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MHD FLOW AND HEAT TRANSFER IN A
ROTATING CHANNEL OF A RAREFIED GAS
BETWEEN INFINITELY CONDUCTING PLATES

TRANSFERENCIA DE CALOR E ESCOAMENTO
MAGNETOHIDRODINAMICO DE GASES RAREFEITOS
EM UM CANAL ROTATIVO FORMADO POR PLACAS
PARALELAS INFINITAMENTE CONDUTORAS

V.M. Soundalgekar
31A-12, Brindavan Society
Thare (400 601)

India

J.P. Bhat
Department of Mathematics
Goa Engineering College
Farmagudi (Goa) India
ABSTRACT

An ezxact analysis of the MHD flow in a rotating flat plate channel of rarefied gas
is presented. The channel rotates about an azis perpendicular to the plates which
are assumed to be infinitely electrically conducting. Velocity profiles, magnetic field
profiles and the temperature profiles are shown on graphs and the numerical value of
the arial and transverse skin-friction, azial and transverse components of the mass
Jluz and the function affecting the rute of heat transfer are entered in tables. The
results are discussed in lerms of the parameters M (Hartmann number) a (Ekman
number), A (Slip-parameter) and I' (the temperature jump parameter).

Keywords: MHD = Rotating Channel s Rarefied Gas

RESUMO

Uma andlise exata do escoamento magnetohidrodindmico de gases rarefeitos em um
canal rotative formado por placas paralelas € apresentada. O canal roda em torno
de um eizo perpendicular as placas que sio admitidas possuir condutividade elétrica
infinita. Perfis de velocidade, campos magnéticos e temperatura sdo mostrados em
gridficos. Valores numéricos dos coeficienles de atrito azial e transversal, componentes
do fluro de massa arial e transversal, e da fungdo que afeta a tara de transferéncia
de calor, sdo mostrados em forma tabular. Os resultados sdo discutidos em termos
dos pardmetros M (ndmero de Hartmann), a (nimero de Ekman), o (pardmetro de
deslizamento) e I (pardmetro associado ao salto de termperatura),

Palavras-chave: MHD » Canal Rotativo « Gis Rarefeito

Submetido em Margo/90 Aceito em Qutubro/90
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INTRODUCTION

A large number of papers are being published on channel flows because of
their industrial applications, In most cases, the flow of Newtonian fluids at
normal pressure and temperature is considered. However, in many industrial
applications of channel flow, there is sometimes an increase in temperature of
the gas or a decrease in the absolute pressure and hence this leads to a slight
decrease in the density of the gas which then gets rarefied. The first effect of
rare-faction of the gas is seen in the slip and the temperature jump of the gas
at the surface of the plate. Channel flows under such conditions are studied by
[1] under first order velocity slip and temperature jump boundary conditions.
The effects of the second order velocity slip and temperature jump boundary
conditions on the channel flow of rarefied gas were studied by [2].

The flow of an electrically conducting, viscous rarefied gas in a channel was
studied by [3] and the heat transfer of the channel flow under first-order
temperature jump boundary conditions was studied by [4].

Antother physical situation of interest in industrial applications is the study of
the secondary flow in a straight channel rotating about an axis normal to the
plates. This was studied by [5] in case of a continuum medium. Similar problem
under first-order velocity slip and temperature jump boundary conditions was
solved by [6]. It is now proposed to study the effects of a transversely applied
magnetic field on the flow and heat transfer in the flow of a rarefied gas in a
straight rotating channel.

MATHEMATICAL ANALYSIS

Consider the steady flow of an incompresible viscous electrically conducting
rarefied gas between two parallel plate in a rotating frame of reference O’
X’ Y' Z2'. Chandrasekhar [7] has shown that the flow is governed by the
following equations of motion coupled with corresponding Maxwell's equations
of electromagnetism:

p(@ VY& =2 XQ)=-V'P 4+ poV?& +u (V' X BYX H' (1)
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Via' =0 (2)
VOB =0 (3)
VX X B+ L oyng_g (4)
: - HeT

B= iz B (4a)

/

Here P/ = p' — 1 p|Q' X #)? and @, @, # are the velocity vector, angular
velocity vector and the position vector, respectively. Also p. is the magnetic
permeability, p the density, ¢ the scalar electrical conductivity of the fluid
and H' is the magnetic field vector. The channel is assumed to be rotating
about Z’-axis which is normal to the motion of the rarefied gas flowing under
a constant pressure gradiente — §P’/8z', acting along the X’-axis taken along
the centreline of two parallel plates z/ = +L,

The components of velocity, rotation and the magnetic field are now assumed
as follows:

W' = (u'(<), v'(z), 0)
Q' = (0, 0, ) (%)
H' = (hi(2'), hy(2"), Ho)

In view of (5), the fully-developed flow of a MHD rarefied gas is governed by
the following equations of motion:

P! 8%w' By OB,

~-2p Q¥ ¥ = ~a e gt o oy (6)
2% QW =p zgj’; + ‘i” 8;,' (7)
8;’ ,; + ¢ pe Bo gu: =0 (&)

3;1?; + 0o pe Bo gv: =0 (9)

and the energy equation is

0=k ST+l (25)+ (X)) + ok [+ (B2)1] 1o
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The first-order velocity-slip and temperature jump boundary conditions are

du' dB’,
¥ s, — - 3 = Zr —
W(EL) =Fbu 75| ,_ o 75 =0 at +L
dv' dB,,
I o= P — ' =
v{+L) = F&u 7| P 0 at ==L

aT,
Ty ~dep= _ET( d-:" )z'.:L
dTy.2

(11)
dz’ )z'=—L

Ty,? —Tw2= _fT(

Here (u/,v') are the velocity components along z’ and y’ directions, p the
viscosity, K the thermal conductivity of the gas, T}, ; is the wall temperature
at 2’ = L, Ty, is the gas temperature adjacent to the wall at 2’ = L with
similar definitions for T2, T2 at the wall 2’ = —L. Also &, is the slip-
velocity coefficient given by

28 4
i 28§
=3

where £ is the mean free path given by

€= (\/7/8/0.499) u (VRGT/p')

Here f is the Maxwell’s reflection coefficient and Ry is the gas cosntant. {7 is
the temperature jump coefficient and is defined by

i _g-w N 2
LT S i -

where @ is the accommodation coefficient, A’ the ratio of the specific heats and
P 1s the Prandtl number.

On introducing the following non-dimensional quantities

z=2 /L, u=ulLfv, v=vLl/v, By = B, [op.vBy,

!
By = B!, /opcvBo, R= L3( = %%)/pvz, a? = 'Ly,

M? = L2 B2o/pv, P = p cp/K, E = 2w/L) [ep(Tw = Tuw2)
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Hlige oo ¥
Tw‘l Y Tw'm viwm — 9 t

A=&/L, T=&r/2L

0=

in eqautions (6) - (11), and combining these by introducing

we have

g=u+iv, H=Bg+iB,, i=v-1

d? dH
dg+M2d —Qatq_ -F

d*H dq g
d,’.zi

d*0 dq dg o dH dH
a3 PE{d PPkl EE}‘“

where - now denotes a complex conjugate.

The boundary conditions are

dH
=gkt - T
WF) =7 dzlz=+1" dz

B(1) = +1F 21‘(3‘9)z o

z=%1 o

The solutions of these equations are

where

cosh Az}

gHE= @{W T Cosh A

H/R= ¢{smhAz }

2
1+21‘ + PERF(z)

F(z) = G(z) - 2T G'(1)

A =1/(M?+202%), oy = Re[A], 1 = Im[A]

W=1+AAtanhA, &=1/(M?+2a% ¥), B; = M?03/2

315

(12)

(13)

(14)
(15)

(16)

(17)

(18)

(19)

(20)
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C = ®%/8 cosh Acosh A, By = C(AA + M?)/a}
B3 = C(AA — M?)/B?, By = —2M? ®®/A? cosh A
G(z) =B1(1 - 2?) + By(cosh 2aq — cosh 20y 2)+

B3(cos 23 — cos 231 z) + Re[By(cosh A — cosh Az)]

Here primes denote derivative with respect to z.

Particular cases.

1) When A =0, I' = 0, we have a continuum MHD case as

g/R

H/R

=~ 355)

= 7 {Feon 7}

0 = z + PER?G(2)

2) For stationary MHD channel, & — 0 and we get

1 cosh Mz
"/R'W{ 17 cosh M J b
1 sinh M z
BelR= 3\ Meohlt ~*} By ="
o * 2 ot ’
0= ;o + PER}G(2) - 2 G'(1)}
where
Wy =140 M tanlid,
G(z) = 1-2%  cosh2M —cosh2Mz  2(cosh M — cosh Mz)
To2m? 4M4cosh? M M4 cosh M

3) For non-magnetic case, M = 0 and we have

a/R= 1{1 coshAz}

8=

z
1+2r

A?L" 7 Weosh A

+ PER*{G(z) - 2T G'(1))

(21)

(22)
(23)

(29)

(25)

(26)
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where

cosh 2az + cos 2az

cosh 2ar + cos 2a

G(z):Aa"'P'i'{l } , A=(1+da

DISCUSSION

In order to gain a physical insight into the problem, we have carried out the
numerical calculations and the velocity profiles are shown on Figures 1-2. On
Fig. 1, the axial velocity profiles u are shown. The axial velocity profiles are
observed to be symmetric about z-axis. An increase in M leads to a decrease
in the values of u and at large value of M = 4 say, the velocity becomes flat
which was also observed by [8]. But due to an increase in the value of A, the
slip-parameter, the axial veloeity is observed to increase. However, when the
value of the Ekman number increases, the shape of the axial velocity changes
such that the velocity decreases at the cnetre of the channel and with further
increase in a, the velocity profile cuts the z-axis more often. This has been
observed by [5] and [9] also.

On Fig. 2, the transverse velocity profiles {—v} are shown. We observe from
this figures that {—v} increases due to an increase in A when M and a are
constant. Also an increase in a or M leads to a decrease in {—uv}.

The induced magnetic field is shown on Figure 3 and 4. On Fig. 3, B, is
shown and we observe from this figure that at large values of a. the shape
of the magnetic field profile is completely changed. Due to rarefaction of the
medium, Bz is found to decrease. On figure 4, By is shown. Due to increase
in A, there is a rise in By but corresponding to an increase in the rotation of
the channel, there is observed to be a decrease in By,. On Fig. 5, the values of
the function F(z) are shown. We observe from this figure that an increase in I'
leads to an increase in F'(z), but F(z) decreases with increasing A. An increase
in M leads to a decrease in the temperature. For a rise in the value of a, there
is a fall in the temperature.
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Figure 1. Axial velocity profiles

We now study the effects of rotation on the shearing stress. It is given by

R a =& Atanh A (29)

-
Rlz==1 R dzlz=-1

The real and imaginary parts of 7 are denoted by 7. and 7. Numeri-
cal values of 7:/R and 1;/R are calculated and they are entered in Ta-
ble 1. We observe from this table that 7, decrease with increasing M,
A or @ Thus, when M = 1|, A = 0.1, an increase in a from 1 to
2 leads to 67% decrease in the value of 7,. But 7, increases with in-
creasing M or a and decreases with increasing A, the slip parameter.
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M o« X
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Figure 2. Transverse velocity profiles

Table I - Values of 7z, 7, Qz, Qy, F/(~1)

M| a| A r|rx/R w/R | Qz/R| Qy/R | F'(-1)
1 11(0102]|0.5502 —0.3103 | 0.4254 | —0.2921 | 0.1605
2 11(01)0.2]|04344 | —0.1314 | 0.3115 | —0.1163 | 0.1133
1 12]01]0.2]0.1809 | —0.2357 | 0.0780 | —0.1995 | 0.0280
1 [ 1(02]|02)04826 | —0.3422 | 0.4646 | —0.3816 | 0.1408
1 |1/(02)|04)04826 | —0.3422 | 0.4646 | —0.3816 | 0.1408
1 {9101(02]0.0126 | —0.0352 | 0.0005 | —0.0122 | 0.00008
4 |1/(01]02|0.2463 | —0.0275 | 0.1410 | —0.0197 | 0.0460
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M o A
O B I
o 2 1 o
———— Bx X10 /R v 1 1 0.2
1 9 0
L

Figure 3. Induced magnetic field

Another quantity of interest is the volume flux. It is given by

1 1
Q= j ud: and Qy= ] vdz (30)
-l -1

The numerical values of Q;, Q are calculated and these are entered in Table 1.
An increase in M or o leads to a decreases in @, but @, increases with

increasing A. But Q increases with increasing M or a and decreases with
increasing A.

From the temperature field, we now study the rate of heat transfer. In
dimensionless form, it is given by

de 1

£x=—l- 1+27T

+ PER*F'(-1) (31)
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Figure 4. Induced magnetic field

We have calculated the numerical values fo F’(—1) and these are entered in
Table 1. We observe from this table that when « is large, say o = 9, the
contribution from F’(—1) is almost negligible and hence the contribution from
PER?F'(—1) is also negligible. Then in this case, the rate of heat transfer is
given by 1/14 2T i.e. it is inversely proportional to 14 2. For constant values
of a, A, 8'(—1) decreases with increasing M. It also decreases with increasing

A
CONCLUSIONS

1) An increase in M leads to a decrease in the axial velocity u and at large
values of M, the axial velocity becores flat.

2) An increase in A increases the axial velocity and for large values of the
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Figure 5. Temperature profiles

Ekman number a, the axial velocity crosses the z-axis and for still larger
values, it crosses the z-axis and for still larger values, it crosses the z-axis
more often.

3) The transverse velocity v increases numerically when A increases but
decreases with an increase in a or M.

4) Due to rarefaction of the medium, the axial component Bz of the induced
magnetic field decreases and the transverse component By increases due to
an increase in A but decreases when a increases.

5) An increase in I' leads to an increase in F'(z) and the temperature decreases
with increasing A, M or a.
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6) When M = 1, A = 0.1 an increase in a from 1 to 2 leads to 67% decrease
in the value of 7.

T) 7y increases with increasing M or a but decreases with increasing A.

8) Q, decreases with increasing M or a but increases with increasing A,

whereas @ increases with increasing M or a and decreases with increasing
A

9) For high values of the Ekman number a, the rate of heat transfer is inversely
proportional to 14+ 2T,

10) For constant values of a, A, 6'(—1) decreases with increasing M. It also
decreases with increasing A.
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EVALUATION OF INTERFERENCE LIFT FACTORS
BY THE INTERSECTING BODIES TECHNIQUE

AVALIACAO DE FATORES DE INTERFERENCIA
AERODINAMICA PELA TECNICA DOS CORPOS
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P.A.O. Soviero & R.M. Girardi
Instituto Tecnol6gico de Aercnédutica
12225, Sao José dos Campos SP Brasil

L.C.C. Santos
EMBRAER - Empresa Brasileira de Aerondutica
12225, Sao José dos Campos SP Brasil

ABSTRACT
The Intersecting Bodies Technigue is studied by application of the Panel Method, in
order lo estimale the aerodynamic characleristics of complex configurations by direct
superposition of isolaled simpler parts that compose the body, tncluding in this way,
mirisically, interference effects.
The simpler parts are independently discretized and by the establishment of a constant
internal velocity potential, the pressure distribulion over the external boundary of the
body 1s obtained.
Results from the application to two-dimensional problems are presented, begining with
simpler ones in order to validate the technique and finishing with a classical problem
of a wing-body interference in planar configuration. (ot the framework of the Slender
Body Theory)
Finally, the usefulness of the Intersecting Bodies Technique is analysed for aerody-
namic design purposes.
Keywords: Panel Methods m Aerodynamic Interference s Two-Dimensional Potential
Flow u Green Theorem » Missile Aerodynamic

RESUMO
Neste trabalho estuda-se, através do Método dos Painéis, a chamada Técnica dos
Corpos Intersectantes, a qual permite avaliar as caracleristicas aerodindmicas de
configuragdes compfems pela superposicdo de partes isoladas mais simples que as
compdoem, incluindo de maneira intrinseca o3 efeitos de interferéncia.
As partes mais simples que compdem o corpo em estudo sdo discretizadas independen-
temente e, pelo estabelecimento do mesmo valor para o potencial de velocidade interno
as mesmas, obtem-se a distribuicdo de pressdo ezlerna & configuragdo completa.
Apresentam-se resultados da aplicagdo da técnica a problemas bidimensionais. Ini-
cialmente, configuragées simples sao utilizadas para a validagdo da técnica e em
seguida, estuda-se um problema classico da Teoria dos Corpos Esbeltos o qual trata
da interferéncia asa-fuselagem de configuragées planares.
Finalmente, analisa-se a utilidade da Técnica dos Corpos Inlersectantes para fins de
projeto aevodindmico.
Palavras-chave: Método dos Painéis = Interferéncia Aerodinimica = Escoamento
Potencial Plano = Teorema de Green » Aerodinimica de Misseis

Submetido em Agosto/89 Aceito em Qutubro/90
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INTRODUCTION

With the development of computer methods and resources, the Panel Method
(1] has become an important design tool. However, during the technical
development of a modern aircraft, the time and consequently the money spent
in pressure distribution computations still represents a considerable amount of
the total project cost. For this reason, there is an increasing trend in reducing
computer costs without compromising the accuracy of the results, which
requires new techniques for treating complete aerodynamic configurations,

In a rather simplified way we can distinguish three major numerical design
phases, with certain distinct requirements:
4

1. Preliminary Design Phase

Here, performance and flying requirements indicate some configuration alter-
natives.

2. Final Concept

Considering manufacturing, maintenance and aesthetical constraints, the more
adequate configuration is selected to be detailed.

3. Optimization

This is the phase for detailing and refining the project. The configuration
suffers certain specific, local changes, to reach the final design, suggested by
early wind tunnel tests, From a time-schedule view point (which means cost)
this 1s the critical phase.

From the numerical soution point of view phases 1 and 2 are critical in terms
of algorithm effictency (speed), while in phase 3, the critical factor is accuracy.

During the design phases, when the configuration suffers a host of changes, one
of the critical problems is to generate a suitable numerical mesh. In the first
two phases, where some configuration alternatives are analysed, the generation
of surface panels spends a great percentage of time. When it becomes necessary
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to evaluate the local effects, where high accuracy of the algorithm is required,
the refinement of the panel distribution is the most time consumer.

Figure 1. Intersecting Bodies Technique concept.

The isolated configuration elements, wing, fuselage, empennage, etc. are
normally generated and refined without difficulties because of their natural
discretizing directions. However, the generation and refinement of a suitable
numerical mesh for intersecting regions, such as wing-fuselage junctions, require
a long and tedious work of an experienced professional. This latter problem
could be avoided by using the Intersecting Bodies Technique.

In this technique, pioneered by Ryan & Morchoisne [6], each part, such as wing,
fuselage, empennage, etc. is independently discretized and then joined together
to form the complete configuration, as shown in Figure 1.
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One arrive then to the present work main objectives:

1. Based on Green's second theorem [1], it is demonstrated that the
incompressible potential flow over a complex configuration can be calculated
by superposing the potential of its simpler parts. The consequent geometrical
superpositon guaratees, then, the desired external form.

2. The two-dimensional flow over externally simple bodies are studied in order
to evaluate the Intersecting Bodies Technique, comparing its results whith
analytical and standard panel method solutions.

3. The two-dimensional code, after having been “calibrated” by the previous
applications, is used to analyse wing-body interference lift factors for a missile
configuration.

4. Using the Intersecting Bodies Technique, an integrated aerodynamic design
is proposed in order to optimize an aircraft design procedure.

THEORETICAL BASIS

Incompressible potential flow problems over complex bodies, like the one shown
in Figure 2, are analysed in the present work.

Figure 2. Scheme of intersecting problem.
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These problems are ruled by the Laplace equation,
vie =0, (1)

which is solved in the §l}g domain, subjected to the Neumann boundary
condition, i.e., zero normal velocity on the surfaces Sp; U Sgg. Far from the
body the perturbation potential is zero.

After obtaining the total potential &, the flow velocity V and the pressure
coefficient Cp, in each point of Qg, can be determined by equations (2) and (3)

V=vae (2)

Cp=1—(V/Vx)? (3)

where V, is the undisturbed Aow velocity.

The solution of this problem can be obtained by using the second Green
theorem [1], [3]. Each potential ®; (i = 0,1,2,3) may be expressed as a
function of ¢y, ®,, #, and &3, which are the potentials inside g, §3;, 22
and Qg, respectively.
dmed; = 4rd o+ ]] [I(lﬁg : (6¢0 o 6¢] )+ Ka(®g — ‘1’1)] dS+
So
-+ f/ [ﬁ'l g - (6‘1’0 - 6@2} + Kg(®o — q)g)] d5+
So2
+] [Kyfiy - (V) — V&3) + Ko(®) — ©3)] dS+
s [ [l (0= F0a) + Kaf@2 -9 dS L (8
S23

where K7 and K are the scalar kernel functions defined by

By, (5.0)
T
L 5l
Ky =#-9(3) . (5:5)

and ¢ equals 1 or 1/2, for ®; calculated at an interior pomnt of €}; or on its
boundary, respectively.
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The parameter r is the distance between a variable point over the boundary
and the point where @; is being calculated. The normal vector i; points into
the 2; domain bounded by the S;; surface.

Equation (4) was written considering that the complex body (continous line),

shown in Figure 2, is a superposition of simpler ones, whose boundaries are
S01 U S23 and Sgg U Sy3.

It is well known that terms like o; = #; - (V®; — 6@5;) represent a jump
in normal velocity across S;;, and they are directly associated with a source
surface distribution. Terms like p; = (®; — ®;) are the velocity potential jump,
associated with a dipole surface distribution.

The surface functions ¢; and y; are the unknowns of the problem, which must
be determined by the boundary conditions.

Assuming a constant internal potential &; = ®3 = ®3 in the three subdomains
Qu(k = 1,2,3), equation (4) reduces to

dmed; = 41r¢-°0+f/ (K17 - (V@ — V&) + Ka(Tp — ®1)] dS+
Sﬂl

+/-/Sm[fflﬁﬂ‘(€’¢'0_ 6¢2)+ K2(_¢’0—¢2)] ds . (6)

As can be seen from the above procedure, i.e., by assuming constant internal
potentials on the internal domains of the simpler bodies, one is lead to the
classical formulation, where only the external boundary of the complex body
is considered,

The physical situation studied in this work can be analysed using source orfand
dipole formulations. The best way to do this is the source-only formulation,
since a dipole distribution, with normal velocity as boundary condition, would
lead to a badly posed problem [1], because the u; surface distribution is
undetermined up to an additive constant. However, there is another way
to solve the same problem. Since the laplacian operator is self adjoint, the
associated Dirichlet internal problem (the boundary conditions are in terms of
potential) can be considered. In this case, the dipole-only formulation is more
adequate,
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From the above considerations, one can state that the dipole is the suitable
distribution to be used in the problem, where the potential inside the bodies
should be considered.

The above formalism is suitable for general three-dimensional flows, and its
application to two-dimensional ones requires slight modifications in equations
(4) and (6): the surface integrals are replaced by line ones; 47 is replaced by
27 and the kernel functions K; and K7 become

Ky=~-logr, (5.¢)

Ko =1;-V(logr) . (5.d)

NUMERICAL METHOD

Considering that the ®; potential is evaluated on the surface of the simpler
bodies (which form the complex body), equation (4), with ¢ = 1/2, is the
integral equation that must be solved in order to determine the unknown
function y; (dipole-only formulation).

In this work, the above integral equation is solved numerically using the Panel
Method [1]. In each panel the dipole surface density is assumed constant and
the middle point is assumed to be a control point, where boundary conditions
are enforced.

Assuming a discretization of Ny panels for one of the simpler bodies and N;
for the other, a system of N) + N3 linear equations is obtained, and may be
written as

(4) (4] = [B], (M

where [A] is the influence coefficient matrix, [¢] is the unknown vector, whose
components are the constant dipole densities of each panel. Finally, the
constant total potential (@) in the internal region of each body is described
by the vector [B].

Solving equation (7) for [u], the potential at any point of the flow field can be
calculated. In particular, one determines the potential at the control points,




332 P.A.O. Soviero, R.M. Girardi and L.C.C. Santos

and by means of a central finite difference scheme the tangential velocity is
determined and, in consequence, the pressure coefficient {Cp) is obtained.

In order to test the Intersecting Bodies Technique, two simple plane potential
flows over bodies with known analytical or numerical solutions are studied.

Flow over two circular cylindres partially intersected

The two-dimensional incompressible potential flow over two circular cylinders
in tandem are calculated with the Intersecting Bodies Technique and compared
with the standard Panel Method resolution. The later was solved in two ways:
using source-only formulation developed by Hess & Smith [2] and the dipole-
only formulation from Maskew [4].

The external boundary was discretized in 96 panels and each cylinder of the
intersected configuration was divided in 64 equal panels. It is worth to note
that the discretization density is the same in all resolutions.

One can verify that the pressure coeflicient of the three numerical solutions are
indistinguishable [7].
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Figure 3a. Pressure coefficient percentual error. Pair of intersecting cylinders.
Source and dipole solutions error.
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In order to stand out the differences between the numerical methods, Figure
3a i1s presented above.

The percentual error of the pressure coefficient is very low around the body,
excepting the control point of the panel nearest the junction. This can be
explained by blowing up the junction region as shown in Figure 3b. In this
region, the distances between neighbouring control points are smaller than
the panels’ lengths, resulting in localized numerical errors. Another source
of errors is the numerical differentiation used to obtain the velocity potential
distribution, as is shown in the Figure 5a.

Figure 3b. Intersecting cylinders — junction region.

Flow over a circular cylinder generated by two intersecting bodies

The circular cylinder analysed in this sub-section was generated by the
intersection of the two bodies shown in Figure 4.

Each body is discretized in 64 panels, in such a way that the external boundary
of the resulting circular cylinder has the same number of external panels as each
isolated body (i.e., in this case 64 panels).
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@

Figure 4. Circular cylinder generated by superposition.

The pressure coefficient distribution along the circular cylinder surface was
compared to the analytical solution and good agreement is observed up to
759, From that position up to 90°, what involves three panels in the present
discretization, some discrepancies are verified [7]. This behavior can be
observed in the Figure 5a, where the pressure coefficient error is presented
together with the potential velocity error (these discrepancies are again due to
numerical differentiation).

The errors for the flow over the circular cylinder are greater than the ones
for the flow over the intersecting circular cylinders (see Figures 3a and 5a).
This error increase, relative to the previous configuration, is due to the smaller
distances between the control points of neighboring panels nearly the junction,
as it can be seen by comparing Figures 3b and 5b.

Based on the previous examples the Intersecting Bodies Technique has proved
to be very effective yielding errors lower than 10% (at the worst control point).
The constant internal potential, which is the basis of the technique, is also
numerically verified at internal points (at the control points this condition is
assumed via enforcement of the boundary conditions).
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MISSILE INTERFERENCE LIFT FACTORS

The validation of the two-dimensional code was done in the previous section.
Now, an important aspect of missile design, the problem of aerodynamic wing-
body interference, can be studied.

Particularly, the interference effects in missiles are responsible by a considerable
portion of the total normal force (Z direction force as in Figure 6), and this is
comparable to the Iift of the wing alone.

Figure 6. Planar configuration without roll.

In this section, the Slender Body Theory [5] is used to analyse the flow over a
missile configuration at small angle of attack and without roll.

The total normal force (N7) of such planar configuration can by divided in
four parts,
Nr=Np+ Nu + ﬁNb[w) + ANw{b] 1 (8)

where Ny and N,, are, respectively, the fuselage and wing alone normal forces.
The last two terms represent additional normal forces acting, respectively, on
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the fuselage due to the presence of the wing (A Nj(,,)), and on the wing due to
the presence of the fuselage (AN ).

Considering pratical applications, the equation (8) can be rewritten in the
following form

Np = (Ks+ Ku) - Nu (9)

where the interference lift factors K, and K, are defined by
Ky = (QN&{N] + Nb)/Nw » (lOa)

It is worth to note that the total normal force (N7) is a function only of N,,.
The interference lift factors, as will be seen, depend only on the ratio between

the fuselage radius (a) and the wing semi-span (s), (see Figure 6).

According to reference [5], it can be shown that there is a relationship between
Ky and Ky, given by

Ky =(1+a/s)— Ku (11)
and therefore only one of the interference lift factors needs to be calculated,

The flow parameters of a slender body are obtained by means of solutions of

two-dimensional flows over successive transversal planes along the fuselage axis

(5]

Mathematically, the problem consists of the resolution of the Laplace equation
in the transversal plane (Y, Z) with Neumann boundary conditions. In order to
use the Intersecting Bodies Technique, it is necessary to consider the equivalent
problem, where internal Dirichlet boundary conditions are used. Therefore, the
flat plate in the transversal plane must be changed to a plate with a very small
thickness (t = 0.5% of the plate span); see Figure 7.
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Focse

Figure 7. Discretized cross section.

The small thickness wing with s = 1.0 are discretized in 104 panels (50 in the
upper side, 50 in the lower side and two in each lateral sides) and the circular
cylinders of radius 0.2, 0.4, 0.6 and 0.8 were discretized in 32, 64, 96 and 128
panels, respectively, in order to mantain the same discretization density.

The dipole densities are obtained from the solution of the matricial equation
(7). As the internal total potential was conveniently set equal to zero, it can
be stated that the external total potential at each control point is equal to the
dipole density [1].

In order to calculate the interference lift factor (K ), the numerical solutions
for (ANy(p) + Nw) and Ny, must be obtained.

As the perturbation potential () on the surface of the intersecting bodies are

easily obtained from the total potential, the normal force (AN,,;) + Nw) can
be determined by [5]

ANy@p) + Nu = qgfﬂl[—?iftp aw], (12)

where W = Y +1Z, gg is the free-stream dynamic pressure and the contour C'
is the outline of the wing.

To obtain the normal force Ny, the previous procedure is adopted but now,
only the plane flow over the wing alone is considered (what constitutes a simpler
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numerical problem).

Table 1. Comparison between numerical and analytical solutions

afs Ky (analytical) K (numerical)
0.2 1.162 1.161
0.4 1.349 1.347
0.6 1.555 1.552
0.8 1.774 1.781

The results of the several configurations mentioned above are in the reference
[7]. The classical analytical solution (5] is obtained by the Conformal Mapping
Theory, and its results, shown in the Table 1, are used for comparisons purposes.
As can be seen, there is an excelent agreement between numerical and analytical
regults.

In Figure 8, a typical distribution of normal force is presented, where it might
be observed a numerical error, called in this paper, a “leak” of normal force
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from the wing to the body. Nevertheless, this leakage is taken into account due
to the way that the force is calculated (see equation (12})).

The above mentioned numerical error is shown in Figure 9, where it can be
verified a maximum error of 0.7% for a case in which the external portion of
the wing is discretized in 5 panels. This error decreases with the increase of
the discretization.
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Figure 9. Interference lift factor. Theoretical and numerical solution error.

FINAL REMARKS

The results shown in this work indicate that the Intersecting Bodies Technique
has some advantages in aerodynamic design, estimulating once more the use of
the panel Method, considering eventual limitations on computational resources.

The existence of local errors, in Cp or @, in fact have no influence on global
characteristics, for instance K,,, what has been shown by the excellent results,
even in the case of poor discretizations. An increase in the number of panels
tends to reduce this error, in such a way that the error level is finally a function
of computer storage.
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The wing-fuselage interference problem constitutes an important case for
testing Intersecting Bodies Technique performance. The evaluation of missile
interference lift factors, under a numerical point of view, is a critical case, for
it deals with a thick body (circular cylinder) in the presence of a wing with
very small thickness.

The obtained results open the way to explore the technique presented here for
three dimensional practical cases.

The Intersecting Bodies Technique leads to a more general design framework,
what can be called “Integrated Aerodynamic Design”, which is described below.

During an aircraft aerodynamic design, changes must be introduced in order to
satisfy contraints imposed by other design groups, like structural or hydraulic
systems teams.

Sometimes the external aircraft shape must be changed and then the aerody-
namic parameters must be recalculated. These aerodynamic changes are done
in two phases:

(1) First of all the changed part is rediscretized and the aerodynamic parameters
are determined for that part, isolated form the rest of the airplane. For
example, if the nacelle’s intake must be changed, an study considering the
isolated nacelle is performed in order to optimize its shape,

(ii) After this initial analysis, the changed part is incorporated to the whole
aircraft for a global aerodynamic study. In the above example, a global
aerodynamic calculation must be redone considering, now, the optimized
nacelle’s intake.

In the classical procedure the discretization used in the first phase must, usually,
be changed to perform the second phase. The Intersecting Bodies Technique
avoids this change in the discretization from the first phase to the second one.

Taking into account this feature of the technique presented in this work, a
data bank can be built, where the several discretized parts of an aircraft are
saved. When one of these parts is changed the data bank is modified only
locally, reducing the time for configuration studies. As another advantage one
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can apply - technique to configuration parametric studies, for instance the
search for t  best position of a nacelle along the wing span.
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RESUMO

O presente trabalho lern como objetive apresenlar um modelo malemdtico capaz de
simular processos de nfiltragdo e ou ventilagao de ar em edificacées. Para tanlo
o modelo leva em consideragao a variagac do perfil da camada limite atmosférica
em fung¢do do lipo de terreno, a diregdo e a velocidade do vento, as dimensdes da
edificagao, a diferenga de lemperatura entre o ar interno ¢ o exteérno, a estralificagdo
da temperatura interna, et¢. Tal modelo é capaz ainda de analisar o efeilo da vazdo
de ar induzida sobre a umidade relativa, a temperatura e a concentragao de poluentes
no interior de um determinado ambiente.
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ABSTRACT

The objective of this work is to present a numerical model to sirnulate air infiltra-
tion/ventilation process in buildings. The model accounts for the nature and rough-
ness of the surrounding terrain and the consequent almospheric boundary layer, the
wind speed and direction, the building dimensions, the temperature difference between
the internal and the external air, the internal air lemnperature stratification, ete. This
model is also able to analyse the effect of the induced arr infillration ventilation rates
on the internal air relative humidily, temperature and pollutant concentration.
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INTRODUCAO

A temperatura, a umidade relativa e a concentragdo de poluentes, no interior
de edificages sao algumas das variaveis afetadas pela presenga de uma vazao
maior ou menor de ar externo.

Tal vazao pode ser induzida por um processo denominado infiltragdao, onde
o ar move-se de uma maneira nao controlada através de orificios e frestas,
induzido por um diferencial de pressio, resultante da a¢do combinada do vento
e da diferen¢a de temperatura entre o meio ambiente interno e externo. Um
outro processo, denominado ventilagao natural, consiste em utilizar o mesmo
diferencial de pressdo, em conjunto com aberturas estrategicamente colocadas.
Obviamente tais processos podem ocorrer simultaneamente e ainda sob a
presenga de um sistema de ventilagao mecanica.

Atualmente, encontram-se disponiveis técnicas experimentals, tais como a
utilizagdo de gases tragadores e de pressurizagdo, que permitem a medigdo
da vazdo de ar induzida e a identificagdo das caracteristicas de vazamento da
edificagao.

A utilizagao de tais técnicas, contudo, oferece uma série de inconvenientes.
Por exemplo, a utilizagao da técnica dos gases tragadores exige a realizagdo de
medig¢Ges durante um periodo de tempo relativamente longo, para estabelecer
a relagdo entre a infiltragao de ar e os parametros climiticos. Além disto,
as técnicas experimentais podem, obviamente, ser empregadas apenas em
edificagbes ja existentes sendo, portanto, de pouca valia na fase inicial de
projeto.

Dentro deste contexto as técnicas de modelagiao matemética, quando convenien-
temente validadas, vem a se constituir num forte instrumento para a avaliagao
e andlise dos processos de trocas de ar por infiltragao/ventilagao.

A estrutura computacional, denominada FLOW2, a ser apresentada neste
trabalho combina as caracteristicas da edificagdo no que tange a pene-
tragao/exaustao de ar, com dados climdticos e com dados sobre o terreno,
oferecendo assim um processo alternativo para estimar as trocas de ar por in-
filtragao/ventilagao em edificagdes (Figura 1). Tal programa apresenta ainda
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como potencialidades o estudo da influéncia de tais trocas de ar sobre a umidade
relativa, temperatura e sobre o teor de poluentes no interior de um determinado
ambiente.

PROGRAMA FLOWZ2

BiBas 0. CARACTERTICAS
[CLIMA,TERRENO VAZAMENTO
TECNICAS
E XPERIMENTAIS
METODOS
; MODELO

DE GAS MATEMATICO

TRAGADORES
RN 4
TROCAS DE AR

—

Figura 1. Técnicas alternativas para a estimativa das trocas de ar em edificagoes

[7)-

FUNDAMENTOS BASICOS DO MODELO DESENVOLVIDO

Ao se modelar uma edificagao com o objetivo de estimar as trocas de ar devido
a infiltragao/ventila¢do de ar externo, pode-se, em fungao dos dados disponiveis
e dos resultados requeridos, optar por uma abordagem do tipo zona iinica ou
de zonas muiltiplas.
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Uma modelacao do tipo zona tinica é aquela na qual assume-se que o ar interno
encontra-se bem misturado e a uma pressio uniforme, Por outro lado, na
modelagao do tipo zonas miiltiplas, assume-se que o ar interno é particionado
por repartigbes internas, apresentando assim pressées diferentes em cada zona.

Um estudo de validagao realizado pelo A L V.C. (Air Infiltration and Ventilation
Centre) [1], baseado em trés conjuntos padrées de dados experimentais,
correspondentes a uma edificagdo sem prote¢do, com protecao média, e com
bastante protegao a agao do vento, concluiu que, dentre os modelos testados,
o modelo desenvolvido pelo L.B.L. (Lawrence Berkeley Laboratory-USA) (2],
apresentava o melhor desempenho. Tal modelo, entretanto, apresenta como
principal desvantagem a dependéncia em relagio a testes de pressurizagao. Isto
faz com que o mesmo possa ser empregado apenas em edificagées ja existentes,
revelando-se assim de pouca valia na fase inicial de projeto.

A falta de um modelo, baseado na técnica de modelagao de zonas miltiplas, e a
dependencia do modelo do LBL em relagao a testes de pressurizagao, originou
o desenvolvimento do programa FLOW [3]. Tal programa foi desenvolvido
especificamente para estimar as trocas de ar por infiltragio em edificagdes,
tanto com a técnica de zona tinica como de zonas multiplas.

Melo [3,4] realizou um exercicio de validagio de programa FLOW, onde
comprovou, ser o mesmo o de maior confiabilidade entre os modelos existentes.

Como extensao do trabalho de Melo [3], Caldeira Filho [5], desenvolveu uma
nova versao do programa FLOW, denominada FLOWZ2, visando possibilita-lo
a :1) estimar as trocas de ar através de grandes aberturas; ii) calcular mais
precisamente os coeficientes de pressio; iii) analisar a influéncia das trocas
de ar sobre a concentragao de poluentes; iv) analisar a influéncia das trocas
de ar na variagao das condigdes psicrométricas do ar interno e v) analisar o
efeito de gradientes de temperatura entre zonas adjacentes sobre as vazdes de
ar induzidas.

A seguir, apresentar-se-ao os fundamentos matematicos do programa FLOW2,
tendo em vista as hipéteses simplificativas apresentadas por Melo [6].
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Equagao da vazao. A equagao basica que rege o fenomeno é a equagio classica
para escoamento através de orificios:

Q=C-ApP" (1)

onde @ corresponde a vazao de ar induzida, C ao coeficiente de vazao e AP ao
diferencial de pressao resultante da agao do vento e da diferenga de temperatura
entre o ar interno e externo.

O expoente n é relacionado com o regime do escoamento, variando entre os
limites de 0,5 para regime turbulento e 1,0 para fluxo laminar.

A equagio (1) é adequada, principalinente, para estimativas de vazao de ar
através de pequenas aberturas, tais como orificios e fendas, Para aberturas do
tipo comumente encontrado em instalagoes de ventilagdo natural, o escoamento
tende a ser turbulento e pode ser melhor representado pela equagao a seguir
[7):

Q=K-A (2AP/p)*® (2)

onde K refere-se ao coeficiente de descarga, A a drea da abertura e p a densidade
do ar.

Para aberturas de grandes dimensoes, tais como portas de carga e descarga
em pavilhdes industriais, uma abordagem diferente é empregada, ja que as
mesmas podem conter o plano neutro [7]. Isto significa dizer que pode ocorrer,
por exemplo, que o ar entre pela parte inferior e saia pela parte superior da
mesma abertura. Uma solugao conveniente consiste em reescrever a equagao
(2), da seguinte forma:

Q: = Kr A:(2AP/p)® (3)
onde o subscrito r refere-se a una laixa lhorizontal da abertura.

Infiltragao de ar induzida pela agao do vento. A pressao exercida sobre
as paredes de uma edificagio, pela agio do vente, varia de um modo complexo,
devido principalimente ao perfil da camada limite atmosférica, a presenga de
corpos vizinhos e as caracteristicas, acrodinamicas do fluxo de ar ao redor da
edificagdo. A Figura 2, mostra uma distribuigao tipica de pressao, encontrada
em edificagdes de formato retangular.
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Figura 2. Distribuigio de pressio devido a incidéncia do vento sobre uma
edificagao. a) Planta baixa e b) Secc¢do transversal [7].

Tal pressao, Py, pode ser expressa matematicamente pela equagao a seguir:
P,=Cp-pV?/2 (4)
onde Cp corresponde ao coeficiente de pressao e V' a velocidade do vento.

Uma pratica tradicional em programas de infiltragao/ventilagio é considerar a
velocidade, V| na equagao (4), como sendo a velocidade do vento, registrada
em uma estagiao meteorolégica proxima, geralmente no nivel de 10 metros.

De acordo com Melo [8], tal procedimento mostra-se inadequado devido,
principalmente, a variagdo do perfil da camada limite atmosférica em fungéao
do tipo de terreno.

No programa FLOW?2, assume-se um perfil exponencial para a camada limite
atmosférica, de acordo com a seguinte equagio:

VeV = (2/Z5)” " (5)

onde V; refere-se a velocidade média do ar, numa altura Z, V; a velocidade
livre (velocidade nao afetada pela rugosidade do terreno) e Z, refere-se a altura
na qual a velocidade livre é atingida.
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Para determinar os valores da constante o e de Z;, utilizam-se as re-

comendagoes de Davenport (9], mostradas graficamente na Figura 3.
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Figura 3. Parametros do perfil da camada limite atmosférica para diferentes

superficies [9].

Como as medi¢oes meteorolégicas sio usualmente, realizadas em locals com
pouca ou nenhuma obstrugao a agdo do vento como por exemplo, em aero-
portos, enquanto as edificagoes encontram-se, geralmente, em regides urbanas,
torna-se necessario corrigir os valores registrados em estag¢bes meteorolégicas,
em decorréncia da variagdo do perfil da camada limite atmosférica.

Assumindo que a velocidade livre, V;, independe do tipo de terreno, a
velocidade do vento, em qualquer posigao e no local em considerag¢ao, pode

ser estimada através da seguinte equagao:

Ve=(25/2") (2/29)" Vs

(6)
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onde as varidveis com asterisco referem-se ao local onde as medigdes foram
realizadas e as varidveis sem asterisco, ao local em consideragao.

A velocidade, V, a ser empregada na equagdo (4), no programa FLOW2,
depende do tipo de expressao empregada para avaliar os coeficientes de pressao.
No caso de edificagées com relativa prote¢iao a agio do vento, a equagio (6)
é empregada fazendo-se Z igual a altura da edificagdo e, em caso contrario,
utiliza-se a velocidade média sobre a drea de interesse, calculada de acordo
com a seguinte equagao:

Z3 Z3
- ] vaz) [ az )
Z 2

onde Z| e Z5 referem-se, respectivamente, ao nivel inferior e superior da parede
em consideragao, Substituindo-se a equagao (6) na equacao (7) e integrando-se
oblém-se:

v=v{(z5% - 27t/ (25 (0 + 122 - 21)] ) (8)

Uma das maiores restricbes aos programas que tem como objetivo estimar
as trocas de ar por infiltragdo, reside no fato dos mesmos empregarem os
coeficientes de pressao como dados de entrada [1]. Isto faz com que, para
cada edificagdo a ser simulada, torne-se necessdrio a realizagio de testes
experimentais com modelos, em tineis de vento. Para evitar tais testes,
muitos autores empregam dados de normas de construgao civil e depois,
considerando que tais dados representam os valores maximos para cada face da
edificagao, fazem hipdleses sobre o valor a ser adotado como valor médio. Tal
procedimento, confere, obviameute, muitos graus de liberdade para a simulacao.

Numa tentativa de evitar tal procedimento procurou-se desenvolver uma
metodologia, descrita em [3], para estimar os valores médios para os coeficientes
de pressac. Assim, em edificagoes nao protegidas da agao do vento, adotou-se
o procedimento sugerido por Allen [10], e expresso através das equagdes (9) e
(10).

Cp=ap+ i a; cos(if) (9)

a; = Do+ Dyln R+ Da(ln R)? + - Dj(In RY (10)
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onde 8 refere-se ao angulo formado entre a normal a superficie e a diregao do
vento, e R refere-se a relagio entre o comprimento da superficie perpendicular
a superficie em consideragio e o comprimento desta dltima. Os coeficientes D;
sao apresentados em [10].

Para edificagoes com relativa protecio a agao do vento, utilizou-se em [3]
um processo de iterpolagdo de Lagrange a partir dos coeficientes de pressao,
apresentados na Ref. [11]. Tais coeficientes foram obtidos para um grau de
protegao de 1/6, onde o numerador refere-se a altura média das edificagoes
vizinhas e o denominador a altura da edificagio em questio. Para outros
graus de protegio é apresentada uina equagao de corregio da vazao, calculada
utilizando-se os coeficientes para o grau de prote¢io de 1/6. Baseado neste
procedimento, uma equagao para corrigir diretamente o valor do coeficiente de
pressdo € desenvolvida na Ref. [3].

Com o acesso aos dados experimentais de Bowen [12], os quais formam
a base do trabalho na Ref. [l11], em [5] foram testadas as equagdes de
corregao apresentadas por Show [11] e por Melo [3], e verificou que as mesmas,
mostravam-se tanto mais inadequadas, quanto maior o grau de protecdo
requerido. Desta forma em [5] foi desenvolvido um novo algoritimo de calculo,
utilizando todos os pontos experimentais fornecidos por Bowen [12] e utilizando
um processo de regressao linear para correlaciona-los.

Infiltragao de ar induzida pela agao do efeito chaminé. O efeito chaminé
surge como resultado de um diferencial de temperatura e, consequentemente, de
um diferencial de densidade entre o interior e o exterior da edificagdo. Isto cria
uma diferenga entre os gradientes de pressio do ar interno e externo, fazendo

com que surja um diferencial de pressio vertical.

Quando a temperatura do ar interno ¢ maior do que a do ar externo, o fluxo
de ar entra através das aberturas situadas na parte mais baixa da edificagao
e sal através das aberturas situadas na parte mais alta. O sentido do fluxo €

inverso quando a temperatura do ar interno é menor do que a do ar externo
(Figura 4).
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Figura 4. Diferencas de pressao induzidas por efeito chaminé: a) T > Te e b)
Ti< Te.

O nivel, sobre o eixo vertical, onde a pressao interior se iguala com a pressio
exterior é chamado linha neutra. A linha neutra ficard localizada a meia
altura da edificagao quando a distribuigao de aberturas for uniforme (Figura 4).
Entretanto, se a passagem de ar é denominada por uma determinada abertura,
a linha neutra ficara localizada mais préoxima desta abertura. Considerando
ainda que a agdo do vento pode modificar a posi¢ao da linha neutra, conclue-se
que, na realidade, tal posigao é raramente conhecida com precisao,

A equagdo apresentada em [3,4,6], para calcular o diferencial de pressao
devido ao efeito chaminé, em um ambiente com temperatura interna uniforme,
apresenta como restrigdo, o fato de depender da especificagio da posigio da
linha neutra. Para resolver este problema, Caldeira Filho [5] considerou o
efeito chaminé sempre em referéncia ao nivel da abertura mais baixa. Este
procedimento faz com que os valores absolutos das pressoes nas aberturas
sejam diferentes dos valores reais, mas nio afeta as diferengas de pressao que
continuarao com os seus valores inalterados.

Assim, para um ambiente com temperatura interna, T4, uniforme a equagao
que estabelece o diferencial de pressao, devido ao efeito chaminé, P., entre
duas aberturas situadas nas alturas h; e hy, tal que h; < hg, pode se dada
pela equagdo a seguir

P. = —0,0342 Pb(hy — hy)[1/Te — 1/Ti] (11)
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onde Pb corresponde a pressao atmoslérica e T'e a temperatura absoluta de ar
externo.

Para calcular o diferencial de pressio, devido ac efeito chaminé, em ambientes
que apresentam uma estratificagao térmica vertical, a equagio (11) deve ser
modificada, pois o gradiente de pressdao interno sera nao linear, em decorréncia
da variagio da densidade com a temperatura. Assim,

h
Pi= Po- gf pdh (12)
ki

0

onde Pi corresponde a pressao do ar interno no nivel de referéncia h e Po
corresponde a pressio no nivel de referéncia hy.

Assumindo uma variagao linear para a temperatura do ar interno, T4, do tipo
Ti=b-h+To (13)
e considerando o ar como um gas perfeito, obtém-se,

(he — Hy)

P, =0,0342 Pb| -

bho + To)] (14)

T l/b’"(bh1+To

Acao combinada do vento e do efeito chaminé. Apesar dos efeitos do
vento e do efeito chaminé terem sido apresentados separadamente, as edificagoes
estao sujeitas simultaneamente a ambos efeitos. lsto se expressa, calculando a
diferenga de pressio total, P;, sobre uma abertura, através da soma algébrica
das diferengas de pressio criadas pela agao do vento, e pelo efeito chaminé, ou
seja:

P1=Pu+Pr_- (is}

Determinagao das pressoes internas. A pressao do ar interno, em uma
determinada zona, é determinada através da equagio da continuidade. Ou
seja, para uma zona com “N” passagens de ar, tem-se:

N
D pQi=0 (16)
t=1
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onde Q); refere-se a vazdo através da i-ésima passagem de ar.

Para diferengas de temperatura, entre o ar interno e externo, inferiores a 20°C,
o primeiro termo da equagdo (16) pode ser desprezado, ja que a diferenga de
densidade resultante é desprezivel em relagao ao valor abscluto da densidade
do ar [7]. Assim,

N

=1 (17)

i=1

No caso de existir um sistema de ventilagio mecanica adiciona-se/subtrai-se,
na equagéo (17), a vazao de ar fornecida/extraida mecanicamente.

Para edificagdes com zonas multiplas, ter-se-a uma equagdo da forma da
equacgao (17), para cada zona. Isto faz com que torne-se necessiria a solugao
simultanea de um sistema de equagdes nao lineares. A solugao de tal sistema
é obtida, no programa FLOW2, através da utiliza¢do do método iterativo de
Newton-Raphson, para multiplas equagoes e incdgnitas, e da técnica da matriz
esparsa [13].

Avaliagaoc do impacto do sistema de ventilacao sobre a concentracao
de poluentes. Apds a determinagio das trocas de ar, em cada zona de uma
edificagdo, pode-se utilizar tais informagdes para avaliar a variagdo temporal da
concentragao de um determinado poluente. Para tanto admitem-se condigdes
de mistura perfeita, ou seja, que o ar admitido mistura-se uniformemente com
a massa de ar interno [5]. Para equacionar este problema, considera-se a Figura

5.

—I.’— ------------------------- i
7 pre— | - |
i_ ¢, kg/m’ |
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Figura 5. Volume de controle para a dedugio da equagao de diluigao,
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Aplicando a equagao da continuidade, obtém-se:
dm/dl = me —m; + S (18)

VEC/dt + Q(C; = Ce) = S (19)

onde m refere-se ao fluxo de massa de poluente, V¢ ao volume do ambiente
considerado, S a taxa de emissdo de poluente e C' a concentragdo de poluente.
Integrando a equagao (19), obtém-se:

Ci(t) = (Ce+ S/Q)(1—e ™)+ Cpe™™ (20)

onde Cp refere-se a concentragao inicial de poluente, n a taxa de trocas de ar,
e i ao tempo.

Para edificagbes com zonas muiltiplas, a equagao (19) toma a seguinte forma:
N;
VE;dC;/dt = > Quj Ckj + Sj (21)
k=1
onde N; refere-se ao mimero de passagens de ar na j-ésima zona e Cj; a
concentragao do poluente no ar adentrando ou saindo a jésima zona.

Assim, para analisar uma edificagao com zonas multiplas torna-se necessirio
resolver, simultaneamente, um conjunto de equagdes diferenciais, o que € feito
através do método de Runge-Kutta [14].

Avaliacdo do impacto do sistema de ventilagao sobre as condigoes
psicrométricas do ar interno. Para determinar a variagdo temporal das
condigdes psicrométricas do ar interno, decidiu-se estabelecer equagbes que
permitam o calculo da umidade absoluta e da entalpia do ar em cada intervalo
de tempo. Com estas propriedades determinadas, e considerando que a pressao
interna é, praticamente, idéntica a pressdo atmosférica, pode-se calcular as
demais propriedades psicométricas [5].

Assim, para determinar a varia¢iao temporal da umidade absoluta, em cada
zona de uma edificagao, W;, utiliza-se a seguinte equagao
N;
d(M;W;)[dt =" rig; Wi + Sw; (22)
k=1
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onde M; refere-se a massa de ar seco na j-ésima zona, 1tg; ao fluxo de massa
de ar seco, através da passagem k, para ou da j-ésima zona, Wy; a umidade
absoluta do ar adentrando ou saindo da j-ésima zona e Sw; a geragao de vapor
d’dgua na j-ésima zona.

A variagao temporal da entalpia, h;, € obtida a partir da equagao da energia,
como indicado a seguir:
NJ
d(M;h;)/dt = > rng; by + H; (23)
k=1
onde hy; refere-se a entalpia do ar adentrando ou saindo da j-ésima zona e H;
a geragao de calor na j-ésima zona.

O conjunto de equagdes resultantes, da aplicagdo das equagdes (22) e (23) a
cada zona de uma edificagao é resolvido simultaneamente através do método
de Runge-Kutta [14).

ANALISE DAS POTENCIALIDADES DO PROGRAMA

Com o objetivo de demonstrar as potencialidades do programa FLOW2,
montaram-se dois conjuntos de dados padrdes, referidos como edificagao tipo
A e edificagao tipo C [6]. A edificagdo tipo A, cujos dados construtivos
sao fornecidos detalhadamente na referéncia [5], é adequada para ressaltar
as potencialidades do programa no que se refere ao calculo das vazdes de
ar induzidas. J& a edificacio tipo C destina-se mais a demonstrar as
potencialidades do programa, referentes a influéncia das taxas de trocas de
ar sobre o teor de poluentes e sobre as condi¢ées psicométricas do ar interno.
Assim, as Figuras 7 e 8 referem-se a edificagao tipo A e as Figuras 9, 10, 11 e
12 a edificagdes tipo C.

A Figura 6 mostra a influencia da diferenga de temperatura entre o ar interno
e externo no nivel do piso, na auséncia completa de vento, sobre a vazao de
ar induzida. As curvas apresentadas sao, ainda, fungao do coeficiente angular,
b, admitido para considerar uma estratificagdo linear da temperatura do ar
interno. Verifica-se, portanto, que a vazdo de ar induzida é tanto maior quanto
maior a diferenga de temperatura entre o ar interno e externo, no nivel do piso,
e quanto maior a estratificagdo vertical da temperatura interna,
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Figura 6. Vazao de ar induzida em fungdo da diferenca de temperatura entre
o ar interno e externo.

A Figura 7 ilustra o efeito da diferenga de altura entre as aberturas inferiores
e superiores, sobre a vazao de ar induzida, na auséncia da agiao do vento e
sob uma diferenga, de 3°C, entre as temperaturas do ar interno e externo na
zona de ocupagdo. A exemplo da Figura 6, pode-se, também, observar que tal
vazao ¢ tanto maior, quanto maior for a diferenga de altura, entre as aberturas
e quanto maior for a estratificagao térmica.

A Figura 8 ilustra o efeito da velocidade e da diregao do vento, na auséncia de
efeito chaminé, sobre a vazao de ar induzida. Convém ressaltar que a orientagao
de 0°, corresponde a posicao na qual o vento incide paralelamente sobre as
aberturas inferiores e superiores (vide esquema na Figura 7) e a posigao de 90°
corresponde a uma incidéencia normal. Como esperado, tal vazac aumenta com
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Figura 7. Vazao de ar induzida em fungio da diferenga de altura entre as
aberturas inferiores e superiores.

o aumento da velocidade do vento. Por outro lado, o efeito da diregao do vento
depende da distribuigao de aberturas e da orientagao da edificagdo em questao.
Para a edificagao sob analise (tipo A [5]), a vazao de ar induzida aumenta até
a direio de 60°, quando entio comeca a decrescer levemente até orientagao de
90°.

A Figura 9 demonstra a potencialidade do programa desenvolvido na analise da
influéncia do sistema de ventilagio sobre o teor de polentes em um determinado
ambiente. No caso em questio, a edificagao tipo C [5], quando submetida a um
diferencial de temperatura entre o ar interno e externo de 3°C e na auséncia de
estratificagao da temperatura interna e da agao do vento, apresentou uma vazao
de ar induzida de 1,3 trocas de ar/h. Admitindo-se esta vazao constante ao



Simulagao Numérica de Instalagoes de Ventilacaa 359

qb
=
S~
S
S ~
L]

) &
g &
= o 2
8 e& CP ~
a 60 _iu ~
~N
=
3 S
L= & \
w é.o Y
(]

20- 7
o
<
~N
g

Figura 8. Efeito da velocidade e da diregio do vento sobre a vazao de ar
induzida.

longo do tempo, pode-se avaliar a variagao da concentragao de um determinado
poluente em fungdo do tempo e em diversas condigdes, como ilustrado na

Figura 9.

Para facilitar a interpretagao dos resultados, resolveu-se trabalhar ‘com a
concentragao expressa em p.p.m. (partes por milhdao). Para tanto tornou-
se necessario exprimir a taxa de geragao de poluente, S, em m3/s e multiplicar
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a relagao (5/Q), na equagio (20) por 10%. Desta forma, obteve-se a solugao da
equagao (20) para os seguintes casos:

i) C.=0, Co = 1200ppm, § =0,
ii) Ce=300ppm, Cp=0, S=0,
iii) Ce=1300ppm, Cp=0, S=11x10""m3/s e

iv) Ce=300ppm, Cg=1200ppm, S =11x 10"*m3/s

Considerando-se a equagao (20) e os casos apresentados anteriormente, verifica-
se que a medida que o tempo aumenta a concentragdo deve tender para os
seguintes valores: i) zero, ii) 300ppm, iii) e iv) 1085/Q (o que é igual, no caso
em questdo, a 1040ppm).

1400+ =, -|

12001

- casoiivl

1000-

i
e, CASO {iii)

6500+
_.CASO (1)

400 . CASQ (i)

CONCENTRAGAD (pp m)
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Q ! = = T T 1
8] 1 2 3 4 L2 & 4 8

TEMPO (h)

Figura 9. Variagao temporal da concentragiao de poluentes do ar interno.
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A Figura 10 mostra o efeito das vazoes de ar induzidas sobre a temperatura e
a umidade relativa de um ambiente (edificagao tipo C sem repartigdes internas
[5]), quando o mesmo esté sujeito a uma geragao de calor sensivel interno de
60kW. Sao apresentados dois casos, ambos com condigGes internas e externas
iguais a 25°C e 50%, mas com velocidades do vento iguais a 2m/s e 6m/s.
Nestas condigdes, as vazoes de ar resutlantes foram, respectivamente, de 2,9 e
6,9 trocas de ar/h. Conforme pode-se observar na Figura 10, o aumento da
taxa de ventilagao diminue a elevagao de temperatura, decorrente da existéncia
de uma geragao de calor interno. Como, neste caso, a umidade absoluta do ar
interno e externo sao iguais e nao ha geragao interna de vapor d'agua, a elevagao
da temperatura causa uma redugao na umidade relativa do ar, a qual é tanto
maior quanto menor for a vazao de ar induzida.
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Figura 10. Variagao temporal da temperatura e da umidade relativa do ar
interno em fungdo da vazao de ar induzida, na presenga de uma geragao de
calor sensivel de 60kW.
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A Figura 11 ilustra, para a edificagdo tipo C com reparti¢des internas [5), o
comportamento da umidade relativa do ar interno, quando a transferéncia de
calor ocorre somente em decorréncia de trocas de calor latente com o ar externo
e com zonas adjacentes (geragao de vapor d’dgua nas zonas ¢ desprezada).

100 == 100
RZON&C:D /ZONA @
Y / /‘<20NA @
8o | / / k75
/' / / = UMIDADE REL ATIVA
I / ——  TEMPERATURA
g 4 7 2
g oo |f / 50
Py L =
g f/ & 5
7 g
g =
=
o o
£ 40 ZONA (T 7 ZONA (@) / ZoNA (B -
20 ; . . . . 0
0 1 2 3 4 5 6
TEMPO (h)
i -y UR(%) | Ti (°C)|Trocas
20NA (@) ) | ZONA iuiciAL) | ONICIAL) [de ar /h
1 s
- [ W | 45 25 4,8
T oM@ (FT .
[ @ 45 25 3,2
@ 45 25 2,
1\;:3 m/s I_UR_e 290%  Te =25%

Figura 11. Variagdo temporal da temperatura e da umidade relativa do ar
interno em decorréncia de trocas de calor latente com o ar externo.
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Conforme pode-se observar devido a maior umidade absoluta do ar externo, a
umidade relativa nas zonas consideradas é aumentada do valor inicial até uma
condigdo limite, sendo esta variagdo tanto mais rdpida quanto maior o nimero
de trocas de ar na zona em questdo. Pode-se observar também que a umidade
adentra a edificagao, através da zona 1, sendo posteriormente transferida as
outras zonas, devido a movimentagao do ar interno.
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Figura 12. Variagao temporal da temperatura e da umidade relativa do ar
interno em decorréncia de uma geragao de calor sensivel de 30 kW na zona 1.
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A Figura 12 mostra para a mesma edificagdo, o comportamento da umidade
relativa e da temperatura do ar interno nas diversas zonas em decorréncia de
uma geragao de calor sensivel de 30 kW na zona 1. O efeito, apresentado
nesta figura é similar ao apresentado na Figura 11 mas, nesta oportunidade
demonstra-se a potencialidade do programa em considerar os efeitos da
movimentacdo do ar interno, em edificagdes com zonas miltiplas, sobre as
condigoes psicrométricas do ar interno.

CONCLUSOES

Os fundamentos basicos de um programa computacional, capaz de estimar as
trocas de ar por infiltragdo/ventilagao em edificagdes, foram apresentados.

Tal programa, denominado FLOWZ2, leva em consideragao a maior parte dos
fatores capazes de afetar o processo de infiltragao/ventilagio de ar, tais como:
perfil da camada limite atmosférica, dimensdes da edificagdo, velocidade e
dire¢ao do vento, diferen¢a de temperatura entre 0 meio ambiente externo e
interno, caracteristicas das aberturas, estratificagio térmica, etc.

Como caracteristica adicional, o programa permite a avaliagao do impacto da
vazao de ar induzida sobre o teor de poluentes e as condigdes psicrométricas de
ar interno.

Apesar do programa ter sido validado para situagdes em que as trocas de ar
ocorrem por infiltragao, torna-se necessario, ainda, valida-lo para situagoes de
ventilagao -natural. Isto nao foi feito devido a falta de um conjunto de dados
padrdes que possibilite tal exercicio de validagao no momento.

O programa FLOW2, a exemplo de outros programas existentes, depende das
caracteristicas do escoamento do ar nas aberturas. Assim, tanto maior sera a
sua aplicabilidade, quanto maior for a disponibilidade de tais dados.
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ABSTRACT

An experimental technigque for simultaneous determiantion of the thermal conductivity
and diffusivity of non metallic materials is presented. The method developed uses
paramter estimation techniques and is based on the Flash Method. In this emthod
the heat pulse at the frontal face of the sample is generated by a laser or zenon
flash lamp. A guarded hot plate, simple and easily constructed, substitute these high
cost apparatus, The mathematical model developed, then, obtains the solution with
o time dependent heat flux input. The conductivity and diffusivity are determined
by comparing the ezperimenlal temperatures and the temperalures estimated by the

mathematical model. The difference in temperatures was less than 0.3% Celsius.

Keywords: Heat Conduction » Parameter Estimation » Experimental Heat Transfer
s Thermal Diflusity s Thermal Properties Measurements

RESUMO

Este trabalho apresenta o desenvolvimento de uma lécnica experimental para a de-
terminacdo simultdnes da condutividade e difusividede térmica. O método desen-
volvido utiliza a técnica de estimativas de pardmelros e se baseia no método Flash.
A modificagdo deste méiodo consiste na substituigdo do pulso de calor na superficie
da amostra, usualmente laser ou lampada Xenonio, ambos equipamentos de dificil
acesso devido ao seu alto custo, por um aparalo simples e de fdcil ezecugdo, como
uma placa quente compensada. O modelo matemdtico desenvolvido permile enldo a
previséo da utilizagéo do calor imposto na superficie frontal da amostra como uma
fungdo do tempo. A condutividade e a difusividade térmica sdo determinadas, a partir
da comparagdo entre temperaluras obtidas experimentalmente e estimadas através do

modelo matemdtico, obtendo-se um desvio inferior a 0.8 C entre as curvas.

Palavras-chave: Estimativas de Parametros » Medigido de Propriedades Térmicas =
Transferéncia de Calor Experimental « Condugio de Calor = Difusividade Térmica
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INTRODUCTION

The development of experimental techniques for determining thermal param-
eters, e.g., thermal conductivity and diffusivity and contact resistance of non
metallic materials have interested many researchers due to their large appli-
cation in engineering problems [1-6]. Standardized procedures using guarded
hot plate in steady state are used to determine thermal conductivity [7]. How-
ever, there are no standardized techniques to obtain thermal diffusivity, since
transient techniques are necessary. There are many ways to build mathemat-
ical models for the heat diffusion. In all cases, the experimental apparatus is
constructed based on the pratical boundary conditions that can be obtained.
Taylor [1], in a recent work presents the state-of-the-art of experimental tech-
niques that have been developed for thermal diffusivity indentification in solid
materials. In this work, based on temperatures-time history, Taylor classified
the methods in two main classes: periodic and non-periodic heat flow methods.
The flash method which is a non-periodic heat flux method is one of the most
widely used. In this method the front surface of a sample is submitted to a
very short burst of radiant energy. The source of radiant energy is usually a
laser or a xenon flash lamp and irradiation time is of the order of one millisec-
ond or less. The resulting temperature rise of the rear surface of the sample is
measured, and thermal diffusivity values are computed from these temperature-
versus-time data (1], The development of an alternative method to investigate
thermophysical properties, using a simple, easy and feasible experimental ap-
paratus was the main motivation for this work. The major difficulty, however,
was to establish the mathematical model that should be able to compute the

transient time dependence heat flux input by the Joule effect instead of a heat
pulse.

In this sense [9] have presented a mathematical model to measure thermal
diffusivity with linear heat input at the front surface of a smaple keeping
constant the rear surface temperature. The interior transient temperature of
the sample was measured by an automatic data acquisition system and the
boundary condtions, i.e., the heat flux input and constant temperature was
assured through a guarded hot plate. Thus, the thermal diffusivity could
be obtained by comparing the mathematical model and the experimental
temperature time histories.
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The present work, uses the same experimental apparatus as described in [9],
however, the ehat flux input at the front face of the sample is obtained by
logarithmic adjustment. This work uses the parameter estimation technique
described in [10] that permit simultaneous thermal conductivity and diffusivity
determination. In this way, the error related to the conductivity values that
appear in the mathematical model developed in [9] is minimized.

EXPERIMENTAL DESIGN AND APPARATUS

The experimental apparatus shown in figure 1 was used to obtain the boundary
conditions.

N (INTERNAL RESISTANCE HEATER)

Efﬁ

R(EXTERNAL RESISTANCE HEATER] ™)

9¢r)
F (HEAT FLUX TRANSOUCER ) l l l 1 l l l
] [ sawee ] W5
SAMPLE
MOC E AT X= cm

TERMOCOUPLE AT XsL Tss

$ (COIL) - COOLING (b)

(a) %6 36

tigure 1. a) Exploded-view of experimental apparatus. b) Boundary
conditions.

The technique involves a unidirectional and uniform heat flux input at initial
time, t = 0, at the superior surface of the sample, subjected to a previous
temperature distribution, F(x), keeping constant the inferior surface at
temperature, Ty2. The thermal conductivity and diffusivity is then calculated
from the mathematical model, the acquired data and the sample dimensions.
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The source of heat is an internal resistance heater, N, based on the Joule
effect. An external resistance heater, R, controls the lateral ehat flux loss to
the surroundings. The heat flux applied is measured by a heat flux transducer,
F, [9] and the internal temperature and the inferior surface temperature are

monitored by thermocouples. The constant temperature T,y at the inferior
suface is maintained by using a water coil, S.

MATHEMATICAL MODEL

Considering a plane sample subjected to an initial temperature distribution,
F(z). A pulse of heat is imposed instantaneously at the superior surface while
the other surface is maintained at temperature Ty. Under these conditions the

appropriate boundary value problem is given by

T 1 or

v Al T 1)

, oT B

=Kz =9 (1.8)
T(z,t) =Ty at r=k t>0 (1.0
T(2,0) = F(z) = (T2 = Ta1) - 2/L+ Ty (1.d)
where
q(l):ao at #=0., O<t<ty
git)=a;+by-Inft] at =z=0, t>1g

a; and by are obtained by logarithmic adjustment at the superior surface of
the sample as shown in figure 2.
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Figure 2. Logarithmic adjustment for heat flux input at front surface.

The partial time to is used to avoid the discontinuity at ¢ = 0 of the logarithmic
adjustment. T,; and T,; are the superior and inferior temperature of the
sample, respectively and ag is the heat flux at time {p and K and o are the
thermal conductivity and diffusivity. The solution to equation (1) is readly
obtained using Green’s function techniques and the resulting solution can be
presented in the form

T(z,t) = Tuz + (T — To2)/L - (2/L) i e=B'nt | (cos fnz)/BPn+

n=1
+ao(L — z) —ap - (2/L) Z emofnto, (cos Bnz)/B*n+
n=1
+(2/L) Z e—affnt (Cmﬁﬂt)/ﬁQH{al(ea'ﬁ“" s cﬂ'ﬂﬂ'to)_'_

n=1
+ by [Pt In(t) — (*P™ - In(to) + In(t/to)+
+a-Bin-(t—to) + (o B2n - (1 —19)?)/24)]} (2)
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where fn are the eigenvalues given by 8n = 27 -n/L, beingn+1,2,...

Having established the formal solution of the direct problem (1) we can be
estimate the parameter K and a from the temperature measurments taken at
the interior point of the sample (z = 0.0138 m).

In the method described by [10], the thermal diffusivity and conductivity are
found by minimizing the sum of squares function

5=y Wi~ T 3

=1

with respect to the parameter involved. In this case, K and a are the
parameters estimated in order to obtain the best agreement between measured
(Y;) and estimated (7;) temperatures from equation 2. The index i refers to
time (i = 1,2,...n). One way of minimizing S, which is given by equation (3)
is to set the first partial derivatives with respect to the parameter equal to zero
[10]. So that, we obtain a set of equation in K and a. The set of equations is
solved simultaneously for unknowns,

The partial derivatives of S are

k k
=2(- 3% X+ YT Xy,) =0 (4a)
=1 =1
-—=2( ZY - Xa, +ZT X3,)=0 (48)
i=1

where sensitivity coefficients X and X5, are respectively

00

S = g,’::" (ao/K?) - (WL)E e~ P40 (cos Anz)/ B2 n+
+ (gfL) Z e“ﬂr-ﬁﬂn-i(co‘gﬁnz)/ﬁgn{(_al[h-Q)(ea-ﬁn-t e e“'ﬁ“'h)_
n=1

= (b /K)[e* Pt In(t) — (€™ - In(tg) + In(t/to)+
+a-f%n-(t—1t0)+(a-B%n-(t-10)%)/24)]} (5a)
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Xp = ‘;—Z = (ao/K) - tg - (2/L) Y e™*#"""0(cos Bnz)+

n=1

— Bo-1-(2/L) i e~ @Bt (cos fnz)+

n=1

— t(Q/L) Z g_a'ﬁn-t(cos ﬂnz){(al/‘({)(ea-ﬁn-f = ca'ﬁﬂ.-lg)+

n=1

+ (b1/K)[e® ™ - In(t) — (e*#™* In(to) + In(t/to)+
+a-f*n- (t—tg)+ (- #n . (t— tg)z)/24)]}+

+(2/L) i e““"az“"(cos Bnz){(a1/K)(e*P™t .t — e@Prto . 45) 4

n=1
+ (b /K)[e®P™ . . In(t) — (2P0 . 15 - In(to)+
+(t = tp) + a - A2n(t - 15)?/12)]} (5b)

where By is a constant value, defined by By = (Ts; — Ts2)/L.

One of the simplest and most effective methods of minimizing the function S,
is called the Gauss method [10]. Using the first two terms of a taylor series in
equation (4) we obtain

k
K™ = K"+ 5 Xy, - (Yi - T3)/A" (6.0)

=]

k
a™tl = K“+ZX2.' (Yi - T)/A" (6.b)

=1

where k

Al = E X'l?.- 'X%.' - Xy, - Xg, (6.c)

i=1

Then the parameters K and be estimated by an interactive procedure that
continues until
Kntl __ gn

on <E (7.a)
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and

<r (7.b)
where € is of the order of 0.001,

The dimensionless sensitivities X7 and XJ have been plotted and investigated
before the experimental investigation in order to obtain a good accuracy in
parameter estimation (figure 3). We noted that K and « for the most times
have linear dependence and the parameter can not be estimated. The optimal
time is situated at dimensionless time interval t* = 0.6 to 0.8.

UNCERTAINTY ANALYSIS

Taylor [1] divided the errors of the experimental results in two types of errors:
measurement error and non-measurement errors. Measurement errors are
associated with uncertainties that exist in measured quantities contained in the
equation used to compute the conductivity and diffusivity from experimental
data. Non-measurement errors are associated with deviations of actual
experiment from the boundary condition assumed in the model used to derive
the equation for computing the parameters.

Measurement errors include errors related with the determination of the
effective thickness of the sample, the internal thermocouple position, the
measurement of the time of heating. In addition, the time constant of the
thermocouple and heat flux transducer should also be considered. In the non-
measurement errors, the non-uniformity and heat loss are the main problem.
However, these errors represent deviations from an ideal situation in which
these effects, are assumed to be negligible [1). This is a disadvantage if
compared with the flash method. However, if the heat flux is monitored
and the sample is a low conductivity material these deviations are minimized.
The transducer calibration constant presents an uucertainly of +2.0 w/m?
approximately. Considering this deviations in equation (2) and a uncertainty
of 2 mm in the thickness and thermocouple position we obtain a deviation of
less than 0.3°C in the estimated temperature. Conservatively, we can admit
an error associated with voltage signals acquisition an uncertainty of less than
0.1°C using an automatic data acquisition control system/HP-3054, [1).
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Figure 3a. Sensitivities for a sample submitted to a transient heat flux at front
surface. Location z = 0.0138 m.
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RESULTS AND DISCUSSION

The thermal diffusivity and conductivity estimated for the plywood sample
presented a deviation compared with literature data [11] of less than 13% and
17.5%, respectively. However, we can note (figure 4) the power of the method.
An excellent agreement between model and experimental data can be observed
for time greater then 200 s. For lesser times, the logarithmic adjustment and
initial condition can affect the solution due to the discontinuity at ¢ = 0.
The selection of the time interval {* between 0.6 and 0.8 is of fundamental
impbrtance for optimization of the results. Previous knowledge of the behavior
of sensitivities permited us to choose the linear independence region of a and K.
In this case, few iterations, n, are needed to estimate the properties (Table I).
Table II presents the temperatures (Y;) and times (t;) used to estimate the
parameter, the sum of squares function (S;). The sum of squares function
(St) was obtained during the entire experiment. We observed a divergence in
estimation of K and a in the region of linear dependence (time less than 960 s -
figure 3a). However, the best result for minimum S; was obtained using all the
experimental data. Good results can also be obtained if only time belonging
to the linear independence region is used like the times a-b-c shown in the
table II.I. (figure 3). The logarithmic adjustment appears to be indeterminate
at t = 0. This difficulty can be alleviated by choosing a small time {5 and
considering the heat flux constant until this time. The logarithmic adjustment
can be obtained with correlation factor of about 0.999 (figure 2). In this sense,
the alternative form of heat flux imposed can be inserted in the model with
excellent approximation. The temperature at the other face suffered a variation
of 0.3°C during all the experiment (figure 4). This variation did not affect the

results and can be neglected.
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Figure 4. Temperature rise at ¢ = 0.0138m: comparison of mathematical
model with experimental results, variation of temperature at the rear surface
(Ts2) is also shown.

Table 1. Interactions, n, in the diflusivity and conductivity estimation with Y;
obtained during the entire experiment (table III).

n K[w/mK] a[m?/s] St[K)
0 0.01 2.0E-08

1 0.1388 8.626E-08

2 0.1551 1.446E-07

3 0.1310 1.468E-07

4 0.1405 1.561E-07

b 0.1408 1.572E-07

6 0.1410 1.574E-07

7 0.1410 1.574E-07 7.126E-01
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Table II. Diflusivity and conductivity estimation with ¥; obtained for times

indicated in table 111,

G. Guimaraes

Time K[w/mK) a[m?/s) SI[K] St[K]

a 0.141 1.575E-07 7.129E-01 7.126E-01
b 0.135 1.478E-07 3,272E-04 7.195E-01
c 0.135 1.473E-07 1.644E-03 7.228E-01
d 0.134 1.462E-07 5.968E-03 7.278E-01
e 0.133 1.440E-07 1.972E-03 7.370E-01
f 0.145 1.622E-07 1.856E-03 7.677E-01
4 0.126 1.354E-07 6.48TE-05 7.952E-01
h * * * *

- * - * *

j * * * *

* — represents divergence in parameter estimation

Table I11. Times used for Y; aquisition, in seconds. III.

Time Seconds

90-210-300-420-600-840-900-960-1020-1080-1140-1200-1260-1320
1080 - 1140 - 1200

1200 - 1260 - 1320

840 - 900 — 960 - 1100 — 1200 — 1280 - 1320

1080 - 1140 - 1200 - 1320

840 - 960 - 1020

960 - 1020 - 1080

90 - 210 - 300 - 420 - 600 - 840

210 - 300 - 420 - 600 - 840

300 - 420 - 600 - 840

o IO e, D QL OTR

CONCLUSION

Determination of thermophysical properties using parameter estimation tech-
niques have shown to be efficient, particularly in thermal diffusivity estimation.
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The possibility of obtaining thermal conductivity simultaneously minimize the
error related with its value inserted in the mathematical model and give a suit-
able technique for application in transient cases. The experimental apparatus
used is an alternative that substitutes the use of costly equipment, like laser
apparatus. The Green’s function permits the mathematical model to consider
time dependent heat flux. A future work should investigate the temperature
dependence in conductivity and diffusivity in this case, a non-linear treatment
in parameter estimation is necessary.
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PLACA PLANA E CONE PERMEAVEIS

E NAO ISOTERMICOS

SIMILARITY SOLUTION FOR FILM CONDENSATION
IN A POROUS MEDIUM OVER A PERMEABLE
NON-ISOTHERMAL FLAT PLATE AND CONE

Carlos Daniel Ebinuma
UNESP

Campus de Guaratinguetd
12500, Guaratinguetd, SP, Brasil

RESUMO

Através de uma distribui¢do apropriada de fluzo lateral de massa no contorno das
superficies permedveis, solu¢des similares podemn ser obtidas para o problema da
condensagdo pelicular em meio poroso sobre placa plana e cone, cujas temperaturas
variem com a dislancia longitudinal da forma /2 ¢ 2812 respeclivamente. A
espessura da pelicula condensada, o perfil de temperatura e a lransferéncia de calor
nas superficies podem ser oblidos através de solu¢ées que dependem do fluzo lateral
de massa.

Palavras-chave: Condensagio Pelicular « Meio Poroso = Cama.&a. Limite

ABSTRACT

Under an appropriate distribution of located mass flur at the boundary, similarity
solutions are obtained to the problem of film condensation in a porous medium over
a flat plate and cone, where the lemperature vary as z1/2 and :3f2, respeclively.
The thickness of the liquid layer, the temperature profiles and the Nussell number are
calculated. It is found that the results depend strongly on the lateral mass flux at the
boundary.

Keywords: Film Condensation = Porous Medium = Boundary Layer
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NOMENCLATURA

calor expecifico

fun¢ao de corrente adimensional

aceleragao da gravidade

coeficiente local de transferencia de calor

calor latente de condensagao

condutividade térmica do meio poroso preenchido com liquido
permeabilidade

= 0 para placa plana

= 1 para cone

nimero de Nusselt local

b~ - -1
= N

3 o

distancia radial do eixo de simetria a superficiedo cone
nimero de Rayleigh local

parametro de subresfriamento adimensional
temperatura

velocidade de Darcy longitudinal

velocidade de Darcy normal

coordenada longitudinal

coordenada normal

difusividade térmica do meio poroso preenchido com liquido
parametro de fluxo lateral de massa adimensional
angulo de inclinagdo da superficie em relagdo a linha
vertical (ou eixo de simetria)

espessura da camada liquida

n variavel de similaridade

- - oH oo ' b
™ R '-]unn'éu E

o

ndé  espessura da camada liquida adimensional

©  temperatura adimensional

X parametro que determina a varia¢do da temperatura em
relagdo a distancia longitudinal

I viscosidade dinamica

p densidade

e angulo de inclinagao da coordenada normal em relagao

a linha vertical (ou eixo de simetria)
17 fungao de corrente
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Subscritos

s estado de saturagio
v fase vapor
w superficie

INTRODUGCAO

Atualmente, como consequéncia do desenvolvimento tecnoldgico atingido por
muitos processos de Engenharia, tem-se desenvolvido estudos referentes a
transferéncia de calor na mudanga de fase de um fluido puro, que ocorre sobre
uma superficie impermedvel e isotérmica em contato com um meio poroso
preenchido com fluido puro na temperatura de saturagao.

Quando o fluido puro se encontra na fase vapor, uma reducdo siibita na
temperatura da superficie, abaixo da temperatura de satura¢ao, provoca
a formagdo de uma pelicula de liquido condensado, adjacente & superficie
impermeavel (Condensagdo Pelicular) e, por outro lado, quando o fluido puro
se encontra na fase liquida, um aumento sibito na temperatura da superficie
acima da temperatura de saturagio, provoca a formag¢io de uma pelicula de
vapor, adjacente & superficie impermedvel (Ebuli¢do Pelicular).

Em ambos os casos, £ possivel a aplicagao da teoria da camada limite e
da Lei de Darcy para escoamento em meio poroso, na pelicula formada
adjacente a superficie, desde que introduzido o conceito da permeabilidade
relativa, uma vez que os espagos vazios do meic poroso sdo parcialmente
preenchidos com liquido e parcialmente preenchidos com vapor. Entretanto,
devido a complexidade matematica das equagbes governantes resultantes,
solugdes analiticas para o problema somente podem ser obtidas levando-se em
consideragdo a simplificagao realizada por [1].

Parmentier [1], estudou o problema da transferéncia de calor na ebuligdo
pelicular em meio poroso preenchido com liquido subresfriado, sobre uma
superficie vertical impermeavel superaquecida, mostrando com um diagrama
Pressao x Temperatura, que ndo ocorre uma regiao de mistura das fases
liquida e vapor na transigao de liquido subresfriado para vapor superaquecido
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e, portanto, existe uam interface distinta entre as duas fases. Essa consideragio
resulta em uma considerdvel simplificagao matematica que permite solugdes por
similaridade.

Baseado nesta consideragao, juntamente com as simplificagoes usuais realizadas
na teoria da camada limite, Cheng (2] obteve solugao por similaridade para a
condensagao pelicular sobre uma superficie inclinada em contato com um meio
poroso preenchido com vapor saturado.

Cheng, Chui and Kwok [3], estudaram os efeitos do liquido subresfriado na
ebulicao pelicular em meio poroso, ocorrendo sobre superficies impermeaveis
bidimensionais e axialmente simétricos e obtiveram, através de transformagoes
similares generalizadas, solugdes exatas tanto para a fase liquida como para a
fase vapor, validas para qualquer forma geométrica da superficie,

Com base nestes trabalhos, Liu et al. [4] analisaram o problema da consensagio
pelicular em meio poroso ocorrendo sobre superficie de configuragao arbitraria,
considerando-se um fluxo lateral de massa no contorno das superficies, onde
se determinou que, solugdo similar existe, quando o fluxo lateral de massa é
proporcional & distancia longitudinal (a propor¢do depende da configuragao
geométrica da superficie).

Mais recentemente, Ebinuma et al. [5], enfocam o mesmo problema analisado
em [4], porém, considerando-se que a temperatura da superficie também varia
com a distancia longitudinal, sendo proporcional a um parametro A. Nessas
condigdes, solugdo exata nao é possivel e o problema foi resolvido através do
desenvolvimento em série de poténcias e, as equagdes diferenciais ordinarias
resultantes sdo resolvidos através do método numeérico de Runge-Kutta.

Este trabalho analisa 0 mesmo problema considerado em [5] e mostra que, para
a placa plana e cone, solugio exata pode ser obtida para valores particulares
do parametro A.

FORMULACAO E SOLUGAO

A figura 1 mostra modelo fisico e sistema de coordenadas utilizados na
formulagdo do problema de condensagao pelicular em meio poroso sobre placa
plana (1.a) e cone (1.b).
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{b) n=|

Figura 1. Sistemas de Coordenadas.

As superficies permeaveis da placa plana e cone sdo mantidas a uma tempe-
ratura nao constante Tw (fungdo da distancia longitudinal ). Em contato
com essas superficies estd um meio poroso preenchido com vapor saturado a
temperatura de saturagio T's, para a respectiva pressio do sistema.

Para que condensagao ocorra, a temperatura das superficies deve ser menor que
a temperatura de saturagio do vapor. Assim, a temperatura das superficies,
em fungdo da distancia longitudinal pode ser definida através da relagao
Tw = Ts — Az*, onde A é uma constante positiva € A é um parametro
constante que caracteriza a temperatura das superficies em fungio da distancia
longitudinal z.

Nestas condigdes, o condensado resultante sobre as superficies permedveis,
forma uma pelicula continua e com caracteristicas de escoamento laminar em
regime permanente devido a forga de gravidade.

Como as superficies sao permedveis, o condensado estd sujeito a uma compo-
nente normal de velocidade Vw, devido ao fluxo lateral de massa nas superficies
(quando Vw < 0 tem-se sucgdo, quando Vw > 0 tem-se injecao e, quando
Vw = 0 tem-se o caso particular de superficie impermedvel).

As aproximagbes padrées utilizadas na literatura sobre condensagio pelicular
€M meio poroso sao:
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— A temperatura de saturagao do vapor é constante;

- A espessura da pelicula é fina, tal que as aproximagoes da camada limite
sao aplicaveis;

- O liquido condensado e o vapor saturado sao separados por uma interface

distinta, nao ocorrendo regiao de mistura de fase liquida com a fase vapor;

- A lei de Darcy para escoamento em meio poroso é aplicavel na camada
liquida e;

— As propriedades fisicas do vapor, do liquido condensado e do meio poroso
sao constantes.

Como base em tais consideragdes, as equagbes que expressam a CONServagao
de massa, quantidade de movimento e energia na camada liquida sao,
respectivamente;

0 i D s
a(r u)-l-a—-y(r v)=0 (1)
u=§(p-pu)gsen¢ (2)
aT ar ar
ua—z+v-a—u_aw (3)

Com as condigoes de contorno:

y=0 T=Tw=Ts— A z* v = Vuw(x) (4.a,b)
y=0 T=Ts (5)

E, o balango de energia na interface liquido-vapor:
a6
-k 'é;L:,s =p hfg (h‘. .8; — u)y=6 (6)

Utilizando as varidveis de similaridade sugeridas em [4,5], para a placa plana
(n=0)econe (n=1):

2 2
¥ = a(Ra)Uﬂ{_._____z e 37 sy

Pio- [ veee o
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T-Ts
O=Ta-Ts @
onde e
n = (Ra)'/?—(3cos )3 (9)

K(p-
Ra = P =py) g2 (9.6)
po
Ainda, de acordo com [4,5], a componente normal de velocidade que permite a
adimensionalizagao das equagdes governantes é
1/2
Vo= 8 2B (5 0am)? (10)
2 z
onde o parametro # € uma constante adimensional que representa a compo-
nente normal de velocidade devido ao fluxo lateral de massa nas superficies
permeaveis. Desta forma, tem a mesma dire¢do e magnitude de Vi, ou seja,
quando 8 é negativo tem-se sucgao, quando [ é positivo tem-se injegdo e,
quando 3 é nulo tem-se o caso particular de superficies impermeaveis.

Uma vez que a fungdo de corrente ¥ definida pela equagao (7) satisfaz a
equacio da continuidade (1), e, utilizando as equagées (8, 9, 9.b, 10), as
equagdes da conservagdo da quantidade de movimento (2) e energia (3) tornam-
se, respectivamente:

df _

5_1 (11)
?0 1 6 Nl
ag YU =P g~ 5 =0 Wi

Com as condigdes de controno (4a.,b,5) da forma:

n=0 =1 =0 (13.a,b)
n=nb =0 (14)

Onde 76 representa a espessura da pelicula condensada adimensional.
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O balango de energia na interface liquido-vapor (6) sera:

S
Se G, s = =308 = B) (15)
onde
B C(Tw -Ts) (16)
hyq

A equagao (11), juntamente com a condigdo (13.b) apresenta a solu¢do da
forma:

f=n (17)

Substituindo as equagdes (11) e (17) na equagado (12), verifica-se, para valores
particulares do parametros A da forma A = 1/2 para a placa plana e A = 3/2
para o cone, a equagao (12) resulta em uma equagao diferencial ordinaria de
segunda ordem com coeficientes variaveis da forma:

d’9 1 do 1
d—ng'*'g('?'ﬂ)a—ge—o (18)

Esta equagao, juntamente com as condigdes de contorno (13.a, 14), apresenta
solugdo exata, segundo [6], da forma:

(1= B) oy — i) + %(f&’ n) dn — g e(n) d)

9(’?) = 1 i ﬂ%_ g ) d‘t} (19)

onde

O niimero de Nusselt local (Nu}, que representa a transferéncia de calor nas
superficies permeaveis, é definida pela relagao:
hz
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Nesta equagao, h é o coeficiente de pelicula definido pela lei de Newton.
Comparando com a lei de Fourier, tem-se:

T %{‘ly:ﬂ

Ne= o —Tw)

(21)

Que, utilizando-se as varidveis adimensionais definidas pelas relagoes (8,9,9.b)
resulta, para a placa plana e cone:

do

e £ 1/2
Nu = —(3cosv)2 (Ra) ]

(22)

RESULTADOS

Com o auxilio da relagio para o balango de energia térmica na interface
liquido-vapor (equagao 15), a espessura da pelicula condensada né pode ser
determinada para fixados valores do parametro de subresfriamento Sc e da
componente normal de velocidade adimensional 3.

A figura 2 mostra a relago entre né e o parametro Sc, para trés valores de g.
O valor negativo de 3 representa sucgao, o valor positivo, injegéo e, o valor nulo
representa o caso particular de superficie impermeaveis. A figura 3 mostra os
perfis de temperatura para um valor fixado de Sc e os mesmos trés valores de
B. Os valores de © diminuem da unidade até zero, quando 7 aumenta de zero
até né.

Como esperado, a espessura da pelicula condensada né é fungdo decrescente do
valor absoluto da sucgao, ou seja, para um mesmo parametro Sc, a espessura 76
¢ reduzida com o aumento da sucgdo. Analogamente, a espessura 1é é fungéo
crescente do valor da injegao.

Quando a sucgdo é relativamente grande, a espessura né torna-se muito pequena
e o valor limite para a sucgdo pode ser obtido quando né tende a zero.

Tal comportamento da espessura da pelicula condensada nd exerce grande
influéncia na Transferéncia de Calor através das superficies, uma vez que a
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Figura 2. Variagdo da espessura da pelicula condensada.

mesma atua como uma resisténcia térmica, como mostra a figura 4. Nesta
figura observa-se que, para um mesmo valor do parametro Se¢, a taxa de
transferéncia de calor Nu é maior para a suc¢do e menor para a injegao, como
resultado direto da diferenga da espessura da pelicula né, e consequentemente
, da diferenga da resisténcia térmica atuante, que é aumentada com o aumento
da espessura da pelicula né. Entretanto, € interessante observar ainda, o
comportamento das curvas, provocados pelos efeitos da espessura da pelicula
né (resisténcia térmica) e do parametro Sc (potencial térmico). Para o caso
da sucgao, para a regido de baixos valores de Sc¢, um acréscimo em seu valor,
aumenta bruscamente a espessura 78, reduzindo a taxa de transferéncia de
calor Nu. Por outro lado, para a regido de altos valores de Se, um acréscimo
em seu valor, provoca uma grande diferenga de potencial térmico, resultando
no aumento de Nu. O ponto minimo da curva de sucgdo representa o ponto de
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Figura 3. Perfis de temperatura e velocidade longitudinal.

equilibrio entre os efeitos do acréscimo da resisténcia térmica e do acréscimo de
potencial térmico. O mesmo comportamento nio é verificado para as superficies
impermeaveis (# = 0), onde, na regiao de baixos valores de Sc, ocorre equilibrio
entre os dois efeitos e, na regiao de altos valores de Se, predomina o efeito
do aumento de potencial térmico, resultando assim em um acréscimo mais
acentuado no parametro Nu. E, finalmente, para a injegdo, a predominancia
do efeito do aumento do potencial térmico é visivel em ambas as regides do
parametro Sc, mais acentuadamente na regiao de altos valores de Se.
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Figura 4. Variagao do nimero de Nusselt.
CONCLUSAO

Para os valores particulares do parametro que define a relagio entre a
temperatura das superficies permedveis com a distancia longitudinal, 1/2 e
3/2, respectivamente, para a placa plana e cone, e também de uma relagao
apropriada de fluxo lateral de massa com a distancia longitudinal, solugao
similar foi obtida.

Os resultados mostram que, a sucgdo de parte do liquido condensado, reduz
a espessura da pelicula condensada e aumenta a transferéncia de calor nas
superficies, para um dado valor do parametro de subresfriamento, enquanto
que a inje¢do de parte de liquido, ao contréario, aumenta a espessura da pelicula
condensada e reduz a trnasferéncia de calor nas superficies.

E interessante observar ainda que, a solugao exata obtida neste trabalho, pode
ser utilizada para o cilindro horizontal e esfera, como solugao da equagao
resultante da aproximagao de ordem zero (5], quando o parametro que define
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a relagdo entre a temperatura das superficies permedveis com a distancia
longitudinal assumem valores 1 e 2, respectivamente.
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ABSTRACT

Laminar forced convection of Prandil- Eyring type non-newtonian fluids inside circular
tubes and parallel-plate channels ts theoretically studied. The related energy equation
for the thermal entrance region is analytically solved and recently advanced Sign-count
method utilized to efficiently compule eigenguantilies of the associaled Sturm-Liouville
problem, to any desired order and accuracy, allowing for quite reliable numerical
results along a wide range of the dimensionless arial distance. The analysis is
performed for the more general third kind boundary condilion, and several numerical
results for quantities of practical rvelevance, such as bulk temperature and Nusselt
numbers, are graphcally presented.

Keywords: Channel Flow » Forced Convection »« Non-Newtonian Fluid s Analytical
Solution » Graetz Problem

RESUMO

Trata-se do estudo tedrico da convec¢ao forgada laminar de fluidos nédo-newtonianos
do tipo Prandtl-Eyring no inlerior de tubos circulares e canais de placas paralelas.
A equagdo de energia para a regidgo de entrada térmica € resolvida analilicamente
e o recém-desenvolvido método de contagem do sinal utilizado para computar com
eficiéncia os autovalores e autofungoes do problema de Sturm-Liouwille associado,
oté a ordem e precisio desejadas, permilindo a obten¢do de resullados numéricos
bastante confidveis ao longo de uma ampla faiza da distdncia azial adimensionalizada,
A andlise é feita para a condi¢do de contorno mais geral de lerceiro lipo, e vdrios
resultados numéricos sdo apresenlados em forma grdfica para quantidades de inleresse
prdtico, como temperalura média de mistura e niimeros de Nusselt.

Palavras-chave: Escoamento em Dutos m Convecgio forcada w Fluido Nao-
Newtoniano » Solugao Analitica = Problema de Graetz
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NOMENCLATURE

h* heat transfer coefficient between duct wall and the surroundings

k fluid thermal conductivity

£y reference length for dimensionless normal coordinate

fo reference length for dimensionless axial distance

dp: longitudinal pressure gradient (constant)

r radial (or normal) coordinate

Tw, Ry tube radius or half the spacing between parallel-plates,
dimensional and dimensionless

T(r,z) temperature distribution

B fluid inlet temperature

T temperature of the surroundings

7 average fluid velocity

z axial coordinate

Greek letters

&
i
Y(p;, R)

Auid thermal diffusivity
eigenvalues in problem (5)
eigenfunctions in problem (5)

Sub and superscripts

i order of eigenquantity

— integral gransformed quantity
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INTRODUCTION

Thermal entry region solutions in laminar forced convection inside circular
tubes and parallel-plate channels are of major interest for a more refined design
and performance analysis of various heat exchange equipments. Although
quite reliable numerical results for quantities of practical interest, in the case
of newtonian fluids [1,2], have been made widely available a few years ago,
it wasn’t until quite recently that more involved situations of non-newtonian
fluids, such as power-law fluids [3,4] and Bingham plastics [5], were considered
in a more definitive way., Much of the difficulty associated with establishing
accurate numerical results within most of the thermal entrance length, is related
to the appropriate solution of an eigenvalue problem, as required by analytical
solution procedures, and which is here once more alleviated through the use of
the so-called Sign-count method [6-8] for Sturm-Liouville type problems.

The present contribution is therefore part of a continuing effort aimed at
providing benchmark results [3,4,8] to forced convection problems of various
rheologically different fluids. At this point we are particularly concerned
with Prandtl-Eyring fnid [9,10], which is yet described by a single parameter
constitutive equation like the most [requently studied power law fluids.
Apparently, the literature reveals a certain lack of information within most
of the thermal entrance length for such class of fluids, and the very early
work of [11] for circular tubes, remains as a major source of results, frequently
referenced by textbooks on non-newtonian fluid flow and heat transfer. Here,
we consider both circular tubes and parallel-plate channels, allowing for
convection boundary condition at the duct wall, and, by evaluating as many
eigenquantities as necessary, provide solutions for a quite wide range of the
dimensionless axial coordinate. Bulk temperature profiles and both local
and average Nusselt numbers are then accurateley obtained and presented in
graphical form for future reference.

ANALYSIS

We consider thermally developing, hydrodynamically developed laminar flow
of Prandtl-Eyring fluid inside simple shapped ducts such as circular tubes and
parallel-plate channels. Assuming constant physical properties and neglecting
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viscous dissipation, the associated energy equation is written in dimensionless
form as:

. O0(R,Z) 5 68(R Z)
WR)—57— = 3 [R —2=| 0<R<R,, Z>0 (la)
where
- {0 , for parallel-plates duct
“ L1, for circular tube
and t
= n
W(R) = (fn) R U(R) (1.b)
with inlet and boundary conditions given respectively by:
0(R,0)=10< R< Ry (1)
80(R,2) ¥,
oR R=o_0 y Z2>0 (1.d)
30(3}22) +Bif(R,Z)=R=,Ry,,Z2 >0 (1.e)
where various dimensionless groups are defined as:
T(r,z) —

T
=, dimensionless temperature

O(R,Z) = =g

= tL ,dimensionless normal (or radial) coordinate
0
azr: . : . 5
Z = — ,dimensionless axial coordinate
e
U(R) = Q ,dimensionless velocity profile

Ry = E{-— ,dimensionless tube radius (or half the spacing
0

between parallel plates)
h*g

Bi= k

, Biot number

From the constitutive equation for the rate of deformation [10], the velocity
profiles for a Prandtl-Eyring fiuid are readily determined as:

U(R) = cosh(b) — cos.h(bR)
cosh(b) — %smh(b)

, for parallel-plates (3.a)
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cosh(b) — cosh(bR)

U(R) = ,for circular tub 3.5
W osh(b) — %sinh(b) - f,(cosh(g,) — 1) or circular tube (3.6)
where k
_Tw dp
o 24 dZ (3.c)

is the dimensionless pressure gradient and A is a constant in the constitutive
relation. For decreasing b the newtonian fluid model is approached (b = 0),
while for increasing b the velocity profile is progressively flattened up (slug flow
for b = oo0).

Equations (1) are readly solved exactly through the integral transform tech-
nique [6] to yield the temperature profile:

= T (i, B) =42 (4.0)

0(R, Z) =

M

1=1

where the normalization integral, N;, and transformed inlet condition, f;, are
respectively given by:

Ry
No= [ W) R dR (4.)

Ry
A f W(R) (i, R) dR (4.)
0

while the eigenvalues, yu!s, and eigenfunctions ¥(g;, R) are obtained form the
solution of the related eigenvalue problem:

2 [a “""“"R’]+ 2 W(R) ¥(i,R)=0,0<R<Ry  (5.)

d(p;, R)
dR

dy(u;, R)
dR

=0 ; at R=0 (5.4)
+Bi¢(p;,R)=0 , at R=0 (5.¢)

The analysis of such a Sturm-Liouville problem is here assumed to be known,
from direct application of the ideas in the so-called sign-count method [6-8],
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providing accurate results for as many eigenquantities as needed to achieve the
desired convergence in eq.(4.a).

Once the temperature profiles are obtainable, quantities of practical interest in
heat exchanger analysis can be evaluated as follows:

Dimensionless bulk temperature

n+1 2 [Ru
tuul2) = T - - j; W(R) 0(R, Z) dR (6.0)
Local Nusselt number
) 66‘(R Z)!
h(z) £, ,t =Ry
Nu(Z)= —— = 6.b
@ =5 =% W D) ik
Average Nusselt number
Nugy(Z) = ] Nu(Z (6.c)

For the case of Bi = oo (prescribed temperature at the duct wall), the average
Nusselt number can be alternatively evaluated through application of the
energy balance in a length Z of the duct, to provide:

M) =225 (22) 7 (o) (60

Also of interest is the a priori establishment of limiting Nusselt numbers
(Z — co) at the thermally fully developed region. By retaining the first terms
only in the summations of eq. (6.b), one obtains:

1
STl k1 @
Ry, p} &, Bi

Nu«;z
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The working formulae (6,7) were employed to provide the numerical results
here presented.

RESULTS AND DISCUSSION

In the results that follow the reference lengths were taken as:

4 2ry , for circular tubes
£n = Dp(hydraulic diameter) =
4ry, , for parallel-plates

Eﬂ = QT.W 1 Rw = 0'5

Calculations were performed on a 16 bits microcomputer, and the Sign-count
method utilized to yield over one hundred eigenvalues and until convergence
was achieved at every each axial location chosen. In figs. (l.a-1.b), results
are shown for the parallel-plates geometry as a function of the dimensionless
axial distance and for different values of the parameter b = 1,4,10 and 20,
respectively for dimensionless bulk temperature and local Nusselt number.
Clearly, for more flattened up velocity profiles (larger values of b}, as the
slug flow model is approached, it takes a shorter axial distance for thermal
development to be reached and temperature levels are therefore lower. Higher
heat transfer rates are then achieved at the same flow rate and fluid properties.
Similar results for the circular tube geomelry are presented in figures (2.a-
2.b). Several additional sets of results for finite values of the Biot number were
obtained, but their presentation is here avoided due to space limitations. In
figures (3.a,b), however, limiting Nusselt number curves are shown for various
values of Bi = 0.1, 1, 5, 10, 100 and oo, in terms of the parameter b, which
depart from newtonian fluid values at b = 0 and tend asymptotically to the
slug flow results as b — oo. As the thermal resistance for heat exchange
with the external ambient is increased (decreasing values of Bi), the internal
heat transfer coefficient also increases in order to compensate for the added
resistance and achieve total heat exchange for sufficiently long duts. It is also
evident that the effects of the diflerent velocity profiles (different values of b)
are less pronounced for the large values of Biot number, and the limiting slug
flow results are reached [or reasonably low values of the flow parameter, b.
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Figure la. Dimensionless bulk temperature profiles for the flow of a Prandtl-
Eyring fluid inside parallel-plates channel (Bi = o0).
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Figure 1b. Local Nusselt number for a parallel-plates channel (Bi = o0).
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Figure 2a. Dimensionless bulk temperature profiles for the fiow of a Prandtl-
Eyring fluid inside a circular tube (Bi = oo0).
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Figure 2b. Local Nusselt number for a circular tube (Bi = oo).



404 R.M. Cotta, S.R.R. Passos & C.A.C. Santos

Bi=0 |
i0

50

m?/:;.
;/”/

T0

IR e o e o e e e e A L B L0 e i |
ag 40 L1} 20 w0 200 0

Figure 3a. Limiting Nusselt numbers as a function of dimensionless preassure
gradient, b, and various Biot numbers (parallel-plates channel).
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Figure 3b. Limiting Nusselt numbers as a function of dimensionless preassure
gradient, b, and various Biot numbers (circular tubes).
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The computer code generated can be readily modified to accomodate different
flow situations, such as turbulent regime with algebraic models, annular channel
geometry with various combinations of boundary conditions, and different types
of fluids, allowing for highly accurate and low cost thermal entry region results
for internal forced convection.
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