
X 

subject to: A · xsb 

with x E R ",A E R "'x", b E Rm, and n = 3. We can further rewrite tbe problem above 
as: 

(P2C') Minimize I 
x,y 

subject to: A · x + y =A·{;}= b 
yõ!:O . 



where y E R"', A E R ml< (m+~t), with A = (A lmJ· 

The reduced subgtadient algorithm of (11) with a s.light modification .is uscd ro solve (P2C'). 

Firslletu.sdec:omposc A into (B,NJ,where BER"')('" nonsingular.NE'R"'l<lt. Letu 

alio decompose ~ y) into ~B YB XN YN) with ~B Ys) E Rm and (JCN YN) E R". 

MatriJ; B is called a ba.sia and (xa Ya) is the veaor of basic variables. The veaor 

(xN YN) i$ the vector of nonbaaic varlables with YN e R lfYN. 

We can use the m equa1ity comtraint.s oi (P2C') buic variables as functions of the " 
nonbasic variables: 

(14) 

Therefore we can write f as a function of the nonbasic variables only: f (x) = J (xN, YN)· We 
can alJo rewrite (P2C') aa followa: 

fCzN,y,) 

subjea to: YN Õ!: O 
YB (xN•YN) ;z: 0 

Problern {hc) is called lhe rec!uced problem stnee it is writen in terms of the oonbasic 
vari.ables on.ty. 

The c:ent.nl idea of the reduced subgradient method is lo choose as basic variables those 
wttich wlctly satisfy theit bound constraints.. He:nce the problem of findfng a usable feasible 
dire«ion for (P2.c} need only consider the bounds YN ;z: O. Keepi.ng thls ln mind it can be 

"' shown that Lhe Kuhn-Tucker type conditions for {P2C) without thc bound constraints on 

YB are (10,12): 

let ' ;z: O and {x~y;,> be feastble. Then ~MYiU is an c-solution if .and only if there 

erlst scalars e0 and 111> I a l, _, nyN, such tha1: 

ii) % v1 • y~ s ' - 'o 

Tberdore, .if we are at a point ~.1) and we wa:nt to check if it is in lact an •-solution all 
wc need to do is to find tbe vector of minimum norm of the set on the right-hand side of 
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condition (i) above, subjected to condition (li) aa a constraint. Usi.ng the hundle 
approximation and manipulating the problem to remOYe •o. as in (12), we get: 

(D) Minimize 
Àl, .•• ,Àir. 

1 ~ " {o} 2 2 · I l.t..~ .t, · g1 - v I I 
1=1 

vl, ... ,vnyN 

k 

subject to: ,L.tt=l 
1=1 

±À;· a· ~,x1,g1) +::f v1 · YN] Se 

i=l J=l 
À C!: o, v C!: o 

where the reduced gradient g = gN- (B-1 • N)T · g8. Let: 

(15) 

dN is called the reduced direction of search and is the direction of movement of the nonbasic 

variables. The corresponding direction of movement of the basic variables is 

d8 = - B-1 • N · dN. Given dB and dN we can construct d, the direction of movement 
of the variables Çt,y) oi (P2C'). 

Let u be the Lagrange multipller associated with the suond constralnt of problem (D ). It 
can be shown that [10,12): 

i) if d =O then x is.an t-solution 

ü) if d ~ O then d is a feasíble dlrêction for (P2C') 

ili) if ar (X) ~ Go (X), then the directional deriva tive r(~. YJ, d) s - I I dN 11 2 
- u . e 

The Une Search. We will be searching along d. First, we must compute the max:imum 

value of the step Jength 1, such that the bound constraints are not violated: 

(16) 

where T is an arbitrarily large value. We now proceed with the main philosophy of the 
bundle.type method.s. lf G~ (i) is a sufficiently good approximatión to Be f (X.} then, 
loosely spealdng, we will be ab1e to find a new point along d where <g, d> is "latge 
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enough" and f .Is 8Small enougb" . Ir, on the othcr hand, Gs (i) :is a bad approximation the 
line searcb will not sua:eed in whlch case we will stay at the stune point but we wi11. cnrich 
the bundle with a new subgradient (null step). 

We give next a summary of tbe line se.uch requirements aççording to (10}: let 
O < m2 < m1 < l, O < m 3 and mt + m3 < 1, finda stepsiz.e t E (O, r.,.J sucb tb:at ac leasl 

one of the.set of conditions below is satisfled: 

i) [Maximwn step]: 1 = tmax and 

/((i,y) + t. d) S.f(i,y) + "'2 • t . Q 

iJ) {Serious step]: t E ) O. ,_ ( and 

<g,d> ::::: '"1 . . Q 

iii) [Null step]: 

f((x,y) + t • ti) S.f(x,y) + m2 'I' a 

t E ] O , tmax f and 

<g,d> ;a m 1 ·a 
f(i,y) -J((i,y) + ( 'd) + <g,d> S.~."" 

with a=- 1Jd,.,)) 2 - u ·e, whicb i.s an overestimate of the direa:ional derivative u 

indicated in observation (iii) about problem (D), above. 

ln the actual implementation we start by bracketing the solution using the procedu.rein [13 J. 
The first test point is obtained by allowing a maximwn change in stra:ln at anyvertcx between 
0.005 e.nd 0.015 %. lnteasible points of (Plq are treated u having large values of f. The 
algorli:.bm ot:(14) is used witb dleslight modification offocáng. at lcast, onefeasibleitccation. 

The Algorithm. O) INTTIALIZATION: Olven xl a feasJ.ble point, co~put.e 81 e ôfV) 
put it in tbe bundle and seJect ~ nondegenerate basis B. · 

1) DELETION OF SUBGRADrENTS: delete aD subgradienu in the bundle with 
a> 2 • m

3 
·a. 

2) SEARCH DIREC110N: solve problem (D) and fmd dN and d. 

3) SfOPPINGTEST: It lld,.,ll s. TOL thenstop. 

4) UNE SEARCH: perfonn lhe tine search procedu.re.. 

S) UPDATING: add the new subgramentto the bundle.lfit is a nuU step compute the new 
cz and go to (2). Otherwise recomputo ali c:r' s. 

6) BASIS CHANGB: if a1l basic variablea :llrlc:tly satisfy their bou.nds goto (1), otherwise 
selea: a new basis and goto (1). 



Observe that aswe hive a very good ldea of the active set from the begining the ba:sis chartge 
in step (6) will rarely be perfonned . .Próblem (D) in step (2) is solved usfng the algorithm 
of (15]. 

EXAMPLES 

"''w'o ccamples are given below to demon.strate the numerica1 efficiency of the proposed 
dcoompositlon sdleme. 

Enmple L Consider the cross seaion shown in F'JgUre 3, where the diameter of aD bars 
Is 16mm. Bar locations 1 to 6 are mandatory. The design ofFigure 3b was obtained after 
ftve iterations ofthe higber level problem and toolc 41% ofthe solution time ofthe procedure 
in (3). The final design is identical in both cases. 'fhe·values of the parameters used are: 

m1 = 0.2, m2 = O.l, m3 = 0.6, • = 2.5 · 10-s, fOL = 2.5 · 10-3
. 

(o) 

(tio • 

kk·~~i fyk•eooJ~ ( CA-eoB) 

Nlld:a280 tf i Mlld •16.8 tf·"' ; Myd = 22.4 tf ·111 

o 
( b) 

Figure J. Cross section of example 1 

Euniple 1. ln the cross section shown in Figure 4a tbe diametet of a1l bars is 16mm 4Dd 
the concrete rover to the center .ot ali bars is 3a:n. Locations 1 to 3 aremandatoty. 1b.ecfin~ 
steel arrangement of FigUre 4b was obtafned aftersfz íterãtlont of tbe hfghet levél pt-oble.m. 
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The total processing time was sligJUly Jess tban 50% of the ex:ecudon. fune of lhe procedure 
in (3J. lt inte.resting to point out that all n<mmandatoty ban are under compression. 

fck=150kgf fyk=SOOOkgf 
Cl'\ t Cl"'. 

Nxd=450tf Mxd=70tf-M Hyd=O 

70al 

30CI"' 

Flglne 4, Cross sec:tion of e:xample 2 

CONCLUSIONS 

Some optim.ization problem.s have two distinct classes of design variâbles. A procedure is 
proposed to decompose sudl problems into two subproblems.. ln the lower levei problem 
one group of variables is held fixed while the objective fu:nction is minJ.m.jzed with respect 
to the othcr group. A new objective function can thus be defined which depends only on the 
variables held fixed. Tbe higher level problem minimizes tlrls new objective function 
subjected to those constraints of the original prob.lem involvillg its variables only. The 
gradlent of the new objective function is readlly oomputed once the lower levei problem is 
solved. 

This dec:omposition scheme is particularly effective in cases where the lower level problem 
is a linear prognunming problem involving most of t.he design variaables. One such case, the 
optimization of concrete colwnns of general shape, ís treated in detail. A redw:ed 
subgradiart algorithm is U$ed to solve lhe bigher Jevel probletn which is of no.n.s~nootb 
opdm.i:zation. Por the example presented tho 10lution time of the decomposed proble1n is 
leu than half of tbe otiginaJ undeoomposcd problem.. 



Destp Optlmbatloa ProbJems 311 

REFERENCES 

[ 1] FEUX, J. and V ANDERPIAATS, G.N~nflgUnltion optimization oftrussessubject 
to strength, displa~ment and frequency oonst.rai.nts, Journal of Meohanisms, 
Transrnissions and Automation in Design, voL 109, n° 2, pp. 233-Ul, jun. 1987. 

[2] LUENBERGER, D.G. - Linear and nonlinear programmlng, Second Ed., 
Addison-Wesley, 1984. 

[ 3J HOROWITZ, B. - Dimensionamento ótimo de pilares de concreto de seção qualquer, 
Depto de Eng. CMI, UFPE, 01/88, 1988. 

[ 4) A&NT-Associação Brasileira de Normas Técnicas, NB-1/78- Cálculo e execução de 
obras de concreto armado, 1978. 

[ 5) Comite Euro-Intematíonal du Beton - Model code for concrete structures, Bulletin 
d'Infonnation 124/125, 1978. 

[ 6) ROTfER, JM. - Rapid ex:act inelastic biaxial bending analys.is, Joumal of Structural 
Engineering, vol 111, n" 2, pp. 2659-2674, Dec. 1985. 

[ 7] GILL, P.E. and MURRA Y,. W.- A numerically stable forrn of the simplex algorithm, 
Linear Algebra and its Applications, vol. 7, pp. 99-138, 1973. 

[ 8] LEMARÉCHAL, C.; STRODIOT, J.S. and BlliAlN, A. - On a bundle algorith.m for 
nonsmooth opt:imization, in Nonlinear Programming 4, Mangasarian, O.L., Meyer, 
G.L. and Robinson, S.M., Eds., Academic Press. pp. 245-282, 1981. 

[ 9) LEMARÉCHAL, C. - A introduction to the theory of nonsmooth opt.im.ization, 
Optimizàtion, vol17, n° 6, pp. 827-858, 1986. 

( 1 O] HOROWITZ, B. and SANTOS, M.G.- Application of a reduced subgradient algorithm 
to solve a class of strucrural desígn problems, to .appear. 

[llJ BIHAIN, A.; NGUYEN, V.H.; STRODIOT, JJ.- A reduced subgradient algorilhm, 
Mathematical Programming Study, voL 30, pp. 127-149, 1987. 

[12] STRODrOT, J.J.; NGUYEN, V.H.; HBUKEMES, N. - e-optimal solutiQns in 
nondifferentiable convex programming and some related questions, Mathematical 
Programming. vol 25, pp. 307-328, 1983. 

[13) VANDERPLAATS, G.N. -Numerical optimization techniques for engineering design 
with applications., McGraw-Hill, 1984. 

(14) MIFFLIN, R -Stationarity and superlinear oonvergence of an atgoríthm for un!variate 
locally Lipschitt constrained m.inimization, Mathematical Programm.ing, vol. 28, pp. 
50-71, 1984 . 

. [15) MIFFLIN, R.- A stable method for solving certain constrained least squares problems, 
Mathematical Programming, vol. 16, pp. 141-158, 1979. 



RBCM -J. offhe Bru.Soe.MKh.Sc. 
VoLXI- nll 4- pp. 323-339 - 1989 

lSSN 0100-7386 
impresso no B.rasil 

MODELOS GEOMÉTRICOS DIRETO E INVERSO NO 
ESTUDO DE ROBÔS MANIPULADORES 

DIRECT AND INJI.ERSE GEOMETRJC MODELS FOR ROBOT 
MANIPULA. TO RS 

João Carlos Mendes Carvalho 
Valder Stef'fen Jr.- Membro ela ABCM 
Francisco Paulo Upore Neto • Membro da AllCM 
UFU · Departamento de Engenharia Mednlca 
Caixa PoStal593 ·Campos Santa MOnica 
Uberllndia. MO - Brasil • CBP 38.400 

RESUMO 

É apresentado um mitodo sistem6tico de obten~4o do ltt()(klo geométrico di~to de um robô 
mtiítipu.lador, utilizando rotinas computocionms ~ci«is. Esie método pode ser usado ft(l 

COftcepção e .rimulaçdo de roMs manipuladores que podem ter juntas prism6ticas ejou de 
rotaç~õ. O modelo gcomttrico inverso relacio11a as coordenadas generalizadas cm função das 
coordenadas operacionais do roM manipuúulor. O m/todo aprest!rtltulo ptmute obtu as 
~oo an.alfticas que e.t:prihwn o mOdelo gtomittico inverso a patt•'r das malrius de 
passogtm homO}!lneas elementares do roM manipulador. As expressCJes obtidas podem su 
facilmente incluldas em um sistema de comando em tempo ~aL 

Palavras-chave:: Robótica • Robôs Manipuladores 

ABSTRACT 

A systematic method to obtain an.aJytically the ~omerric model of robot manipulator, using 
spedal computarional routincs, is presttnred. Thts ~thod can. be uud in the conceplion. an.i:l 
~mulation of ~ mollipulat~. whlclt ~ !Uive ~smatk. andjor rotaJional joinls. The 
mvme ~tnc mockl relaus thtt. ~iud coonlinates wiJh rtSpeCL to opmltiotral coor
dinates of tlu: robot manipuúuor. An onalytical method is presenttd ro oblain the: equatíons tltat 
dcsr.:ribé the ÍIIV(!rse geomdric model usmg Jwmogeneous ~e:s of the robot manipulator: 
Th~ equarioru may 1>4! indl.lded in a sysJcn of riaJ time contml. 

Keywords: Robotics • Robot Manipulators 

Subme.fJdo em Malo/&9 Acello em Outdbro/89 
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INTRODUÇÃO 

O modelo geom6trico dir-eto ~um tobô manipulador 6 a função {I} que permito obter a 
posição e a orientação do ef«uador em função da conf:tgllração do robô manipulador [6,7]. 

A situação do cfetuadot isto 6, a posição e a orientação, é definida por m coordenadas 
operacionais x1.~ ... ,x,.. 

A configuração do robô manipulador é definida por n coordenadas generalizadas 
ql> ql> ... , q,.. 

Se {x} representa a matriz das coordenadas operacionais e { q} a matriz das coordenadas 
genéralizadas, o modelo geom6trico direto do robô rrumipu1àdór ~ dado por: 

~} = {!Cq)} {1) 

onde a função {I} 6 geralmente nlo linear. 

P~ apresentar o problema do modelo geométrico inverso de um robô manipulador da 

seguinte forma [5]: quais são as coordenadas generaliz.ada.s {q} que correspondem às 
coordenadas operacionais {x} dadas? Assim o problema consiste no cálculo de uma função 

{!} -t. se ela existe, tal que: 

(2) 

A inversão da função {!} é um problema complexo pois ela não é linear. Se são conhecidas 

as coordena~ generalizadas {q"} correspondentes às coerdenadas operacionais {x·} 
impostaS, e a nt.atrU jacobiana posSu.l as condições de regularidade suficientes ·no ponto" 
{ q •}, pelo teorema das funções impllcitas pode-se a:{ínnar a exis~ncia da inversa de {!} na 

vizinhança de r·~ . Existe al uma solução local. Por análogia com as soluções dos sistemas 
lineares, pode-se Jizer que, na maioria dos casos e não levando em consideração as re.stri.ções 
llsicas, tem-se o seguinte resultado global (2):-n!O"existe solução quando o número de graus 
de liberdade n do robô manipo.lado.r é inferior ~ nú]Jlero de graus de liberdade n1 da 

tarefa a realizar; existe uma solução ou um número finito de soluções quando n é igual a 
n1 ; cmste uma i.nfinidade de soluções quando n 6 maior que n,. Neste caso, o rnanipl,l.\ador 
é dito redundante. 

Um dos objerivos desse trabalho 6 apresentar um m6todo analftico de obtenção do modelo 
geométrico Inverso, lembrando que este m&odo nAo leva em consideração: a trajetória a 
ser descrita pelo efetuador; as restrições físicas, seJa devido às dimensões dos corpos ou 
limitações dos movimentos das articulações; consumo núnimo de energia; tempo nún.imo 
de percurso e outros. 
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Para apresentação do método será utilizado o robô manipulador UFU6R86 como exemplo, 
facilitando a visualização dos procedimentos util.izados. 

DEFINlçOES CINEMÁTICAS 

Sejam dois sistemas de coordenadas ortogonais R1 e Rz e um ponto Q mostrados na 
Figura 1. 

Figura 1. Transformação de coordenadas 

A mudança de coordenadas do ponto Q pode ser esai.t:lt 

(3) 

e a mudança de referencial dos componentes de um vetor pode ser escrita: 

(4) 

onde {x1l c {.-:,} são as coordenadas do pomo Q no referencial R1 e R2 respectivamen
te, {P} sko as coordenadas do poruo Oz no refcrenoial R1, (R) a tnattb: de passa_gem clás
sica do sistema R1 ao sistema Rz , { v1} e { v2} são as matrizes dos componentes de um 
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vetor ! no referencial R 1 e R2 respectivamente. 

Os componentes homogêneos de um vetor são os três elementos clássicos associados ao va
lor zero e as coordenadas de um ponto são os quatro escalares obtidos associando o valor 
1 as três coordenadas clássicas. Portanto, as Equações (3) e (4) podem ser escritas: 

(5) 

A matriz quadrada que aparece nas duas expressões (5) é denomi.na_tla matriz de passagem 
bomogênea do referencial R1 para o referençial R2 e que será representada por [71 não 

onogonal. 

(6) 

As coordenadas operacionais do efetuador são as quantidades escalares que permitem 
definir sua posição e sua orientação. 

Para se detemúnar a situação do efetuador deve-se considerar dols referendais ortonormais, 
um ligado à base do robô manipulador (R0) e outro ligado ao seu órgão terminal (R11+1). 

Seja {xp} a matriz cujos elementos definem a posição da origem On+t do referencial 

R,.+ 1 em relação ao referencial R0 e {xR} a matriz que de(me a orientação desse 

referencial Rn+l em relação ao mesmo referencial R0 . A matriz {~} cujos elementos 

definem a situação do referencial Rn+l• fJXo ao efetuador em relação ao referencial R0, 

fixo à base, é dada por: 

{x} = ~~l (1) 

A posição do efetuador é defmida pela posição do ponto fixo On+l do referencial R11+1 

com relação ao referencial R0. Esta posição pode ser definida atrav-és de coordena<làs 

cartesianas, cilírtdrlcas ou esféricas de acordo com a natureza da manipulação a efetuar. 



A orientação do referencial R,..lt ligado ao efetuador do robô manipulador, com relação 

ao referendai Ro pode set definida utill2:ando os partmetros de Euler (p, q,r,s), os pari

metros de rotação finita (u, v, w), os cosenos diretorea entre outros. 

A partir da definição da matriz de passagem homogênea, podo-se escrever a matriz de 
passagem bomogênea (To,11+tl do referenc:ial R0 ao referencial R,.H. 

rr J = f.Ro.•+l : Po,,.+l] 
t• 0,11+ l o 1 (8) 

onde, rRo, 11+t] é a matriz passagem clAssica do referencial R11+l ao referencial R0 e que 

permite definir a orlentaçlo do referencial R11u etn relaçlo ao referencial R0 • 

{Po, 11 +t} é a matriz dos componentes do ponto o,. ... 1 no referencial RIJ.+l em relação ao 

referencial Ro . Deve-se obsetvar que as matrizes de passagens homogêneas conservam as 

mesmas propriedades de mulripiicldade das matrizes de passagem clássicas. 

"' Pode-se dízer que, qualquer que seja a escolha das coordenadas operadonais., o modelo 
geom6trloo direto se deduz do c:ü:ulo dos elementos tiJ(i.J •1,2,3,4) da matriz de passa-

gem homogênea [To.a+U· 

As relar;ões entre alguns parâmetros que definem a situação do efetuador e os componentes 
da matriz. de passagem homogmea podem ser encontradas~ {1] e {2]. 

o robô manipulador 6 ê:onstituldo de ,. + 1 ligações c/ (i = 0,1, ·-· n ), teoricamente rígidos, 

articulados entre si. attaYés de juntJ;$ Lr (i = 1,2, ~.,n). 

Na construção de robôs manipuladores são util.iz.a.das as juntas de rotação (ou rotóides) e 
as juntas de translação (ou prlmntlicu) que penniterDt tespectivament~ um movimento de 
rotação ou um de translaçlo do corpo C1 em relação ao seu antecedente C,-1 . .A.ssim, todo 

corpo C1 possW um grau de h"berdade em relação ao seu antecedenre Cl-1· 

A primeira ligação C1 da cadeia~ a:rticuJado sobre uma base Co. fixa ou móvel A última 

Ugaçlo C,. da <:adeia 6 o efetuador (Figura 2). 

Podo-se definir o coeficiente blnArio u1 (i = 0,1,2, ... , n) que 6 nuJo se C1 gira em relação 

a C1_ 1 em tomo do eixo da ligação L1 e igual a 1 se C1 tt'lut$lada em relação à C;-1 a0 

longo do eixo da ligação Lt· O ooefieiente binário conjugado será a1 = 1 - (11. 

Para 8 sistematização do ail:allo do modelo geométrico direto, defme-se um método 
iterativo para ligar cada ligação C1 um referencial ortonormal ~.1 8 partir dcnefereru:ial. 
R1 ligado à base do robô mardpulador. A~ restrição que 6 feita ao referacial R 1 6 

qu~ o vetor unítário ~ esteja na direçlo do eixo da primeira junta. 



J.CM.Camalbo; V.SietltaJr. a F.P. Upore Nelo 

Figura 2. Cadeia cinemática do tobô manipulador 

O m&odo consta de: 

0
1
+1' 6. a intersec:lo da perpendiadar comum aos eixos daa juntas L

1 
c L

1
H, situado 

sobre o eixo da junta L
1
+1" Se os eixos daa d~as juntas"sio paralelos ou coincidentes . 

pode-se escolher atbitrariamcntc uma jlerpendicular comum; o ponto oi+t ftGa assim 

determinado. Ne&te caso., considerações de simetria ou de simplicidade permitem uma 
escolha raciona.l 

-~ + 
1 
~ um vetor unitário desta perpendicular comum orientado do eixo da junta L 

1 
na 

direçlo da ~o L
1
+t" Se os eixos dessas duas juntas são concorrentes ou coincidentes, 

a orientação 6 arbitrária. Entretanto, considerações de simêtriá ou simplicidade 
permitem uma escolha racional. 

~+1 6 um vetor unitúio do eixo da junta L
1
+1, orientado ~itrariamente. 

11+t 6 definido pelo produtovctorial positivo entre t\+t e ~+f 

A posição e a orientação da ligação C1 em relação à lipçlo C1._ 1 são definidas pelos quatro 

parâmetros de DENA VIT-HARTENBERG (3] (ai, a1, 81> r1) como mostrado na Fígura 3. 

Tendo em conta a orientação definida para. !i+ tt a; 6 sempre positivo ou nulo. Os ângulos 

81 e a1 são defmidos positivos, aplicando-se ·~ regra da mão direíta. 

Para este m6todo iterativo 6 necessário definir uma direção L11+t• sem que aàst8i a junta 

correspondente. Esta direção deve ser tal que o ponto Oít+t esteja situado no cet1trn 

gCQm6tricodoefetuador·e osvetores a"n+t· .lti+t e !n+t depreferênoiasegundoasdireções 

~simetria geométrica do mesmo. 



de simetria geométrica do mesmo. 

l l 

Figura 3. Parâmetros de Denavit-Hartenberg 

Devo-5e ligar um segundo referencial R0 à ligação C0 confonne definido an1erionncnte. 

Uma escolha adequada de Ro permite simplificar as operações de transformação entre 

Ro e R1. 

A situaçAo da ligação C; relação ao corpo C;-1 é defutida pela matriz de pass.a.gem 

homog~ea lu+t1 do referencial R1 (ligado ao corpo C;-J ao referencial R1• 1 (ligado à 

Ugação Cj). Em função dos partrnetros de Denavil-Hartenberg a;, a 1, e" rir tem-se: 

cose, - stn 81 · cosa,. stn e1 • stn a1 a1 • cos 81 
sm e,. cos e1 • cos a1 -cose,. stn a; a; · Stfl e, 

(TI.I+iJ = o stn a1 cosa1 r; (9) 

o o o 
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Conforme as defaniçôes dadas, podc>se concluir que 8 i.-ésima coordenada genetalizada q, 
se identifica com 91 se 8 junta L1 6 de rotaçã.o em torno de h ou com r1 se L, 6 uma de 

junta de translação ao longo de ~ . Conseqilentemente, 

Do ponto de vista prático, pode-se representar os referenciais ligados às diferentes ligações 
robô manipulador para uma confJgUração gen6rica. Entretanto, deve-se procurar represen
tá-lo numa confaguração particular a mais &imples possfvel, onde os parâmetros de 
DCJUI'Yit-Hartenberg são mais fáceis de visualizar. 

MODELO GEOMÉTRJCO DIRETO 

Pode-se verificar que a matriz lTi,i+lJ é função da i-ésima coordenada generalizada q;. 
portanto (T;, i+ll = (T;,I+ 1 (q1)) lembrando que [To, d é constarue com o tempo quando 
C0 é fixo. Assim, pode-se escrever. 

(11) 

O cálculo dos elementos 'IJ da matriz de passagem homogênea [T0,,.+tl permite 

determinar o modelo geométrico direto do robõ manipulador em função das coordenadas 
operacionais escolhidas. 

A sistematização do cálculo do modelo geométrico direto, permite a utilização de rotinas 
computacionais para sua determinação, evi1ando erros nas expressões analíticas e erros 
numéricos de câlculo. Através dessa rotina computacional conversacional onde o usuário 
define os dados literais dos parAmetros de Denavit-Hartenberg. o número de G .O.L. e o 
ripo de ligação, obt6m-se as expressões anallticas dos elementos da matriz de passagem 
homogênea (To.~ ul. bem como das matrizes de passagem homogêneas intermediArias. O 

nuxograrna é apresentado na Figura 4. 

Para exemplificar o método 6 apreseruado o cálculo da matriz de passagem homogênea 
(To. "+ J para o robô manipulador UFU6R86 representado numa posição partirular simples 

conforme a Figura 5. 

A Figura 6 mostra os referencla.is ligados às diferentes ligações do UF1J6R86 e a Tabela 1 
apresenta os valores dos parimeuos de Denavit-Hartenberg. 



T(O,l) 
T(O,Nrf=T(O,ll=T(I,21. , T(N,NN) 

O(N-1): TETA(N .J) 
TCN-l ,N) 

T(N-l,NNJ: TlN-l,~= T (N-NN) 

T Q,l 
T(O.~):T(O,I )>T( 1,2) ..• T(I'f,NN) 

J31 

Figura 4. Fluxograma da rotina computacional para obtenção analítica do modelo geomé
trico direto 
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Figura 5. Robô manipulador UFU 6R86 e suas coordenadas generalizadas 

~I 

..L-----1· 
o. 

Figura 6. Referenciais ligados às diferen.tes ligações do robô manipulador UFU 6R86 

Fazendo c = cos 9;, s1 = s~n 91, 4+] = cos(9; + 91) e si+j = sen(91 + 91) e utilizando aro

tina computacional obtém-se elementos 'IJ (i == 1,2,3 e j = 1,2,3,4) da matriz de passagem 

homogênea [T 01l· 



Tabela 1. Valores dos par4.metros de Denavit-Hartenberg para o robô manipulador UFU 
6R86 

t 
ParAm. o 1 2 3 4 5 6 

(/I - o o o o o o 

a, o n/2 o n/2 -n/2 rc/2 x/l 

a. 
I 

o o a2 o o o o 

e., o ql q2 q3 q. q, q, 

r 
t 

r o o o o '.c () r 
6 

t11 = c1 · ~ • ~ (c4 • c5 • c6 - .s4 · s6l - .r3 • .r5 · c6 - "2 · .r3 (c4 • c5 • c6 -

- .r4 • s,) + c3 • .r5 • c6 + s1 (s4 • c5 • c6 + c4 • s~ 

t13 = c1 • c2 • c3 (c4 • s6 • c5 • s4 • c6l - s3 • s5 • s6 -

- s2 • .r3 (c4 • c5 s6 + s4 ·c&)+ c3 · s5 • s6 + s1 (s4 • s6 • c5 - c4 ·c,) 

t14 = c1 • c2 • c3 • c4 • "s · r6 + s3 (c5 • r6 • r,.) - -'l · .r3 c4 • .s5 • r6 -

- c3 (c, • r6 + r4) + az · c1 + s1 • s4 • s5 • r6 

t21 = s1 • c2 • c~ (c4 • c5 • c6 - s4 • s6l - 3 · s5 • c6 -

- s2 • s3 (c4 · c5 · c6 - s4 · s,) + c3 • s5 • c6 - c1 (s6 • c, · c6 + c4 • s6) 

t23 = s1 • '2 · c3 (c4 • es • s6 + s4 • c~ - s3 • s5 • .r6 -
- s2 • s3 (c4 • c5 • s6 + s4 • c6l + c3 • s5 • s6 - c1 (.r4 • c~ .r6 - c4 • c,) 

t24 = 't • '2 c, . s, . '6 + s, {cs , '6 + '•) - Sz . s, . '• . 's . '6 -

-c, (c5 • r6 + r4) + s2 • c, - c1 • s4 • ~ • r6 

-
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t33 = s2 • c3 (c4 • c5 • s6 + s4 • c6) - s3 • s5 • s6 + 
+ c2 • s3 (c4 • Cs • s6 + .r4 • cJ + c3 • s5 • s6 

t34 = ~ · c3 • c4 • s5 • r6 + s3 (c, · r6 + rJ + ~ · .s:3 • c4 • s5 • r6 -

- c3 (c, · r6 + rJ + ~ · s2 + r0 

MODELO GEOMtTRICO INVERSO 

Para obter as n coordenadas generallzadas {q'} correspondentes à situação imposta 

fx•l é possfvel utilizar métodos anaHticos ou métodos numéricos iterativos. Os métodos 
~cos permitem obter todos os modelos geométricos inversos sob forma lite:ral. Entre
tanto, eJes se aplicam apenas aos robôs manipuladores mais simples, isto é, aqueles que 
possuem um grande número de parAtnetros de Denavit~Rartenbetg nulos, como os q\16 são 
utilizados atualmente na indústria. Apesar da difiru.ldade de obtenção analídca do modelo 
invef'SQ, podo-se calru.lar numericamente, atrav~ de um pequeno número de operações. as 

coordenadas generalizadas {q'} correspondentes à situação imposta {x'}. utilizando-se 
das expressões anallti.cas obtidas. Estes cálru.los podem ser facilmente inclufdos em um 
sistema de comando em tempo reaL 

Os métodos numéricos iterativos são de caráter geral, mas necessitam um grande número 
de operações e possuem delicados problemas de convergência. 

O método que será apresentado uúJ,iza as matrizes de passagem homogênça.s (TI, n+t.l e 
[Tr,t+U (i= O,U ... ,11) que podem ser obtidas através do modelo geom6trlco direto. A 

cada passo i (i= 0,1,2, ... ,11) são determinadas as matrizes [Ti+ vl = rrt,1+1r 1 e 

I'Ti+l,n+t.l =[TI+ vl X m. .... J. Da igualdade das matrizes [Tt+t,n+ll o [1Í+l.nd 
obt6m-se doze equações que são funçôes de qi que, escolhidas adequadamente, permitem 

obter com maior facilidade a equação literal que expressa a coordenada generalizada q,. A 

matriz de passagem rlô. n + t1 corresponde à situação desejada do efetuador com relação à 

base do robô manipulador e pode ser obdda em fupção dos par4metros adotados, ou seja: 
parlmetros de Euler, cosenos dirctores., etc. 

Se o robO manipulador termina oom juntas de rotação concorrentes num ponto O, o que 
ocone com os "punhos• clássicos, t~ Interessante u~ um refereudaJ.JdicionaJ 

R"+ 1 com eixos paralelos ao referenc:ial B" + 1 e de origem em O, &te proc:e®nento facilita 

j 



as operações de obtenção analitica de {fl-1
• A matriz de passagem ['T,,,.tU se deduz 

facibnente de [T1,n+U desde que seja conhecido o vetor º-m±l..Q no referendai R11+t· Do 

mesmo modo pode-se obter a matriz de passagem [J1n+l1 a partir da mattiz [Jtn+u· 

A Figura 7 apresenta o robô manipulador UFU 6R86 com os ret'erenc::iai.a ortonormais 
ligados às diferentes ligações. Por possuir um "punho" clássico 6 util:izado o referencial 
auxiliar R, +I e R1. Portanto, o referencial R7 6 obtido de R1 pela"t::ranslaçio do vetor 

QzQ.,. "' Qz.Q6. 

X o 

Figura 7. Referendais Ugados às diferentes ligações do robô manipulador UFU 6R86 

Os parlmetros de Denavit-Hartenberg já foram apresentados na Tabela 1. 

A situação desejada {x •} pode ser definida pela matriz (1""07], ou seja: 

tjl r• 12 
,. 
13 tj4 

1il til t" ,. 
23 24 

f1Õ71 = 131 ,. t" t" 32 33 34 

o o o 1 

Fazendo a translação para o referencial iii, 11 + 1o tem-se: 

(12) 



338 J.C.M.Carvalho; V.S&eJJen Jr. & F.P. Upore N,to 

q4 e q5 podem ser calculados desde que mb + mh ;~~~ O, o que significa que q5 ~ O ou 

qs ~ ±n. 

Pode-se determinar q3 independentemente da posição desejada do efetuador. 

As posições para as quais não é possível o cálculo das coordenadas generalizadas 
correspondem às singularidades do robô manipulador. 

CONCLUSÕES 

A utilização do método sistemático para obtenção do modelo geométrico direto através da 
rotina computacional apresentada, possui uma grande vantagem, por ser conversacional, 
podendo ser utilizada por pessoas não especializadas em robótica e/ou computação 
representando uma ajuda preciosa na concepção e construção de novos robôs manipuladores 
permitindo sua simulação. 

A rotina computacional permite a minimízação das operações de adição, subuação e 
multiplicação que Jntervém no cálculo, reduzindo consideravelmente o tempo de processa
mento e obtenção dos elementos da matriz [To,n+ll, melhorando o comando em tempo 

real. 

A obtenção analítica do modelo geométrico dketo permite resolver analiticamente o modelo 
geométrico inverso, determinar analiticamente a matriz jacobiana do robô manipulador, 
que é necessária para o estudo do modelo dinâmico e ao seu controle além da obtenção 
analítica de suas cOnfigurações singulares. 

O processo de obtenção analítica do modelo geométrico inverso apresentado pode ser 
utilizado separadamente para cada caso particular de robô manipulador de cadeia simples 
e permite sua :inclusão em sistemas de comando em tempo real utilizando-se as expressões 

lirerais obtidas que definem as coordenadas generalizadas {q•} em função da situação 

imposta {x' }. 
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INTRODUCI'ION 

The debon<ting between conneáed bodi.es thtougb an adhesive material can be destribed 
by oorunonotone stress-strain laws wbich may include vertical complete jumps,. i. e. they are 
multivalued. Nonroonotone, possibly multivalued laws aan be t~q>ressed in tenns of 
nonconve:~ superpotentials and lead to a new UPC· of variation,al inequality expressions, the 
SCH:alled hemivariational ínequalities, wbich ex:press the pdru;iple of virtual work or power 
in incquality form. 

We recaD Itere tbat tbe study of varfational inequalities begu.n in 1963 with tbe worla -of 
FICHERA [1), [2] and L10NS-SrAMPACCHIA (3]. 1n 1968MOREAU (4) inlroduced tbe 
notion of conve~ superp<>tential in order to descrlbe monotone possibly multivalued 
mechanical laws, and proved the relation of thfs new notion with the theory of variational 
inequalities. Moreau's supeipOtential permitted the study and the correct solution of Iarge 
classes, of yet unsolved, problems in Mechanics and Engineering. 

Untfl 1981 aJl the ínequality problems .studied were cxpressed in terms of varlational 
inequalities and induded convex superpotentia.ls describing monotone mechanical relation.s. 
lo ().{der to overoome the constraint o! monotenicity the autbor of the ~ paper 
introduced and studies [SJ-(9] the n.otion of non0011Ve1C superpotential by using a new 
math~ too~ lhe gene.taláed grad.l;ent o! Cladce. l1w4 a new type of varlational 
inequ.aUty expression emerges the hemivmational inequality. Mol'eovcr the sratic 
hemivariarional inequalities tead to substationarity "principies~ for the potential and the 
complementary energy, instead of the minimum "principles" as happens ln the case of convex 
.superpotentiaLs. For the study of the variational inequallties we refer the read.er to [21 [7]. 
(10}-[14] and for the hemivarlational inequalities to [7]-[9] both for the mechanical and the 
m.athematical aspects of the theory. ln the present paper we study the debonding problem 
of adhcsiveJy connea:ed defo1Jil8blc bodies. 

Alter the formulation of the conespondi:ng hemivarlational incqualities, we study a 
semicoorcive henUvariational inequality and we derive necessaty and sufficiet1t conditions 
ror the existence of its solution. The problems studied here and the proofs given are general 
and may be repeated for all types o!hetn.ivariatfonal inequalities. 

The theory of hemivariatio.nal inequallties is apart. orNonsmooth Mechanics [7)-(9). At this 
point we would Llke to emphasize the great differences between "Smooth Mecbanics" based 
on Lhe notion of classical porentials ll9d "Nonsmooth Med).anics" involving n.onsmooth, 
convex or nonconvex: superpotentials. Por the reader's convenience we give further some 
definítions and notations from Nonsmooth Analysis ([15]-{17])_ 
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MATHEMATICAL NOTIONS AND DEFINITIONS •. NONCONVEX 
SUPERPOTENTIALS 

Let X be a looally convex Hausdorff topological vector space, X' its dual space and 
<x' ,x> the duality pairing. The reader who is 110t familiar wÍth this ternúnology oould 
consider X as a classícal Hilbert space (then X= X' and <x','~> is the scalar-product 

of the Hilbert space), or more simply as the elassical n·dlmensional Euclidean space R 11 

{then <x',x> =x'1Xf,Í = 1,2, ... , n).Afunc:tionalf:X-(- oo, + oo) withf"# oo iscalled 

proper. Moreover f is lower semicontinuous {l.s.c) on X if and onJy if the set 
epif= {(..r,Ã) I f(x) $ Â,Â E R} is cl.osed in X x R. Fu:nctional f is loeallylipschitz atx 
if a neighborhood U of x exiSta on which f is finlte and 

VXJ,~ EU (1) 

where c is a positive const:mt depending on U and p is a a.ontin~tous seminorm on X. If 
(1) holds at every x EA C X then f is called (locally) Lipschítzian on A. Note that f is 
Lipschltz.ian at x, if ít is continously differentiable at x, or convex (resp. concave) and fmite 

at x ora linear combinati!:m of Upschitzian functions at x .. We denote by f 0 (x,y) the 
directional differential in the sense 9( F .H. Clarke at x in the direction y. lt is defined for 
f Lipschitzian at x by the cxpresllión: 

l
o 1 ) lim f(x +h + ly) - f(Jt +h) 

,x,y = sup 
À...O ). 

(2) 

h .. O 

Then the generalized gradient of f at ..r is by definition: 

(3) 

It should be noted that if I is convex then ãt(x) coincides with the subdifferential éJI(x) 
defined as: 

af(x) = {x' ~X' I f(xJ- f(x) l!: <x' ,x1 - x> Vxt e X} . (4) 

For I continuously differentiable at x, ãt(x) = {gracU{x)}· Note that the generalized 

gradient can be defined for any functional I :X -l- oo, + 110). In this case [ 0 (x,y) h.as to 
be replaeed in (3) by the more sophisticated notion or t))e upper subdifferential of. R.T. 

ROCKAFBllAR (14] /t (x,y). Then: 



•. ' (S'j 

Moreover ãt ~) ::: fJ if f f (x. O) = - oo, othe.rwise ãt (x) ot " . lt i,s. worth noting that 

8/(x) isneverempty, ü f attainsalocalminimum:at x,orif f ~Lipschltzianat ·x. Apoint 
~ is called a substationafity point of /, ü xo satisfies themultival:ued equatiQn: 

O E~(x) . (6) 

Evecy local minitnum and every saddle point is a subgtationa.dly po:int. Also a local nulx.imum 
xo is a substationarity point ü f is Lip5Gh.itzian around ~-

Afunctional f:X ... [- oo, + oo] iscalled ~-regúlarif: 

f t (x,y) =r ex~) Vy ex where r(x,y) = lim {(x ti- Ày)- f(x) 
l .. O~ À 

(7) 

li' f is conve:x ora maximum type function, then f is 'i-regular. Let now ! be ~·Ql.eclianical 
system, let f E F and u· E U be the correspondin'$ genérwêd fotee vector ~d tl'ie 
generalized velocity vector. Here F and U are vector' ~aces 'oemg in ( separating) duality 
through lhe bilinear fonn <u,f> whlch expresses lhe work produced by f due to u. We 
denote by <f> : U ... [- oo, + oo] a generally ~onconve:x,andnondifferentiable function and 
we assume that between f and u a relation of lhe form: 

-JEã<f>(u) in l: (8) 

~olds. By definition, (7) is equivalent to the relation: 

<f> f (u, v - u) ii!: <f, v - u> 'r/v E U . (8a) 

lnequality (8) is called a hemivarlational inequality and <f> is a nonconvex superpot~nriaL 

i) Let <f> be the indicator Ic of a closed set C CU= R n, i. e. 

<f> (u) = Ic (u) = {O if u E C, oo if u ~C} ·a·nd }.et u '= {ut. ... , ún}· Then 

ã<f> (u) = Nc (u), where Nc (u) denotes the normal cone to C at the point u [15]. 

ü) Let <f> be a maxim~m type function, i.e. u ... <f>(u) = ~ {f'f(ú)}, r= 1, ... , m, where 

u = {u11 .... , un} and V11 (.) are smonth fun.ctions. We httr;odu~e the sets 

A;= {u I <f> (u) = f't (u)}· Then [17]: . 
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Here co is the convex hull. Tberefore in (10) (resp. (11)) 'ã4> (u) is the line segmertt 
(resp. thetriangle) coiUtect:ing the ends oftwo (resp. thethree) gradients. ' 

ili} Suppose now that in (i) C= {u e R"j <p1(u) :s;.() ,i= 1, ..• ,m} where thefuru::tions 

<p; are smooth. Then we can show by means of u (c:f. [7}, p. 1:46) that: 

m 

Nc(u)=VEF=R"If= L A1grad·<p1(u),A1 :e:O,<p;:SO,À;f';=O} (12) 
l=l 

on the assumption that ü u e (boundary of C) a vector y exists such that: 

<y,gmd 'Pi (u)> < O (12a) 

for evety i corresponding ro an active constraínt 'Pl (u):: O at u (multiplier type 

formula). 

SUPERPOttNTlAL LAWS FOR ADKESIVELY CONNECTED fN't'ERFACEs . . . ' ' 

We consider a deformable body Q and let r be its boundary. Q is ref~ed to a f'ixed 
orthogonal Cartesian system Ox1 x2 x3. On r we can distinguish three types of boundazy 

condilions on tbe disjoint parts rF, r u and rs. 0n f u the displacements u = {ufl are 

presc1'ibe~. and on fp ~e bou11d~y fo.rces· S =. {S1l are given Wbere 

S; = uijnJ ~'·1 = 1. 2, .J.,su~tton convention), u = {ail} ts the .stress tensor an.d 
n :; {ni} IS the outward urut .normal, Vecl9f to r. On r s we ~nsider that the body IS 

adhesively connected wít.h .the support:in the normal direction. ln or.der to .descripe~ type 
of boundary oonditlons we deoompose on r5 u (resp. S) fnto normal and tangCl\Óal 

oomponents uN and ur (resp. SN and Sr). The adhe&Ye contact. oondJtion is desg-ibed 

by a n~onotone relation between - SN lll;ld · U.N (see Figute la). The adbesive matel'ial 

can sustain large comprC$Sive forces and very small tensíle forces for a monotonic loading 
beginning from zero. (Ibc case ol unloading will bé emminéd at the en.d of the present 



paper'). Thua we .ID.II)' write that: 

if uN >"No then SN + lc (uN) =O 

if uN ="No then 0 fó SN $/c (uNJ (13) 

if uN <"No then SN • 0 (debonding) 

The dotted tine in Figure la is more realistic, since we avoid lhe ideaUy brittle behaviour. 
Function k is genetal)y nonmonotone and may mdllde vertical jumps oorrespondfng to 
locallocldng and cnahing phenomena (ttk*-•slip" ln the normal dfrection). Note tbat ü 
uNo = 'O then (13) desaibea the unilateral contact (Figute la.) with a gtamdar support (JOCt, 

conaete etc.) . The bounduy condition (13) may be called a nonmonotone multivalued 
Winkler law. lt must be combined ln the tangential direttion with another law as. e.g. the 
.simple asswnption of giYen tangential diJpW:eJnents or forces OD rs. The relation (U) can 
be put ln the form: 

(14) 

(15) 

ln the tangenrial direàion the normal .._. may be combincd with a geo,eral tqentW 
nonmonotone relation of tbe form: 

(16) 

m o~ to describe frlctional pbenomená or the adheaivc debonding and gradual Slipping. 
For SN = CN, given, Figure lc depieta the fric:tion law o! Coulomb. ln F'lgW'e ld to Figure 

1f and for c, c c r &ame other friction lawa or stidc·slip laws are depkted cxprcuimg the 

evolution of the tqcndal deboncfina.ln Ql!e Q c r t:he additional usumption tl\at the 
vec:tors - Sr and "r are collinear llu to be made. ~ graphs or (- Sn ur) di.agmns 
may includc vertical jumps describing local cradcins and aushing ol tbe oontad surl'aee 
asperities in the case of frk:tton or stidt~llip phenomena in the case of.~dhesive connection. 
Note also the analogy between Scanlon'a diagram [18] for reinforced conc.cete in tenaion 
(Figure lg) and the aawtooth debonding oT friction diapms desc:rib'ma the cbange of the 
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Figure 1. Superpotential Interface Laws 



mechan.ical properties of the contact swface due to inc,reasing loading. Finally we give in 
Figure lh the friçtion diagram between fiber and mattix in fiber-reinfor-oed materiais or 
be':Weéii reinforccment and concrete. Here [ur) denotes the relative tangential .. 
displacement between the tw0 structural elements in con.tact. Ii1 [19] we bave shown that 
the axrlSotroJlic or orthotropic frimon is a spec:ial case of (16) and wc have derived 
multÍdim~onal nonmonotone frimon laws. 

Let us now assume that in O there is an interface A along which debonding and slip is 
possible. The surface A may be a rode joint, a fault, or an interface between different 
structural components, e.g. between the adjacent laminae in a laminated structure. We 
assume that the interface cap be simulated by fimtious elements havfug two strain 
components, the normal strain tN and the shearing strain tr. with aN th.e conesponding 

stresses. Tben the sarne Jaws as those of Figure 1, can be .assuO)ed between aN and eN, and 

between ar and er;where,nQW, - SN and -Sr au:replacedby aN andar respectively. 

This consideration assumes that the interface A is a part of O witndifferent behaviour. 
Bsp~ for Iaminated sttuctu:res another approach is suitable. Bach side of tbe interf1lce 
is considered to belong to a dlfferent body. Then we introduce relations óf the form: 

(17) 

on the interface, w4e~e (uN] and (url denote the relative normal and tangential 

displacements 'óÚbe two· bodies, and iN and ir are nonconvex súpetP,qtentials (cf. (14)). 
I 

Of CO!frse relations (17) hO~d if the normal action ~ be decoupled from ~e tangential one. 
lf this i$ not the case (17) h:as to be replaced py a general relation of the form 

-Se ãj ([u]). · . 

We shaU further giYe two examples of the above interface laws. 

a) MaSBOory structllftS: ln these structures craclcs appear due to tensi.on, compression or 
shear usually in the wealc positions of the stru.cture i. e. in the joints, wher~ .the mortar 
fractures between the stones, due to «=eceeding of the mortar ~ngth normally or 
tangentially to theJoint (Figure2a}. ln thecaseofbrick structures, S:DOtherwealcposition 
in the middle of a briclt. ispoSSible (F~e 2b). ln order to stu.dy J:his.problem we assume 
that on the interfaces the superpotential relations (17) hold. 

b) The delamination eft'ect: Let us considera composite plate consisting for the sbake of 
simplicity of two plates conneéted with an adhesive material (F'JgUJ"e 3). Bach plate is 
asswned to be elastic and is referred to an orthogonal Cartesian coordinate system 
<k1 X2 x,. The two plates have thicknesses h 1 and ~ wbich are constant, and the middle 

swface of each plate coincides with th~. <k1 Xl-plane of the coor~ate system. Let 0 1 

and ~ be two open, bounded and connected subseu of R 2 and let r 1, r 2 be their 



undeformed state. The plates are connected together on O' C 0 1 n 0 2 .so as to act as 

an integral structura1 element. (Hete ~ are the ptojections of the pl.ateS onto the 

interface plane). FurÚt~we denote by t1Cr) tbe deflection ofthe pofutx = ft.A2•"3l· 
Let li = (0, 0, /JJ be the di.strlbuted load for tbe i-th plate per unit area of u.s middie 

swface. For i = 1 (resp. 2) we have thc upper (resp. the lower) platc O. (resp. ~- ln 

order to study the delamination eJJect we notice that the interlam.inar normal stress 
u33 is respon.sSblc Cor lhe del\lmi~tion effeçt in all types oi ~mposite plates, i.e. in 

layered plates, sandwich plates, or larn:li\Atedplates (cf. e,g. [2D), p. 220). 

(a} (b) 

Figure 2.lntedaces in massonry structures 

(a) (b) 

Figure 3. On thc delamination eff~ of composite glates 



Tiv.ll we split !1 into fi wtrlch is lhe> given loading of the i-th plate, and lnto 7t, which 

desat'bea the fnteraction of the two platea duc to the binding material, Le.: 

(18) 

8111•ming thaJ: 7t ii a nonmonotone mult.lwlued fwtction b of the relat:IYe düplacement 

(t] = C 1 - C:z of tbe two plates. We have rhat (F"JgURI 3); 

-71 e b (t1 - Cz) and + 72 e b (t1 - Cv on a· c o1 n ~ , (19) 

where 71 • -]:z =f and 

] 1 • O on 0 1 - D' , 11 = O on Cz - c; (20) 

The graph of lhe multifunction b results ftom a func:tion b E L:e (Jl) by "filling jn• the 

gaps(seeScc.SandF1gW'C4).If b(t:to) e:Jástsforevery e E R. then,accontingtoCHANG 

[21) a locally Llpsdútz furu:tion j : R - R. can be determined ( up to an additivo oonstant) 
sueh thac 

(21} 

Tina (19) is put in the form: 

(22) 

The diagram AOB of Figure 3b desc:ribes phenomenologically the plate debondtng and 
take& into account stick.-slip possibilities for the adhesive in the normal direction. This graph 
descn'bea tbe adhesive contact of two plates with adhesive material with negligtble thickness 
at the intedace. The branch OB is vertical (nonpenetrability cond.ition) due to the 
lncompressibllity of eacb lamina in the Clrg-dlrection according to the assumptions of plate 

theoty. Here, however, wc assume tbat the line OB has a smaU &tope. i.e. wc consider the 
diagram AOB', in order to tak:einto account thc possibilltyofsmall elastic deformations of 
the plates in the ~ection. Analogously lhe graphs of the forms A.OCD or AOCD' 
correspond to an adhesive wíth thidmess h .> h'. Seéin tlUS cõntelt [22)-{26). 
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b 

• 

Figure 4. On the definition of b and b 

DERIVATION OF BEMIVARIATIONAL INEQUALITIES 

ln o.rder to show the mcthod for derivat:Wrt ofhemivariational inequalities we $tUdy a spedfk 
mechanícal probJem. the problern of equllibrlum of elastic bodiea with adhes.ive cxmtacts for 
a given e:rternalloading. Note that thls .is a free boundary problem.lndecd, assumfng that 
the adhesivc material has the behaviour depicted in Figure la, it is not a priori known at 
whlch points of tbe interface tbe debonding takes place. 

Let o_ m = 1, 2, .. ., 1 be open bounded, connec:ted, subseu of lf- representing a set of 

deformabte bodies each. with diflercnt elasticity prope:rties. The boundaúes 
r'"' m = 1, 2, - · 1,. are assumed to be appropriately regular. O,/s are referred to a fix~ 

Cartesian orthogonal coordinatesystem Gh-1 .t:zXJ. Let now x: {,x, }• i = 1, 2, 3 be a point 

of R 3 and let Jml = Jr> and t{m) = et>, l,j = 1, 2, 3, be lhe stress and sttain tensors 

of the m~body. We denote by f'"> = ~m}} and u(m) = {ujm>} the volume force and the 

displacetnent vector in each body. lf n(m) = {n}m>} is tbe outwatd unit normal vector to 
(m) (m) · 

r ' tbe boundary force on r is ~m) 1110 oYm) n}j> (summation convention) with s'f'> 
and sr> the nonnal and tangential componenta, of il The rorresponding dlsplacement 

(m) 
components are u~> and ur>. The boundary r is dMded into three non..overlaping 

(m) (m) (m) (m) (m-) 
partS r u , r p and r s . On f u tbe displacements and on f F the forces are 

prescribed, Le.; 
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(m) _lm) 
u1 = Uj 

(m) (m) 
S1 =F1 

(m) 
on ru 

(m) 
on fp 

(23) 

(24) 

(m) 
On r s · which is the intcrl'ace of the body m with all the other bodies • norunonotone 

interface conditions bold describing sllp and delamination effects. We write the interface 
conditions ín the fonn: 

(25) 

(m) - (m) 
- Sr E <JiT(m) (ur ]) (26) 

in the normal and in the tangentia.l di.rect:ion to the interface. The superpotentials lN and 

ir are assumed to be locally Lipschitz functions of thc interlayer gap [uNI and slip (url 
respectively. Then (25), (2.6) are equivalent 10 the inequaUties: 

(m) (m) (m) (m) 
J~{m} ([uN ], v - (uN ]) ~ - SN (v - (uN ]) 'r/v E R {27) 

,o (m) (m) (m) {m) 
JT(m) ((ur 1 v -[ur )) ~ - ST; (vi - (ur )) Vv; E R , i= 1, 2, 3 . (28) 

The m bodics connected wilh tho adhesive material constitute a body O. ln Q we denote 
the joints by r ll' q = 1, 2, ... , k, where k is the total nurnbcr of joints (Figure 5 ). 

(m) 
Assumtng small stralns and linear elastic behaviour for Q , m = 1, 2, ... ,l we can Write 
the re1ations: 

(m) Jm) 
"iJJ + Jt =o (29) 

{m) 1 (m) (m) (m) 'o =z(u11 +u}J )=eg(u ), (30) 

(31) 
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(m) { (m)} 
The comma denotes the differentiation and C = CiJMt is Rooke'a tensor. Tben the 

(m) 
principie of virtual work for every body O . takes tbe form: 

I (m) {m) ( (m) (m)) d,.... I J.m) ( (m) {m)) d,.... + 
(71} llq v - u ... = lt v, - "' u 

o,<m) O.(m) 

(32) 

(m) (m) 
H ere U od is the k.inematicaily admissible set of O : 

U
(m) ·~ { (m) l . (m) Cm) (m) e U(,....(m)) Cm) _ _ 1m) rCm>} 
ad - v v = v1 , v1 ... , v1 - u; on u . (33) 

(m) 
We denote by U (Q ) a space of functions defined on g(ln>. NOYI we add witb respect to 

m ali the ex:pressions (32) and we take into accoWlt tbe interconnecti.on of the bodies. This 
yields a relarion of the form: 

I (m) 
wbere UatJ = U UDti • 

m-o 



FlgUre 5. On the Interface problem 

ln (34) we i.ntroduce now the integrais along the joints r ll' q = 1, ... , k. Th.e new numbering 
(m) 

o r the r s -boundaries has the advantage that .fina1)f the energy of eaeh jolnt appea.rs. 

Further the elastic energy of the m-sttueture is introduced: 

(35) 

N ow combtni.ng (26), (28), (35) with (34) we obtain the f ollowing h:emivariational inequa.llty: 

Find u E Uad such as satisfy: 

+ J F(ni) ( (m) (m)) .lrt 
i llt - U; •u j (36) 

rm> 
F 

This hemivariational inequality is the c:~~pressíon of the principie of virtual wol'k in its 
inequafuy form for the considered problem. Let us check now in whi.ch sense a solution of 
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(m) 
(36) satisfies (29), the boundary conditions on r F and tbe interface relations on 

(m) 
r s , m = 1, ... ,I. To thls end lhe functional setting of the problem will be made more 

(m) (m) (m) (m) "" (m) 
precise: Wr, assume that jfm) E L 2 (Q ), F E L2 (fp ). Cqhlc E L (Q ), 

(m) (m) (m) 
u; , v; E H1 (Q ) (classical Sobo1ev space). 

(m) (m) 1/l (m) (m) (m) 112 (m) 
Then uN , un E li (f ) and SN , Sr; E)1 (f ). We set in (36) 

(m) (m) (m) (m) 
v; - u; = :t tp; where f/Ji belongs to the space of infinitely differentiable ftmctions 

(m) (m) 
with compact support in Q , l> (Q ). Then (36) implles by setting 

(m) (m) (m) (m) (m) 
v; - u; = ± tp; for m = n and v; - u1 = O for m ::t n that: 

a (u<">, rp<">) = J fi"> rp}") dQ 

d"' 
(37) 

(n) (n) 
since tp; = O on r ·. From (37) using the notations (30) ano (31) we find that (29) holds 

w w 
on Q in the sense of distributions over Q . This procedure is repeated for 
n = 1, 2, ... ,!. Now applying the Green-Causs theorem to each body we obtain the equality: 

) J 1m) (m) (m) 
a (u(m), v<m) - u<m) = jj (v; - U; ) dQ + 

gCm> 

(m) (m) (m) (m) (m) _ (m\ + 
+ <SI • V; - U; >r-r + <SN 'vN UN f 

s s 

(m} (m) (m) 
+ <Sr 'Vr. - UT > 

1 , I rs (38) 

where < ·, · > is the dualitypairlngbetween H112 (f) and Ir 112 (f). From (38) and (36) 
we derive the inequality: 
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I k 

[ 
(q)] )] 'Ç' (m) _(m) (m) (nt) 'Ç' { (q) [ (q)] 

~ ur df + LJ <Si - Fj , v1 - u1 > (m) + LJ <SN , vN -
m=l rF q=l 

Vv e Uad. (39) 

(m) (m) (m) (m) (m) 
lf in (39) we take that on f F , vi - Uf = =- r; e H 112 .{f ) for m = n, and that 
~ ~ ~ w w 

Vt - ut =O for m ;e n on fp and on rq for every q, we obtain. s, = F, as an 
(m) 

equality in Jr 112 (f ); this can be shown for every H. From (39) by sett ing 
(q) (q) (q) 

[vN ] - fuN ] = rN on fq for q = n and the same difference =O for q ;e n, and settíng 
(q) (q) 

[vr ] - [ur ] =O on fq for every q we ~b.tain: 

I :O ( ( (n)l (n)\ df..... <S(n) (n,)> .,.fn) e Hl/2 (T'\ 
f JN(n) UN J•rN) "" - N ,rN rn rN •J 

n 

(40) 

which is a "weak" formulation of (25) on Ir I/l (T) x HI/2 (f). Analogously from (39) a 
weak form of (26) is ootained. Let us now conslder the (ollowing substationaríty problem: 
Find u e UOd such that the potential energy 'or the structure: 

I k 

n (v)= 4- 2: a (v<m>, v<m>) +L I ÚN ([v~1) +ir ([v~)])] df-
m=l q=l r (q) (q) . 

q 

(41) 

is substationary at v= u, where v e uod. The follo-:vmgproposition holds. 

Proposition LU s ... i N{m) (6) and ~ ... h T.m) (s) are locally Lipscltitz and a: regular for 
m = 1, ... ,I, then every solution of the subslationarity problem is a solution of the 
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hemiva:riationallnequalliy (36) and c:onverseJy. 

The proof is similar to the one given ín [9), p. 108 and it is omltted here. 

Suppose now tbat the substructures o<m>, m = L .... I obey a general nonmonotone la\v of 

the fonn J.'"> E UW(In) (e), where ~'~'(ln) is an extended realvalued funcrion, noneonvex and 

noneverywhere differentiable. This law holds e.g. for a fiber reinforced eomposite material 
in order to descnl>e the sawtooth form of the stresS-strain law. For three-dimensional 
genera.Uzations of FlgllCC lg d . [9]. Then the varlat:ional c:xpression of the problem is the 

I 

sarne as (36) with the difference that now the term L a(u(m), v(m)- u<111
)) is replaced by 

m"'l 
I 

2: J w f (m} (• (u<m~ e (v<m) - u<m>)) dO. U the Wcm)s are convcx superpotentia.ls, 
m=l CJ.'m) 
i. e. they are conve:x, l.s.c. and proper functional.s, tben let: 

l . 
J w(m) (e) dO. if w111 (')E L 1 (Q("')) 

w (m) (t) = ri'"') . 
oo ofherwise 

(42) 

ln thís case we obtain a variational formulation analogous to (36) where the elastic energy 
I 

variation a( .• . ) is reptaced by tlle difference 2: [Wm (e (v(m~) - wlll (e (u<111~)]. This is 
m•l 

a variational-hemivariational inequality [8}, {91 and is the expression of the principie of 
vittual wotlt for the c:onsidered ptoblem. 

lf the interface supetpotentiaJ is not a Lipschitz contitluous function, then Clarke's 

directional differentiaJs Jt(·, ·) and t:.<·. ·) must be replaced in the previous 

bemivariational inequalities by j~ ( ·, ·) and ft ( ·, · ). Analogous is the treatment of 

(m) 
dynamlc problems on the assumptlon of small displacements. Then /J h as to be replaced 

~ (m) 

by /t'- p(Jn) ; , wbere p<m> is the denstty ofthe m-body; aJso initial oond.itíons for 

the displacements 14~111) an.d the velocities ôu}m>lat must be given. The resulting 

hemivariational inequality expresses tbe d'Alembert principle in inequality form. Notelhat 
in the dynamic case .the holonomic interface relations (25) and (26) may be replaced by the 
relations: 



(m) 
(m) [auN ] 

- S N e ~ N(m) """'"ãt • (43) 

(m) 

(m:) [au;. 1 
- Sr e ~'llltt) ai . (44) 

ln this case wt fommlate again (32) by considering instead óf di.splaamtent varlatl.ons, 
velocityvarlatioD$. Thus a hemivariational inequality ~to (36) is,.derived baving instead 

(m) (mJ 
of v<m)- u(m) and [vN ] - [uN ) the followingvariations: 

and 

snJDY OF A SEMICOERCIVE HEMIVARIATIONAL lNEQtJ~. 
NECESSARY AND SUFFICIENT CONDITIONS 

ln this section we shall study a bemivariational inequatity similar to (36) and we shalJ develop 
a general method whlcb permits to provethe existence oHbe solution. M?re<>Verthe proof 
indicatcs a method for the approximadon of the solution. Let u~ consider for uh v1 e V1, 

i = 1, 2, -·· r w:bere V; is a real Hilbert space defined on Ct, ·a symmetric continuous 
billnear form a, ( ·, · ); "í x V, ... R.B~index i enumerares t)l;e •defonnabJe bo.dJes" and 

not the vector comp<>nents as is the previous sections. Let V1 be the dual space of V1 and 

assume that for Ct open and bounded subset of 1(1; 

í = l, .-,r, (45) 

where the injections are continuou&. We denote by ( ·, · )1 the L2 -product and the duality 

pairi.ng. the nonn of V; by li · li r and the norm of L 2 (Ó,) by I · 1. We shaU o.mit inda 
i if no ambíguity occurs. We reca.U here that the linear fonn ( ·, · ); extends uniquoly [27] 

from V1 x L2 (01) to V1 x V1• Further let us assume that for each i : 

V1 c L2 (f1) is compact, (46a) 
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where r, is the boundaly of 0 1 assumed to be Lipschitz and that: 

V; ()L'"' (f 1) is dense in v, for the li · li 1-norm . (46b) 

The billnear forms are assumed to have a nonzero keme~ L c.: 

(47) 

and let: 

kuri; be finite dímensional, i = 1, ... ,r . (4S} 

Thenoirn ll vll 1 on V1 isassumedtobeequivalentto lll vlll 1 =p1(V) + lq1 1 where 

v= v+ q, q E kerar. v E kera; (i.e. (v; q); =O, V q E keroip (V) is a seminorm on V; such 

that Pi (v)= p (v + q), V v E V;, q E kera1 and let: 

2 
ai (v, v) ~ c (p1 (v)) , Vv E V1 , c co11st> . (49) 

Now let {J, E L'!'oc (R),j = 1, ... ,p, and let us define for any p. > O and ~1 R the ÍUflCtions: 

/41' (Ç) = ess inf/31 (t) 
IÇ-f, I <~' 

and fJjp. (~) = ess sup Pj (s) 
lf:-~.1 <ft 

(50) 

Since P> ... ~" and fl ... pP. are monotonically decreasing and increasing functions 

respectivelly, tbeir limits as fl -+ O exist (they may be aJso :t oo) and let: 

11; (~) = lim fl;p (t) and fJj (~) = lim fJjfJ (~) . 
w•O w•o 

(51) 

Now the multivalued function: 

(52) 

is defined. The graph w~[ (s)} is the same as {s,/3; (Ç)}, the only differcnce l>eing that it 

contains the vertical segments at the points of discontinwty of- {J1 ( cf. Figure 4). 

From {J1 a locally Lipschitzo funcrion I;: R -+ R is defi:ned up to an addjtive constant by the 

relation: 
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(53) 

It sadsfies the inctusion ~j (~) c PJ (Ç) and if PJ (~ :!:) exists for e:very e e R, tlle equality. 

(54) 

bolds according to [21). Now lhe foUowing problem is rormulated ror f1 E L2 (0t). 
f=l, .... t:. 

Problem P . Find u1 E Vi, i = 1, ... 1 r so as to sati.sfy the bemivarlatlonal inequallty: 

± a1 (u1, v1·- uJ + }: J Jf ([u1:, l"lt - [u]1) df C!: 

,.. 1·1 r/ 
, 

~ L (fi> v, - uJ Vv{ E vi . 
1=1 

(55) 

Here (u~ is the relative boundary displllOOment of the two O's separated by tbc interface 
f /. Analogous is the meaning of [q]/. The foUowing proposidon gives a ne«:ssary and 

sufficient condition for the existence of the solution. We introduce the notations. 

{31(- cc) = limsup{J1(Ç) and {J1 (ao) = liminJ{J1(Ç) 
~-~ ~~ 

(56) 

for j = 1,2, ... ,p.Moreover lq) istherclative"tigid"displacementwithrespectto f/ and 

[q]+ (.resp. (q)_) denotes the positive (resp. negative) part of (q}: 

i.e . [ I 
_ fqJ + l !q} I 

q +- 2 

ProposUion l . Let: 

(57) 

Then a neoess&Jy condition for the existenoe ofa solution Ut E V1, i-:.:: 1, .• .,r ofproblem.P 

is the lnequ.ality: 



~C{, (ftj (- oo) ~q)}+ - {Jj (oo) [q~_)df) S ~ if.i>qi) S 

J 

S f ( J (f31(oo)[q]j+ -{31(- oo)[q]1_)df.} .~ Vq1 eJcera,.., . 4 = l, ... ,r. (58) 
)=l f/ 

• - f •• 

lf at least one inequality ln (57) holds strictly (with < instea'd of s) the sarne holds for (58). 

Proof. Let us set in (55) "· ~ UJ = ::!: 9 E; ~raJ, ~~ o~~: 

wlúch implies due tothe fact that q- fl (~, q) is positively homogeneous that 1
' 

i J 1J ((uJ1 , [q)1) df ~ Í lf1, q1) ~ 
)=1 f·' i=l 

J ' 2:-f JJj([u]1,(q)1)df Vq1 EK.era1 ,q1 ~0, i =l, ... ,r. (60) 

j=l f/ 

From the definítion of 11 and I] for j = 1, ... ,p and from (57) we obtain that: 

= J __ df+ J _. dr~ J {J
1
{oo}(q)1df+ 

[q]j>O [qt>O [q]J>O 

= J p1(-oo)[qJ1df= J (f31(oo)lql}+ -{31(-oo)[q)j-)df . (61) 

[q]j>O f/ . 

Accordingly: 



(62) 

and analogo\llly for - J t] [u~, (q~) dO. Thua (58) la J?roYed. 

The proof of the rest of the proposition la trivial, q.e.d. Further a sufficient condition will 
be derived. To this end the reguUuized'Probtem P, "is deflned: 

+• 
Let p be a molli.fter (p E c;' (-1. + l),p c: O witb J p(~)d~;;: 1), and let; •. -· 

fJeJ = p, • p1 , e > O, j = 1, ... ,p (63) 

Here p, (Ç) = (1/e)p(~/e) and • denotes the convolution product. ThC> r,egu.I~ed 
problem P, reads: 

Problem P,. Find ""' E V1, i ::o 1, ... ,r, such as to satiSfy the variational equality: 

r = 
= L (/I> vt) , Vv1 E V1 (64) 

1•1 

Further a Galerkin bais is introduced for each one of the spaces J-j n L .. (f ;), i = 1, ... ,r; 

let V"' denote the corresponding n:.dúnens\onal subspa~ qf v, n L .. (f1) . ~-frobtem 
P._ results. 

Problem P ... Find uw E V bt• i = 1, 2, ... ,r such: 

, 
= L (/ I• v;) , "v1 E Vil!, i = 1, ·~• r . (65) 

icl 

Proposltion 3. Let: 
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(66) 

Then if, 

~ <f..,(jJi(- oo)[q}Jt -PJ(oo)(q)j_) df) < ~ (jftql) < 
J . 

lrfq;E.Kera;, q;""O , i= l, ... ,r (61) 

problem P has at least one soludon: 

Proof. {66) implies that for some Ç E R; 

sup Prj (Ç) :S inf P~ (~) . 
(- ... -e) ((.ào) 

(68) 

Thus we may detennine for every j two numbers Plj > O and P'1,/ > O such that 

Pt1 (')~o: 

and thus, 

(69) 

This estimate which was applied to the coercive problem PI will oow be impruvcd ror thc 
semicoerdve problem. Firsc (65) is written in the fonn: 

(70) 

Prom (70), (69) and (49) we fmd th.at: 



r r 

< A ( Ü01 ' ), Ü01' > ~c L (p,(üon~)t- c ,2: lllurn~JII -
i=l i•l 

(71) 

Now using Brouwer's theorem we slul.ll show that (70) has at least one soluúon Üm and that 

{ li u rn~l I } is bounded r o r e:very 1. Accord!ngly to this theorem ( cf. [28), p. 53) it suffices 
to s.how that there e:x:ists a number M > O suclt th:ar. 

llurn~ll > M, i= 1, ... ,r implies (A(Ütii'), Üt~~') > O 

For the proof of (12) it is sufficlont to prove t:ha!: 

(A(Üen'),Ü811') s O implies lfuw-11 ~c , i= 1. ... , r. (73) 

Duelo {71) we deduce that, if (A ( Ü811'), Ü0 ,') s O, then a constant c > O erists such that 

(74) 

where uen:i = ÜarJ + quú. Accordingly it is sufflcient to prove that <A ( Ü111'), Üt/1' > :s O 

implies I q.,.; 12 s c, i = 1, ... , r or equlvalently, that a number R > O can be detennined 

such that: 

(75) 

l1tis Jast relation will now be proved. From the definition of p9 we prove thal: 

+e 
{J.j (eo) = Um {Jt:j (Ç) = lim J {Ji (Ç -l)p4 ( ') dt ~ 

ç .. .., ~.... -e 

C!: lim ess ln f {J1 (.c) C!: lim ess inf /Jj (x) ~ 
l-l.c-fl :Se t-.,.l-~<.,. 

= lim mf p1 (x) = p1 c eo) . 
.c-*<10 

(76,) 
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Similarly we show that fJfl} (- oo) ~ {J1 (- oo ). Thus ( 67) implies that: 

Vq1 E Kera1 , q1 11t O, i = 1, ... , r . (71) 

Due to ( 66) numbets &1j > PlJ ( d. ( 69)) can be choaen suc:h that (or ftmc:tions Ü1 E V1 with 

(u(.t)lf > Rj and'lign (u(.t)~ = sign [q~)~ for almost tNery x E f/. we have from (71) ~t 

for (qlf >O, (qlf = (q~+ and (u~)lf >·~, j = 1, ... ,p suffid.entJy larg~ 

(78) 

(79) 

For (q~ < O we have (q~ = - [q)-j and for [íl~))J < - ~ w«; obtain from (71): 

Í - f fJ-1 (- fu{x})J) [q(x)~ df + ± lf;, q;) > O. (81) · 
J=l {x I (q(x)]j<O} l•t 

By an approprlate ~otce of the numbers 61 E (0, 11 ~ > 1, 1J > O, and "J > O, and by 

tald.ng ínto account that fJq ((Ü{x)}j) · fu{x)~ 2:: O and that sign fu(.x)lf = sign (q{x)lf, 
j = 1, ... ,p, these inequalities imply for tNery ruv as abovc, thc relation.s: 



r r 

-2: (/;,q;) >. 2: 'Jiqtl2 
1• 1 , .... 

(82) 

r r 

+ 2: (/;, qj) > 2: 'llq;l2 
, .. 1 i=l 

(83) 

as is obvious by taking ~ ... O. We take now "w = íietti + tleni· Then for N; as in (~). (8:3') 
- 1 1 - 1 

and for ai> aOJ =~<51 (1- N) for j = 1, ... ,p we have (we omit the index (J) in 
j 

(84)-(87) for the sake of simplicity). 

I P. ([um]) (uM] dr = J ... . 
r/ ll~(x)JI < ~ 

I (qm:(x)JI ><5a 

+I .... 
l[ü..n(x)JI => ~ 

l(qm(x)JI >c5a 

~ I Pe ([uenD [umJ di' - P1P2 mes f/ ~ 
ll~<x>JI<~ 
I {qen(x)] I >c5a 

+ J. .. . ~ 
I [qen(x)JI s6a 

I [q en] Pe ((uen] dO - PtP2 mes f/ 
I [íien(x)JI < ~ 

(84) 

I [qqr(x)J I >c5a 

Indeed for I [U'm(x)) I < lJa! N and I [qm(x)) I > &r we l'lave that for a > ao: 

(85) 

and tbus Pe ([um]) · [um) ~ O, and f3e ([u.enD · [q enl C!'J O. Further it can be verified that for 
[q6'1l(x)J > &r: 
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(um (x)] = (utn (x)] + {qen (x)J > - ~ + (qm (x)J > (qm (x)] ( 1 - ~) (86) 

and therefore: 

(87) 

Sfmilarly for (q.,(x)] < - ~· Accoromgly (65) impiies the inequallty: 

I 

(88) 

By tak:ing into (82) and (8:3) we obtain from (88) for aj > a~ sufficiently large, that: 

, • r r 

-,L (f,,ümt~a,L 'llqm~ l 2 - ct-c, L ll ü'~l l <?J 
/•1 lei /al 

, , 
a L 'I lqm~l 2 -c1 -~' L llüwll a 

i•l i=l 

, , 
a L 1J lqw l 2 - cl- c2' L lllüflúll l "' 

i=l i = l 
r r 

=L 'I lq,.11112 
-c1 - c2' L p (íicnJ). c1,c2,c2' const >O 

( .. l f=l 

(89) 

From (89) we obtain due 10 (74) the fmal es1imate: 



(90) 

The right-band sido of (90) · is positive for I qwl 2 > R, i = l, ... ,r, where R is an 
appropriately large number. Thus (75) has been shown. Thus due to Brouwer's fixed point 
theorem, problem Pn has a solution Uot~ with lluot~ll <c, i= l, ... ,r. Now we may 

detemúne subsequences, apln denoted by {u-} i • 1, ... ,r, sudl that for '-O.n - oo: 

(91) 

and because of the compact imbeddlngs in ( 46a) and co.nsiderlng the correspondence of 
0/s wit.h the interfaces r/ we have: 

(92) 

Accordlngly: 

u«<fi- ui a.e. in r/ . i = l, ... ,r . (93) 

Furthcr we may omit thc indices (0 and (j) ir no ambiguity oo:un. Now we shaD prove 

that fJff} ([umh) is weakly precompact ln L1 (rj'). j = 1, ... ,p (29]. Applying the 

Dunford-Pettis theorem ( e.g. [30), p. 239) we show that for cach Pj > O and &1 > O can be 

detennined sucb that for w1 C I)' with mes Wj < di 

(94) 

From the inequality: 

(95) 

we obtain (we omlt tbe index J): 



f I.Be QueJ) I áf' S.;... J 1,8, ((u,J) (u,J I di'' + 
~o cv 

(96) 

But: 

f I.B.C[u,.J)[u,.JI di''= I 1 ... 1 df' + I I·· -1 df' = 
r/ l(uBIJ(x)JI >p, l[ufll(x)} I Spl 

= I 1-. -I df' - I I· . -I di'' = 2 I I .. -I dr' s 
I (u""(X)] I >pl I (u""(X)] I Sp1 I [u01(X)J I Sp 1 

s I 1 ••. 1df'+ I t ... laT'+2 I , ... ,dr'= 
I [uVJ(x)J I '>Pa I [u""(x)J I sp1 I [uen(x)J I Spl 

"' I ,8. ([uaJ) [usn] df' + 2 J I.Be ([u..,]) [um] I df' . (97) 
f/ l lu"(x))l SPJ 

Now wo choose in (65) appropriace varlations which malce al1 the terms but one of th:e sum 

f ... disappear. This is possible by settlng e.g. v1 =Vi E V111, ,.2 =Vi E v21l • .... 

}=l 

v,= v;. e Vm such that [Yli '*o on. f/ and (v]k =o on rk· for 
k = 1, 2, .... j -l,j + 1, .. .,p. Then we take tbat [v~= [uuh on f/ and we have from (97) 
that generally ror 1 < r- s r. 

+ 2 I 1,86] ((ut,JJ) (uenJJ f df S 

I (uen(X))jl S.plJ 

'rfj = 1, - .. P (98) 
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From the deflnition of the mollifier and from (63) we pfO'!ile easily the estimatc: 

Choosíng Ço. such that for all e and n: 

ra I lP~ ((ut~t~) (ut~~~l di)' :S ro (c + '1/Jlj '/p-]J mes Ij' ) :SI 
Wf 

and l>J such that for mes (I)J < l>J: 

~ss su.p I Pi<~> I :s tt 
lli:Sl. +1 '} 

we obtain lhat: 

(99} 

(100) 

(101) 

(102) 

From (96), (98), (100), (102) and (94) the weak precom,pactness of p9 (luen1), 

j = 1, 2, ... , p ln L 1 (f/) results. Thus, as e ~ O and tt ... ao, a 8Ubsequence 1tgain denoted 

by {Pri GumJi)} can bc detennlned sucb that: 

P-J ((um~)- Xf wealdy in L 1 (Ij'), j = 1, 2, -.,p 

From (91) and (103) passing to the Umlt n ... ao, e .. O we obtain from (65) that 

± at (ut, v;) + f I XJ {vl! df/ = 
;~1 J•l I)' 

r • 
= 2: (/ ft Vj) 1 'tl)lj e v, 1 j = 1, 2, •••t r 1 

1•1 

(103) 

(104) 

wherewehaveused(46b). Notetbat Y1nL""Cf/) where f/ tsanysubsetof f 1(onwbich 

O, is oonneaed with neighboring body) is also dense in Yt for the Yrnonn. 



To complete the proof we have to prove that: 

~ E .8J ({u]t) , j = 1, 2, .. .,p (105) 

To show (105) we follow a method developed by RAUCH (29): (93) ímplies by BgorofJ's 
tbeorem., that for every a> O, we can determine w1, j = 1, •. .,p with mes w1 < r.t such 

that: 

u~ ... UJ uniformly in fj' - WJ, j = 1, 2, ... ,p (106) 

with "1 E L"" (lj' - w1). Dueto thi.s unifonn c:onvergence, for evcry a> O a w1 with 

nus w1 <a can be found such that for any I' >O, and for e < e0 < J.C/ 2 and 

" >no> Vfi: 

l(uea]- [uJI < ~, Vx E f/ - Wj (107) 

From (55) we derive easily lhe inequallty: 

+e 
p,, (~ = (p, • PJ)(~) = I PJ (Ç - t) P• (t) dt s t$$ sup PJ <e - r) (108) 

-e I ti Sr 

and analogously, 

ess inf fJJ <e - 1) s fJrJ (Ç) . 
Ir I Sot 

{109) 

From (107) and (108, 109) we obtain that: 

fJrJ ({ue.D s as sup IJi (e) s as sup fJJ ~ s 
, ... J-f(S• I ~MotJ-t1<,i112 

s m sup fJJ (t) o: /fJp ([uD 
l!u(-l ( <I' 

(110) 

and 

(111) 

respectively. Due to (110), (111) we obtain for any e <!: O a.c. in r/ - w1 with 

e e L"" Cf/ - w1) that: 
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which as e - O and n ... ao becomes: 

(113) 

Passing lo the lirnit u ... O we have using Lebesque's theorem that: 

I l!;([u])edrs I xedfs -I ,8j([u])edf . 
fj' -Wf fj' -aJj fj' -aJj 

(114) 

Since e ~ O is arbitrary, (114} implies that: 

X} epj ([ul) a.e. in f/- WJ, j = 1, ... ,p 

Taking a as SITiall as possible, implies (105) q.e.d. 

Remark ) . lf the interfaces are not on th.e boundaries of the bodies O; but on 0/ C Oj, 

as e.g. happens in the case of compoaite plates, then in (46a,b) L2 (I';), L"" (fj) have to be 

replaced by I} (0/), L"" (Q/} respectively. However for plates the compact irnbedding 

V; = H2 (O;) C él (a,) implies that H2 (01) C L"' (O;) and therefore ( 46b) is superfluous, 

ON THE UNLOADING AND THE NUMERJCAL SOLUfiON OF 
HEMJVARIATIONAL INEQUALITIES 

Here we shaU consider the case of unloading in the interface relations whiclí we have 
introduced. All these rel~tlÕns are gene~ multivalued and nonmonotone. We recall that 
in (31] a method was given for the calculation of a structure for a given unloading path; the 
method was called "method of macroincrements". Here a more general method taking into 
account ali the possibilitles of loading andfor unloading (not onJy alonga given unloading 
path), is presented. This becomes possible by using appropriately definéd multifunctions 
invoking e, CT, t and ir. Here the dot means the time pardal derivatives (assumptions of 
small strains and displacements). We assume that the unloading is Unear and that the 
modulus of elasticity changes with the strain: Th.e onedimensional case or an equivalent 



modulus of elasticlty ohanges witn the sttain. Thc onedimen.sional case or an equivalent 
strC$5.-st.raln uniadaJ law, is depicted ln F'tgure 6. At each point along the soften:lng branch 
AB the question arises whether i = {iu} is positive, i.e. that one must Temain. on AB, or 

negative md thtn the elastic un:loadirig paths AC,A' C' etc. should be :rea1f.u:d. If at the 
end of a load incremcnt the stress.-strain of an interface elemeru la on ~, then withln tbe 
nen load increment we can write that: 

t7N E {;p (tN) if tN < eo, or if tN :it eo and iN ~O (115) 

(116) 

If thc stress and strain of an interface clement are, e.g., on A ' C' th_cn: 

t7N = C (etl) tN (117) 

where 'N' denotes the sttain at A '. We may easíly oonclude that (115-117) can be written 

as: 

+ c (•10 . (tN) . (1 - q (tN, <TN)) • (1 - "(•N)) I (118) 

where '1/1 (tN) = { 1 for 'N <~O for 'N :it •o} and to is thestrain forwhich i.rreversible 

strains appeaz:, x = I iNI and X+ and x- are the positive and the negative parts of x 
iN ' 

rcspcctively, q(eN,oN) = { 1 if (aN,oN) e E, O otherwise} withE={(•'NP'N)IoN e ~(eN)} · 
l n ( 118) C(•N') Is assumed as lnown and corr:csponds to (•N• oN) rt E. The 

aforementioned tho:ughts bold for any type of norunonotone stress-strain Jaw wlth unloading. 
The general form of lhe above Iaw Is a difterend.al mclusion o{ the fonn: 

o e F ( •N.I1'N, iN) (119) 

where F is ~ appropriately defined mul.dfunctlon. Note that thc dasSical elastoplastic law 
is a special case of (119}. Usually we know fTN and 'N for a given load p and let a new 
load ~~ be imposcd. For the totalload p + ~~ be imposed. Por the totalload p + i;t}t 
tbe stTesses and stralns become qN + iiN6t and •N + eN 6t and thUS for tbewbdlC pro<:ess 
an incremental relation of tbe fonn: 
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('120) 

can be written .. Thus in the framework of the interface problem of Section 4 we can (ormulal'e 
now the following dynamic problem on tlle assumption of smal.l strains and small 
displacements. 

o .. 

A 

a,. 

A 

C C' 'o c:,. 

(a) (b) 

w 

e 

(c} (d) 

Figure 6. On tlÍe unloading problem 

(m) 
Find on Q x (01), m = 1, 2, ... ,/, displacernent fields u(m) which satisfy; 

P(m) ~(ln) _ ~111) + .(m) 8(111) _ .!. ru(mJ + u((n)} Jf!'J _C . s(m) 
I - I}J I I • i} - 2 \' IJ 'JJ • lj - /jhk hk (121) 

the boundary conditions (23) and (24), the in.itial conditions u~m) = u~~), ~(m) ;; ~m>, 
ofj> = <1~>, and the interface conditions: 



3-1S 

(lZl) 

where FN and Fr íU'C approprlatcly deflned multifimctions. 

Note tha1 the applicatión of a class:icaJ incremental iterative roethod for tbe numerical 
t.reaunent of the lo;u:lillg-unloading law of Fi~ 6 leads náturaUy to b~ 
inequalities and actually to eigenvalu~ problems for hemiva.riational ~le$. ln order 
to explaln it le( os conside:r anintedace wbose behavio~.is simulatcd by inte~a~ eler:nents 
obeying the 1aw of FJgU~C 6a. Supposc that ar thc end of a load lncrement some inteiface 
etemenu have StreSS and strain on thc loading branch of tbc diagram. .say at A, and some 
on an unloading branch, say at B. Then for the nen load inerement Ap we lulve to solve 
a problem wllere lhe interface element.J et A obey the law of Figure 6b and lhe interface 
elements at B the law of Figure 6c. Obvlously a hem.ívariational l.nequality characteru.es 
the new position(s) of equilibrium. Of course we may considet: ÜIC> loacltn~ À.ÂJI, WÃere À
is unlc..nown anel to solve a "parametrlc: hemivariational inequality" in order 10 find the value 
of lhe Joad lnc:rement for wbkh lhe loading--u n.loadin& mode remaíns lhe same, i.e. tbe laws 
of rtguiO 6b,c hold at tbe interface. Note i:hat an appropnat4= appraximatiPn of lhe ~ 
parts of the diagrams by Jine segmentA 1eacfs to .nQnCOJIVGIIinear completnentarity prob!erps 
(á. (12D. It is worthmentionúlg that lhe dl.agrams ofFjgure6b anel 6ç c;.onqin a "deàsion• 
problem c:onceming lhe branGb to be loUowed. A dassieal incremental kerative proccdut:e 
uses only a part or the "infonnation" contained into the aformcntioned Unear 
complernentaricy problem. 

Conceming the numeríca.l treatment of llCJ)ÚV8riational ínequallties there are many open 
questions. Note first that a convc:xification of the energy elimlnatcs oertain importam 
position.s o r equilibrlum ( cf. F.tgure 6d). Let us n·ow con.sider a static problem: The totalload 
p is given and we hsve to Jind ali possiblc positiom of equilibdum. The problem leads to a 
substationarityproblem.and every local mtnímwn oftlle potentiaJ energy corresponds r o an 
equillbrlum ron.figuration. Usually there are huge numerical dlfficulties coru:ernircg the 
deternúnation of an local minima oJ a general nonconvex. and nondifferentiablc runttion. 
We mention here as a posslble algorithm · tlle bundle method of 
LEMAREGHAL-STRODIOT [321 which is .now at the stage of experimentation. 
Analogously to the case of c:lassioal trial and error methods, one could mDke some 
comblnatorial attempts to ~md onwhich part of a nonmonotone interface 1aw, ( d. e.g. Figure 
lf) the solution can appear. Butlhe substationarltypropertyofthesolution gives theanswer, 
exactly as in the case of co.nvex contact problems the IJilnúnum propet't)' of the solution. 
Anotller method related to the previous one is the regula.rization method whose convergence 
has been alréady discussed fn thc previoos Section. By means of the cfiscretization and 
regulari2ation {Problem P uJ we obtain a system or semilinear algebraic eqoations depending 
on ~. Thc solutíon of lhis system ~ds" as 1 -+ O to lhe solution of the initia1 problem. 
Tbis system of ~e equation& has \he general form: 
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Ku + B.r(Tu) = p (113} 

where u (resp. p) is the otal displacement (resp. load) vector, K is the stiffness matrix, T 
is a transformation matrix such that Tu gives the appróprlate relative displacements and 
B e ( • ) is the vector of the nonlinear terms. Noteworthy is the sparsity of the nonlin.ear terms 
which in some cases only sl:igbtly influences the monotonicity of the problem. ln this case 
the classical N~on-Raphson algorithm gives good results. At this point we wouJd like to 
remark that a strucwre with interfaces may have an averan equilibrium p<>sition in which 
one or some elemenl:$ simu.lating the interface may be in unstable equilibrium. For further 
infonnation on the numerical techníques for hemivariationallnequaüties and on the arising 
questions we refer the reader to [9]. 
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ABSTRACT 

This paper examines rhe parrvnetric ~ction of tlle symmetric mass and s6ffiJess matrices 
rtprtsenting the linear elastod)'_namic behavior of the associated conservaJive ~ r o a real 
diSsipative struclure. The inuia/ estimations of tlrese matrices art considertd to have been 
constructed by a tinire element discrttization. The parrvnetric comtctíon is based on the 
minimization of tfie distance between the eigensolutions of the modelto be comcted and the 
identified eigensolutions of the physical structure. 
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RESUMO 

Este trabalho examina a comção parr;u'!,lt~ica ~e matrizes de massa de rigidez simftricas qlte 
representam o componamento elastodmamtco lmeárda estrutura conseJVottva O$SOCtada a uma 
estnJturaf!!aldifsipativa.Asestimativas.iniâaisdesta~matrizes,sã_osuppstasconstruf1~a,trav!_s 
de uma dtsertlfZilÇão pordementos fim tos. A correçao parometnca e baseada trá mliltnllzaçao 
da distância e11tre a$ Qllto soluções dt! modelos a ser correlacionado com as auro sohtções 
identificadas a partir da estiUtura fTsica. 

Palavras-chave: Dinâmica de Estruturas • Validação de Modelos de Elementos 'Finitos • 
Testes Modais 
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JNTRODUcrlON 

Thls article deals with the dynamics of1inear elastic structures. Thc objective is to construa 

knowledge models allowing the following predictive calculations to be performed with. 
increased precision: · 

free or forced (transitocy ot steady state) behavior, 

parametrlc sensitivity and parametric optimization, 

active or semi-active control 

ln order to aooompl.ish this objective, the resuJts of calculations deriving from finile element 
(F .E.) models are combined with the rcsults o! prototype tests, The design variablcs of the 
F.E. modelare then corrected in such a way as to converge its behavior toward t11e observed 
behavJor of the prototype. The corrected F.E. model can t hen, observing certa ln precautions, 
lead to an improved precision in the three kinds of predictive calculations cited above. 

A physical approach to this problem ofparametrlc adjustment (identificalion) ronststs first 
of all in understanding why differences are observed between lhe behavior of the real 
suucture and its l.nitial matbematical model (initial estimati<>n}, tben to cemcdy Lhe situation 
by oorrection of Lhe parameters:: 

responsable for three differences, 

respecting lhe configuration (conneotfVity) of lhe F.E. model, 

maintalning a clear physical (or energetic) mcaning. 

The proposed metbod proceeds by a preliminary phase of localizarion of the regions of the 
F .B. model presenting domina:nt errors. The parameters charactermng l.hc~ errors are 
physical pa:ramerers such as: elaStic coetncíents; density; cross-sections; second order 
moments of inertia (bearns); tbíckn~ (plates}; ... associated to the groups of .f.E. 
regrouped Imo macro-elements. This regrouping allows, on Lhe onc hand, ~o take into 
account th.e physical reality of the structure, and on rhe orher hand, to reduce the number 
of parameters in such a way as to deal wilh overdetermined systems, whích are les.s sensitive 
to the non-systematic errors present in lhe measured data. 

ADJUSTMENT DATA 

ln the formulations wbicb follow, the dynamic. behavíors taken lnto account for the 
parameuic adjusuneru are the eigensolutions (eigenvalues and sub-eigenvea.on) of the F.E. 
model and of the struaure. The eigensolutions or the srrucrure are assu.med to be idenrifted 
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by a teéhnique of modal identification allowing, in addition, tl\e generalized mas.ses to be 
identified (see for example flD. 
The adjustment is performed using thc foUowing known quantities: 

r , ltr E~· C stiffnessand massmatrices of the F .E. model, iyl'llJt\etrlc, positivc:.defmitc 

~~E g;.t, v= 1, ... , N eigenva1ues and e1genvecíors or the F.e. problem: 

(r- .le .v).f. =O, normalized such lhat TI:~ .f. = 1. 
" ., " " 

These matrices satis(y fbe orthonormality re.lations: 

1•, t" E ~· !, v = 1, .. ., n eigenvatues and normalized sut>-eigenveaors identified on 
• y 

the struttu:re at c instrumented degrees of freedom (dof). Z: is a sub-veaor of 

Y: E ~· 1, solution of the F .B. problem; (X"' -A"' M"'J~ =O, where 
v • 

1(!", M"' E g;. c are the unlmown (and to be identified) mass and stifn.ess matrices of 
the structure. 

Let: 

where ~ E K=· 1 is thc sub-vcctor of ~ associated with the c instrumenled dof. 

CHARACI'ERIZATION OF THE "DISTANCE" BE1WEEN THE STRUCTURE 
ANO ITS FINITE ELEMENI' MODEL 

The distance is evahlated by calculaUng the difference between homologowo eigenvalues and 
eigcnvectors: 
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nus yields c • n + fi equadons. ln practice, these differences are in fact utilize4 tn the form 
of dimenaionless quantities, wbich have not been íntroduced here. tn o~der to simpllfy lhe 
notation. 

The evaluation of this distance makes sensc on.ly if tlle eigensol.utions have been matched, 
that is to say, if it is pom'ble to associate an idenrirlCid eigerunode with its homologous F.E. 
mode (ln eigenshape and tn &ign). With th.l.s purposc, the matchlng matrloe A is formed, 
whose elements are calculation from: 

Tz!z:' 
A n = -~~-r,-1 1.:__1.:__1 z::'-1-1 

The matrlce A is eqaal to the unit matrioe when the idenlified and calculated modes are 
idcntical. ln practice, two modcs are consldere(,t to be hQmoiogpu$ when, in a column oCA, 

the largest element has an absolutevaJue A,. > .7. The s111 F.E. mode is then the homologue 

of the /'! mea.sured mode. lf tbis condítion is not n:spec:ted, lt wm be scen that ít is still 
possible to use the equations relative to these modes by employfng an appropriate tedmiquc. 

PRINCIPLES OF THE LOCALIZATION BY A SENSITMT\' METHQD. 
DETERMJNISTIC GAUSS-NEWTON APPROACH 

Panmeterization ofthe M.acro-Eiements. Having de.fined the "distancc" between the 
structure and its F.E. model by; õ.ltr; &,. v = 1, .... n, it is then natural to use a sen.sivíty 

method to express the evolution of the eigenvalue and sub-eigenvectors as a function of the 
variationsofthedeslgn parameters interve.rthlg íntheF.B: modei.'Fhese 1r • macro-elemenl 
parameters are assumed to ínteiVene llitearly in the stiffness and mass manioes: 

r 

r=" s -~ LJ I ( 
i=-1 

(1) 

where r is lhe numbet of macro-elements, Ki. Mf are tJue stiffness and rnass m.atru:es ol 

the l 11 macro-dement; s,. nz 1 lhe stiffness and mass modification paramet ers of the ,.a 
maao-element. Jt Is poSSI'ble that several1D8$S and stiffness paraméters máy be deflned for 
lhe $llQltJ macro-element (conespondíng ror examplc, for lhe stifJ.nes.s of a bcam. to the 
longitudinal, torsion and bc:nding energie.s) ín such a way as to aet lndepcndenily on the 
different cypes or Júneric and &train energles. 



Panlmdrk ldentiflcatlon 

Calculation or tbe SensJtivity Matrix. Tbe vector i; is expressed as a function of z~ by 

performi:ng a first order Taylorseries expansion; 

Ó.Zv = ~- .ç = s; 6p 1 'i\'Íth: 

' [ az! az! s. . 6p = '&" .. ã;" 
1 r 

, v= 1, ... ,n (2) 

dm, 

An analogous definition can be made for the elgenvalues: 

1 v= 1, _.,n (3) 

dm, 

Regrouping equatíons (2) and (3) yields: 
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azt &~ Uzt Uzt dsl 
ast as, aml am, 

[~] ~ ds, 
(4) az,. az,. az,. az,. dml 

as. .. as, aml . . am, 
a.tl a.tl 
ast am, dm, 

d=S·Ap wherc d E fr!"+IJ.l 

The cak:ulation of the Lernu of the sensitivity niauiK is wetl known. The onJy hypotllesis 
made is tllat the derivatives or the eigenvectors can be expressed on thc extended basis of 
N (N ~ 11) F.E. eigenvectOrs: 

(S) 

lt can easily be shown from thc derivation of the equilibrium equations and from the 
onhonormality relations that: 

"'i 

~ =~~ ; dll' = )./:Je; d .. = -~t~Mi~); ~=À~T~M1~ 
I 1111" 1 ~ 

a.t: Si a.t: "'i - = - dvv · - = - dvv as, • iJint 

(6) 

(6 bis) 

From the expressions (6), it is apparent thac rhc sensitivity macrix depcnds e.ssenrially on the 

cigenvalues calculated by F .H. and on the matrices r~ K1 Y and rye M1 Y. 

ln order to uanscend the partfcular l)'pC ofF..E. code used, lhe assembly of lhe elernentary 

matrices .M'f. K1 of the macto-elernents and the preoeedlng products are performed in an 
independent program. The results are stored in a standard me. This prelirninary work t>emg 
done, the sensltivity matr"ilt S can be evaluated wirhout havú\g 10 re-read the matrices 



J.f;~. which are often ofvery latg~ siu. 

'The expressions (6) s.how thal the tenl'l$ of the sensilivity matrix depend in lhe denominaror 

on the differences (..l.!- 1!), which can provoke numerical inslabilities (or lead 10 a 

non-convergent series e:xpansion) when the F Ji model possesses quasi-multipleeigenvalues. 
A method bas been proposed [2} allowing these dgenvalues to be artifida:lly separated in 
lhe calculation modeJ by modlfying fhe stiffness matrix by the addition of li su m o r Singular 
matrices of .rank 1. The measured data are also oorrc.cted ln order to account for the 
introduction of these matricu. The problem posed by tbe quasi--multiple rrequencies for the 
calrularion of lhe sensitivity matr:ix is then surmounted 11nder to condltion that, after tbe 
introduction ofthese modlflcalions, the matchlng between calculated and measured modes 
remains possible. 

U thls matchlng is no longer posslble, il is propo.$ed LO replace lhe equatlons rorresponding 
to the differences between tho eigenvalues of homotogous modes by lhe sensitivüy relations 
relative to the products and sums of the neighboring ejgenvalues {3}. 

Ex:ploltatlon or the Sensltlvlty Matrlx Cor the Locallzatlon or the Domlnant Errors. Be 
fore the cQnstructlon of t.he sensi&iviry marrilt. a first srcp consists ín seleaing 1he 
rnacro-elements. lt is requtred that aU the elements beiQngi:ng 10 rhe some macro-element 
be related to a common set of mass and stiffness parameters, and that the eo,lumns of the 
sensitivity matrix corresponding to these parameters have a signifteative importanee. 

The flrst partitioning into macro--elements is generaDy performed .as a f"mction of the 
geomeny ofthe strucrure. Certain elements of the sensitivity matrix depend on the quadratic 

forms TY! Mf y: and TY! .K'f y: which represent lhe kinetic and potentiaJ energies of the 

,4/J macro-elemenr at the mode v. h would be an together musory to seek to select 
parameters in regíon having weak energies. The parameters assoclated with the 
macro-elements whose enetgies are negligeable relative LO lhe global energy ofthe &trocture 
are thus efuninated a priori (or regrouped with others). 

This elimination 9cing made, the problem. takes on the following form: 

(7) 

wbere SR represents the sensitiviry mauix wilh a cenain number of cotumns suppressed 
(or regrouped); ÁfJR is the vector or p~ters to be locall7.ed. 

ln (7), n ·c equations are relatlve to lhe ~igenvecrors, n rclativé 10 lhe eigcnvalues. Tn order 
to manipulatc !ines and columns having equations of the sarne dimensiollS, (7) i:s modified 
in sucb a way tbat the veáors d and l:tpR contaln lhe reJative variaúons of Lhe eigenvalues, 

eigenveáors and parameters. Finally, to account for the fact that lhe ldentificatlon of the 



eigenvalues is much more accurate than that of the eig.enve«ors, tbese n equations are 
weigbted by a coefficient of tbe otder of c. Tbis leads then to the relation: 

(8) 

It a a mattef of qualltatively explou ing (8) in order lO flnd which p.arameten allow the best 
represeotation of the veaor d ' expressing lhe distancc between the snucture and its 
mathematicaJ modcl. A first solution consists ln resoJving (8) in the least squares $Cllse: 

(9) 

Experienceshows that thissolution is not tbe besL ln effect, itlends 10 give a global solution 

in which t:he components OQITesponding to lhe weakly sensitive regions are too imponaru.. 
A phenomena ofcompensation can also be obsetVed where the augmentation of parameters 
in one regíon is compensated f-or by the diminution o! lhe parametersln a neighboring region 
(problems of linear qua:si-dependence). 

AF. an alternative, lhe relation (8) can be exploited in the foUowing fashion: Among tbe 
colwnns of SR', lhe singie column is sought which best repre,sents the vecror d' , then lhe 
combinátion of two columns, three colurnns, etc. which constitute lhe best sub-basis for lhe 

representation of tbe vector d ', Let: SR.(p') be the best sub-basis of dimension p; 

ÓJ'Rr(p) lhe combination of rbe corresponding parameten evaluated in the least squares 

sense and: d ' (p) = SR.{p) • t.pR•(p) lhe best representation or d ' in thc ·sub-basis of 

dlmension p. Let lhe sca1ar e be deftned as the dlstance between d' and d'{p) such that: 

- li d' - d'(p) 11 (lO) 
e% - 100 lld' l i 

Macro-elem•r~t IIUfllto.r 

/ 
7 • • 
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5 • • • 
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s + + + + 
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+: lttffn ... - - •lemlnt 

,, 
\00 
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o: Uoea moort- el-ent 

Figure 1. Typlcal evolution of e as a function ot lhe dimention p of the sub-basis 
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ln example of FtgUre 1, taking into accou.nt thc stiffness parameter of the maao-element o0 

3 allows a reducrion of e Crom 100% w 80%. Tbe addition of the CQiumn corTesponding lo 
lhe mass--parameter of the macro-e1ement n° S dec:reascs e 10 70%. Then, taking into 
accounr the supplementary parameters does not noticeable reduce e. It is clear that, in this 
example, the regions presenting domlnant erron; are the macro-elements n° 3 and 5. 

II the selccted parameters were the "good ones", the error e should rend toward zero. An 
imponant residual error can be auributed ro either a poor oorrespoodanee between lhe 
macro-elements and the elements aaually bearing Lhe errors, or an incorrect modelization 

ofthe errors, or to the inOuence of the higher order terrns not taken into account ln the local 
linearization (method of Gauss-Newton). An approach such as Newton's method based on 
a local quadratic model (and this including the second derivatives) is presented in a more 
general manner in the foUowingparagraph.ln the relatiooswhjch follow, in ordcr to retum 

to a resolution of the localization problem by a determwstic Newton-type approach, the 
va1ues of the matrices Pp and PR should be raken as: Pp = O; PR = lc11 +n· 

PARAMETRIC ADJUSTMENT BY NEwrON'S METHOD. BA YESIAN 
APPROACH 

Assuming that the localization phase of the dorninant modelization errors hu been resolved, 
the next problem is thar of quBlítatívely correcting the pararneteu in the regions presenting 
dominant errors. This problcm is resolvcd by iterative m1nimization or the foUowing 
functional: 

in which~ 

r{p) =I" - r (p) E Jttt+n. I contains' Lhe "distances• bctween lhe ídcntifi.ed and 

calculated eigensoluliO~ I"= T(Trf!l; TÀ"')~ r (p)::: T(Tr; 1).~ wilh: z!",r E~~ 
lm,~ E.R"- 1 formed respectlvely from the n sub-eigenvectors corresponding to the 
c identifled dof and the n eigenvalues. 

p; p0 E Rq· 1 vectors of dimension q equalto the number of design variables taken lnto 
account in the macro-elemencs presenting the dominant errors; p designates : the veaor 

of sougJu parameters, p0 the vector of initial esaimatlons of these paramelers. 

Pr; PP diagonal maLrices, positive definlte, respecth.'ely tbe covariance matrix of 

uncertainties in the measured responses and lhe covariance matrix of uncertalntles in the 

initial esd.mation of the parameters p0• 



A quadratic model is constructed of f(p) ln 1he neighborhood of p = p0
, lhen lhe 

mininüzatfon of j'(JJ) Is appr®maled by the mfnimization. of thts quodràtlc: model. Letting: 

ôp = p -l. tlte minimi1..atjon problem is wriuen: M"mf(óp) and the ne<:essary condition 

for a mjnimim: -!/;p = O leads to: 

S(p~ = ar I e ~·~~.q • 
ap () 

p 

with the general element i,j: ~1 I 
opj o 

p 

V(p~ E f(M with tbe general element i , j ; 

The approximation of f(p) by a quadratic model does not allow convergence to be obtained 
in a single calculation s1ep. The calculatlon I bus proc:eWs in ao iterative fashlon witlt, on rlte 
one b.and, a verification ofthc norm of lhe solution ôp and, on the ocher hand, an updating 
of the sensilivity rnatrix S and of matrix of second derivatives a1 each iteration. 

Nonnallzation oCthe Solutlon óp. This normatization can be made by multiplying the 
solution óp by a reduaion coemc:ient or by lntrodudng a weigtni.ng coeffident Jimiting lhe 
norm of óp. Tests have shown that the two methods lead to similar results and the rust 
technique is used as h is simpler to apply. Ut Ir be the maximum norm ailowed for óp {in 
pratice h s 1., whlcn seu thc upper limit on lhe variation of paramecers at 100% ). The 
nonnalized solution ôp is obtained by: 

,.. llph 
t:.p= llópll if: h < li t:.p li ; t.P = óp if: b = > li óp li . 

Updating or tbe Sensltivlty Matrix S. The sensilivity matrix involves the parameters as 
well as the eigenvalues and eigenvectQrs of lhe P.Ja. problem. As ror rhe parameters, p is 

rcplaced by p + t.p. For A',~ it is lmprac:tical to re--make a F.E. analysis after each 
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iteration. However, ir is possible to makc an approximate calcularíoJ\ workíng m the modaJ 

basis Y. Letting, as before: 

~=L s,J<f[. ~=L m,M7 
i 

For the i.nitial F.E. Model: 

~=2:Af, 
(O) i 

~=2: M7 
(O) 1 

Thc first ireration yields dsP>, dm}l>. The new eigenvalue problem becomes: 

r2: Ai+ L d.~p> xr- -t<•> c2: M7 +L dmp> JW1)Jy(l> =o 
I I I i 

Let: Y = Y q0 > be lhe new modal basis. By using an extended basis of N modes and 
(1} (O) 

mult.iplying on the left hand side by ry, thc following cquation is obtained, having laken 
(O) 

into account the orthonormality relation: 

(N +L ds,· r~ J<Y ye- ..ll1l (r+ L dm1 rye M7 Y")] q<1> =o 
(O) i (1) (O) (O) i (1) (Q) (O) 

wh:ich can be rewritten: 

[N' + Mc<o> _ ;.(1) (I+ Mf<o>J qClJ = 0 (11) 

The matriccs are strongly diagonal dornlnant. A resolution by the method of Jacobi is 
particularly well adapted to this problem. 

The resolution of (11) yields /\~ and Q(l) such that: 

TQ(l) (N +L ds; Tye 1<1 ye) Q<•> = f\(1) 

(O) 1 (1) (O) (O) 

TQ(l) (1 +L dm1 Tye M7 Y) Q(l) = T . 
i (I) (O) (O) 

The new eigenvalues are defmed by /\(1), the new eigenvectors by: Y = Y Q(l) 
(1) (O) 
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Tbe sensitivity rnatrix uses the matrlcel rye A1 Y'-'; rye M1 yt; wbere j is the iteration 
(j) (}) (}) (}) 

number. It is Lhus not neressary to calculate Lhe new Y, and lhe matrioes can be updated 
using the following relations: 

ry M1 y = T(jl> (- )"-' M1 Y) (jl> 
(j) (j) (J-1) (/-\) 

Tyt J"<1 y = T QU) ( y ~ )"-') (ii> 
u> (j) u-t> u-tS 

The sensitiviiy matrix can thus be updated at eacb iteration. The paramet~ at iteration 

j are deduced from thoS:: of iteration j-1 by the rclation: pfl> = pp-t> (1 + Apf!l). 

APPLJCATION TO THE TEST CASE GARTEUR NU 1 

The metbod of parametric adjustment proposed above is applied to an initial test case 
doveloped by R Ohayon et H . Berger, Onera, in the context o r the acdvities of rhe "Action 
Group: Refmement of Structural Oyna:mics Cornpulational Models, GARTEUR~. The test 

case consists of apure numerical simulation. The "identified" ergensolotions are gen.erated 

by à calculation using the initial F.E. estirnation J.f, ~ perturbed by localized parametric 
modifications whlch the participants ln the case test must attempt to find. 

The considered Structure is a bidimensional rrame in plane v.ibrations (Figure 2). Bach of 
lhe 83 ftn.ite e!ement segments is considered as a superposition of a bat element in axial 
deformalion with the mass concenrrated at lhe nodes and a beam element in bending 
dcformation and with zero mass and inertia. The model has 3 do( per node, 78 Mdes, giving 
a lOtai oi 234 dof. 

Ftgure 2. Geometry of lhe struCiure and finite element mesh 
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The Following Data are turnlsbed by the Onera. a) lniti41 estimatjon:, geornt;trical ~nd 

mechanical characterlstfcs: E= .7-S 10 11 Pa.p = 2800kglm3,J moment of ittertia .= 

= .756 10-1 m4
; cross-sections of the vertical elements: .6 10-2 m 2; of the horizontal 

elements: .4 10-2 m2
; of the diagonal elements: .3 10-2 m2. ln order to verify the 

dynamic characteristics of this model, the frrst 20 eigenfrenquencies provided along with 
the first 5 sub-eigenvectors on 78 dof (whose positions are indicatêd in Figure 5) and lhe 
first 5 generalízed mE!$SCS. 

b) ldentified ejgensolutions: the rll'St eigenfrequencies of the structure: ~ ""~; 

K" = ~ + AK; the fitst 5 sub-eigenvectorson the 78 preceeding dof; the generalized 
masses associated with lhe first 5 eigenmodes. ln the test case, the parametric 
modifications have onlybeen introduccd in the desígn varíables influenci!1g the s1iffness 
rnatrix. 

Results obtained from tbe Loealization Parametric Adjustment. Three analyses, differ
ing by the dirnension of the macro-elemeru introduced are performed.For each or these 
analyses, the method of Gauss-Newton has been used wirh: PP = O; Pr = I. 

Analysis N9 1: Pa,rtltioning into 13 "pbysicat~ benms defincd by the plan of rhe structure. 
The following design variables bave been introduced for the localization: 1 para meter I per 
beam; 1 parameter S per beam; glvlng a total of 26 paramcrers. 

The results of the localizat..ion and of the. parametric CQrtection are reported in Figure 3 and 
the residual differences ln the eigenfrequencies after the parametric correction in Figure 
6.1. 

Analysis N11 Z: Partitioning ínto 26 half-beams (each physical beam from analysis n° 1 is 
divided in two parts). The foUowing design variables nave been introduced: l parameter 
I per half-beam; 1 paramcter S per balf-beam, giving a total of 52 parameters. 

The results ofthe locali1.ation and of the parametric correction are reported in Figure 4 and 
the residual differences in the eigenfrequencies after the parametric cotrection in Figure 
6.2. 

Analysis NR 3: The partitioning corresponds to the &3 fmite elements Qf~b~ model. The 
following design parameters are itltroduced: One parameter I per finite ·element; one 
parameter S per finite element; giving a total of 166 parameters. · 

The results of the localization and ofthe parametric correctíon are reported in Figure 5 and 
the residual differences ín the eigenfrequencies after the parametric correction in Figure 
6.3a and 6.3b. 



392 G.l.allement; J.Piribda & A. llallíi'aíd 

Treatmeat ~ 1: 13 Macroelcmenta; one macroelement • àAe beam 
One parameter 1 per beam; oneparameter Sper beam. Total Nb. olparameters: 26 

for SI 

rinal 
v•lt.~~.a 
for S e 

tiu41 
v.al u..tt 
fo>r 11 

FJgUre 3 
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Trl'atment NQ 2: 26 Macroelements; one mncroclcmcnt = half a benm 
Onc paramcrer 1 per half beam; one parameter S per falf beam. Total Nb. paramcrcrs: 52 

Results of the localization proc~s~ : dominant areas 
r--·- ·--·-::;,---·-·-·-;.:;:'1-·-·-·-/?f 
I .,-"' 'I / I / l 

L / / . / 
for S: //·---J./// __ , __ L.//_,_j 

--·-·-·-·-'71·---·--·:71----·-·~ 

! / i / I // I 
I / I -:;:>/ ! / i 

wt:j // i -:;:::- I / I 
. / . ~ / . 
k:·--·-·~·~----..JL_. ____ ,_j 

Results of the updating process 

Figure 4 
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Treatment Nll 3: 83 Macnrelements: onc finite-elemcnt .. onc macr<H:lcmcnt 
One paramcter I per rinitc element; one parametcr S per fmite clcment. Total Nb. of 

parnmctcrs = 166 

f <> r S 

for I 

rinal 
value• 
f or S 

o..Pooiti~n$ ol th• picl<·ups (18 pi cl<·upo) 
(identicn ruvlu v llb only t h• 2& pl<~-"1' d•fined ror Trur.n9 I 
erul oY 2) 

Rl•uics or thl 1oc.al l xat:i011. proéest: dom.in•at •r-•u 

Rlls ulta o f thc updating p ro.ce •• 

Figure 5 
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Synthesis of the Rcsults. The following data h ave been taken into accounr in rhe threc 
performed a.rullyses: 

number of identilied eigensolutions exploited in the localization and parametric 
corr-ection: S 

number of calculared eigensolutions exploited in thc evaluation of the first deril7ations 
of the eigenV(.'ctOrs: 15 

number c of pick-up dcgrces of frecdom: anaJyscs n° I and n° 2: c. = 26; analysis n° 3: 
c= 78. 

The positions of these degrees of freedom have been arbitrarily chosen. A method for 
optimizing the repartition of-the plck-ups is currenrly under development. but has not been 
applieq to this test case. 

Figure 6 and Table l regroup lhe valucs of the "distances" bctwecn thç calcuh.Jted und 
identified eigensolution before and after the parametric correctiun. TllL·-..; "<.Jiswnces" are 
deftned as follows: 

a) Distances relativeto the.eigenfreq11encies: 

where: /:,m) is the v'" identiiJed eigenfrequency.f.e) is the vth eigenfrcqucncy calculated 

using tbc fmite element model and matched ro f;,mJ. 

b} Distances relative to tbc sub-eigenvectors: 

Let C designare the total number of degrees of rreedom of the linite element model. The 

calculated eigenv~or ;~e) E~· 1 is normalized such that: 

ry~t) M'-e) ;~e) = 1 , v= 1, 2, ... 

The assoriated eigenvector ;r) of the structure is al.so nonnalized, using a de~tlon which 

is coherent with thc precceding one: 

ry~m) Af.ml ;r>= 1 ' v= 1 [Q 5 

Let y~"l E K· 1 designate the sub-eigenvector of )4m> identifled from tests on the structure 

and y~"'l E It· 1 the homologou& sub-eigenvector extracted from ;~e)_ The distances 

between the sub-eigenvectors are deftned by: 
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Tablo 1 summarizes the distances between the eigensolutions: 

in column no 2, the initial distarlces (with y~'") and y~~) E fi24· 1 ) 

in column n11 3, llle inilial distances (wilh y~'") and y~t> e R78
• 

1
) 

rn column n11 4, the initial distances after lhe parame1r!c correction of analysis n° 
(y~m) and y~t) e R26, t ) 

in column no 5, the residual distances aftcr the parametric correction of analysis n° 2 

(y~m) and y~.r) e If'- 1) 

in column n° 6, the residual distances arter lhe parametric oorrectíon of analysis n° 3 
(y!;'> and y~e) e R78• 1). 

Finally, Figure 6 reporu in dctail, modc by mode for the flts& 20 modes. the distanccs in thc 
eigenfrequencies respcctively before a.nd -afler tlle paramctric corrcctions. 

Note again that only thc first 5 "idcntiried" eigenmodcs havc been cxploitcd for thc 
localization and for the paramctric corrcctíon. 

As the distances in tbc cigcnfrequencics becomcs vcry small afler analysis n" J, thcy havc 
becn simullancously ploucd using boi h a linear scalc (Figure 6.3u) anda l<>g<~rilhmic scalc 
(Figure 63b). 

Comparisoo wlth the Exact SoiU1ion. Coocluslons. The rclative parametric variations 

effectivety inrroduccd (deftning lhe modcl M"': K" sought) and fumished by the Onera 

aftcr thc panicipanLs rcrurncd thcir solulion are rcprcscntcd in Figure 7. ln comparison with 
thc rcsults obtoincd hcre, thc following rcmurks can bc mude: 

Analysls n• J: thc macro-clcmcnt panitinning was much too crude and does not lc:~d to 
a good solution The loculiz.cd rcgions howcvcr are not ahogcthcr crroncous. 

Ana lysis nt 2: thc loculization is no1 pcrfcct, but by and largc conccrn thc rcgit>ns 

cffcctivcly pcnurbcd. Thc rcduction nf thc .. dislanccs" bcrween lhe cigonsolutions is 
alrc:.~dy fuirly sal ísfactory. 
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ln order t~ augment the efficiency and the applicability of parametric correction methods 
to techn.ical problems, current research is directed towards: 

a) the development of methods allowing the rneasured frequency ( or time) responses to be 
treated directly, 

b} improving the rQbustness of the methods with respect to the errors conuúned in lhe 
measured data, 

c) the opUmal deftnition of lhe measurement points (píclc-up mesh.), 

d) th.e elimmation of the matching problems between calcuJated and observed 
eigensoJutions. 
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Analysis n° 3: overal~ lhe localtz.at ions are good, exoept {n the region of the nodes nG 71, 
74 and 76 which i! completely hidden. ln faa, thls reglon has vc.ry low strain energies for 
the fívc observed modes and thus, by the method prescnted hcre, is practically 
unobscrvable. 

Table 1. Synthesis of thc "distanccs" between eígensolutlons 

lnitial lnitial Analysi.s Analysis Analysis 
c•26 c=78 NO 1 cc26 N°2 c=26 N°3 c •78 

I 
5 

1 61~ I % 2: 1.66 1.66 .'12 .11 .04 
5 !. vc l 

1 
20 

16/., I - 2: % 1.51 1.51 .41 .27 .13 20 !. v= l 

1 
s '6 I 

2: ~% 14.72 13.90 5.84 3A6 .86 
5 Yv 

~·I 

1 
s 

5 2: (1-MACv) ~ 2.82 2.64 .22 .08 6.4 10'3 

v•l 

+1 +1 

for S: 
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