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ABSTRACT

A review and a discussion of the models which have been used to ezplain and simulate
various aspects of jets 1ssuing into uniform cross-flows are presented. Some aspects of
these models are here analysed and compared with recent analytical results for the near
field of these flows. The flow in this region allows for a rather rigorous analysis of the
mechanies involved in the distortion and deflection of the jet, and also in the formation
of the pair of trailing vortices. It is found by this analysis that turbulent entrainment
and the transport of the transversal component of vorticity have strong influence on
the dynamics of the mizing layer in the initial region of the jet. These findings and
further considerations on the formation of the wake behind the jet lead to two main
conclusions: (i) The deflection of the jet in the near field of these flows is mainly
due to entrainment rather than to pressure drag: (1) The transversal component
of vorticity has a strong influence on the formation of the pair of trailing vorlices,
inducing a rapid transference of transversal vorticity into the pair of vortices which
is being formed.

Keywords: Jets s Turbulent Jets w Jet Wakes

RESUMO

Uma revisdo e discussdo dos modelos que tém sido usados para ezplicar e simular
vdrios aspectos de jalos emergindo em escoamentos uniforme e cruzado séo apre-
sentados. Alguns aspectos destes modelos sdo aqui analisados e comparados com re-
sultados analiticos recentes para o escoamento nas redondezas do jato. F observado
na presente andlise que o entranhamento turbulento e o transporte da componente
transversal da vorticidade tém forte influéncia na dindmica da reqido de mistura na
parte inicial do jato. Tais descobertas e consideragées adicionais sobre a formagdo
da esteira na parte posterior do jato conduzem a duas conclusées principais: (i} A
deflezdo do jate no escoamento principal se deve principalmente ao entranhamento
de massa e ndo ao arraste associado a pressao. (ii) A componente transversal da
vorticidade tem forte influéncia na formagdo do par de vortices que sdo carregados
pelo escoamento, induzindo uma rdpida tronsferéncia da vorticidade transversal para
o par de vdrtices que se forma.

Palavras-chave: Jatos m Jatos Turbulentos = Esteiras de Jatos
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INTRODUCTION

The issuing of jets into deflecting streams has been the subject of numerous
studies because of its wide variety of applications in engineering. Chimney
plumes for the dispersion of polutants in the atmosphere, the cooling of turbine
blades, lifting jets for V/STOL aircraft and jets of oil and gas entering the flow
in oil wells are just a few of the important examples.

Despite the many practical fluid mechanics problems where solutions depend
on understanding the behaviour of jets, questions of how and why turbulent
jets bend over when they enter cross streams have not yet been satisfactorily
answered. Quite different answers to these questions have been given in
different, fields of application. These are based on different explanations of the
mechanics of the flow! Furthermore, few attempts to describe the formation
of the trailing vortex pair, which is a characteristic of these flows, have been
made.

These facts reduce one’s confidence in the current basis of the many models
which are based on these different explanations. It is important that there is
a basic understanding of the mechanisms that govern the motion of simple
turbulent jets issuing normally to uniform cross-flows before one can have
confidence in the use of current models for jet flows in more complex situations.

In this paper, a review and a discussion of the models which have been used
to explain and simulate various aspects of jets issuing into uniform cross-flows
are presented. Some aspects of these models are here analysed and compared
with recent analytical results for the near field of these flows. The flow in this
region allows for a rather more rigorous analysis of the mechanics involved in
the distortion and deflection of the jet, and also in the formation of the pair of
trailing vortices. It is found by this analysis that turbulent entraiment and the
transport of the transversal component of vorticy have strong influence on the
dynamics of the mixing layer in the initial region of the jet.

These findings and further considerations on the formation of the wake behind
the jet lead to two main conclusions: (i) The deflection of the jet in the near field
of these flows is mainly due to entrainment rather than to pressure drag. (ii)
The transversal component of vorticity has a strong influence on the formation
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of the pair of trailing vortices, inducing a rapid transference of transversal
vorticy into the pair of vortices which is being formed.

EXPERIMENTAL INVESTIGATION OF THE FLOW

Experimental observations (e.g. [1], [2] and [3]) provide the following overall
description for the flow induced by the issuing of a turbulent incompressible
non-buoyant circular jet from a plane wall into a deflecting stream with a
uniform velocity profile (schematically shown in Figure 1): in the region near
the issuing nozzle (near-field) the initially circular cross-section of the jet is
deformed into an “ellipsoidal” shape which is symmetric with respect to the
z direction (see Figure 1), but slightly non-symmetric with respect to the y
direction. Turbulence develops along the boundaries of the jet because of the
velocity excess in this region of the flow and, consequently, fluid from the
external stream is entrained by the jet, leading to an increase in its cross-
sectional area and a change in the velocity distribution over its cross-section.
This turbulent region is a turbulent mixing layer that grows thicker, entraining
fluid from the external stream and eating up the inner region were the flow
is still non-turbulent (the potential core). Despite the fact that the cross-
section grows non-symmetrically with respect to the y direction, characterizing
a deflection of the jet in the direction of the stream, the potential core is not
deflected even for relatively low ratios @ = U; /U ([4] reports no downwind
shift of the potential core for & > 4). At the region about the end of the
potential core the flow is characterized by a horse-shoe shape assumed by the
cross-section of the jet and most of the downwind deflection occurs in the region
Just after the end of the potential core. At this stage the jet is fully turbulent
and a pair of contra-rotating vortices begins to be evident in the downwind
side of the plume, apparently being formed due to a roll-up process that occurs
on the trailling edges of the horse-shoe shaped cross-section. In the far-field
(several jet diameters downstream) practically all the fluid within the jet is
concentrated in a pair of vortices that approach asymptotically the direction of
the free stream. Figure 1 also shows photographs for each of these stages of the
flow (the experimental technique used to obtain these photographs is outlined
in [5]).
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Figure 1. Schematic view of a jet in a uniform cross-flow. Top line photographs
show cross-sections for a jet of smoke in air stream and bottom line photographs
show the growth of the potential core.

The description given above is only valid beyond a certain value for a since
for low velocity ratios the jet is pusched too quickly in the direction of the
strong stream, altering completely the pattern of the flow. So, this description
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is restricted to the case of “strongs” jets. The word “strongs” is used here
in the same sense as [6] defined strong and weak jets. Following topology
considerations by [7], Foss defined jets as strong or weak depending upon the
position of the net saddle point in the external flow about the initial region
of a round jet issuing from a wall. Using surface streaking techniques and
dye, Foss obtained the flow patterns for 14 different values of a in the interval
1 < a < 3.17 and observed that for a weak jet there is only one saddle
point positioned ahead of the jet. When the velocity ratio is increased beyond
a certain value the exceeding saddle in the saddle-node patterns is always
positioned downstream from the jet. According to Foss this transition occurs
at o ~ .5 and “appears to be related to the increase in the jet stifiness whereby
the jet fluid at the aft side of the hole penetrates a substantial distance into
the cross-stream before being deflected”. Thus, the word “strong” is used here
to characterize flows for which their general pattern is similar to those flows
with high values for a. It is worth mentioning that, since turbulence is the
dominant diffusion mechanism in most of the real jet flows, flows with low
Reynolds numbers are not being considered in this work.

Experiments concerning many different aspects of jets issuing into cross-flows
have been conducted in the past fourty years. Callaghan & Ruggeri [8]
carried out one of the first experiments with these flows and evaluated the
penetration depth for a round heated jet of air issuing into a uniform cross-flow
by measuring temperature distributions. Jordinson [9] evaluated the trajectory
of a round jet issuing perpendicularly into a deflecting stream by measuring
the distribution of the total pressure (stagnation pressure) along six transversal
planes accross the plume. The trajectory of the jet was defined as the line of
maximum total head along the plane of aymmetry of the flow. In this work,
Jordinson also presents the total pressure distributions which were obtained for
each of the six transversal planes. Keffer & Baines [4] carried out an extensive
experimental work with circular jets issuing into cross-flows. Defining the jet
centerline as the locus of maximum velocity along the plane of symmetry, curves
for this centerline were obtained for five ratios of a(a = 2,4,6, 8, and 10). They
also observed that the mean velocity distributions along transversal planes are
approximately similar with respect to a natural system of coordinates (w and
n in Figure 1) in the region where the effects of the trailing vortices ate still
limited. Measurements of the velocity distribution over transversal planes for
this same jet configuration were also carried out by (10]. Contours of constant
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velocity, constant temperature (for heated jets) and contours of constant
turbulence intensities for selected transversal planes are presented in their paper
for a@ ~ 15 and a ~ 60. Experimental data for the turbulence fields of jet flows
has also been obtained by [11] for &« = .5, 1 and 2. Additional information on
these fields has been recently obtained by [12] and [13]. Unfortunatelly these
measurements are for a velocity ratio of @ = .5 (the transition region according
to Foss), not revealing much about the patterns of turbulence fields for strong
jets.

Experiments especifically concerning the initial region of the jet have been also
performed and a few results published in the literature. Fearn & Weston [14]
measured the static. pressure distribution over the plane surface from which
a round jet was issued into a uniform cross-stream for values of a ranging
from 2 to 10 and for jet Mach numbers ranging from .09 to .95. Their results
for low Mach numbers could well be compared with pressure distributions for
incompressible jets. Thompson [15] has also measured this pressure field for
a = 2,4 and 8 with low Mach numbers, Moussa et al. [16] measured velocity
and vorticity distributions in the near-field of round jets in cross-flows and
obtained contours for each component of the velacity and vorticity vector fields
for a = 3.84.

The wake formed behind strong jets have also been experimentally studied:
McMahon et al. [17] observed that vortex shedding occurs in the wake of
turbulent jets and measured these frequencies for a round jet issuing from a wall
for @ = 8 and a = 12. They found that when the initial diameter of the jet is
used in the definition of the Strouhal number for these flows the values obtained
are less than one half of the typical value for a solid cylinder in a uniform
flow (§ = .21). Considering that the initial diameter is not an appropriate
dimension to be taken as the effective length scale in the definition of this
number, since the jet grows and distorts as it leaves the plane, they observed
that a “proper value" of 2.2 diameters “yields a value of Strouhal number
consistent with the solid cylinder”. However, experimental data obtained by
[16] for this same flow configuration show a sharp decréase in the values for the
Strouhal number (based on this initial diameter) as a increases! This seerns
to support the idea of [9] that the flow around the initial region of the jet
“may be similar to the flow over a porous cylinder with suction” and not to
the flow around a solid cylinder. From experimental measurements carried out
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by [18], [19] evaluated the drag on a circular cylinder with a Thwaite’s flap
as a function of suction intensity; it is shown by his results that presure drag
falls with the increase of suction until vorticity shedding is completely avoided.
Suction reduces the amount of vorticity shed from the eylinder, determining a
narrower wake behind the body. Similar behavior should be expected in the
absense of the flap, and the only difference would be that in this case vortex
shedding would occur, and a higher drag would be experienced for a given
suction intensity. Thus, if the initial region of a circular jet is compared with the
cylinder with suction, a decrease in the conventional Strouhal number should be
expected as the velocity ratio a increases, i.e., as suction increases. Turbulent
entrainment would have then sensible effects on the vortex shedding process
for jets issuing into cross-flows. This seems to be very much in agreement
with the results obtained by [16]. Moussa et al. also evaluated experimentally
Strouhal numbers for jets issuing from a pipe into a cross-stream in the absense
of a plane wall. In this case they found that the Strouhal number is practically
independent of the ratio ar, assuming a slightly lower value than that for a solid
cylinder (when the initial diameter is taken as the lengh scale for the Strouhal
number). It seems that in this case the vortex shedding from the pipe governs
the vortex shedding process, determining the frequency at which vortices are
shed from the jet.

MATHEMATICAL MODELS FOR THE JET

Mathematical models for the issuing of jets into cross streams based on com-
pletely different approaches have been presented in the literature. In environ-
mental fluid mechanics the jet flow is usually modelled by an integral approach,
where an entraining control surface is assumed for the jet; aerodynamicists have
also used integral approaches, modelling the flow as a pair of contra-rotating
vortex-filaments or tubes in a cross stream (Figure 2). Satisfactory agréemnt
with experimental data for the trajectory of the jet has been reported with
both approaches:
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Figure 2. Models for a jet in a cross-flow: (a) entraining surface; (b) vortex
pair.

Most of the mathematical models which have been proposed for jets in cross
flows have been mainly concerned with the evaluation of the trajectory and the
approximate size of the jet. Unfortunatelly, there has not been much agreement
between researchers with respect to which physical mechanisms significantly
contribute to deflect the jet in the direction of the stream. Jordinson [9]
suggested that pressure drag and addition of momentum due to entrainment
were the important mechanisms. Nevertheless, [20] assumed that the only
driving mechanism is the addition of momentum due to entrainment and
considered a constant pressure distribution in their integral formulation for
a jet issuing at various angles into a uniform deflecting stream. The closure
relations for the fluxes of mass and momentum and the rate of spreading of
the plume which are needed when a integral formulation is used were provided
by assuming self-preservation and by assuming an entrainment function which
depends on coeficients obtained experimentally. The results obtained for the
trajectory agree with experimental data for a wide range of issuing angles.
However, [21] assumes that pressure drag is the important mechanism for the
jet's shift and completely neglects the effects of the transversal component of
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the added momentum. Self-preservation and an entrainment function similar
to that one used by Platten & Kefler are also assumed and again fair agreement
with experimental data is obtained for the predicted trajectory.

Several other integral models have been developed for the deflection of the jet
and most of them also show satisfactory predictions for its trajectory. Sucec &
Bowly [22] also assumed that the deflection of the jet is due to the action
of pressure drag forces, neglecting, like Endo, the addition of “transversal
momentum” to the plume by means of turbulent entrainment. Information
concerning the rate of spread of the jet was inputed into their model via
empirical relations obtained by [23] and the velocity profiles were assumed to be
similar to those for a planar jet with a co-flowing stream. Again, suitable values
for the empirical constants provide satisfactory predictions for the trajectory
of the jet. Makihata & Miyai (24] also assume pressure drag as the mechanism
that drives the flow and take Gaussian distributions for the velocity profiles.
An entrainment function is assumed and again satisfactory prediction for the
trajectory is achieved with their model. In his comprehensive integral model
for the plume rise [25] considered presure drag and addition of momentum as
the important mechanisms for the trajectory of non-buoyant jets (according
to this particular case in his general equations for buoyant jets in stratified
cross streams). A much more elaborated entrainment function than the one
assumed by Platten & Keffer is derived from the mean kinetic energy equation
but, once more, Gaussian distribution for velocity profiles is assumed. Again,
fair predictions for the trajectory of the jet are obtained.

In all the above mentioned integral models, the integration of the equations of
motion is perfomed assuming circular, ellipsoidal or even rectangular shapes
for the cross-section of the jet. This assumption of simplified shapes lead
to pressure drag coefficients which lack physical meaning since these are
characteristic of the form of the cross-section. Sucec & Bowley integrate their
equations over a rectangular cross-section and find good trajectory prediction
using Cq = 1, for &« > 4. Makihata & Miyai assume a circular cross-section
when integrating their equations and use Cy; = 2, for a > 4.4. Twice the
anterior value! As a matter of fact, Makihata & Miyai comment the widerange
of values for the pressure drag coeffcient which has been used by researchers
in their integral models: these range from 1 to 3! This is very much in
disagreement with the idea of comparing the jet with a bluff body with suction
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since, for this case, the value of the drag coefficient should be lower than the
carresponding value for the solid body case. Cy = 2 or higher values seem to be
very unexpected for a initially circular jet if it is recalled that Cy = 2.05 is the
typical value for a square solid cylinder in a cross stream for 104 < Re < 108
[19]. It should be also recalled that the subcritical pressure drag coefficient for
a solid circular cylinder in a cross flow is always lower than 1.2 for Re> 300
[26]).

Adler & Baron [27] have evaluated the shape of the cross-section via a
two-dimensional time dependent vortex-sheet model introduced by (28] and
considered these shapes in their numerical integration. Two mechanisms,
pressure drag and added momentum, are taken into account. However, the
value used for Cy is the same as for a solid cylinder and the “more realistic”
shapes for the cross-sections are not taken into account in the determination
of this parameter, Nevertheless, satisfactory results are still obtained for the
trajectory of the jet.

The results obtained with the above mentioned integral models show that
similar behaviours for the trajectory of the jet seem to be predicted even when
completely different mechanisms are assumed as being the driving ones for these
flows. Thus, the mere fact that an integral model for the jet gives good results
for its trajectory does not imply that the assumptions made are “fullfiled” by
real jets.

The reason why integral models seem to predict reasonably well the trajectory
of jets in cross-flows regardless of the assumptions made with respect to the
mechanisms reponsible for the deflection of the jet becomes apparent with the
following analysis: the local change in the trajectory of the jet shown in Figure
3 is determined by the rate of change of the transversal component of the
momentum flux along the trajectory of the jet. This change is caused by two
different mechanisms: firstly, pressure drag due to a non-symmetric pressure
distribution around the jet “pushes” the jet in the transversal direction,
changing its trajectory; secondly, the fluid which is entrained by the jet has a
non-zero component of “transversal momentum” which is “added” to the jet.
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A relation for the local curvature determined by these two mechanisms can be

written as (refering to Figure 3, all variables scaled with to U;, Rp and p):
d¢ 5 Cq b(s,a) a~%(sin¢)? + E(s,a) a™'sin g )
ds T, u? dA

:
\
:
!

PP PR

Uy

Ly hyaiiiaa
WA R R T AR

Figure 3. Nomenclature for an element of the jet.

where §(s, «) is the breadth of the jet and E(s,a) is the total local entraining
flux. The two components on the top of the right hand side of equation (1)
represent the rate of change in the transversal component of the momentum
of the fluid element shown if Figure 3, (dm¢/ds), due to the action of pressure
drag, (dm;/ds)y, and due to addition of momentum in the transversal direction,
(dm¢/ds)e, respectively. Thus, as long as the functions assumed for b(s, )
and E(s,a) are similar, any combination of coefficients which provides similar
behaviour for the sum of these two components would reasonably well describe
the trajectory of the jet. This can be illustrated with the entraining function
assumed by [20]:
E(s, a)

W=C|(!&n—a_‘cm¢]+(;g u_lainqb, (2)
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where Cy, C; and C; are coefcients; they have experimentally obtained Cy
and C; by fitting the trajectory given by this model to experimental data,
obtaining Cy = .07 and C; = .25. Approximating E(s,a) by

E(s,a) ~ Ce b(s,a) a™'sin¢ , (3)

since Cy » (7, expression (1) can be reduced to:

2 = (3 Ca+C) bs,a) a*(sing)? @
and any pair of coefficients with the same sum provides the same trajectory
for the jet. As a matter of fact, the behaviours of b(s,a) a~?(sin ¢)? and
E(s,a) a~! sin¢ are somewhat similar when b(s, @) and E(s,a) are obtained
from experimental correlations: [29] obtained b o o?/3 5!/3, and [30] obtained
E o 5?2, These correlations give:

(dm¢/ds)p ox a1 (cos $)>%(sin ¢)'6? | (5)
and
(dm/ds)e x a™T¥(cos ¢) % (sin ¢)™ . (6)

These expressions are indeed somewhat similar, and their behaviours are
graphically shown in Figure 4. Therefore, for any given range of the jet
trajectory, suitable constants multiplying (5) and (6) can always be found in
such a way that either (5), (6) or the sum of both show “satisfactory agreement”
with experimental data.

Models for the jet based on the characteristic trailing vortices (e.g., [31], [32)
and [33]) have also been published in the literature. These model the jet as a
pair of contra-rotating vortex tubes or filaments and apply, in principle, only
to the region where the vortices are dominant, i.e., far from the initial region of
the jet. However, [34] extended the validity of their model to the initial region
of the jet and used the conditions at the nozzle as initial conditions of their
model, where the trajectory of the jet is parameterized with respect to time. No
formal analysis is presented to support this extension of validity in their model.
This parameterization with respect to time is assumed in all vortex filaments
or vortex tubes models and a two-dimensional time evolving approximation is
used to determine the “movement” of the filaments or tubes from the forces
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Figure 4. Curves for pressure drag, (dm/ds),, and addition of “transversal mo-
mentum”, (dm;/ds)., along the trajectory of the jet, according to expressions
(5) and (8), for a = 10.

which are exerted on their cores by this “two-dimensional flow”. So, according
to these models, pressure drag is the mechanism responsible for the deflection
of the jet. In this case, however, pressure drag is assumed to be independent
of the entrainment parameters, being a function of the dynamic interaction
between the vortex filaments or tubes only. This is a direct consequence of
neglecting the effects of entrainment on the size and spacing of the vortex
cores. Predictions for the trajectory of the jet produced by these models agree
reasonably well with experimental data.

The results obtained with the above mentioned models show that similar
trajectories for the jet seem to be predicted even when completely different
mechanisms are assumed as being the driving ones for these flows. The lack
of full comparison of the flow predicted by these models with experimental
data leads to no conclusion at all with respect to the mechanisms which are
responsible for the deflection, distortion and formation of the trailing vortex
pair of the jet.
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NUMERICAL SIMULATION OF THE FLOW

Numerical solutions for the mean velocity field using the Reynolds equations
with the shear stress approximated by some turbulence closure model have
been also published in the literature. A high resolution computation of the
flow induced by the issuing of a circular jet into a uniform cross stream
has been recently carried out by [34] for three velocity ratios (a = 2,4
and 8). Neverthless, even this high resolution computation (the highest so
far published) still uses a coarse mesh if one compares the mesh scale (do/2.5
in this case) with the thickness of the mixing layer in the near field of the
flow. Their analysis of the numerical solutions obtained with a k — ¢ model
for turbulence certainly leads to some insight into the process of the formation
of the contra-rotating trailing vortices, However, statement like “the vortex
pair is really no more than the original streamwise vorticity in the sides of the
jet, and the transverse component is diffused away in the ends of the loop”
only to the far field of the flow, and do not describe the dynamics of the
vorticity in the near field. If this was so, the total circulation of the trailing
vortices would be independent (or slightly dependent, considering difusion) on
the velocity ratio «, being a function of the external stream velocity and the
initial diameter only. Experimental data from [35] show, however, that there
is a strong dependence of this local circulation on the velocity ratio a. This
suggests that the transversal component of vorticity plays an important role
on the formation of the trailing vortex pair.

Previous theoretical investigations on the formation of the vortex pair have been
based on the time evolving two-dimensional vortex-sheet model introduced by
[28]. In these models, the flow in the jet and outside the jet are regarded to
be potential flows and the boundary between them to be a vortex-sheet. The
additional hypothesis that the form of the three-dimensional vortex-sheet can
be approximated by a two-dimensional vortex sheet that evolves in time is made
and simple conditions assumed for the nozzle are used as initial conditions.

Discretizing the vortex-sheet into a number of vortex filaments that are
essentially aligned with the trajectory of the jet, [36] evaluated the cross-
sectional distortion via a numerical computation of the movement of these
vortex filaments. Similar evaluations were also carried out by [23] and [37]. The
transport of vorticity predicted by these models causes vorticity to concentrate
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on the downwind side of the vortex-sheet, leading to a roll-up process that
reflects some of the qualitative features present in real jets. However, according
to these models, the vortex pair is formed by the concentration of the
streamwise component of vorticity only, and the transversal component has
no effect in this process, This lead to a total circulation which is independent
of the velocity ratio; again, there is a clear disagreement with the experimental
data from [35].

The probable reasons for the disagreement between these models and detailed
measurements are that turbulent entrainment is ignored, and that a two-
dimensional approximation is assumed for a fully three-dimensional vortex-
sheet problem. It is worth mentioning that the validity of this two-dimensional
approximation for the fully three-dimensional problem appears to be based
on intuitive arguments only and no formal analysis to support it has been
presented in the literature.

THE NEAR FIELD OF A STRONG JET IN A UNIFORM CROSS-
FLOW

A new asymptotic analysis of the initial region of a strong jet issuing into
a uniform cross-flow is presented in [5]. The flow in this region allows for
a much more rigorous analysis of the mechanisms involved in the deflection
and distortion of the jet, and also in the formation of the pair of trailing
vortices. In the initial region, the deflection and distortion of the jet are still
small, entrainment is still limited to a thin mixing layer on the boundary of
the plume, and the vortex pair is still beginning to be formed. The inviscid
three-dimensional vortex-sheet model which is developed produces symmetrical
deformations of the jet only. This shows that inviscid mechanisms alone are
not able to explain the deflection of the jet in the direction of the stream. In
fact, there is nothing to brake the symmetry in the boundary value problem
constructed with the inviscid three-dimensional fiow hypothesis.

Chang-Lu’s model does predict a deflection of the jet but it is valid only in
the far field of the flow. When this model is rectified to allow for the three-
dimensionality of the near field (the three-dimensional vortex-sheet model),
essential features of the initial development of the jet are not reproduced. In
particular, the jet does not move downwind.
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This result, and the fact that the deflection of the potential core has only been
observed for relatively low ratios a [3], support the idea that the effects of
pressure drag, which indeed occurs because of the formation of a turbulent
wake behind the jet, are negligible when compared to those of entrainment.

As a matter of fact, [38] in his paper on the flow induced by jets recalls that
“The sudden change in flow velocity at the cut in the theoretical flow which
idealizes the action of the jet on the surrounding fluid seems to be more nearly
related to a sheet of sinks than to a sheet of vortices”.

Indeed, when a sheet of sinks is added to the three-dimensional vortex-sheet the
combined effects of entrainment and the three-dimensional vorticity dynamics
of this “entraining vortex-sheet” seem to provide a good description of the flow
in the near field of the jet flow.

The transport of the transversal component of vorticity from the upwind side
to the downwind side of the jet induces larger velocities on its downwind
side, tilting the vorticity lines in the bounding shear layer. This leads
to a net transference of vorticity from the transversal direction to the
longitudinal direction., The combination of this process with the convection
of “longitudinal vorticity” to the downwind side of the plume produces an
increasing concentration of longitudinal vorticity on this side which leads to
the formation of the vortex pair.

The sink-sheet introduced (to account for entrainment) has a significant effect
on the dynamics of the bounding shear layer and provides the asymmetric
component of deformation which leads to the deflection of the jet in the
direction of the stream.

The shape of the cross-sections of strong round jets at different (small) distances
from the exit are described by (see Figure 5; variables scaled with respect to

R; =1—[k z) € — [2(z) cos 20) A? + O(A3,€2, 0 %) (7a)
Re=14[(24k) z]e + [2(1 + k) 2% cos 8] Ae — [Z(2) cos 26] A%+
O(X3,e%,2%) ()
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where A = 1/a, ¢ is the entrainment coefficient for a free turbulent jet in
a stangnant external flow, k¥ = O(l) is a constant relating v.n and v;,
(see Figure 5) such that ven, =~ £|y| and v;, =~ € kjy|, R, and R, are the
internal and the external radii of the shear layer, and Z(z) = 22 _2Cy: -
OEOI An Ja(on) [exp(—opnz) — 1] (where o, are zeros of J; and A, and C; are
n=

constants).
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Figure 5. Nomenclature for the entraining vortex-sheet model.

The mean radius R = (R, + R;)/2 is then:

R(8,2) = 1 + ze + [(1 + k)? 2% cos 0] Ae = [Z(z) cos 20) A% + O(X, €%, X%¢) (8)

Figure 6 shows the distortion of a initiality planar ring of fluid in the bounding
shear layer according to the entraining vortex-sheet model.

General aspects of the topology of the flow along transversal planes are shown
in Figure 7. The pattern and the topology of these streamlines is quite different
from that of the flow past a rigid bluff body Firgure Ta shows a single node
at the downwind side of the jet contour in the near field. As the jet develops,
two nodes appear on the downwind face, where vortices begin to roll up. The
number of nodes and saddles satisfy the topological rules set out by [6]. The
position of the rear “stagnation” point is a function of Afe, which is shown
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Figure 6. Trajectory of a initially planar ring of fluid in the boundind shear
layer, according to the entraining vortex-sheet model. The downwind side of
the ring moves faster because of the larger longitudinal velocity induced by the
concentration of transversal vorticity in this region.

graphically in Figure 8. This variation of the location of the rear stagnation
point is similar to that obtained by the familiar calculation of a line source in
a cross-flow [39].

An important aspect of the asymptotic solutions for the entraining vortex-sheet
model is the dependence of the initial distortion of the jet on the intensity of
the turbulence present in the mixing layer. Different turbulence intensities for
the incoming jet flow could induce different turbulent intensities in the mixing
layer, determining different entrainment coefficients. The initial distortion of
the jet would than be also a function of the level of turbulence present in the
incoming flow. However, the intensity of turbulence in the mixing layer is very
high ([12] report measurements for (ui}'ﬁ/Uj up to .3 in the mixing layer)
and so only high levels of turbulence in the incoming jet flow are likely to
have sensible effects on the initial developoing of the flow. Turbulence in the
oncoming cross-flow is unlikely to have considerable effects on the entrainment
coefficient for strong jets because even relatively high turbulence intensities
with respect to U, would be negligible with respect to the jet velocity U,
meaning that velocity fluctuations induced by turbulence in the cross-flow are
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@s
Figure (b)

Figure 7. Topology of the flow over transversal planes: S denotes saddle points
and N denotes node points. Figure (a) referes to the initial region only; after
the formation of the trailing vortices the topology should be more like figure

(b).

very unlikely to be of the same order of magnitude as the velocity fluctuations
in the mixing layer. Unfortunately, no systematic measurements of these effects
have been found in the literature.
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Figure 8. Position of the rear saddle as a function of A/e (jet stiffness /
entrainment coefficient) according to the entraining vortex-sheet model.

Another important result of the entraining vortex-shee model is the prediction
of the initial trajectory of the jet. According to expression (8) the position of
the centroid of the cross-sections in the initial region is proportional to A and
z% (at the lowest order), leading to z A~1/2 z1/2 (where z is the distance
downstream from the jet exit); quite different from the behaviour in the far
field. The assumption that the rolled up vortices controle the far field leads to
[42] z o A=%/3z1/3, Experimental researchers seem to find z o« A™%z®, with
a varying from .66 to 1 and b from .33 to .39 [3]. The reason for such a wide
range of values for these coefficients is probably the fact that the evaluation of
these constants is usually based on measurements taken from the whole range
of the trajectory of the jet, disregarding the different behaviors suggested by
the present result for the initial and far regions. Thus, different ranges at which
data is collected determine different values for these constants.

FINAL REMARKS

The analysis of the mathematical models for jets in cross-flows reported here
show, that many of the several models which have been used to describe these
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flows are based on completely different explanations of the mechanics of the
latter. Recent analytical approach indicates that, at least in the near field
of these flows, the effects of turbulent entrainment and the transport of the
transversal component of vorticity on the dynamics of the bounding shear layer
cannot be neglected. In fact, the effects of pressure drag on the initial distortion
of a strong jet in a cross-flow are negligible when compared to the effects of
turbulent entrainment.

This transport of transverse vorticity affects the distribuition of the vertical
velocity component of the jet: the changes in the vertical velocity distribution
induced by this mechanism feed back into the vorticity distribution because
it affects the rates at which vorticity vectors are titled, transfering vorticity
from one direction to another (see [40]). This process leads to a symmetrical
deformation of the bounding vortex-sheet in the inviscid model. A co-
flowing component in the external velocity field does brake the symetric of
this theoretical flow, but it obviously does not explain the deflection or the
distortion of the jet, except when the co-flowing component is large as compared
to the cross-flowing component (this case is analysed in [41] and also in [40]).

Therefore, inviscid processes alone are not capable of describing all the features
observed in the near field of these flows.

The main effect of viscosity is to generate a shear layer in the boundary of the
Jet (besides, inviscid vortex-sheets are unstable to all perturbartion modes - see
[42]). This shear layer entrains fluid from the external flow, acting theoretically
as a sheet of sinks,

In addition to this, the reduced transverse velocity component of the fluid
within the inner portions of the shear layer cannot co-exist with an external
potential flow along the lee side of the jet. The adverse pressure gradients
of this theoretical flow induce the separation of the external portions of this
shear layer, and the real flow shows a turbulent wake behing the jet (indeed,
a “Von-Karman vortex-street” can be visualized in the wake of the jet — see

(40])-

The external flow is therefore similar to the external flow past a bluff body with
surface suction.
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This picture of the flow leads to two main mechanisms for the initial deflection
and distortion of the jet: (i) a “pressure-drag” mechanism, due to an
asymmetric external pressure distribution (there is a turbulent wake at the lee
side of the jet); (ii) an entrainment mechanism, that increases the transverse
component of the momentum flux of the jet by adding to the latter the
transverse momentum of the entrained fluid.

Either both or one of these mechanisms have been taken into account in
the various integral models for jets in cross-flows published in the literature.
However, their relative importance to the deflection and distortion of the jet
have not been yet properly analysed.

The results reported in [40] show that for velocity ratios a = 10 the entrainment
mechanism is dominant, and the effects of the asymmetric pressure field are
neglible. This dominance of the entrainment mechanism over the pressure-
drag mechanism is observed in all jets with a > 4, where no deflection of
the potential core has been observed. Stronger jets have larger entraining
velocities, leading to a stronger suction action on the external flow. Since
suction retards the separation of the shear layer, stronger jets have narrower
waker, and, consequently, the effects of the pressure-drag mechanism on them
are of less importance.

Flows with @ < 4 have a different picture. In these, the external pressure
field induces a sensible drag on the jet and a shift of the potential core in
the direction of the stream is observed. The wider wake of these flows have
considerable effects on the deformation of the cross-section of the jet.

From the engineering viewpoint, any of the existing integral models do provide
satisfactory descriptions for the trajectory and overall size of the jet, within
specified ranges of their trajectories. However, these models have been “tuned”
for given configurations of the flow (the form of the entrainment function is
arbitrality prescribed, and the “tunning” constants are determined by fitting
the theory to limited experimental data). They cannot be applied to different
configurations of these flows without previous “re-tunning” (modifications of
the arbitrary entrainments functions and new coeflicients are necessary).

In addition to this, these integral models do not describe either the shape of
the jet or the development of the trailing vortex-pair. The evaluation of the
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circulation of these vortices would be necessary in improved models for these
flows, where the far field would be modeled with the vortex-pair approach.
This approach for the far field describes in greater detail the form of the jet
and the velocity and concentration distribution, but cannot be applied to the
bending over region.

A numerical computation of the flow that would link the “initial conditions” at
the near field, as given by the mathematical model developed in chapter 3, to
the vortex-pair solution in the far field, might be a consistent way of evaluating
the integral parameters and functions to be used in specific integral models for
different configurations of the flow. Such integral models would certainly be
quite useful in engineering applications.

Even for specific configurations where the far field cannot be described by
the free vortex-pair approach (for instance, a jet issuing into a cross-flow in
a confined channel), it would still be much simpler to determine a simplified
model for the far field of the flow, and connect the near field solution to the
far field solution by a numerical computation of the “intermediate field".

The analysis presented in [40] shows that these numerical computations of
the flow field of jets as they travel away from the source must consider
the effects of turbulent entrainment and the transport of the transverse
component of vorticity. The solutions obtained for the intermediate field
different configurations of the flow would lead to a better understanding of
the physical mechanisms involved in each of these particular configurations.
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RESUMEN

En este trabajo se presenta un procedimiento de cdlculo rdpido para la determinacion
de las distribuciones de la temperaturo volumétrica media y de la temperatura de la
pared en oleoductos sumergidos horizontalmente en um medio poroso completamente
saturado. Los pardmetros participantes en el problema combinado de conveccidn
son los siguienles: el nimero de Darcy-Rayleigh, la relacion de conductividades,
la profundidad adimensional y la posicidn azxial adimensional, La metodologia
empleada para resolver el problema descansa sobre la técnica sencilla de formulacién
concentrada, permitiendo que los cdlculos puedan ser realizados con uma calculadora
de bolsillo. Los resultados que arroja esta investigacion son de gran ayuda para los
proyectistas de oleoductos en la industria petrolera, ya que mediante esta metodologia
extremadamente simple se podrdn determinar la profundidades dptimas con el objeto
de minimizar las pérdidas de calor en los oleoductos.

Palavras-chave: Conveccion Natural en Medio Poroso = Pérdidas de Calor en
Oleoductos

ABSTRACT

A methodology is presented to allow a gquick delermination of the average bulk
temperature and wall surface temperature of horizontal ducts burried in a saturated
porous medium. The governing parameters of the problem are: the Darcy-Rayleigh
number, the ratio between the effective thermal conductivity of the medium and the
thermal conductivity of the fluid inside the duct, the duct dimensionless depth, and the
dimensionless axial location along the duct. For the solution, use is made of a lumped
Jormulation which allows the calculations to be performed using a pockel calculator.
The results presented here are of greal interest for oleoduct designers in the petroleumn
industry. Through the simple procedure described herein it is possible to determine
optimum depths with respect to heal losses from oleoducts,

Keywords: Natural Convection in Porous Medium = Oleoduct Design
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NOMENCLATURA

Letras Romanas
; Calor especifico del fluido interno
Didmetro del tubo
Aceleracién de la gravedad
Coeficiente de conveccién interno
Coeficiente de conveccidn externo
Profundidad del eje del tubo
Conductividad térmica del fluido interno
ko Conductividad térmica del medio poroso externo
K, Relacion de conductividades, ko/k;
m Profundidad adimensional del eje del tubo, H/R
- Flujo mésico
N“ef Nimero de Nusselt efectivo promedio, U D/k,

rmyEre o

Nu;  Numero de Nusselt interno promedio, h; D/k,

Nuy, Numero de Nusselt externo promedio, hg D/kg

Q1  Calor total transmitido, ec. (7)

Qmax Calor maximo que puede transmitirse

R Radio del tubo

Ray,,  Nimero de Darcy-Rayleigh basado en la temperatura
superficial del tubo, ec. (11c)

Ra,  Numero de Darcy-Rayleigh basado en la temperatura
de entrada del fluido, ec. (12)

Re; Numero de Reynolds del fluido interno, um D/v;

Pr;  Nimero de Prandtl del fluido interno, v;/a;

T Temperatura

U Coeficiente global de transmisién de calor

U Velocidad media del fluido interno

x Variable axial

A Variable axial adimensional, z/Re; Pr;

Letras Griegras

ag Difusividad térmica del medio poroso

Bo  Coeficiente de expansion térmica

Ag  Permeabilidad del medio poroso

aeq Difusividad térmica equivalente del medio poroso
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) Temperatura adimensional, (T — T,)/(T, — T})
pi  Densidad del fluido interno

v;  Viscosidad cinematica del fluido interno

vy Viscosidad cinematica del medio poroso externo

Subindices

b volumétrica media

cond conducctién

e entrada

i fluido interno

o medio poroso externo

s interfase entre el medio poroso y el aire
z local

w pared

INTRODUCTION

La cuantificacion de las pérdidas de calor en oleoductos subterraneos constituye
un tema de vital importancia en la industria petrolera mundial. Este tema
cobra vigencia en el analisis y disefio de oleoductos que transportan crudos
pesados e altas temperaturas con el objeto de disminuir la viscosidad de éstos y
en consecuencia reducir los costos de bombeo. Igualmente, dentro de un marco
ecoldgico, es importante poder predecir la temperatura en la pared del oeoducto
para asi conocer el impacto que tendré el transporte de dicho crudo sobre el
medio circundante. Otra aplicacién de este tipo de problema se encuentra en
las redes de distribucién de vapor en las grandes ciudades,

In analise exhaustivo de la literatura especializada refleja que los modelos
existentes para determinar la transmisiéon de calor entre la superficie de un
conducto y la superficie de la tierra descansan sobre una hipétesis de conduccién
de calor bidimensional en el seno de la tierra [1-5]. Sin embargo, en muchas
circunstancias, la tierra donde se encuentra sumergida la tuberia se torna en um
medio poroso permeable al movimiento del agua alli acumulada como producto
de las lluvias. En este orden de ideas, la diferencia de temperatura entre el
fluido que circula a alta temperatura por la tuberia y la superficie libre de
la tierra (interfase tierra-aire) induce corrientes de conveccién natural pura
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en la tierra mojada. Aun mds, el rol que juega la conveccién natural en el
proceso de transmisién de calor a través de la tierra es tan importante como el
causado por la conduccién pura. En este sentido, se destaca el estudio pionero
de Bau [6], quién obtuvo una solucién combinada analitico-numérica para
predecir el proceso de convecciéon natural bidimensional en un medio poroso
que esta entre la superficie de un cilindro sdlido y la superficie de la tierra.
Esta solucién se concibié suponiendo la tierra como un medio poroso saturado
caracterizado por un modelo Darciano. Una revision bibliografica refleja que
existen otros trabajos relacionados a conveccién natural en medios porosos
alrededor de cilindros solidos [7-9]. Sin embargo, éstos consideran el medio
poroso de extension infinita y por lo tanto no se ajustan a los requerimientos
de esta investigacion.

Con el propdsito de enmarcar el problema del transporte de fluidos por
conductos subterraneos en un cuadro realista, este trabajo examinara el flujo
de un fluido (Pr > 0.7) a través de una tuberia horizontal enterrada en un
medio poroso saturado. EI calor se libera por conveccién natural desde la
superficie externa del tubo hacia la tierra que la rodea y desde ésta al medio
ambiente, que en realidad es el sumidero final. Bajo estas condiciones de
operacién, la temperatura del fluido interno es superior a la de la superficie de
la tierra y las temperaturas volumétrica media del fluido interno y superficial
del tubo tenderdn a descender en la direccién axial del flujo. Debido a que
la conveccién natural en el medio poroso (la tierra) esta controlada por la
temperatura local de la superficie del tubo, el coeficiente de conveccién externa
también disminuira en la direccién del flujo. Esto trae como consecuencia que
la variacion de la temperatura superficial del tubo se desconozca a priori y que
sea producto de la interaccion entre los procesos de conveccion forzada interna
en el tubo y de conveccién natural externa en el medio poroso.

Dentro de esta perspectiva general, el objetivo de esta investigacién consiste en
determinar aproximadamente la variacién axial de la temperatura volumétrica
media de un fluido que se transporta por un conducto enterrado en un
medio poroso completamente saturado. Conviene sefialar que a pesar de la
importancia que reviste este problema, los autores no han encontrado trabajos
publicados sobre este tema en la literatura especializada.
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La técnica de solucién para resolver el problema asi planteado descansa sobre la
hipdtesis de una formulacién concentrada. Esta formulacién ha sido utilizada
exitosamente en problemas relacionados al transporte de fluidos en conductos
aéreos colocados en posicién horizontal o vertical [10,11]. La ventaja mixima
que de ella se deriva es que los cdlculos son algebrdicos y se pueden realizar con
una calculadora de bolsillo. De mas esta decir que esta caracteristica singular
la hace extremadamente atractiva para su aplicacién préctica en problemas de
transporte de crudos y vapor a altas temperaturas,

FORMULACION MATEMATICA

Considérese un fluido que se transporta con movimiento laminar por una
tuberia horizontal de radio R enterrada a una profundidad H, tal como se
muestra en la Fig. 1 anexa. El eje de las tuberia coincide con la coordenada
axial ¢ y H se mide desde la superficie libre de la tierra, la cual se considera
como un medio poroso. En z = 0, el perfil de velocidad se encuentra plenamente
desarrollado mientras que la temperatura de entrada 7, se supone uniforme.
Ademas, la superficie de la interfase entre el medio poroso semi-infinito y el aire
se conserva a una temperatura uniforme Ty. El pontencial térmico (T, # Tj)
induce las corrientes convectivas naturales entre la superficie del tubo y la
superficie de la interfase tierra-aire para la regién corriente abajo, £ > 0.

-
naan.a.a;«aa
T L BN

Figure 1. Sistema fisico mostrando el tubo sumergido.
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Para condiciones de operacion estacionarias, el balance de energia sobre el
volumen de control dibujado en la Fig. 2 estabelece que

(pep)itim dTy/dz = xD U(T} — Ts) (1a)

Figure 2. Volumen de control en el tubo.

Esta ecuacion diferencial oridnaria esta sujeta a la condicion de contorno
H=Te 5 =z=10 (1b)

En la ec.(la), el término responsable de las pérdidas de calor lo constituye el
coeficiente global de transferencia de calor U:

U = (1h; + 1/hg) ! (2)

el cual incluye la contribucién de todos los mecanismos de transmision de calor,
que actuando en serie, conectan la temperatura volumétrica media del fluido
interno T}, con la temperatura de la superficie libre de la tierra T,

Con el deseo de darle més generalidade a la solucion, se propone introducir las
variables adimensionales:

Oy =(Tp - T5)/(Te = Ts),  Z =1z/(R Re; Pry)
de manera que la ec. (1a) se convierte en

dfy/dZ = -2 Nu,; 6, (3)
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En este sentido, integrando la ecuacién anterior condicionadaa #, =1, Z =10
se tiene la variacién de la temperatura volumétrica media del fluido interno.
Esto es

0y = exp(—2Nu,; Z) (4)

en donde el nimero de Nusselt efectivo promedio esta dado por la relacién
Nu, =0 D/k (5a)
la cual combinada con la ec. (2) equivale explicitamente a
Nu,p = {1/Nu;+ 1/[Nug(ko/k:)]} ! (5b)

En la ecuacion anterior, kg designa la conductividad efectiva del medio peroso
y k; define la conductividad del fluido interno. Por otro lado, el nimero de
Nusselt promedio externo mﬂ representa la conveccién natural en el medio
poroso y el nimero interno m; esta associado a la conveccion forzada.

Una vez calculada la temperatura volumétrica media 6, empleando la ec.(4),
la temperatura de la pared de la tuberia #,, puede determinarse mediante la
sigulente expresion:

B = 0(1 — Nug /Nu;) (6)

Dentro de este panorama relacionado a la formulacion concentrada, conviene
destacar que el paso crucial para arribar a la ec. (4) lo constituye la adopcion
del valor promedio del coeficiente convectivo interno h; o su equivalente el valor
promedio del nimero de Nusselt interno Nu;.

Prediccién del calor total liberado

La determinacién del calor total Q1 que libera el fluido interno al medio poroso
circundante en un tramo de tuberia z = L puede hallarse directamente en

virtud del Primer Principio de la Termodinamica. Esto es, usando la relacién

Qr = meyi(Te = Tz=1) (7)



260 U. Lacoa y A. Campo

En cambio si introducimos un valor de referencia Qmax, definido como el calor
que libera una tuberia con caracteristicas similares, pero de largo ilimitado, se
puede formar el cociente £2:

Q= QT/Qmax (8a)

En realidad, este cociente proporciona una especie de eficiencia térmica, o sea
Q= (Top —Tw)/(Te —Tw) = 1- 0 (8b)

que sirve para caracterizar el proceso de transmisién de calor entre el fluido
que se transporta por el conducto, el medio poroso (la tierra) y finalmente el
aire circundante,

Una ventaja sin paralelo que ofrece esta representacion matematica es que con
tan sélo una curva de 8, vs. Z se puede calcular directamente la temperatura
volumétrica media en cualquier estacién axial Z y tambien el calor total
liberado desde el origen Z = 0 hasta dicha estacién Z.

MODELO PARA LA CONVECCION FORZADA INTERNA

La superficie del volumen de control dibujado en la Fig. 2 se supone que esta en
equilibrio isotérmico. Por lo tanto, en lo concerniente al proceso de conveccion
forzada interna, la expresién apropiada para el niimero de Nusselt promedio
mi viene dada por las correlaciones recomendadas por Shah [12,13] para
el caso de régimen laminar en tubos suponiendo una temperatura superficial
constante. Estas se desglosan por tramos de la siguiente manera:

Nu, =20348 21307, Z<001 (9a)
Nu,=20348 2'/2-02, 001<Z <006 (9b)
Nu, =3.657 +0.0998 Z~!,  Z>006 (9¢)
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MODELO PARA LA CONVECCION NATURAL EN EL MEDIO
POROSO

Se sabe que el niimero de Nusselt externo Eo depende tanto de la profundidad
H a la cual se encuentra ubicada la tuberia, como del niimero de Darcy-
Rayleigh referido a una diferencia de temperatura AT

Ra = gfa(AT) Ao T/ aeq (10)

Como en este trabajo se persigue estudiar la conveccién natural desde la
superficie del tubo hasta la superficie de la tierra, AT debe escogerse de acuerdo
a los requerimientos de la formulacién concentrada adoptada.

En el trabajo clisico de Bau [6] se examino el fenémeno de conveccién natural
en um medio poroso colocado entre un cilindro sélido 1sotérmico (Ty) ¥ una
superficie horizontal e 1sotérmica (7). El producto de esta investigacion, la
cual es de caracter bidimensional, arroja la siguiente correlacion

1+ 10~ 2m(1.084 m®393 — p.71) Raii,]

Mg = NU“’“"[ 1+ 0.28m%4Ra,

(11a)

siendo m la profundidad adimensional y

Niigpg = 2/In [mﬂ/(m?—l)] (11b)

la expressidon asociada al transporte de calor en un medio puramente conduc-
tivo,

Bajo la hipdtesis de que el tubo se encuentra en equilibrio 1sotérmico en
cada volumen de control, el problema en estudio se amolda perfectamente
a los resultados reportados en [6], pero introduciendo una pequena variante.
Tornando nuestra atencion a la estructura de nimero de Darcy-Rayleigh Ra,,,
se desprende que éste no es un parametro constante en el marco del problema.
Esto se debe a que T,, se desconoce a priori y depende intimamente de la
interaccién de los mecanismos de conveccidn natural en el medio poroso y
convenccion forzada en el flujo interno. Por consiguiente, se puede definir un
nuevo numero de Darcy-Rayleigh designado por Ra.

Rac =g Bo(Te = T;) do R/vo aeq (12)




262 U. Lacoa y A. Campo

que involucra la diferencia entre la temperatura de entrada T, y la temperatura
de la superficie libre T,,. Es decir, la diferencia de temperatura méaxima en el
proceso térmico.

En virtud del argumento anterior, Ra,, en la ec. (lla) se puede reemplazar
por la relacion equivalente
Ra, = Ra. 63! (13)

PROCEDIMIENTO DE CALCULO

Una inspeccién de la formulacion del problema confirma que su solucién esta
regida por los parametros adimensionales:

1. El nimero de Darcy-Rayleigh, Ra,

2. La profundidad adimensional, m = H/R

3. La relacién de conductividades, K, = ko/k;

4. La posicién axial adimensional Z

En procedimiento de calculo se describe una vez conocidos estos datos y los
pasos a seguir estan resumidos a continuacion:

- Se calcula N_u‘- empleando la correlacién apropiada (ver ec, (9))

Se propone un valor inicial de 05,?}

- Se calcula Nug mediante la ec. (11)

- Se determina Nu,; con la ec. (5)

. Se obtiene 0;0] usando la ec. (4)

- Se calcula un valor nuevo de f,, o sea 9‘{,}} con la ec. (6)

o ok L B e

Una vez que se satisface el criterio de convergencia
|85+ - 08| < 0.001

el proceso se detiene. Si esto no ocurre, se toma el valor nuevo de 99) ¥
se regresa al punto 2 para proseguir la secuencia hasta que se obtenga la
convergencia de #,, propuesta.

Conviene senalar que la rapidez de convergencia depende exclusivamente de

la buena escogencia del valor inicial de 9&] . A continuacion se presenta un
ejemplo que ilustra el procedimiento de calculo.
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Ejemplo de cdlculo
Dados los datos:
Ra, =10, m=2 y K,.=kg/k;=1

se desea calcular: a) la temperatura volumétrica media del fluido y b) la
temperatura de la pared del tubo, ambas en la estacién Z = 0.001,

La secuencia de calculos correspondiente se resume en la tabla anexa:
iteracién i 0%  Nuy' Nu, Nuoy o) ol

0 1 1.6631 19.648 1.5333 0.9969 0.9220
1 09220 16143 19.648 1.4917 0.9970 0.9213
2 09213 16139 19.648 1.4917 0.9970 0.9213

Como se observa, tan solo tres interaciones son necesarias para obtener el
resultado final. Entretanto, si se desean realizar los calculos para 3&’"’” y
9£f+” en otras estaciones corriente abajo se pnede emplear el valor de 8,

. . o Bty e & [1]
calculado en la estacién anterior como suposicion inicial, o sea E'L. ).

PRESENTACION DE LOS RESULTADOS

Conveccidon natural en el tubo expuesto al aire

Con el propdsito de validar los resultados por via de la formulacién concentrada
con calculos algebraicos, se presenta primero la comparacion para el caso de una
tuberia aérea expuesta a conveccién natural. Para ello, se emplean dos casos
limites del cociente de conductividades K, es decir K, = 0.05 (combinacion
de agua adentro y aire afuera) y Ky = 20 (combinacién de aire adentro y
agua afuera). El patrén de referencia lo constituye los resultados precisos de
Faghri y Sparrow [14], quiénes emplearon una formulacién diferencial en unién
de una solucién numérica. En las Figs. 3 y 4 se dibujan las variaciones de
la temperatura volumétrica media y de la temperatura superficial del tubo.
Aqi puede corroborarse la buena concordancia que existe en toda la gerion de
desarrollo térmico usando los dos modelos citados que son totalmente diferentes.
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Figure 3. Comparacicn de las distribuciones de temperatura para un tubo
aéreo (K, < 1)

Conveccién natural en el tubo expuesto al medio poroso

Los parametros termogeomeétricos escogidos son |os siguientes: el nimero de
Darcy-Rayleigh Ra. = 10 y 40, la profundidad adimensional m comprendida
entre 2 y 8 y las relaciones de conductividades K, = 0.1, 1, y 10.

La discusion de esta situacion fisica comienza con la Fig. 5 en donde Ra, = 10.
Para el caso K, = 10, la curva de 8; desciende rapidamente para una
profundidad m = 2. Este comportamiento es de esperarse ya que la tuberia
estd muy cercana a la interfase y la resistencia térmica que brinda el medio
poroso es muy baja. A medida que la profundidad adimensional m aumenta
(2 < m < 8), las curvas 6, se desplazan hacia arriba ordenamente. En la
subfamilia de curvas puede observarse que la dependencia de 8, con Z es la
mas lenta para una profundidad de m = 8. O sea que, desde un punto de vista
de conservacion de energia en el fluido interno conviene enterrar la tuberia lo
maximo posible. Esto indica que la resistencia térmica del medio poroso tiende
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Figure 4. Comparacién de las distribuciones de temperatura para un tubo
aéreo (K, > 1)

a aumentar, por supuesto con m. Ademas, conviene sefialar que la separacion
A#) entre la curva con m = 2 y la curva con m = 8 prevalece invariante con la
coordenada axial, esto es Afy = 0.05 unidades aproximadamente.

El proximo caso a discutir corresponde a K, = 1, o sea el mismo fluido afuera
y adentro. Aqui de nuevo, la subfamiilia de curvas parametrizadas para m
muestra un comportamiento mondtono decreciente. La caida mas rapida de la
temperatura corresponde a m = 2 y por el contrario, la mas lenta esta asociada
a m = 8. Puede observarse que no existe una diferencia apreciable entre las
curvas com m = 6 y m = 8. Estas serian las profundidades recomendadas para
las situaciones en donde se persigue liberar poca energia al medio ambiente.
Ademas, se aprecia un patron de abanico en donde la desviacion maxima Ag,
tiende a aumentar corriente abajo. Por otro lado, la distancia Afy entre la
curva m = 2 y la que le sigue m = 4 es pronunciada. Esta distancia tiende
a disminuir y las curvas tienden a juntarse a medida que m > 4. Para una
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Figure 5. Distribucion de la temperatura volumétrica para un tubo sumergido
(Ra. = 10)

tuberia de longitud Z = 0.6, para efectos practicos, las curvas de m = 6 y
m = § coinciden.

El grupo de curvas ralacionadas a K, = (.1 describen un comportamiento un
poco diferente al de los casos anteriores con K, = 1 y 10, Si consideramos una
tuberia de largo Z = 2.5, la caida mds lenta de temperatura 6 ocurre cuando
m = 4. El orden de las curvas corresponde a m = 6, m = 8 y finalmente
la vaniacion mas rapida tiene lugar a una profundidad de m = 2. Este hecho
demuestra que para K, = 0.1 existen profundidades optimas, en donde se pone
de manifiesto un efecto compensatorio entre las resistencias térmicas. Cuando
Z > 0.6, el orden de las curvas se restabelece al igual que en los casos anteriores.
También es de notar que el campo térmico se ha desarrollado plenamente para
K; = 10 en Z = 0.8. Sin embargo, este desarrollo de la temperatura tiende
a hacerse cada vez mayor a medida que K, disminuye, observdndose que en
Z = 10 la temperatura no se ha desarrollado aiin para K, = 0.1. Asimismo,
la Fig. 6 describe la variacién de la temperatura superficial 8, asociada a la
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Fig. 4. A rasgos generales, la tendencia es acorde a lo explicado anteriormente
para f3.

Figure 6. Distribucién de la temperatura superficial para un tubo sumergido

El efecto que ejerce el niimero de Darcy-Rayleigh con valor Ra, = 40 sobre la
temperatura volumétrica media se dibuja en las Figs. 7 y 8. Primeramente,
para K, = 10 todas las curvas tienden a ser invariantes con Z has Z = 1071,
De ahi en adelante el patrén normal prevalece, o sea f;, disminuye a medida
que m aumenta.

Para K, = 1, el abanico de curvas tiende a abrirse mas en funcién de m.
Ocurre un cruzamiento de las curvas en z = 0.3. Hasta esta estacién, 6,
desciende lentamente para m = 2 y rapidamente para m = 8. En cambio,
cuando Z > 0.3, 6y cae lentamente para m = 8 y rapidamente para m = 2.
Como es de esperarse, las magnitudes de las resistencias térmicas juegan un
papel determinante en este comportamiento.
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Figure 7. Distribucién de la temperatura volumétrica para un tubo sumergido

(Rae = 40)

Finalmente, la subfamilia de curvas governadas por K, = 0.1 muestra un
comportamiento analogo al de K, = 1 pero con una dispersién mas marcada.
El patrén explicado para K, = 0.1 se repite aqui también pero con mayor
intensidad, ocurriendo el punto de corte de las curvas en Z = 2.5. Este
fenémeno ocurre hasta la estacion axial Z = 2.5, en donde de ahi en adelante
el orden de las curvas se invierte. Esta situaciéon anémala se explica, via las
resistencias térmicas caracteristicas, o sea que la resitencia conductiva domina
en la region Z < 2.5, en tanto que la resistencia convectiva es preponderante
para la regién Z > 2.5.

De igual manera, las curvas de @, vinculadas a la Fig. 7 se dibujan en la
Fig. 8, aprecidindose una dependencia con Ra., m, K,, y Z bastante similar a
la observada para @), en la Fig. 6.
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Figure 8. Distribucion de la temperatura superficral para un tubo sumergido
(Ra. = 40)
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INTRODUCTION

It is well known that the use of Galerkin's method to solve strong convective
problems produces oscillatory results. The difficulties arise from the non self-
adjoint character of the convection-diffusion differential operator, for which the
‘best approximation property’ of the Galerkin formulation is lost [1]. In the
finite element context most of the efforts to solve convection-diffusion problems
have used ‘upwind’ procedures introduced via Petrov-Galerkin methods [2],
[3]. Soon it was realised, though, that like their finite difference counterparts,
finite element ‘upwind’ procedures tended to produce overdiffusive solutions in
multidimensional and transient situations [4].

A major advance was obtained with the development of the ‘Streamline Upwind
Petrov-Galerkin’ method (SUPG), also known as ‘Anisotropic Balancing
Dissipation’ [4], [5]. In such methods the ‘upwinding’ is performed only
in the streamline direction and hence the amount of numerical diffusion is
considerably reduced. Nevertheless, oscillations can occur near sharp layers as
the matrices obtained do not keep diagonal dominance in multidimensional
cases. The SUPG method has been recently improved with the addition
of ‘Discontinuity Capturing Terms’, though at the expense of a non-linear
mechanism, as these extra terms depend on the solution itself [6], [7].

In this paper we concentrate our attention on the steady-state problem.
A new Petrov-Galerkin formulation is derived from the concept of using a
modifying function to make the differential operator self-adjoint (8], [9], [10].
In fact, the Petrov-Galerkin weightings are determined from approximations
of the modifying function. For the one-dimensional case the so-called ‘optimal
upwind’ scheme is obtained without using previous knowledge of the analytical
solution. Later in the paper we extend the algorithm in order to deal with
two-dimensional problems. A special treatment of the streamline derivative is
introduced, which guarantees the diagonal dominance of the resulting equation
system. This prevents the occurence of non-physical oscillations and enhances
the possibilities of using iterative solvers.

Finally, the performance of the formulation is shown in two-dimensional
examples, with special attention being paid to the strong convection case.
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DERIVATION OF THE NEW PETROV-GALERKIN METHOD

It is commented in [1] that ‘upwinding’ techniques and ‘symmetrization’ of non
self-adjoint problems are related procedures. As we shall see in the following
derivation, this concept is directly used to establish a new Petrov-Galerkin
method.

Consider the convection-diffusion problem given by the energy equation for an
incompressible flow in the one space coordinate z:
d’T

dT
pcpu—&;—x-CT:E-:Q (1)

where:
p is the density,
¢p 18 the specific heat,
x is the thermal conductivity.
u is the flow velocity in the z-direction.
T is the temperature.
Q is the volumetric heat source.

The differential operator associated with equation (1) is non self-adjoint due to
the presence of the convective terms. The result is that the Galerkin method
does not possess the ‘best approximation property’ for discretising equation

(1)-

Using an idea presented by Gaymon et al. {8] and also described in Zienkiewicz
[12], the differential operator can be made self-adjoint using a suitable
multiplying function. Integrating equation (1) over a typical element the
following weighted residual statement is obtained:

fcqbf(pcpug ‘f’f dr = j(ﬁf Qdz (2)

The diffusive term is integrated by parts to give:
dTr df d¢ dT"
/B¢—g=-—(pcpuf+n;) d:+fcsfz -Edz_

fgqn+m. 3)
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where b.t. represents the heat-flux boundary terms.

We notice that the first term in equation (3) is non-symmetric and that the
differential operator is non self-adjoint. Nevertheless, self-adjointness can be
recovered by suitably defining f, the modifying function. For locally constant
velocity and properties the non-symmetric term vanishes if one sets

=G exp(-—p'::u z) (4)

In equation (4) the constant Cp is to be determined in such a way that
continuity of f is preserved over a typical assembly of elements. For instance,
for linear elements and using local non-dimensional coordinates we have (see
figure (1)).

P R E
fi= Gy exp [ZEZ8)] 5)
where P is the element Peclet number given by
_ pcpuh
=222 (6)
G
C1 ¢y
cre’
1 z A 2

Figure 1. Modifying function over an assembly of linear elements.
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The node coordinates for the linear element are:

-1 fori=1
A T
& {+l fori =2 (M

C) is a normalising constant such that

clj_:lexp(—%)w::z (8)

If L is the original differential operator associated with equation (1), we see
that the role of the function f is to produce a new aperator L* = fL which is
self-adjoint. For that reason we call f the modifying function. Note that with
f defined according to equation (5) we are able to deal with variable properties,
using local (element) values. On the other hand, the symmetry of the overall
equation system is lost as we define different modifying functions for different
assemblies.

It is important to note that equation (3) requires continuity of f on the
assembly, otherwise the inter-element boundary terms do not cancel. This
restriction can be circumvented by returning to equation (2) and splitting ¢ f
into ¢ and ¢(f — 1). Now, assuming ¢ to be continuous, we can integrate by
parts only those diffusive terms which are weighted by ¢. This procedure can
be interpreted within the framework presented in [11] and it is clear that f
does not need to be continuous in this case. The resulting formulation is:

dT  d¢ dT d*T
-/;(¢fpcpua+n:£ Edz—fcqb(f—i)xmdz:

[qbf Qdz+bt  (9)
e

Equation (9) allows the use of a piecewise constant approximation of the
modifying function. Therefore, restricting our attention to linear elements,

the linear shape functions can be used as weightings to determine two different
constant approximations for the exponential C) exp(—P€/2):

+1
f_ - Ma[Cyexp(~PE/2) - A dE = 0 (10)
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+1
Na[C) exp(—PE/2) — B] d¢ = 0 (11)

where
N; = 0.5(1 + &¢€) (12)

From the above equations we obtain

A=l+4a (13)
B=l-a (14)

with
a = coth{P/2) - 2/P (15)

The piecewise constant modifying functions is defined using these approxima-
tion as

fi=1+a§; (16)

A representation of equation (16) over a typical assembly is shown is figure (2).

It should be noticed that the parameter «, given by equation (15), is
the so-called ‘optimal upwind’ parameter adjusted in other Petrov-Galerkin
formulations in order to give nodally exact solutions for steady-state problems.
Here, though, no previous knowledge of the analytical solution has been used
to obtain it.

1+ oL

1 2 1 2z

Figure 2. Piecewise constant f.
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So far we have discussed in some detail how to define f, but we have not
said much about ¢. If we look back into equation (2) we can see that an
‘optimal’ choice is to have ¢ belonging to the same space as T (apart from
non-homogeneous essential boundary conditions). In this case we can regard
equation (2) as a Galerkin method applied to the modified self-adjoint operator,
a procedure known to possess the ‘best approximaton property’. Note that
equation (2) can be also seen as a Petrov-Galerkin formulation, where the
weighting ¢ f is applied to the original non self-adjoint problem. It is clear that
the procedure becomes the Galerkin method as P — 0.

For linear elements we obtain the following general equation for an internal
node:

P(l + a) Qhn?

Pl + a)
#—] i U 1a =22 an

—[1+ 1+ (2+aP) T, - [

In the above equation diagonal dominance is preserved for the whole range
of the Peclet number, Equation (17) is in fact the so-called ‘optimal upwind’
scheme, giving nodally exact solutions on uniform meshes.

2D-PROBLEMS

Two-dimensional problems are considered in this section. The methodology
described earlier is extended and bilinear Lagrangian elements are employed in
the discretisation.

For two-dimensional flows the weighted residual statement given in equation
(2) is replaced by

/qﬁf[ﬁcp( T+v%)] /m‘ (3?) dQ =
fﬂdeﬂ (18)

where u, v are the velocity components in the z, y directions, respectively.
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Following the same arguments presented in section 2, it is a simple matter to
check that self-adjointness requires the modifying function to be

f = Coexp [- fj—;E:E(u:i: + vy)] (19)

Returning to equation (18), we split the weghting ¢f into ¢ and ¢(f — 1).
Integrating by parts those diffusive terms which are weighted by ¢ we obtain

fne‘ﬁf[pcp(ug—:+ug—§)] d9+£zen(g—f g_:+§_§ %) Q-

]ned:(f—l)n(?%+%) dQ:_/ﬂeq}deQ+b.t. (20)

Again, the shape functions can be used as weightings to determine constant
approximations for the exponential given in equation (19). The piecewise

constant modifying function is given by

fi= (1 + agl)(1 + omi) (21)
where
ag = coth(Pe/2) — 2/ P (22)
ayn = coth(Py/2) — 2/ Py (23)
Py = pepunhe/x (24)
Py = pepughy/x (25)
ug =u-ng (26)
Uy = WKy (27)

Pg and Py are directional Peclet numbers, whilst §; and n; are the isoparametric
coordinates for node i. The lengths k¢, hy, and the unit vectors ng, n, are
determined by the midside points, as shown in figure 3.
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Figure 3. Typical two-dimensional element.

From the definition of the modifying functio we see that the procedure tends
to the Galerkin method as the convective terms diminish. On the other hand,
our main interest here is to analyse the behaviour of the algorithm when
convection is dominant. Figure 4 presents stencils obtained using bilinear
Lagrangian elements and f; defined by equation (21), on a uniform mesh,
for pure convection and no source term. For comparison, figure 5 shows the
stencils corresponding to the classical ‘upwind’ finite-difference scheme. Note
that the stencils are normalised with respect to the central coefficient. The
flow directions considered are § = 0 and # = 45°.

The finite-difference ‘upwind’ scheme preserves the diagonal dominance prop-
erty in all cases, preventing the development of unrealistic oscillations, For
6 = 0 the scheme gives exact results, corresponding to a node to node propaga-
tion of the convected quantity. Nevertheless, for 8 = 45°, excessive diffusion is
introduced as there is no contribution from the node at left-bottom corner. In
fact, figure 5 shows that such a contribution is replaced by contributions from
neighbouring nodes.

On the otherhand, when the Petrov-Galerkin method is used, diagonal
dominance and exact propagation occurs for § = 45°, but the diagonal
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-1.0 0.0 0.0

Figure 4. Stencils for pure convection obtained with the present Petrov-
Galerkin method.

dominance property is violated for # = 0. In this case nodal oscillations can
arise from unresolved sharp layers.

Having analysed the stencils in figures 4 and 5, it is a simple matter to derive
an approximation for the streamline derivative 37'/8s, which blends the good
propagation properties of the finite-difference ‘upwind’ for # = 0 with those of
the present method for 8 = 45°.

Consider, for instance, the assembly of elements shown in figure 6.

The convective term is rewritten as
arT
uy — df}
/ﬂ. o f pepu, Bs

where u, 1s the modulus of the velocity vector.
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0.0 0.0 0.0
-1.0 1.0 .0
" 4]
0.0 0.0 0.0
W
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00 _ 0.0 0.0

00 05 00
Figure 5. Stencils for pure convection obtained with the ‘upwind’ finite-
difference scheme.
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Figure 6. Assembly of elements and approximated streamline.
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The streamline derivative for the node being assembled is approximated by

ar { (Ts — Tu)/hsa over element 1.
g —

- (Ty — T1)/hg = over element 3.

The lengths h,, and h,, approximate the streamline over the assembly and
are determined from the flow direction and the element geometry. The
temperatures 7, and T} are interpolated from nodal values, using the bilinear
shape functions.

Note that the above treatment of the streamline derivative does not affect nor
produces the ‘upwinding’. This is in fact introduced by the modifying function,
which is consistently applied to the whole equation.

For pure convection exact results are obtained whenever element nodes lie over
streamlines (# = 0 and & = 459 in the case presented earlier, for instance).
In general some numerical diffusion will be introduced by the interporlation
process. Nevertheless, this is much smaller than the numerical diffusion arising
from the classical ‘upwind’ scheme, which never uses ‘corner’ nodes to represent

8T /Bs.

The algorithm obtained using the piecewise continuous modifying function and
the above treatment of the streamline derivative preserves diagonal dominance
in all cases, This prevents the occurrence of unrealistic solutions and enhances
the possibilities of using iterative solvers,

NUMERICAL EXAMPLES

It was shown in section 2 that the new Petrov-Galerkin formulation produces
the so-called ‘optimal upwind’ scheme and nodally exact solutions for one-
dimensional problems. Here our attention goes to two-dimensional cases, where
numerical diffusion and oscillation-free results become the main issues.

A variation of the problem presented in [4] has been used to test the
performance of the present method in a highly convective situation (P = 1000).
The domain is the square with side 1.0 and a 20 x 20 uniform mesh is employed.
Dirichlet boundary conditions are imposed, as shown in figure 7.
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Ty) T=0
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4
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X T=0

Figure 7. Boundary conditions for test problem.

The profile T(y) shown in figure 7 is zero for y < 0.2, one for y > 0.3 and varies
linearly from zero to one for 0.2 < y < 0.3.

It is clear that for large Peclet numbers the steep temperature profile specified
at the inlet is propagated downflow. At the same time, the downflow boundary
conditions must be satisfied, which causes the formation of boundary-layers.

Although the mesh used is too coarse to capture the detailed features of such
boundary-layers, the solutions achieved are virtually exact at nodes for 8 = 0
and @ = 45°. This is expected, as the nodes lie over streamlines for these
angles. for other flow directions some numerical diffusion is introduced by the
interpolation process. Figure 8 presents the solutions obtained for § = 45°
and @ = 60°. Note that even in the latter case the result is reasonably sharp
oscillation-free.

CONCLUDING REMARKS

A new Petrov-Galerkin formulation has been derived from the concept of locally
enforcing self-adjointness.

For one-dimensional problems the ‘optimal upwind’ scheme has been obtained
without using previous knowledge of the analytical solution.
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Figure 8. Solutions for # = 45° (top) and 8 = 60° (bottom).

In two-dimensional cases a special treatment of the streamline derivative is
needed in order to guarantee oscillation-free results and diagonal dominance
of the equation system. Accurate results for strong convective problems are

obtained, specially when nodes lie over streamlines.

As the diagonal dominance property is preserved, efficient iterative methods

(like multigrid techniques) can be used together with the formulation presented.
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RESUMO

Propde-se um mecanismo para o aproveitamento da energia cinética contida num fluzo
de dgua, que pode ser um rio, um canal, etc. O mecanismo ¢ baseado na forga de
sustentagdo que atua em cilindros girantes, os quais possuem alto Cr.. Uma andlise
hidrodindmicae preliminar ¢ feita e resultados numéricos sdo apresentados.

Palavras-chave: Efeito Magnus » Conversio de Energia » Energia Renovivel =
Dispositivo com Alta Forca de Sustentagio s Cilindro Girante

ABSTRACT

This work presents a theory for the modelling of a mechanical system used on the
conversion of water flow kinetic energy. The system explores the hight lift forces
resulting from two columns of rotating cylinders in a stream due to the Magnus effect.

A difficully commonly associated with systems that use the Magnus effect is the
mechanical arrangement since these systems present combined moves rotation and
translation of the cylinders. The present proposal deals with a mechanical system
where the cylinders are supported at both ends, and hence, contrary to other
configurations, do not work in balance.

The hydrodynamic analysis presented here is based on the aclualor disk theory, for
the farfield, combined with a description of the flow field around a cylinder element.

Keywords: Magnus Effect « Energy Conversion » Renewable Energy » High Lift
Device » Rotating Cylinder
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INTRODUCAO

Neste trabalho apresentamos uma proposta para o aproveitamente da energia
cinética contida num fluxo de agua, que pode ser um rio, um canal, etc,
Para a extra¢io desta energia é proposto um mecanismo baseado na forga
de sustentagdo, resultante do movimento de rotagio de um cilindro imerso
numa corrente fluida (Efeito Magnus). A principal vantagem deste tipo de
mecanismo reside no fato de que o coeficiente de sustentagao (Cp ) para cilindros
girantes poder atingir valores maiores que dez, ao passo que os melhores perfis
aerodinamicos dificilmente podem trabalhar com valores superiores a dois; é
claro que estes cilindros apresentam, também, elevados valores do coeficiente
de arrasto (Cp) mas, mesmo assim, os resultados podem ser animadores.
Cabe ressaltar que mesmo considerando a for¢a de sustentagao, e nao o seu
coeficiente, ainda se pode esperar resultados compensadores (note que o coef.
de sustentagao é definido com base no diametro, no caso do cilindro, €, no caso
do perfil, com base no seu comprimento).

Uma dificuldade inerente aos mecanismos que utilizam o Efeito Magnus estd
associada aos aspectos mecanicos, uma vez que os cilindros devem apresentar
um movimento de rotagao combinado com um de translagao. O mecanismo
proposto - veja Fig. 1 - apresenta como atrativo principal miltiplos cilindros
girantes, que sao apoiados em mancais nas duas extremidades; nao trabalham,
portanto, em balango.

Além da configuragdo proposta apresentamos uma analise basica que,
como uma primeira aproximag¢ao, deve simular razoavelmente os fenomenos
hidrodinamicos. Esta analise utiliza a teoria do disco atuador (Rankine) com-
binada com uma versao da teoria do elemento de pa, e nao leva em consideragao
a influéncia das paredes, a interacao entre os cilindros adjacentes e o desem-
penho de cilindros operando na esteira de outros cilindros (alids este é um
assunto de investigagio basica em hidrodinamica).

Nao houve a preocupagiao com a analise mecanica do dispositivo, com os
aspectos relacionados com o projeto e com a otimizagao. Os esforgos tiveram
como objetivo principal a analise hidrodinamica, que possul como intuito
motivar a procura de mecanismos que fagam uso do alto coeficiente de
sustentagao dos cilindros girantes,
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Figura 1. The proposed system.

O MECANISMO PROPOSTO

Virios mecanismos foram propostos para a utilizagio do efeito Magnus no
aproveitamento da energia dos ventos. Um deles [1] propde a utilizagao de
cilindros girantes, com o eixo vertical, sobre uma platalorma que se desloca
em circulos sobre trilhos, enquanto que outro [2] propoe a substituigao das pas
de um rotor edlico de eixo horizontal por cilindros girantes; certamente outros
mecanismos propostos existem.
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A Fig. 1 mostra esquematicamente o mecanismo proposto. Este consta de
um canal e transversalmente a ele duas séries de cilindros girantes que sao
interconectados, nas suas extremidades, por correias que também acionam
a carga (gerador, bomba, etc). Observemos que os cilindros da segunda
coluna (cilindros de juzante) devem girar em sentido oposto ao dos cilindros
da primeira coluna. Existem diferentes maneiras para imprimir o movimento
de rotagao nos cilindros; pode-se propor, como na figura, que este movimento
seja propiciado por rotores do tipo Savonius localizados nas extremidades dos
cilindros.

ANALISE HIDRODINAMICA

A andlise hidrodinamica do mecanismo proposto € dividida em trés partes. A
primeira, equivalente ao campo externo, trata dos aspectos globais; a segunda,
analisa o escoamento junto aos cilindros, o que corresponde a teoria do elemento
de pa da andlise de rotores edlicos de eixo horizontal; a terceira combina os

resultados das duas primeiras.
Modelo do Disco Atuador
(TVQM - Teoria da Variacao da Quantidade de Movimento)

A andlise dos aspectos globais é feita com a utilizagdo do principio da
conserva¢ao da quantidade de movimento, que constitui-se na base da teoria
(modelo) do disco atuador ou de Rankine.

O modelo do disco atuador é esquematizado na Fig. 2 e tem como resultado de
maior interesse para a presente analise a relagao;

v=f9.g.ﬁ, (1)
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Figura 2. Theory of the actuator disk.

Esta relagio mostra que metade da variagao da velocidade ocorre antes do disco.
Como é bem conhecido, este modelo utiliza hipoteses bastante generosas, mas
que, no entanto, parecem suficientes para a presente analise.

Uma andlise elementar do balango de energia mostra que V4 < Vp e o principio
da conservagiao da massa exige que a drea da segio — 4 - seja maior que aquela da
segao — 0 -, considerada a montante do disco. O fator de indugao da velocidade
axial - a - pode ser definido como;

Va=Vo(l-a). (2)
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Andlise do Escoamento Junto aos Cilindros

(TEP-Teoria do Elemento de Pa)

A analise do escoamento junto aos cilindros e os resultados acima mencionados
devemn fornecer as equagbes necessarias para os nossos propositos. Esta deve
iniciar-se com o estudo do diagrama de velocidades e forgas que atuam sobre
um cilindro, como mostra a Fig. 3. Esta figura refere-se a um cilindro da coluna
(1) - coluna de cilindros a montante - que se move na diregao de y positivo
com velocidade de transi¢ao V. Como a velocidade incidente é indicada por
V1 a velocidade resultante Vg;, que forma um angulo a; com o eixo dos z, é

definida como:
Var = /VE+ VE . (3)

Figura 3. Diagram of forces and velocities.

A for¢a hidrodinamica resultante é decomposta nas componentes ortogonais
dLy e dDy, conforme indicado na Fig. 3. A projegao destas forcas sobre o
eixo r sera relevante para a analise do item seguinte e aquela sobre y serd
responsavel pela produgao de trabalho atil.
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Temos, entao:

déyz = dLysina; +dD cosay , (4)
dp1y = dLy cos ay + dDq cosay (5)
onde
2L =CpipVid-dz ;  Cpi= f(Vr, M)
24D = Cp1pVhd-dz  ;  Cpi=9(Vm, M)

N = rotagao imprimida aos cilindros

Observemos que uma andlise andloga pode ser efetuada para um cilindro da
coluna 2 (coluna de cilindros a jusante). A lnica diferenga, além dos valores
das varidveis, encontra-se na diregdo de Vi, que é oposta aquela dos cilindros
da coluna 1, vide Fig. 1.

A forga total que atua em cada coluna de Z,;(i = 1,2) cilindros é dada por:

b 5 i
F;,=Z.-L d¢lz=%_'[LiVT+DiVi] ; (6)
b
T
Fop = 2: /0 déy = 7 |LiV = Dive] @

onde b = comprimento dos cilindros. Para a completa determinagao de Fip
e Fy, torna-se necessirio uma informagao adicional, além daquelas sobre o
comportamento de Cp, e Cp, assim!

- Velocidade incidente V;, ¢ = 1,2 - assumimos que a velocidade incidente nos
cilindros, de ambas as colunas, seja fornecida pela velocidade V', fornecida
pela expressao (1), isto é, a velocidade no disco - veja figura 2,

V=tW=¥. (8)

- O coeficiente de sustentagdo ¢ o de arrasto assumem a forma (3], (4]

CL=1+3-1), (9)
Cp=0239 0% , (10)

onde o coeficiente de rotagao ~ @ - € definido como
PO .. (11)

v
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TVQM Combinada com TEP

O principio de variagdo da quantidade de movimento, utilizado na obtengao da
expressao (1) fornece, também:

Fiz + For = m(Vp - Vy) ,

onde i = vazao massica. Com auxilio de (1) obtemos:

Fie 4 Fao = 5" Vo 4 VallVo - Vil (12

A expressdo (8) nos sugere uma série de outros resultados:
a) Vr = Vg1 = VRo uma vez que Vp = Vp; = Vg,

b) L = L, = Ly e D = Dy = Dy uma vez que os cilindros possuem o mesmo
didmetro e comprimento, além da rotagao N = Ny = N,

¢) Fr=Fip=Fop e Fy=Fiy= Fay,
d) Z2=2y = 2.

Levando estas relagdes em (12) e utilizando (6) temos:

Vi Vr 1’4 Vi Vi
PR Fopins WYE, WS B TR gRg () ) (RS 4 (U 13
ol ™ Vu+ DVo] [ +Vo][ Vo] (13)
onde a razao de areas — A — ¢ definida como
A=2d/h. (14)

A seguir as velocidades sao adimensionalizadas com base em Vj e indicadas por
um ('), isto é:

Vi=V/W . Vf« =Vr/Vo, etc,
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o que facilita os trabalhos numéricos e os desenvolvimentos futuros. A expressao
(13), juntamente com (1) e (3) nos permitem a obtengio de V e VR se forem
conhecidos A, o e VT, e, por esta razao, sao transcritas abaixo

V' =g+ Vv, (1)
VR =\VA4+VE, (3
WVRH[CLVF+CpV' =1 = V{1 + V] . (13")

FORCA E POTENCIA

Para o dimensionamento do sistema e para a analise de seu desempenho €
necessario a estima da forga total na dire¢do y e da potencia disponivel. Se b for
mantido constante o valor de h na se¢do - 2 -, onde se deslocam os cilindros de
jusante, deve ser diferente daquele na se¢ao - 1 -, onde se deslocam os cilindros
de montante. Aqui assumiremos que esta diferenga seja pequena e tomamos o
valor da segdo - 1 —. Assim, o coeficiente de forga - Cp - € definido como

£ F
Cr= Lot (15)
5 pVgbh
A substituigdo de (6) e (7) na definigdo acima fornece
Cr = DVR[CLV' - CpVyl (16)
que é a expressao utilizada para o calculo numérico de Cp.
O coeficiente de poténcia - Cp ~ é definido como:
P
Bpe——t . 17
P T V3bh (17)
e seu calculo pode ser efetuado lembrando que
P, = 2F,Vp = potencia til.
Tem-se, portanto
Cp = 2AVpvglCLV' + CpVy) (18)

que € a expressao utilizada para o calculo numérico de Cp. Observemos que
esta grandeza representa o rendimento do sistema.
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RESULTADOS NUMERICOS E EXEMPLO DE APLICACAO

As expressdes (16) e (18) sao utilizadas no cilculo numérico dos coeficientes de
forca e poténcia. Note-se que para a utilizagdo destas expressoes o sistema de
equagdes (1'), (3’) e (13") deve ser resolvido.

As figuras 4 a 9 mostram resultados para diferentes combinagoes dos parametros
A e o, Estas figuras sdo de utilidade no dimensionamento do sistema.

Como exemplo de aplicagao, consideremos um canal de segdo retangular (b x k),
por onde escoa agua com velocidade Vp.

A estima da poténcia do mecanismo a ser instalado pode ser feita com a
utilizagdo de (17) assumindo-se um valor tipico de Cp = 0,4, como mostram
os graficos.

A melhor razdo de transmissao pode ser obtida a partir do coeficiente de
forga exigido pela carga (definido de maneira andloga a expressio (14)), com a
utilizagdo dos graficos.

Observe que o coeficiente de rotagao utilizado — ¢ - permitira definir a grandeza
N.

100 1.00

0.00

000 Vi/ V0 200

Figura 4. Force coefficient for Zd/h = 0.10.



Efeito Magnus: Sua Utilizagio na Conversio

297

1.00 1.00
o | S \
————._ O:l8
sl
—-—-..\0?124 \
HD-LD \
o.ooom . \“T ; 0.00
Vi/VO 200

Figura 5. Power coefficient for Zd/h = 0.10.
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Figura 6. Force coefficient for Zd/h = 0.12.
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Figura 7. Power coefficient for Zd/h = 0.12.
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Figura 8. Force coefficient for Zd/h = 0.14.
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Figura 9. Power coeﬂit;ient for Zd/h = 0.14.

CONCLUSOES

A andlise hidrodinamica mostra as potencialidades do mecanismo proposto; no
entanto, é oportuno ressaltar algumas caracteristicas inerentes a esta proposta.

- embora as velocidades das correntes disponiveis de dgua sejam baixas,
quando comparadas com as velocidades dos ventos, a massa especifica da
dgua é alta (aproximadamente 1000 vezes a do ar) o que deve contrabalangar
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na estima da poténcia,

- normalmente a velocidade das correntes de dgua é relativamente constante,
quando comparada com a velocidade do vento.

- 0 mecanismo, em principio, nao exige a construgao de barragens.

E importante ressaltar, também, que a andlise apresentada possui limitagoes
impostas pela simplicidade do modelo utilizado. As hipéteses utilizadas foram
mencionadas no texto e mostram que a andlise deve ser considerada como
preliminar. No momento, esforgos estao sendo dispendidos no sentido de relaxar
algumas hipdteses e assim propor um modelo mais complexo.
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ABSTRACT

The theoretical foundations of the unified integral transform method are presented.
The method transforms a non-linear partial differential equation problem to a coupled
non-linear system of ordinary differential equations that is to be solved numerically.
Also, partial differential eigenvalue problem is transformed to the algebraic one, that
can be solved by existing codes.
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RESUMO

As bases tedricas do método da transformada integral unificade sdo apresentadas.
O método transforma um problema de equagdo diferencial parcial ndo-linear em
um sistema nao-linear acoplado de quagées diferencigis ordindrias, que deve ser
resolvido numericamente. Além disso, o problema diferencial parcial de autovalor
€ transformado em um problema algébrico, gque pode ser resolnido por cddigos jd
existentes.
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INTRODUCTION

Many engineering problems lead to partial differential equations subjected to
initial and boundary conditions. Usually such problems are solved by one of
the following numerical methods: finite differences, finite elements, boundary
elements, or spectral methods [1,2].

All methods transform the original partial differential equation problem to a
set of algebraic or ordinary differential equations.

The finite differences and finite elements methods consider from very begining
the field variables in limited number of points in the solution region, while
the boundary elements method uses limited number of boundary points. The
spectral and integral transform methods use solutions in terms of truncated

series, which is somehow analogous to considering limited number of points.

The classical finite integral transform method [3,4] permited to solve only linear
problems. Recently various non-linear heat transfer problems were successfuly
treated by using a generalized integral transform method. The reader can find
these new results in [5].

The goal of this paper 1s to present theoretical foundations of the unified finite
integral transform method.

First, the linear matrix problem is considered for boundary conditions more
general than those in [3]. The problem is transformed to the corresponding
system of ordinary differential equations in a more ellegant manner than in [4].

Second, the non-linear matrix problem is transformed to a coupled nonlinear
system of ordinary differential equations that is to be solved numerically. Then,
the desired solution is readily given by the corresponding inversion formula.

Finally, the integral transform technique is used to reduce a given eigenvalue
problem described by partial differential equations, to an algebraic one, that
can be solved by existing codes.
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The unified finite integral transform method presented here is applicable to a
large class of field problems including heat conduction, elasticity, acoustics, ete.
Current work is done to create automatic software for heat transfer problems.

LINEAR PROBLEMS

To define and solve a wide class of boundary value problems in a compact and
ellegant manner the following matrices are introduced in [6]

[D] = [84] (1.a)

and
[Ds] = [&;] (1.6)

where the elements d;; are zero or first-order differential operators defined over
the finite domain V' bounded by the surface S, and ¢;; are the direction cosines
of the outward drawn normal to the boundary surface S. For example, d;, can

be zero, 8/8z, 8/dy, etc.

The above two matrices are used to define the following linear operators

L = —(D][C][D] + [B] inV (2.a)
c* = —[D)'[C)'[D) + [B]' in V (2.6)
B = —[Ds)[CI[D] + [4] in S (2.¢)
B* = —Ds]'[C)'[D) + (4] in § (2.d)

where the elements of [C] and [B] are known functions in the finite domain V',
the elements of [A] are known functions on the boundary surface S, and the
superscript ¢ denotes the transpose of a matrix. Here £ and g" are the adjoint
operators of the operators £ and /3, respectively. The operators (2.c) and (2.d)
are more general than those considered in [4].

The volume and the surface inner products of two column vectors {u} and {v}
are defined as

[{u}, {03]y = jv ()t {v} &V (3.0)
[{e}, ()] 5= ]s {u)! {v} dS (3.6)
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The “transposed” form for two column vectors {u} and {v}, whose elements u;
and v; (i = 1,...,n) are continuous functions of the space variables in domain
V bounded by the surface S, is derived by using the same manipulations as in

[4). The result is

({v}. L{u}]y + [{v}, Blul]s = [{u}, £7{v}]y + [{u}. B*{v}]s (4)

Let us consider the following linear boundary value problem
[[W] T+ L] (¢} ={P) in V {5.a)
subject to the boundary and initial conditons

Ble}={¢} . on S  (5.b)

a’;{tf} ={fly p=01,..,(k=1)a t=0 (5.0
where T denotes a linear differential time operator of order &. The elements of
[W] and {f}p are known functions over the domain V. The source terms { P}
and {¢} are known functions of time in V and S respectively. This problem
covers as special case a wide number of problems, such as in heat conduction,
elasticity, ete.

To solve the problem (5) we need the solution of the following adjoint eigenvalue
problems [4]

L{¥} = AW] {¥} in V (6.a)
Bl{yv} =0 on § (6.4)
and
£ (v} = AW H{w)” in V (7.0)
g*{v}" =0 on S (7.5)

The eigenfunctions {¢'} and {¥}* form biorthogonal sets, and any eigenvalue
Ai (i=1,2,...,00) of the system (6) is at the same time an eigenvalue of the
adjoint system (7).



Unified Integral Transform Method 305

The orthogonality condition

[{¥);, W)y, =0  fori#j (8.a)

is developed by using the “transposed” form (4) for {u} = {¥}; and {v} =
{¥}?, and the eigenvalue problems (6) and (7) to evaluate the expression L{¥},,
B{vk, £7{¥}}, B*{¥];, respectively, where the eignefunctions are normalized,
le.

[{¥), Wl{whi]y =1 (8.6)

We assume that the eigenvalues A; and the corresponding normalized eigen-
functions {y}; and {y}} are known. Then, the solutions of problem (5) can be
written in the form

{9} =) {¢}iei iV (9)
=1

To determine the expansion coefficients @;, both sides of eq.(9) are premulti-
plied by {y};*(W], integrated over the region V' and the orthogonality relation
(8) is utilized. The result is

¢ = [{v}], W4}, (10)
This equation defines the finite integral transform é:, having the inversion
formula (9).
The original problem (5) is transformed into a system of ordinary differential
equations by using the “transposed” form (4) for {u} = {¢} and {v} = {¥}],

and egs. (5.a,b) and (7.a,b) to evaluate the expressions for L{¢}, B{¢}, L*{¥}],
B* {3}, respectively. We obtain the following infinite decoupled system

Téi+ Migi = [{(¢)], {e}] s+ [{¥)]. {P)]y (1l.a)

where i = 1,2,...,00.



306 M.D. Mikhailov & R.M. Cotta

The initial conditons needed for the solution of eq. (ll.a) are obtained by
taking the integral transform of the initial conditions (5.c) according to eq.
(10). We obtain

Tt = (K. W) att=0 (1.4

The steady state problem

L{¢} = {P} in V (12.a)
819} = lv) oS (124)

can be transformed in the same way to the algebraic equations

J"i 5-‘ = [{‘f’]:! {p}]s+ [{\b}:! {P}]V [13)

The systems (11) and (13) are to be solved for the finite integral transform
&n,'. Then the desired solution is readily given by the inversion formula (9).
By increasing the number of terms the solution can be obtained with desired
accuracy.

The above results give as a very spacial case, the solution of class one problems
as described in detail in [5].

NON-LINEAR PROBLEMS

Let us consider the following problem

(W] + [Wa] T{¢}+ (L + La){¢) ={P}+{P}n inV  (l4a)

6+ Bn] {6} = {e} + {o)n onS  (14.)
a—;£3}={!}p p=0.1,. .., (k=1) att=0 (l4.¢)

The problem (14) is an extension of problem (5). Several non-linear terms
having index ‘n’ are added. [, and 3, are operators similar to those given
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by eq.(2) but with coefficients that vary not only in space but also depend on
time and on the field variable {¢}. The source terms {P}, and {p}n are also
nonlinear since they depend on space, time, and the field variable {¢}.

We assume that linear terms represent problem (14) in some average sense and
consider all nonlinear terms as source terms. Then, problem (14) is rewriten
as

(W] T{¢} + L{¢} = {Plesys inV  (l5.a)
B{e} = {pless onS  (15.6)
a’;ﬁ:}={f}, p=0,1,...,(k=1) att=0 (l5.)
where
{Pless ={P}+ {P}n — [(W]n T{¢} — Ln{¢} (16.a)
{elers = {e} + {p}n — Bn{d} (16.)

The problem (15) can be transformed to the 3,- variables by using directly
egs.(11). The field variable {¢} is to be removed from the source terms {P}. s
and {p}.s; by using the truncated to the n-th term inversion formula (9).
In this way a coupled nonlinear system of ordinary differential equations is
obtained that has to be solved numerically. Subroutines that can be used are
described in [5]. Once the finite integral transform ¢; is numerically obtained,
then the desired solution is readily given by the inversion formula (9).

The convergence of the inversion formula (9) is improved when the boundary

conditon (5.b) is made homogeneous. In many cases it is possible to obtain
homogeneous boundary conditions by splitting the solution into twe parts

{¢} = {u} + {v} (17)

The first one is to satisfy the nonhomogeneous boundary conditions

B{u} = {¢} + {¥}n — Bn{¢} (18)
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The second one 1s defined by

W] T {v} + £{v} = {P)ess nV  (19.0)
B{v}=0 on S  (19.4)
""‘”{"}_{f}JD aair}' p=01,...,(k—=1) att=0 (19.¢)
where
{P}ess = {P}+ {P}n — [W] T{u} = [W]n T({u} + {v}) - L{u}-
-\ ({M} +4{E}) (19.d)

We have some freedom in selecting {u}. The computations are facilitated if
{u} is sellected in such a way that some of the terms in {P},;; become zero.

Problem (19) can be transformed to a coupled system of ordinary differential
equations by using directly eqs.(11). But now the convergence is improved
since the surface integral is missing.

Once the finite integral transform #; is numerically obtained, then the desired
solution is given by the inversion formula

v} = 3 {9k (20)

i=1

By increasing the number of terms we can obtain the results with prescribed
accuracy.

EIGENVALUE PROBLEM

Let us consider the following problem
£1{Q) = v[W], {22} inV  (2la)
B1{Q) =0 onS  (21.b)

where the operators £, and 3, are similar to those described by eqs.(2.a) and
(2.¢) but the matrices [A], [B], [C] are replaced by the known matrices [A];,
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[B]; and [C];. The eigenvalues v and the eigenfunctions {2} are unknown.
Qur goal is to develop a method for their computation.

We rearrange egs. (21) to be analogous to the steady state problem (12).
Problem (21) is rewritten as

£{Q} = (£ - L){Q) + ¥[Wh{Q)} nV  (22a)
B{O} = (8- A) {a} onS  (228)

The comparison of problems (12) and (21) gives
{6} = {9}, {P}=[(£L-L0)+o[Wh] {0}, {e}=(B-51) {O} (23)

By using these results into egs. (13) we obtain the algebraic system
Ml = [{9);, (B 51) {9} g + [{¥}:, (€—£1) {Q)] o+
+v[{(w}i, Whinl)y (24)

We introduce into eq. (24) the truncated to the n-th term inversion formula

(@) =3 {v); (25)

i=1

The resulting system is written in matrix form as
(41 + (A] Q) = #(B] {0} (26)
where {Q} = [y, Q,.. .,ﬁn] and the elements of the n by n matrices are

aij = [{¥}}, (B = B) {v};]s + [{¥}, (Lr - L) {¥};]y (27)

[0 fori#j
Aj = {,\,- for i = j (28)
bij = ({0}, Wh {¥};]y (29)

Therefore, problem (21) is reduced to the standard algebraic eigenvalue problem
(26) that can be solved with existing codes [5]. The results of numerical
solution for §2; are to be used in the inversion formula (25) to give the, desired
eigenfunctions. By increasing the number of terms we can obtain the results
with prescribed accuracy.
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CONCLUSION

The theoretical foundations of the unified integral transform method are
developed. The method permits to solve numerically a wide class of linear
and non-linear engineering problems. The eigenvalues and the eigenfunctions
needed can be obtained also by the integral transform method. The solution of
several special cases is demonstrated in [5]. Current work is done to extend the
application of the method and to create automatic software for heat transfer
problems,
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