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RESUMO

E realizado no presente trabalho um estudo do comportamento ndo-linear geomélrico
no regime eldstico de cascas cilindricas isotrépicas e enrijecidas submetidas &
compressdo arial uniforme. No mélodo de andlise proposto, o elemento de casca
enrijecida ¢ 1dealizade como um elemento de casca isotrdpica sujeile 4 ogao de
forgas interativas em linha que agem nas diregdes dos enrijecedores longitudinais e/ou
circunferenciais, simulando o efeito destes, As magnitudes destas forgas interativas
ado avaliadas pela compatibilidade e equilibrio entre os elementos de casca ¢ de
enrijecedor, e incorporadas nas equagdes ndo-lineares como forcas de massa, Os
resultados numéricos obtidos, baseados no métedo das diferencas finitas, mostram a
validade e a exatidao da formulagdo tedrica proposta,

Palavras-chave: Analise Nao-Linear Geométrica s Cascas Cilindricas Enrijecidas »
Elemento de Casca Isotrépica m Método das Diferengas Finitas

ABSTRACT

The structural non-linear behaviour of wsotropic and stiffened cylindrical shells
subjected to uniform arial compression load in the elastic range is presented in this
paper. In the method of analysis developed herein, the stiffened shell is 1dealized as
an isotropic shell subjected to inieractive line loads along the stringer and/or ring
stiffeners. These inleractive loads are incorporated into the equilibrium equations of
shell element by consideration of compatibility and equilibrium between the shell and
stiffener elements. The non-linear equations are expressed in finile difference form
and tmplemented in a compuler program. They are solved by means of a combined
incremental-iteractive load method, Comparison of the obtained results with those
calculated from other methods are satisfactory.

Keywords: Geometnic Non-Linear Analysis » Stiffened Cylindrical Shells » Isotropic
Shell Element w Finite Difference Method
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NOMENCLATURA

E madulo de elasticidade da casca

£ excentricidade,  distancia do centro do  enrijecedor
longitudinal ao plano médio da casca

Foe, Foo, Faoo forcas de interacao entre a casca e o enrijecedor
circunferencial

For Far, X forcas de interagdo entre a casca e o enrijecedor
longitudinal

he

hi,

L

My, My, Mg
My Myp, ML
Nz, Ng,Ngg
Nap, Qv QL
P

R

1

tc

tr

Tc

T,

U, v, w

ﬂ'E\ﬁEv ﬁ-".t’.

altura do enrijecedor circunferencial
altura do enrijecedor longitudinal
comprimento longitudinal da casca
momentos resultantes por
casca

momentos resultantes por
entijecedor longitudinal

unidade de comprimento da

unidade de comprimento do

forgas resultantes por unidade de comprimento da
casca
forgas resultantes por unidade de comprimento do

enrijecedor longitudinal

pressao lateral

raio médio da casca

BS})eﬁ-‘iU ra dﬂ- Casca

espessura do enrijecedor circunferencial

espessura do enrijecedor longitudinal

momento de torgdo interativo entre a casca e o enrijecedor
circunferencial

momento de tor¢ao interativo entre a casca e o ennjecedor
longitudinal

deslocamentos da superficie média da casca nas diregdes
2,0 e =, respectivamente

deslocamentos tolais sobre o eixo do
enrijecedor

fungao trigonométrica que representa a imperfei¢ao geométrica

de um ponto

inicial

deslocamento radial total (w + w)
coordenadas axial, circunferencial ¢ radial
parametro geométrico de Batdorf
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Azr espagamento da malha na diregao longitudinal

A angulo entre duas linhas nodais consecutivas da malha
£0 deformagio de escoamento do material

€2, E8: Vb deformagoes especificas da superficie média de
v coeficiente de Poisson

a0 tensao de escoamento do material

CCR tensao critica elastica

T tensao longitudinal

INTRODUCAO

As cascas cilindricas vém, ja ha algum tempo, recebendo especial atengao dos
pesquisadores por representarem um dos componentes estruturais mais comuns
em diversas areas da engenharia moderna. Na indistria aerospacial as cascas
cilindricas sao usadas como o principal componente estrutural: a fuselagem;
nas estruturas offschore, com a evolugao das plataformas flutuantes, tem-se
acentuado a necessidade do conhecimento da resisténcia de membros tubulares
cada vez mais leves e esbeltos; na industria nuclear as cascas sao usualmente
empregadas na construgao de componentes de reatores; ¢ frequente ainda
verificar a utilizagao dos cilindros como depdsitos de fluidos, tineis de vento,
na indistria naval e como tubulagoes. Em grande parte destas aplicagdes,
¢ bastante comum encontrar a casca cilindrica reforgada por enrijecedores
longitudinais e/ou circunferenciais objetivando uma maior eficiéncia estrutural
(veja Figura 1).

As dimensbes geométricas de uma casca cilindrica sdo caracteristicamente
representadas pelo seu raio de curvatura (R), espessura (t) e comprimento
(L), conforme mostra a Figura 1. Os tipos de flambagem das cascas cilindricas
1sotropicas — sem enrijecedores — e enrijecidas submetidas & compressao axial
sac suscetivelmente dependentes da relagio do seu comprimento pelo seu raio
(L/R) e também da relagao do seu raio pela sua espessura (R/t). Os modos
de flambagem da casca cilindrica isotrépica de comprimento intermediirio
{z > 2.85) diferem bastante daqueles observados nas cascas curtas e longas.
Normalmente, os cilindros de ecomprimento intermediario flambam localmente,
onde algumas saliéncias na sua superficie podem ser notadas. Ascascas curtas,
com grande diametro, comportam-se semelhantemente a uma placa apolada

casca
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/,},ENRIJECEDORES
//,----"" / LONGITUDINAIS

ENRIJECEDORES. EXTERNOS

—

CIRCUNFERENCIAIS .
EXTERNOS

Figura 1. Casca cilindrica enrijecida.

ao longo dos bordos carregados e livre nos outros bordes. Os tubos longos
flambam geralmente como colunas.

A presenga dos enrijecedores longitudinais efou circunferenciais, contribuindo
para um melhor comportamento estrutural do modelo, fornece entretanto
complicagdes adicionais na estimativa da carga e do modo de flambagem de
uma casca. Em outras palavras, os efeilos especificos que os enrijecedores
tém no comportamento de flambagem da casca cilindrica sob compressao axial
sao relativamente complexos. Em fun¢do das propriedades dos materiais e
das caracteristicas geométricas das cascas e dos enrijecedores, cinco tipos de
comportamento de flambagem sao geralmente verificados, conforme é mostrado
na Figura 2;

a. Flambagem local da casca;

b. Instabilidade do painel cilindrico;

¢. Flambagem global;

d. Flambagem como coluna;
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e. Flambagem local dos enrijecedores.

Procura-se contornar as dificuldades apresentadas no pardgrafo anterior
estudando-se neste trabalho apenas a flambagem local do segmento cilindrico
entre os enrijecedores, Para conseguir que este modo de flambagem anteceda
ou prevalega sobre a flambagem local torcional dos enrijecedores ou a flam-
bagem global da pega, e ainda garantir que nenhuma interagao catastréfica
sela possivel entre os modos local e global, foram seguidas as recomendagdes
do projeto da DnV [1] para dimensionamento dos enrijecedores.

NEL ENRIJECEDOR ,
B T e UPERFICIE DA

—F~ ENRIJECE
b tR  LONGITUDINAL :

a) INSTABILIDADE b)INSTABILIDADE DO PAINEL
LOCAL DA CASCA CILINDRICO

c) INSTABILIDADE dJFLAMBAGEM e) INSTABILIDADE
GLOBAL COMO COLUNA DO ENRIJECEDOR

Figura 2. Modos de flambagem de casca cilindrica enrijecida.

Objetivando encontrar uma maior simplicidade e precisdo para a solugao
numeérica das cascas cilindricas enrijecidas, e baseado também na observagao
de que a representac¢ao da casca enrijecida como uma casca ortotrépica de peso
equivalente nao simula adequadamente o comportamento estrutural da pega
— flambagem local da casca e dos enrijecedores — quando esta é reforcada
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por poucos enrijecedores, adotou-se aqui um método de analise que considera a
casca e os enrijecedores como componentes estruturais separados, ou seja, um
modelo decomposto no qual o elemento de casca enrijecida é discretizado em
elemento de casca e de enrijecedor longitudinal (viga-coluna) efou enrijecedor
circunferencial (anel), como pode ser visto na Figura 3. Métodos similares
para o tratamento da interagdo casca-enrijecedor foram usados com sucesso
por Estefen [2], Andrade [3], Wang e Hsu [4], Ghavami e Andrade [5] e Silveira

(¢

ENRIJECEDOR LONGITUDINAL
(ELEMENTO DE VIGA-COLUNA)

[

ELEMENTO DE CASCA

ENRIJECIDA
ELEMENTO DE CASCA ENRIJECEDOR CIRCUNFERENCIAL

(ELEMENTO DE ANEL)

Figura 3. Elementos de uma casca enrijecida.

DESCRICAO DO METODO DE ANALISE

Na formulagao adotada, o desenvolvimento das equagoes de equilibrio para
o elemento de casca enrijecida é baseado na discretizagac deste elemento em
elementos de casca e de viga-coluna e/ou anel, Observe atraves da Figura 4 que
o efeito do enrijecedor longitudinal no comportamento da casea é representado
por for¢as de interagao (forgas de massa) que atnam nas diregoes longitudinal
(F£,1), tangencial (Fpp) e radial (F,p), e pelo momento de torgao interativo
(T1), e que localizam-se ao longo da linha definida pela interse¢io da superficie
média da cascae o plano médio da viga-coluna. Analogamente sao consideradas
as forgas de interagdo entre a casca cilindrica e o enrijecedor anelar.
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Figura 4. Representa¢do dos elementos de casca e de enrijecedor longitudinal.

Ao considerar que os enrjecedores temn curvatura igual a da casca e supondo
a indeformabilidade da sua segao transversal, determinam-se inicialmente as
relagdes entre os deslocamentos dos pontos situados no eixo do enrijecedor
¢ no plano médio da casca. Através do equilibrio de forgas e momentos na
intersecao dos elementos de casca e de enrijecedor, definem-se a natureza e
a magnitude destas forgas de interagao em termos das propriedades fisicas
e geométricas do enrijecedor e dos deslocamentos da superficie média da
casca, Estabelecendo-se posteriormente o equilibrio do elemento de casca, e
observando a colaboragao destas forgas de massa, obtém-se as trés equagoes
diferenciais nao-lineares de equilibrio de casca cilindrica enrijecida. Relagoes
constitutivas e cinematicas podem ser usadas para expressar estas equagoes em
terimos das fungoes incognitas do problema, que sao os deslocamentos u, v e w
da superficie média da casca cilindrica.

O método das diferengas finitas € a téenica numérica adotada para reduzir o
problema continuo, com infinitos graus de liberdade, em um sistema com finitos
graus de liberdade. Neste método, o tratamento dado aos enrijecedores envolve
apenas certas mudangas na rigidez de determinados nés da malha. Para solugao
do sistema de equagoes nao-lineares utiliza-se 0 meétodo iterativo das “tensoes
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iniciais”, ou mais comumente conhecido como o método de Newton-Raphson
modificado.

CASCA CILINDRICA

E considerado o sistema de eixos coordenados z, # e z com origem no ponto
P, situado na superficie média da casca, conforme representado na Figura 1.
Os deslocamentos de um ponto da casca segundo estes eixos sdao u, v e w,
respectivamente,

As relagbes constitutivas sio definidas neste trabalho para os materiais
isotrépicos através de um modelo que representa adequadamente as pro-
priedades eldsticas do corpo. A seguir, baseadas na teoria geral nao-linear
de cascas delgadas proposta por Sanders [7], serao mostradas as relagoes de-
formagao-deslocamento e as equagdes de equilibrio de for¢as para o elemento
de casca cilindrica.

Relagoes Deformagao-Deslocamento

As relagoes deformagao-deslocamento proposta por Sanders, para pequenas de-
formagbes e rotagbes, e deslocamentos de grandes a moderados, ja simplificadas
para o caso da casca cilindrica, sao mostradas a seguir:

du 1 (R v 0u)2 1(8w)3 6w Gw

e g TR N O G0 TG \Bad T .Bx ow

E —l?ﬂ.;.iw_’._.l._ (R..a.z_.ézii)2+_l_(v_a_1£)2+_l-6_w.a_‘b(])

"R R "8RE\ 8z 08/ " 2R? 96) " R? 80 08
1 /6u v 1 8w 6w 1 Ow 1 6w v 1 fw Ow

1=5% (3R 52) Roz 00 Ro:z:"TRoz 0 'R 09 oz

onde, €z, €5 € 7.9 representam as deformagoes especificas da superficie média
da casca. Nas relagbes acima ja estdo incluidos os termos adicionais referentes
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as imperfeigoes geoméLricas iniciais, representadas por w(z, #), medidas a partir
da superficie meédia da casca.

Equacgoes de Equilibrio

As equagoes diferenciais nao-lineares de equilibric de forgas para a casca
cilindrica, ja introduzindo a influéncia dos entijecedores através das forgas
interativas, sao mostradas abaixo:

BN, 1 8N 1 g 30 3;!1 1 3M=a
2z TR 98 iR 20 (N”N‘)( iz ae) 2R 007
FxL

taa v & T

18Ny Ny [ oo Bw\] . 1 . (0w
R o0 ' 8z ma (N=+No)(R 57 - 55) | + 7z Mol35 —v)+
L . Ow, 3 OMu 1 8Ms . Fop . Fic

teNeo 5zt 5 TR B0 TRAs T Az - (2)

1 a dw 1 0 Jw 1 8 dw
RN Ng-}- E_ (Nz 5;) -+ E 3_-".‘ [N,g(ﬁ-v)] + E B—é[ﬁrg(-a—é---v)]-i-
( 8w) 9°M, + 2 Mg i 1 32Mg+
R a6 \"'*® Bz 8z2 ' R 0z060 ' R® 88°
Fao | Fec 1L e

RAG T Az L 2RAz A9 L IRAz A

onde, Az e RA# representam os espagamentos, respectivamente, nas diregoes
longitudinal e circunferencial da malha de diferengas finitas adotada.

+

+p=10

ENRIJECEDOR LONGITUDINAL
Compatibilidade de Deslocamentos entre a Casca e o Enrijecedor

As relagdes entre os deslocamentos dos pontos situados no eixo do enrijecedor
e no plano médio da casca sdo definidas conforme a Figura §, e encontram-se
descritas a seguir:
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i~
"
I

uzxep %(wi- w)

o e, O .
v,_viR ae(w+w) (3)

We =w+w

Os deslocamentos i, U, e i, representam os deslocamentos totais de um ponto
qualquer sobre o eixo do enmjecedor; ey, € a excentricidade entre o enrijecedor
e a casca. O sinal superior nas expressoes acima corresponde aos enrijecedores
fixados internamente na casca, enquanto o inferior pertence aos enrijecedores
externos. A auséncia do termo u/R, devido a curvatura inicial da casca na
dire¢ao circunferencial, na segunda equagio de (3), pode ser explicada pela
atenc¢do dada neste trabalho apenas as cascas cilindricas finas. Verifica-se que
em cascas com grandes esbeltez este termo pode ser excluido da analise sem
maiores consequencias.

(a)plano X -Z

Z(W)

aw/ax

L l-—:. > X(U)
eL

: &Ue ¥ eL OW

ax
Z(W)
W/ 36
e()
eL

2 2o AW
(blplane ©-z i BveeLSy

Figura 5. Compatibilidade de deslocamentos entre a casca e o enrijecedor.
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Equilibrio do Elemento de Enrijecedor Longitudinal

As for¢as interativas incluidas nas equagées de equilibrio (2) devem ser
conhecidas a priori para que se possa analisar a casca cilindrica enrijecida.
Atraves do equilibrio de forgas e momentos no elemento de enrijecedor,
considerando a configuragao deformada da casca enrijecida (veja Figura 6),
consegue-se expressar estas forgas interativas em fun¢io dos esforgos internos
do enrijecedor, ou seja;

_ 0N,y
FIL a az
62MHL 8, N, Ov,
Hiso= oo 20w GUVAE i
24 5xl T UAL gyt =gt
(4)
My 3*Nap w1 9Myy Ow
Pt : : e I L s [ et
L Tpd FoLTgnr TNLFR TR TR W
2 2 + 2 2 ~
i aMypy, Ep "My e O°Myy 0w ey 0°Nup 0w

dx dz? R 08z2 88 R o0z*! 0860

Detalhes importantes sobre as dedugdes das expressoes (4) sao encontrados no
trabalho de Ghavami e Silveira (8],

RESULTADOS NUMERICOS

No programa computacional desenvolvido, a compressao axial é simulada por
deslocamentos prescritos na diregao longitudinal dos pontos nodais da malha
de diferengas finitas coincidentes com o bordo da casca cilindrica. Os exemplos
apresentados a seguir baseian-se no conhecimento do comportamento pré-
flambagem da casca cilindrica até a perda da sua estabilidade, que geralmente
ocorre em um ponto limite. Estes pontos limites sdao encontrados através da
solugao frontal das equagdes diferenciais nao-lineares do caminho fundamental,
determinando-se os pontos de maximo ao longo da curva tensao vs. deformagao.

Para verificagdo do grau de exatidao da resposta fornecida pelo método de
solugdo adotada, foram feitas comparagoes entre os valores da tensao critica
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ﬁm ! .3%,1 W 4

R 9xde

(b)plano X-Z TG Que aQ'"-du
. \\N
a‘h a_v,m

au..,aN'“- dx

(c)plano X - ©

Figura 6. Equilibrio do elemento de enrijecedor longitudinal

fornecidos pelo programa computacional para uma asca cilindrica isotrépica de
comprimento intermedidrio e os calculados analiticamente (Vinson [9], Brush
e Almroth [10] e Chajes [11]). Os resultados destas comparagoes podem ser
vistos na Figura 7. Verifique a razodvel concordancia entre os valores da tensio
critica obtidos numericamente e os calculados analiticamente para os diversos
niveis de esbeltez escolhidos. Baseada nesta figura foi elaborada a Tabela 1,
onde sdo ilustradas as diferengas entre as tensdes calculadas pelos dois métodos
de andlise. As maiores diferengas observadas para os valores destas tensoes
correspondem &s cascas mais esbeltas. Verificou-se entretanto que melhores
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Figura 7. Estudo da relagao: tensao critica x esheltez.
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resultados poderiam ser obtidos com o refinamento da malha.

197

Como este estudo é restrito & nao-linearidade geométrica, procurou-se se-
lecionar tubos cilindricos cujas relagoes geométricas propiciam a flambagem

elistica da peca.

Tabela 1. Estudo da relagiao: tensao critica x esbeltez.

ESBELTEZ (R/t) | 500 [ 600 [ 750 | 800 | 1000 | 1250 | 1500 | 1750
DIFERENCA: %
ocpr (num) < 16 |06 |-04(-09]| -3.3 |-103| -82 | -6.9
< ogR (ana)
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Casca Cilindrica Enrijecida Circunferencialmente

A analise da casca cilindrica reforgada circunferencialmente é desenvolvida
para o modelo estrutural que obedece as relagGes geométricas R/t = 500
e L/R = 0.75, onde sao considerados dois anéis enrijecedores distribuidos
uniformemente ao longo do seu comprimento longitudinal. Os resultados dessa
andlise para a pega comprimida axialmente sdo baseados em um diagrama
comparativo entre o perfil do deslocamento radial total do modelo enrijecido
proposto, no momento em que a carga critica € atingida, e aquele do painel
cilindrico central entre os enrijecedores idealizado como uma casca isotropica
com bordos engastados, conforme ilustrado na Figura 8. Note que a deflexdo
lateral no centro dos dois modelos testados é de mesmo valor, Apesar da
semelhan¢a geral no comportamento dos painéis, verifica-se uma diferenga
marcante entre os deslocamentos radiais nas proximidades do anel,

T T T T
! L
e ——— CASCA PERFEITA
w/t t=2mm
R/$:500, L/R=075
-
<« 0.801L E=206000 N/mm$
a Hdoitoldoy =03
@x malha (18 x8)
7 CASCA ENRIJECIDA CASCA,
w O0.40 L (hez12mm, tc=4mm) ISOTROPICA A)K, .
0.00 L !

COMP. LONG. DA CASCA L/é

Figura 8. Casca cilindrica enrijecida circunferencialmente.

A Figura 9 fornece as curvas tensao vs. deformagao para as duas configuragoes
geométricas propostas. Conclui-se que os comportamentos pré-flambagem sio
1dénticos e que o valor da tensdo critica obtida para o modelo isotrépico
idealizado é proximo ao do painel cilindrico central da casca enrijecida.
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Figura 9. Analise da relagao: tensdo x deformacgao.

Também verificou-se neste exemplo que o requerimento da inércia radial pro-
posto pela DnV', para dimensionamento do anel enrijecedor, é bastance con-
servador e que os resultados obtidos independem da posigao dos enrijecedores
(internos ou externos a casca).

Casca Cilindrica Enrijecida Longitudinalmente

O estudo da casca cilindrica enrijecida longitudinalmente é restrito & con-
figuragao geométrica com esbeltez R/t = 750 e comprimento longitudinal obe-
decendo a relagio L/R = 0.5, onde sao considerados oito enrijecedores longi-
tudinais de mesmas dimensdes refor¢ando a estrutura. A Figura 10 mostra,
assim como foi feito para o cilindro enrijecido circunferencialmente, um dia-
grama comparativo entre os perfis do deslocamento radial da casca enrijecida
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e aquele da casca isotrépica, no momento em que a tensao critica é atingida.
Para represeutar os deslocamentos do medelo enmjecido, além da consideragao
de pontos nodais sobre a superficie média da casca coincidentes com os en-
rijecedores e pontos nodais localizados entre dois enrijecedores longitudinais
consecutivos, foram também usados os pontos da casca posicionados nas linhas
da malha adjacentes ao enrijecedor. Excetuando-se o perfil representado por
pontos nodais da casca cilindrica coincidentes com os enrijecedores, observe a
semelhanga de comportamento entre os demais. Estes perfis podem ser car-
acterizados principalmente por uma saliéncia externa da superficie média da
casca, relativamente acentuada, proxima ao contorno e também pela semelhan-
¢a dos valores das deflexoes laterais ao longo de todo o comprimento da casca.
A presenga desta saliéncia externa relevante pode ser explicada pela existéncia
de tensces de flexdo elevadas que surgem em fungao das restrigdes impostas
pelo bordo da casca.

O ganho de rigidez da estrutura com a introdugao dos enrijecedores longitudi-
nais pode ser notado claramente no perfil do deslocamento radial dos pontos
coincidentes com os enrijecedores. Note que para estes pontos, ao longo de
todo comprimento longitudinal da casca, os deslocamentos radiais saoc menores
que os obtidos para os demais pontos da malha.

Neste exemplo foram seguidos os requerimentos de projeto da DnV para dimen-
sionamento do enrijecedor longitudinal e também aqui os testes mostraram-se
indiferentes & posigdo do enrijecedor na parede da casca.

Casca Cilindrica Enrijecida Longitudinal e Circunferencialmente

Para o caso da casca cilindrica enrijecida ortogonalmente o modelo estrutural
a ser analisado é obtido adictonando-se trés anéis enrijecedores uniformemente
distribuidos na configuragao geométrica do exemplo anterior (casca enrij.
long.). As dimensées dos enrijecedores longitudinais e circunferenciais sao
tomadas iguais e escolhidas com o propésito de garantir que a flambagem
local do segmento cilindrico entre os enrijecedores anteceda ou predomine
sobre as demais formas de colapsos da pega. As informagoes encontradas a
seguir envolvendo o comportamento da casca cilindrica sio, como nos exemplos
anteriores, baseadas exclusivamente no estudo do perfil do deslocamento radial
total da superficie média da casca.
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Figura 10. Casca cilindrica enrijecida longitudinalmente,

Na Figura 11 sdo mostradas as caracleristicas do comportamento da superficie
média da casca para o modelo enrijecido proposto. Af sdo representados os
perfis dos deslocamentos radiais, no instante em que a carga critica é atingida,
dos pontos da casca entre dois enrijecedores longitudinais consecutivos e dos
pontos nodais coincidentes com estes enrijecedores. Verifique nesta figura a
grande restrigao imposta as deflexces laterais pelos enrijecedores. Veja, como
consequéncia do pequeno espagamento dos enrijecedores, a formagao de uma
linica saliencia externa entre estes em forma de meia onda longitudinal.

Neste exemplo, apesar da casca ser mais densamente enrijecida, o valor da
tensao longitudinal critica obtido para o painel cilindrico entre os enrijecedores
foi préximo daquele encontrado para a casca isotrépica de comprimento
equivalente.

A Figura 12 foi elaborada visando conhecer as countribuigdes dos anéis
enrijecedores no aumento de rigidez da casca e principalmente saber o
grau de restrigio imposto por estes ao deslocamento radial dos pontos
nodais da malha localizados na intersegido com os enrijecedores longitudinais,
Nesta figura estao caracterizados os deslocamentos radiais de pontos da
casca coincidentes com o enrijecedor longitudinal, representando a casca
reforgada apenas longitudinalmente (veja modelo do exemplo anterior), e a
pega enrijecida ortogonalmente, respectivamente. Observa-se portanto que a
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introdugao dos anéis enrijecedores envolve um acréscimo substancial de rigidez
em quase todo o comprimento da casca.

— L | CASCA ENRIJECIDA
i 000[ h,=hc=28mm, t,=tc=4mm) .
< CASCA PERFEITA ,1=1.33mm
qwn E=206000 N/mm, v=0.3
x R/t=750, L/R=0.5
0.40L PONTOS ENTRE DOIS ENRIJECEDORES
5 malha(20x32) // HONGITUDINAKS CONSECUTIVOS)
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s \'\ AT M %‘
~ f/ \x ]
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Figura 11. Casea cilindrica enrijecida ortogonalmente.
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Figura 12. Modelo Enrij. Longit. x Modelo Enrij. Ortogon.

COMENTARIOS FINAIS

Baseado na qualidade dos resultados obtidos, verifica-se a funcionalidade
e a precisao da metodologia adotada para o estudo das cascas cilindricas
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enrijecidas, onde através de uma formulagao simples e facilmente automatizavel
pode-se conhecer realisticamente o ganho de rigidez da estrutura com a
adigao dos enrijecedores. Nos exemplos abordados, em fungao do grande
espagamento entre os enrijecedores, os valores das deflexdes laterais dos pontos
nodais localizados entre dois enrijecedores consecutivos mostraram-se préximos
daqueles observados em uma casca cilindrica isotrépica de comprimento
equivalente.

Convém destacar que, baseado na experiéncia adquirida até o momento,
esta forma sistematica de tratamento numérico das cascas cilindricas com
enrijecedores pode ser aplicada as cascas cujas relagdes geométricas R/t e L/R
variam de 500 a 2000 e 0.5 a 1, respectivamente.

Objetiva-se, como etapa subsequente a este trabalho, a inclusdo da nao-
linearidade fisica do material ¢ uma andlise mais rigorosa das tensdes predo-
minantes que se desenvolvem nos enrijecedores ao longo de todo o processo
de carregamento. Presume-se também que através da mesma formulagao
tedrica adotada aqui possam ser desenvolvidos bons programas para andlise
de estruturas laminares.
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ABSTRACT

An adaptive mesh refinement method conjugating an initial remeshing of an user-
defined grid and a global increase in the order of the interpolating polynomials over
the domain is described. The error indicator used in the smplementation of the
algorithm is based on the approzimation of the discretization error by the interpolation
error. Emphasis 13 given for the implementation of the method for plane problems in
elasticily.

Keywords: Computational Mechanics = Finite Element Method s Adaptive Process
= Discretization Error

RESUMO

Um método adaptativo para refinamento de malhas € descrito, conjugando uma
redefinigdo inscial dn malha determinada pelo usudrio com um aumento global na
ordem dos polinémios de interpolacdo no dominio. O indicador de erro utilizado
no implementacdo do algoritmo ¢ baseado ma aprorimacgdo do erro de discretizagdo
pelo erro de interpolagdo. O trabalho enfatiza uma implementacdo do método para
problemas de efasticidade plana.

Palavras-chave: Mecénica Computacional = Método dos Elementos Finitos =
Processos Adaptatives s Erro de Discretizagio
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INTRODUCTION

The development of automatic procedures to improve the results obtained from
a finite element analysis has been the subject of much effort since the 70’s. The
relevance of the matter can never be overestimated, as an inappropriate discrete
model will produce poor results, which, even when detected by a criterious
analysis of the output, will require the definition of a new model and therefore
an increase in time and computer effort.

The improvement of an initial mesh requires the minimization of components
of the error. A priori error estimates are based on previous knowledge of the
behavior of the solution, and although useful for a number of particular cases
[1], cannot be used for general problems. Several a posteriori error estimators
have appeared in the literature [2], and proposed as a bases for adaptive
refinement techniques. Convergence of the refinement process is attained when
a quasi-optimal, improved mesh is generated, taking the discretization error as
the object function. A trajectory of meshes [3] is generated, based on the error
estimated from intermediate results in the adaptive process. The improved
meshes in the trajectory provide a better basis for the estimators, accelerating
convergence.

The current techniques for the refinements, after estimating the erros, are:
a) To relocate the nodes in the domain (r method or remeshing)
b) To add new elements in selected parts of the domain (h method)

¢) To increase the order of the interpolation polynomials in regions where the
error is estimated to be large (p method).

Strategies b and ¢ have in common the fact that they increase the number of
degrees of freedom in the model, and mixed strategies combining h — p and
r — h have been proposed. Each scheme has its advantages and disadvantages
in aspects such as required data structure and management, compatibility with
existing finite element procedures, complexity of the resulting algorithm, rate of
convergence, optimality of the obtained meshes, etc. The choice of an estimator
implies in compromises between accuracy and simplicity, the latter involving
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computer effort, the former capability to detect critical regions of the domain,
specially for poor initial meshes,

REFINEMENT STRATEGY

Fixing the number of degrees of freedom in a discrete model, the optimum mesh
has a constant discretization error for all elements [4]. Remeshing schemes try
to obtain an equal distribution of the error by moving the nodes from regions
with good estimated accuracy in the results to regions with high error estimates.
A measure of error dispersion is used as a stopping criterion, and the obtained
mesh is a quasi-optimum model for the defined number of d.o.f.

If the number of d.o.f. is allowed to increase (h and p methods), critical regions
of the domain must be identified, based on the estimators. Some elements
are then refined, either by subdivision into new elements or by increasing
the order of the interpolation polynomials. For the h method, irregular
nodes are introduced at interelement boundaries, and special data structures
and modifications in the assembly procedure must be performed. Additional
geometric considerations are required to avoid regularity problems. For the p
method, neighboring elements with different interpolation functions in common
sides also generate the need for special data management.

A mixed method, combining the r and the p (or h) method of refinement is
described in this paper, where all refinements are performed in a global way,
involving the entire domain. As the remeshing generates a mesh with good
homogeneity of the error, there is no need for a search for regions with high
error estimates, and all elements are candidates for refinement. The r — p
method increases in this second step the order of all interpolation polynomials,
using a library of higher order elements. The r — h method [1] proceeds to a
global subdivision of every element in the model, keeping the characteristics
of the original (father) elements. A program for microcomputers has been
developed in FORTRAN 77 using rectangular elements for plane problems in
elasticity incorporating r — h and r — p refinements.
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ERROR INDICATOR

For the purpose of the refinement process, an estimation of the local error for
the elements is not required, as an indication of the ratio among the estimated
errors in the model is sufficient. This relative measure is called error indicator,
providing the basis for comparison between the estimated accuracy for the
elements in the domain.

The interpolation error, measured in the Sobolev norm, is used to approximate
the discretization error in the elements. Taking h? < bA, with b a positive
constant and A the element area, it can be shown [5] that

k+1- 2
llu = uallm < CVEA ™2yl

where || - || and |- | are the Sobolev norm and semi-norm, y the exact solution
to the boundary value problem, k the order of the interpolation polynomials, A
the diameter of the circle circumseribing the element and m an integer so that
0 < m £ k; C a positive constant valid for all elements in a given mesh and u
the finite element solution.

For the calculation of the norm in the indicator, it is necessary to evaluate
derivatives of order k + 1 of the solution u (which in the adaptive process is
replaced by u),). To approximate 8%+1y, /8z5+1 a least square fit of 8y, /8z*
at Gaussian locations is performed, and the resulting function (of order 1) is
used to calculate the required derivatives [11].

REMESHING

The first step in the mixed algorithm consists in modifying the nodal locations
to resdistribute the error, making elements with large error smaller and
increasing the nodal density in regions with large errors. The nodes are
attracted towards the center of mass of each element, with a force proportional
to the indicated error. The new nodal coordinates are calculated based on the
weighted average of the distances from each node to the center of gravity of
the neighboring elements, with the estimated errors as weights. The calculated
change in nodal position is then multiplied by a factor 4, which might be used
to slow down modifications within a refinement cycle. Significant modifications
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on a poor discretization may delay convergence of the adaptive process, as the
basis for the error indicators is not yet accurate.

In order to maintain the geometry of the boundaries, and to ensure that
external nodal actions are not relocated during the process, restrictions are
imposed on the modifications of the mesh. Those restrictions are of two types:

a) The node is not considered in the relocation scheme, maintaining its
original position. This option is specially useful for corner nodes and
nodes submitted to external actions (such as point loads)

b) The node is restricted to move within a path fixed in the input data and
defined by its location and that of two other nodes. This option is useful for
nodes in the boundary of the domain, and for internal boundaries between
two different classes of elements (such as different material properties). It
should be noted that imposed restrictions constitute restraints to the full
optimization of the mesh.

At each nodal relocation, the Jacobian of the modified elements is calculated,
When a Jacobian is found to be negative, the element is collapsed into a 4 noded
triangle by fixing the new nodal location in the line defined by the neighboring
nodes. The nodal forces for distributed loads are recalculated for each mesh,

GLOBAL REFINEMENTS

After remeshing, assuming a reasonable error distribution in the domain, an
increase in the number of d.o.f. is required to improve the model. From an
original mesh with 4 node isoparametric elements, the program allows two levels
of refinements: the substitution of the elements for 8 or 12 node elements, by
the insertion of one (or two) nodes per element side at the mid point of each
and every element. The parameters related to the new nodes are calculated,
including a redefinition of the nodal loads in case of distributed loading. The
refinement within a cycle is done element by element, and the already generated
nodes resulting from a previous element subdivision are skipped, after being
identified using an array containing the neighbors to that element. Another
consideration to be taken is the increase in the number of Gaussian integration
points for higher order elements. A global h refinement can be performed as
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an alternative, through the division of every element in the domain into four
sub elements.

During global refinements, the attributes for the new nodes are derived from
the two corner nodes in the side of the father element. Boundary conditions and
restrictions to relocation are taken as equal to the least restrictive between the
two original nodes, and equivalent nodal loads are recalculated for the refined

grid.
SOLUTION PROCEDURE AND ADAPTIVE CONTROL

An over-relaxation solver is used for the systems of linear equations. The
system of equations is modified at each refinement cycle, making an efficient
solver more relevant. With the use of an interative algorithm, the solutions for
previous cycles can be used to accelerate convergence, while the initial values for
the unknowns after a global refinement can be interpolated from the previous
result. The number of iteration steps is kept small at each cycle, as only an
indication of the error is required.

To control the adaptive process, a performance index IP is required, comparing
a global measure of the error indicators in two different improvement cycles.
As the objective is to obtain an equally distributed error, a measure of the
error dispersion is used as a performance index. In this work, the selected
performance index is given by /P = maxe;/ mine;, where e; is the error
indicator. The process is discontinued when IP reaches an user defined value,
or when a limiting number of cycles is performed. Besides these control
parameters, restrictions to nodal relocations must be provided. The number of
Gaussian points for higher order elements in the p step are modified internally
by the program.

APPLICATIONS
Simply supported beam with concentrated load
A simply suported beam subjected (£ = 2.1 x 107 N/m?, v = 0, span= 10 m,

width= 1 m) to a point load (2 x 10" N) at mid-span is used a first application
of the mixed adaptive method, using an initial uniform grid consisting of four
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node isoparametric plane stress elements, The middle node of the right side is
fixed and symmetry is imposed at the left, with the point load applied at the
top left node. The adaptive refinements should be able to indentifiy the local
disturbances in the linear distribution of normal stresses due to the point load
and the punctual support, refining more the mesh in these areas. The improved
meshes are shown in figure 1, and the results in terms of energy are given in
Table 1. The elasticity solution used for the strain energy [6] does not take
into account the curvature increase due to the effect of the supports, although
including the localized effect of the load.

Table 1. Maximum Strain Energy for Beam Problem at mid height

Trajectory Degrees of Energy
Freedom (N.m)
elasticity — 340.4
Or 83 324.9
Ir 83 325.7
Tr 83 325.7
Or-h 2905 340.3
Ir-h 295 340.9
Ir-p 271 345.8
Or-2p 379 345.4
Tr-2p 379 350.4

In this example the Ir trajectory already reduces the IP value by a factor
3. Figure 2 shows the obtained stresses at the top of the beam for various
trajectores for § = 1. As expected, the improvements in the local stress
distribution are larger than when indicated by an overall measure of the quality
of the mesh.
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Figure 1. Grids for Beam Problem. Half-span=5 m, Load= 1 x 10'N, v = 0.
Trajectories: 4r, 7r, Or-h, 1r-h.
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Figure 2. Normal stresses at upper boundary for beam problem.

Membrane subjected to corner tractions

A membrane of unit thickness subjected to traction forces at the corners is
analyzed with an initial uniform mesh (figure 3). This problem has been
previously studied by Carrol [7], who found the optimum mesh for various
numbers of degrees of freedomn by including the nodal coordinates in the
functional to be minimized by the finite element method. Table 2 gives the
potential energy for different trajectories taking @ = 1, and the resulting grids
are shown in figure 4. Higher gradients are expected at the corner, with a larger
error for the uniform mesh at the region close to the point of applications of
the load. The restraints to the free relocation of the boundary nodes play an
important role in the optimality of results [1].
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‘Table 2. Displacements for various trajectories

E.B. de Las Casas

Trajectory Degrees of Displacement
Freedom (N.m)
optimum 40 14.4093
Or 40 6.8444
T 40 8.5986
Tr-p 112 12.8010
Tr-2p 184 14.1955
7r-h 144 11.0152
Or-p 112 7.9754
Or-h 144 7.9688
Or-2p 184 8.1544
P
ya

' 100 mm

X
- >

100 mm

Figure 3. Membrane problem - P = 25 x 105N, E =1 x 10"M Pa, v = 0.
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Figure 4. Grids for membranes. Trajectories: Tr, Or-h, Tr-h.

CONCLUSIONS

The described algorithm provides an alternative path for mesh improvement,
performing the bulk of the computational work on a coarse grid, and
implementing the refinements in a simple, straigh forward way. R-p refinements
have shown to be efficient when compared to r-h, the latter being more versatile,
as it does not require additional elements in the library nor modifications in
the number of integration points. The problem of high aspect ratios can be
minimized by an interaction of the user with the program, modifying the mitial
mesh in order to avoid constraints in nodal relocation in critical zones of the
domain. A more integrated and eflicient equation solver is being developed to
take advantage of the characteristics of the adaptive process.
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ABSTRACT

An overview i1s given of available theoretical solutions for the limiting speed of a
propagaling crack in a linearly elastic maleriol. Within this conterl, results obtained
by means of the dynamic analysis of a discrete model are gwen and compared with
the ezisting prediction equations. Finolly, a modified equation for the hmiting crack
speed, thal includes the fracture toughness of the material as a governing factor, is
tentatively proposed.

Keywords: Fracture » Crack Speed » Crack Propagation s Rupture = Dynamic
Fracture

RESUMO

Apresenta-se uma revisdo das solugdes tedricas disponiveis para a determinacio da
velocidade limite de propagagio de trincas em materiais com comportamento linear
eldstico. Nesle conlesto, sao opresentados os resullados oblidos através da andlise
dindmica de um modelo discreto e comparados com equagies disponsveis na literatura.
Finalmente, propée-se uma equagdo modificada para o cdlculo da velocidade limute de
propaga¢ao da trinca, que inclui o efeito de um fator de tenacidade a fratura do
meterial.

Palavras-chave: Fratura s Velocidade de Formacao da Trinca » Propagagio de
Trincas =« Rutura » Fratura Dinamica

Submelido em Novembro 1990 Aceito em Junho 1991
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NOTATION
a Crack length
ag Initial crack length
v Velocity of crack propagation
E Young's Modulus
v Poisson’s coefficient
p Specific mass
Cp Velocity of the P-wave
Cr Velocity the Rayleigh wave
Ky Stress intensity factor (Mode I)

Ko Critical stress intensity factor (Mode I)
Gy Crack surface energy

Si Ultimate tension stress

Ep Strain at ultimate tension stress
Ry Rupture factor

Foa Ductility factor for normal bars

k., Ductility factor for diagonal bars
Dy Damping constant

a(t) Applied stress

u(t) Applied displacement

INTRODUCTION

Although unstable crack propagation constitues an essentially dynamic phe-
nomenon, the bulk of the work done in fracture mechanics is concerned with
static solutions aimed at the prediction of the onset of sudden rupture. There
is therefore comparatively little evidence, either of theoretical or experimental
character, about the dynamic characteristics of the rupture process. This is
particularly true in connection with concrete, rock, or similarly nonhomoge-
neous materials. In fact, due to the presence of these nonhomogeneities, strong
arresting mechanism may hinder the crack propagation, resulting in a sort of
“spasmodic” fracturing process.

Precisely n order to study several features of the fracture process in nonho-
mogeneous materials, such as crack velocity, branching and coalescence of pre-
existings cracks, a procedure for the determination of the dynamic response of
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a discrete representation of the material is being developed since 1984. The ini-
tial efforts were directed at the reproduction of well established results of linear
elastic fracture mechanics (LEFM), for macroscopically homogeneous mater:-
als. Only after verifying all aspects of the response and prediction capabilities
of the model, features characterizing different types of nonhomogeneities will
be introduced.

In this paper, previous theoretical results related to the speed of fracture
propagation in an homogeneous material are summarized in a briel overview,
before the numerical solutions are described. It is shown that the numerical
results are fully compatible with the available prediction equations for the crack
speed. Finally, on the basis of the entire body of information available to the
authors, a revised equation for the limiting speed of crack propagation in a
infinite plate is proposed, which takes into account the fracture toughness of

the material and the applied stresses,

FUNDAMENTAL ASPECTS OF CRACK PROPAGATION

There seems to be sufficient evidence indicating that, under certain ideal
conditions, a rapidly propagating crack grows with constant speed. Such speed
would then constitute a material property, just as the P-wave and the S-wave
velocities in the medium. There have been several attempts to determine the
limiting speed of a propagating crack, which can be classified in two broad
groups: theoretical analyses on the basis of simplified, usually partly static
descriptions and numerical analyses by means of finite element, finite differences
of discrete models, applied to specific geometrical situations but with less
restrictive basic assumptions.

The first theoretical result concerning the limiting speed in mode | fracture is
generally attributed (Kanninen and Popelar) [1] to Mott [2] who considered an
infinite body subjected to a remote tensile stress ¢, containing a propagating
crack with length 2a(t). Provided that no external work is supplied,
conservation of energy then requires that

o )2 molal

E E

1

L
2

kpazl”z( + 4ya = constant, (1)
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in which the first term, containing an undetermined numerical constant k,
represents, according to Mott, the kinetic energy associated with a constant
crack speed, provided that V €« /E/p = ¢p. The second and third terms
denote the elastic strain energy and the work performed in opening the crack,
according to the classical Griffith theory. If the total energy is constant, then
its total derivative must be zero

aL ar

Wd"’+gda=0 (2)

Assuming now, following [2], that dV/da = 0, it follows from eqgs.(1)-(2) that

v=cp\/%‘h-? (3)

From (3), Mott concluded that the crack speed tends to a limit value that is
an (undetermined) fraction of the P-wave velocity and does not depend on
fracture toughness nor on the stress level,

Robert and Wells [3] were able to compute the constant k appearing in Mott’s
formulation by numerically evaluating the kinetic energy in quasi static crack
growth. Thus, resorting to Westergaard's solution for the displacements in the
static problem, complemented by a judicious choice of the limits of integration
- since the kinetic energy of the plate is not convergent - they calculated, for
a Poisson’s value of 0.25, a value /27 /k equal to 0.38. Thus

V = 0.38 ¢ ,h—%‘l (4)

Kenninen and Popelar [1], in discussing the pitfalls of Moths’ and Roberts &
Wells approaches, do point out that experimental values for the crack speed in
both glasses and metals are however in rough agreement with eq. (4).

Stroh [4] noted that if the limiting velocity is assumed independent of the
surface energy, then it should coincide with the Rayleigh velocity. According to
this notion, which anticipated later results due to Freund [5 to 9], the velocity
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of crack propagation cannot exceed ihe speed cp of a Rayleigh wave in the
medium. Note that for v = 0.25, eg = 0.58 cp,

Independently, Dulaney and Brace [10], (see also Berry [11]), introduced a
correction to Mott’s formulation, eliminating the need for the assumption that
dV/da = 0, which led to the following limiting crack speed equation

V=g 2—;(1—%‘-) (5)

Of course, the problem of evaluating & remained open. Adopting Roberts and
Wells [3] value would lead to

v =038c, (1- ?) (6)

Kanninen and Popelar [2] regard any effort to improve on eq. (3.6) superfluous,
since Freund [3] found that for an infinite medium under tensile loading the
limiting crack velocity is given by

V=cp(1-=2) (7)

1]

That it may not be exactly so will become apparent in the discussion of
numerical results. At this point, it is only germane to quote again Kanninen
and Popelar, who state that the fact that observed crack speeds tend to agree
somewhat better with eq. (6) than with eq. (7) 1s somewhat fortuitous.

Results from the two dimensional elastodynamic problem of a crack-tip moving
with instantaneous speed V in the direction of the crack path tangent, due
to Freund and Clifton (see also Freund [9]), will be reproduceéd next. These
are referred to as crack-tip Cartesian coordinate system (zy,x3) with the x,-
direction coinciding with the crack path tangent direction. The crack sufaces
are traction free. The spatial distribution of stress and deformation for points
in the immediate neighbourhood of the ¢rack-tip were determined as an interior
asymptotic expansion, wilh its dominant term satisfying a standard boundary
value problem. Under those limiting conditions, the following general result
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was established: for elasto-dynamic crack growth, the spatial dependence of
the crack-tip stress components s;; is universal and is given with respect to the
local system (z7,z2) by

s11 = K1(t) B [(1 + 202 — a?) cos(0,/2) /(27 p)%

~ Aoy cos(0,/2) /(1 + o) (27 7y) 3 (8)

s12 = 2K (1) a,,B[sin(apjz)(zwp)% = sin(a,/z)/(zﬂs)%] (9)

s92 = K1(1) B[— (1 +a§]cos(ﬁp/2]/[2r rp)’i"

— dagarp cos(By/2)/(1 + 02) (2 ry) 7 (10)

as r — () for mode I, The subscripts p and s refer ta the dilatational and shear
deformations with characteristic wave speeds ¢, and ¢y, respectively, and

apz(l——v?/c:]% ﬂ,:(l—u?‘jcf)% (11)
B=(1+a?)/R(v) R(v) = dasary — (1 + o?)? (12)
T + tapTy = T'dﬁigp Iy + lasTy = 7‘3'3'.9’ (13)

The stress components haven been normalized with respect to the relation
K1(t) = lim [(2”)% s22(r,0,t)] asr—0 (14)

The time dependent scalar quantiy Ky is the dynamic stress-intensity factor
for crack extension in mode I. The angular variation of the transverse stress
(“hoop” stress), for a fixed radial distance r is shown for several crack-tip speeds
in Figure 1. These results are very similar to those obtained in an earlier
analysis by Yoffe [12]. The results corresponding to (8)-(9) for elastostatic
fracture mechanics were first presented by Irwin [13] and Williams [14]. Using a
similar technique, Rice [15] established the equivalent result for steady growth,
while Nilsson [16] and Achenbach and Bazant [17] considered the case of non-
uniformly moving crack-tips.
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Figure 1. Angular varniation of the hoop stress for the elastic near-tip stress
field given in (8-10) for several crack-tip speeds (reproduced from Freund [9]).

DESCRIPTION OF NUMERICAL SOLUTION

The discrete model employed in the studies reported herein starts from
earlier developments in aeronautical engineering in which, for purposes of
structural analysis it is often necessary to substitute truss-like structural
systems by a continuous medium. Nayfeh and Hefzi [18] established the
equivalence requiriments between the cubic arrangement shown i Figure 2
and on orthotropic elastic medium. Hayashi [19] and Riera [20] extensively
tested the model in linear and geometrically nonlinear analyses of elastic beams,
beam-columns and plates. In case of an isotropic elastic material, the stiffness
of the longitudinal bars in the equivalent discrete model is given by

AE, =a EL? (bar length:L) (15)
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while for the diagonal bars

AE4 = 26a EL* V3 (bar length:v/3 L/2) (16)

in which
o = (9+ 86)/(18 + 248) (17)
& = 9u(4 — 8v) (18)

v being Poisson’s ratio.

In the discrete dynamic model, masses are concentrated at nodal points. The
central finite difference scheme is used for explicit numerical integration in the
time domain. Although Lhe model proposed by Nayfeh and Hefzi adequately
represents the interior of an elastic, orthotropic medium, a number of problems
must be soved n the implementation of the procedure, on account of boundary
effects, since boundary surfaces rarely interesect only nodal points. In fact,
when bars are cut, additional nodes must be created in the boundary region.
These problems, however, are not related with the crux of the matter and will
not be further discussed in here.

The extension of the model to the study, initially, of linearly elastic fracture
mechanics (LEFM) problems is based on the requirement that, as fracture takes
place, the dissipated energy is proportional to the newly generated surfaces.
Thus, the so-called Hillerborg model shown in Figure 3 is adopted as an effective
stress-strain curve for each individual element.

Let’s recall now that the critical stress intensity factor in mode I fracture may
be expressed in the form

Kic=x Joag'” (19)

in which f; denotes the remote field tensile stress, ag is the fracture size and y
a nondimensional factor that depends on the problem geometry. On the other
hand, the eritical surface energy G is related to K¢ by means of

Gy = Ric/E
E'"=E/(1 =¢*)  (plain strain condition) (20)



A Note on the Velocity of Crack Propagation 225

(a)
S
Y{
____,_..-"
Z |
N
SR I
\“‘\ _________,_..---"##f:
e B
~
\\\ __'__,..---""'"' &
B
[ - L - !
Y
(c)
X

Figure 2. (a) Basic cubic module, (b) generation of a prismatic body and (c)
representation of a plate in plane strain state (no z-displacement).
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(a) F (b) F

Figure 3. (a) Constitutive relation and parameters definition, (b) loading and
unloading paths.

Now, since the stress and strain when the load in the element reaches its peak
are in the one-dimensional case related by

fi=Egp (21)

it may be easily verified that
i G.r 1/2 "
= R | i ) )

in which R; denotes a rupture factor, defined by Rocha [21], which can be
interpreted as a parameter quantifying the influence of a real or ficticious
material imperfection, causing the rupture

1

1/2
X“al

R_f = (23)

As indicated above, the coefficient k. is chosen in order to satisfy the
requirement that the area under the diagram be proportional to the influence
surface for the element under consideration. For the longitudinal bars

. GeA ke 28
/ Fie) e = Ao o CHi Fp (24)
0

L 2
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Substituting in (24) the value of the integral, as well as the influence area
Ay = c4L* the nondimensional coefficient ¢4 numerically evaluated for the
cubic truss model being 0.1385, leads to:

_ 2ca4(1 - )
km = a R? L Vbl
It may be shown that for the diagonal bars
e km/'\/:i (26)

Note that the apparent ductility coeffcients k, given above depend both on
material properties and on the geometrical dimension L of the elements.
Because the energy dissipation in opening the fracture cannot be less than the
strain energy available in the element, kyy, kg > 1. This implies that there
is an upper limit for the element length L, which cannot exceed a critical,
maximum size. The stress-strain diagram of Figure 3 is herein designated
elementary constitutive relation (ecr). It was verified by [21] that, for brittle
materials, the actual shape of the stress-softening branch is a secondary factor
in the characterization of the fracture process. The ecr must not be confused
with macrocoscopic, global, of apparent stiress-strain relations observed in
testing laboratory specimens. [t must he interpreted as simply a numerical

technique to assure the correct energy dissipation,

The model described above was validated by the determination of the dynamic

response of a rectangular plate in plane strain with an initial symmetrical crack,

as shown in Figure 4. The following data applies to Example A:

- Young's modulus:  E = 3.0 x 10'°N/m?

- Poison's coefficient: v =0.2; (a = 5/12)

~ Specific mass: p = 2400kg/m?

- Damping constant: Dy = 2000s~! (mass-proportional viscous damping.
resulting for this plate in approximately2% of critical)
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Figure 4. Discrete representation of the LEFM problem (Example A)
considered for validation of the numerical model (due to the siunnetry, just

one half of the smgle-edge cracked plate is modeled).

Both a uniform boundary stress e(t), and a uniform boundary displacement

u(t) were applied, according to the following laws
a(r) = a1 — e~ (/)] (27)

a(t) = ig[l — e~ {t/to)] (28)

in which uy/h and 6; denote the strain and stress rates in the numerical

experiments. Unless otherwise indicated, a; = 108(N/m?*)s~ !, and ty =

(0.1h)s~ 1. In such manner, the expected conditions in a lahoratory experiment
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under constant strain (stress) were simulated. Additional details of these
studies are given by Riera and Rocha [20], who discuss the model’s ability
to predict the velocity of crack propagation. Some results, however, will be
reproduced in the following,

For an infinitely long plate, with width 4 and a lateral crack of length ag,
subjected to remote tensile stress o, the stress intensity factor is given by

Ky = oa? [1 99 — 0.41(ag/h) + 18.70(ag/h)?
— 38.48(ag/h)? + 53.85(ao/h)* (29)

As general indication of the performance of the discrete model, the influence
of the a/h ratio on the critical stress 1s shown in Figure 5 in which the values
corresponding to stress-controlled loading are compared with the static LEFM
expression (29).

# controlled displacement ~

~aq
S~
= -
O stress-controlled test
T T T | I
ol o0z 03 0.4 05

a’h

Figure 5. Influence of the a/h ratio on the critical stress f; for Example A (the
curves represent the theoretical solution).
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Finally, the scale effect predicted by LEFM can be seen in Figure 6, both
for displacement or stress-controlled conditions. The numerical results and
the theoretical, static LEFM solution are virtually identical in all cases, thus
providing evidence about the adequacy of the model for the study of fracture
in homogeneous media.

2 # controlled displacement

0O stress-controlled test

T
0.04 (e 1e] o.14 0.18

h(m)

Figure 6. Influence of the specimen size on the critical stress f; for Example A
(the curves represent the theoretical solution).

DYNAMIC CRACK PROPAGATION IN HOMOGENEOUS
PLATE

The energy balance in the model during the numerical integration is carefully
monitored. Figure 7 shows the evolution of different forms of energy of relevance
in the rupture process in the course of one of the simulation discussed in
section 4. The kinetic energy and the work dissipated by damping were also
computed, but are not included in the graph. Observe that the fracture energy
grows smoothly until a plateau is reached, indicating the end of the rupture
process, that is, the complete separation of the plate in two parts.
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Figure 7. Energy components in numerical analysis (Example A).

The instantaneous length of the fracture a(t) is represented, for the same case,
in Figure 8 Also note that the global deformation ¢’ associated to the critical
stress oceurs somewhat after crack initation. Finally, the evolution of the stress
intensity factor may be seen Figure 9.

The speed ol crack propagation for various values of Gy is indicated in
Figure 10. In every case the peak velocity was found to be in the range defined
by egs. (6) and (7).

In fact, approximate solutions to very similar problems had already been
obtained using finite elements by Yagawa et. al. [22] and finite differences
by Kanazawa et al. [23], while Broberg [24] had presented earlier a theoretical
solution to the plate with a symmetrical notch.

It should be underlined at this point that, as indicated in Section 4, a small
amount of viscous damping was assumed to exist in the model (Kelvin-type
material).  Although the issue is rarely mentioned in the literature, 1t 1s
conceivable that material damping may also influence the velocity of crack
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Figure 8. Evolution of crack in numerical analysis (Example A).
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Figure 9. Evolution of stress intensity factor in numerical analysis (Example A).
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Figure 10. Speed of crack propagation for different values of G . The horizontal
axis represents strain times 10° (Example A).

propagation. In order to obtain additional evidence on the influence of both
G r and Dy on the evolution of the crack, another plate with different a/h ratio
b / P

and discretization level was analyzed,

The geometrical dimensions and the discrete model (Example B} employed are
shown in Table 1 and Figure 11. A comparison of the crack velocity with and
without material damping can be seen in Figure 12, Similar results for other
cases suggest that, for small damping as may be expected in concrete, rock or
metals, viscous material damping may be expected to exert only a secondary
influence on the velocity of ¢rack propagation in mode I fracture. Attention
may then be directed to the effect of Gy and the way of loading. Figure 13
shows the shape of the crack near the crack tip for various Gy values and times

after the beginning of unstable crack propagation.
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Table 1. Parameters for Example B (Plane strain, stress controlled)
E=30x10"N/m? D;=1000s"' L.=005m

=02 G = variable o5 =50MPa
£ = 2400 kg/m> At = 8.5us to = 0.001s
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Figure 11. Geometry of plate for Example B.

The evolution of the crack speed for the different cases studied (controlled
stresses) is presented 1n Figure 14. It 1s again verified that for the most fragile
material (G = 10 N/m), the peak speed is very close to the Rayleigh wave
velocity C,. As the frature toughness increases, however, the peak velocity
appears Lo tend to a value somewhat higher than 0.38 Cp.
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Figure 12. Velocity of crack propagation with and without material damping
(Example B).

A CRITICAL LOOK AT THE VELOCITY OF CRACK
PROPAGATION

The results presented in last section strongly suggest that the hmiting speed
of crack propagation is influenced by the fracture toughness, which does not
appear in either Eq.(6) or (7). It was verified that, as Gy tends to zero, the
limit crack speed in the finite plate does approach the Rayleigh wave velocity.
Moreover, it decreases with increasing Gy, apparently towards a value around
or somewhat higher than 0.38 Cj. It is interesting to observe that, according to
Figure 1, when the crack speed exceeds about 60% of the shear wave velocity,
then the peak hoop stress in the vicinity of the crack-tip does not occur at
8 =0, but at 8 = 60°, suggesting a tendency for the crack to follow a curved
path. At any rate, the speed at which the peak hoop stress no longer takes
place at # = 0° is, roughly (see also Yoffe [12])

V = 0.60 C, = 0.60(0.64 C,) = 0.38 C (30)
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Figure 13. Shape of the crack near the crack tip for various G, values and
times after the beginning of unstable crack propagation (See also Figure 14).
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is clearly demonstrated by the spikes presented by the V — £/ diagrams of
Figure 12. It is admitted that (low) viscous material damping has a minor
effect on the response. The influence of the type and the velocity of loading
(stress or displacement controlled) are presently under investigation.

CONCLUSIONS

As part of the evaluation of a dynamic fracture analysis by means a discrete
model, the numerical solutions for the velocity of crack propagation in an
homogeneous plate with an initial lateral crack are compared with available
theoretical predictions. It was verified that the results of the numerical analyses
are totally compatible with existing evidence. In addition, the model showed
that in finite plates the limiting crack speed tends to decrease as the fracture
toughness increases, conclusion that is possibly applicable as well to infinite
plates. On that basis, a modified equation for the limiting crack speed is
proposed.
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ABSTRACT

The softening behavior of the Blatz-Ko hyperelastic material 1s analysed here under
homogeneous plane strain conditions. [t is observed that this material instability
depends not only on the strain state itself but also on the deformation process
congidered.

Keywords: Hyperelastic Materials « Material Softening Behavior =« Material Insta-
bility » Finite Deformations

RESUMO

No presente trabalho, analisa-se o comportamento de amolecimento do material
hipereldstico de Blatz-Ko sob condigoes de deformagdes planas homogéneas, QObserva-
se que esta instabilidade material nac depende 56 do estado de deformagdo em st mas
também do processo de deformagde considerado.

Palavras-chave: Materiais Hiperldsticos s Amolecimento = Instabilidade Material »
Deformagoes Finitas
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INTRODUCTION

Softening behavior can be thought as the inability of a material to increase
the stress in response to a corresponding increase of strain. Although this
material instability is usually associated to inelastic constitutive laws, it can
also be observed for elastic deformations. Usually it appears associated to
the localization of deformations, giving rise to the necking effect, for instance.
Nevertheless, these two concepts — softening and localization — are not
equivalent. In the context of finite elasticity, the last phenomenon was
extensively studied by Knowles and Sternberg [1], [2], [3], who determined
conditions for the emergence of strain discontinuities, called elastostatic shocks.
Specifically for the Blatz-Ko material under plane deformations, Knowles and
Sternberg found the following bounds for the strong ellipticity domain:

1
- (1)

where Ay and A; are the principal stretches associated the strain state. A
survey of other material stability criteria can be found, for example, in the
review presented by Beatty [4]. In the present work, the bounds for the
hardening behavior of the Blatz-Ko elastic material are analysed for the set
of homogeneous plane strain deformations, Three tensile tests — uniaxial,
simple shear an isotropic strains — are studied with respect to the possibility
of observing a softening behavior.

2—v"§<A—1 <
Az

SOFTENING OF ISOTROPIC HYPERELASTIC MATERIALS

The softening behavior of a material is characterized by a decline of stress
as a response to an increase of strain. The choice of the measures for the
stresses and the strains is of fundamental importance for this definition. In the |
present study, if F is the rate of deformation gradiant F = Grady and P is the
corresponding rate of first Piola-Kirchhoff stress, a material is said to soften at.
a configuration y, in the direction F if i

PF<0

In opposition to (2), if this inequality is reversed for any of F, the material is
said to harden. The last condition is known as the Coleman-Noll inequal
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[5]- One can remark the fact that the condition (2) depends strictly upon
the mechanical properties of the material, without taking into account any
particular characteristic of the boundary conditions involved. Thus, the
softening behavior is said to constitute a material instability.

For hyperelastic materials, the first Piola-Kirchhoff stress tensor P can be
defined as the derivative of the strain energy density function é(F') with respect
to the measure of deformation F. In terms of Gateaux derivatives, one can write

P.-F = D¢F)-F (3)

The derivative of the expression (3) in the direction F gives

(DP(F)-F) F =P F=(D?&F) F) F 4)

Hence, from (2) and (4) one can say that the positiveness of the linear operator
D? é(F) determines the hardening behavior of the material. This means that
this material stability 1s verified whenever the density é is locally a strictly
convex and twice differentiable function of F. When the strict convexity
condition fails for any neighborhood of a strain state £ (out from rigid motions),
the softening behavior can appear. As material objectivity 1s expected, the
deformation gradient £ can be replaced by the rotationless measure of strain

U=VFTF,

If X is material point and z = x(X) 1s its image under the configuration
mapping x, the deformation gradient F is a linear mapping from the tangent
space Tx to the tangent space T,. By considering appropriate orthonomal
bases Gy, Gz, G3 for Ty and g1, g2, g3 for Tx, the linear operator F' can be
written as

F=Mg12G +X 020G+ 320Gy (5)

where Ay, A and A3 are the principal stretches associated to F

If the strain energy density density function é(F') describes an isotropic and
frame indifferent hyperelastic material, then it can be written in a simpler form
as

e =e(A, Az, A3) (6)
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and the convexity of é(F') can be studied by analysing the simpler function
e()). The strict convexity of e(A), and hence the hardening behavior, is verified
whenever all the eigenvalues of the Hessian

H = D?e()) (7)

are simultaneously positive. The failure of this condition is here exploited
specfically for the characterization of the softening behavior of Blatz-Ko
materials.

MATERIAL STABILITY FOR THE BLATZ-KO MODEL

The Blatz-Ko material [6] describes some compressible isotropic and hyperelas-
tic foamed polyurethane elastomers. The corresponding strain energy density
function considered in this study has the form

. I
é(F) = i;-(zrgﬂ 5 ﬁ - 5) (8)

where the scalar parameter p characterizes the material and
1
I = §[(zr C) —tr(CY] ; Iy=detC (9)

are respectively the second and the third invariants of the right Cauchy-Green
strain tensor C = FTF.

Consider a homogeneous plane strain deformation characterized by the strain
measure F;

F=Mg®G+2 000G +930G3 (10)

The corresponding right Cauchy-Green stress tensor C' is given by

C=2G12G1+)2 G906, +Ga1®Gs (11)

From (11), it is possible to compute the invariants of C:

ILy=Af+ 2} + 1A% I3= A} A} (12)
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Hence, the strain energy density function, expressed in terms of the principal
stretches A; and A assumes the representation

i
&y Ng) & ;-‘ (2A,,\,+F+F-4) (13)
1 2

The derivative of (8) with respect to F' gives the mechanical response function
of the Blatz-Ko material

P(F)=u F-[(detC)/?1-C1].C? (14)
or, as a function of the principal stretches Ay and A5

P(A,A2) = p[(A2 = AN g1 @G+ (M =A%) @20 G2
+(MA2-1) 93@G3 (15)

The material stability considered here is characterized by the positiveness of
the operator H = D? ¢(A). From (13)

33741
H=D? e(»\I,Az)=( 1‘ 3;\;1) (16)

Each eigenvalue x of H satisfies the condition
det(H —x1)=0 (17)
which can be rewritten, in terms of (16), as:

)2 = 3p(AT + A7) e+ p2@AT A -1 =0 (18)

The corresponding roots

B e il g e
ma =5 AT AT+ 5 =307 TR - 429075 - 1) (19)

are both positives provided the term 97 *A7* —1 in expression (19) is positive.
Thus, the condition
Ay Ag i B2 (20)

must be observed,
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Figure 1. Hardening and softening domains

The Figure 1 illustrates the domains of hardening and softening behaviors in the
space spanned by the stretches Ay and Ay, for the Blatz-Ko material described
by (8). The same Figure shows the ellipticity domain obtained by Knowles and
Sternberg and expressed by (1). As can be seen, the domains of convexity and
of ellipticity are not the same.

When the condition (20) is verified, both eigenvalues k;, i = 1,2, are positive
and the hardening behavior is observed for any direction F considered (out from
rigid motions). On the other hand, when (20) fails, only one of the eigenvalues
becomes negative, the other one remaining strictly positive. This means that,
under this condition, there are directions F for which the softening behavior
(2) appears, while for other directions the hardening behavior is still verified.
The determination of the directions F for which the softening condition (2) is
actually observed is obtained by considering the explicit computation of P-F
for the Blatz-Ko constitutive model. Let the perturbation F be characterized
by the unitary vector v = (il,ig) = (cos#,sin @), as illustrated in Figure 2,
where the angle # determines the direction of v.
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Figure 2. Perturbation of the strain state in the softening domain

The derivative of P(F') in the direction v is given by

DP(Ay,Ag) v = % P(M + acosf, Ay + asinf)a=o (21)

which, specifically for P expressed by (15), gives

P=DP(A, ) v
= (sin@ + 3A; Y cos8) gy ® Gy +(cosf + 327 *sind) g2©G2  (22)
+ (A sin @ + A cosf) g3 @ Ga

As F is given by
F=DF(M\,A;)-v=cosf g; ® G, +sinf g80G, (23)
the softening condition (2) can be rewritten as

P.F=3A*cos’ @+ A;*sin?8) +sin20 < 0 (24)
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SOME TENSILE TESTS

In this section, the strict hardening and the actual softening conditions given

respectively by expressions (23) and (24) are applied to the study of the

softening behavior in some simple tensile tests, always under the assumption

of plane strains.

The Uniaxial Tensile Test

Consider the uniaxial tensile test for which A, and A; are such that
Pp=M-3;2=0 (25)

or

Jy = AT (26)

Under this condition, the behavior of the stress component Py,
=13 i
Pu(h) = w0 =272 (21)
can be illustrated in the Figure 3. As the stretch A; increases from 1 to 33/4,
the value of Pj; increases monotonically: the material hardens in order to
stabilize the strain increment. Nevertheless, for values of A, greater than 33/4,

the softening behavior appears. This fact agree with the stability criterion
given by (20). Indeed,

MAg = MATIR =3B g

and hence the material stability is observed whenever
Ay & 31 (28)

along the uniaxial tensile test. For A; = 3%/4, the Hessian of ¢ assumes the

value
H= (3_2 ; ) (29)
Pz
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Figure 3. Evolution of Py during the uniaxial tensile test

with eigenvalues
1
ki =0 i 52:(9-{-6)}1 {30)

The kernel of I is spanned by the eigenvector

1
w=( ] (31)
9

which is also the tangent to the tensile test path at the point (A}, Ay) =
(33/4 3-14) as illustrated in Figure 4.

If the direction (31) is considered, the expression (24) gives:
PoF= (lmsfi-{»?siné)?—{) (32)
=in ; = :
where § = tan"l(-;li). For any other direction, P - F is positive.

Whenever A; < 3%/4 the scalar product P - F is strictly positive for all #
considered and lience the tensile test s stable under any perturbation. On the
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Figure 4. The uniaxial tensile test

other hand, for A; > 3%/, not only the tensile test becomes unstable, but also
the softening instability can be verified for a set of perturbations out from the
tangent to the test path. For example, if A; = 3, the inequality (2) can be
observed for any perturbation spanned by (Ay, A2) = (cos 8, sin 0) such that

~ 11435 € §€ ~1.47° (33)

Finally, it should be interesting to remark the fact that the softening behavior
appears, in the uniaxial tensile test, before the loss of ellipticity detected by
Knowles and Sternberg in [3].

The Simple Shear Tensile Test

The simple shear tensile test can be characterized by the mapping
=X +aX3; z2=X3; 23a= X3 (34)

if a cartesian system of coordinates is considered. By choosing an appropriate
base, its deformation gradient can be represented as

F=Ma®Gi+M'02eG1+9:390Gs (35)
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Figure 5. The simple shear tensile test

where

2 2
A.=‘/1+°?+a\h+°7 (36)

The verification of the conditon (20)
M=, l=1<32? (37)

for any value of A} ensures the hardening behavior of the matenal for any shear
level, as illustrated in Figure 5.

The Isotropic Strain Tensile Test

In this tensile test the principal stretches A; and Ay are equal to each other
and the first Piola-Kirchhoff stress tensor can be represented by

PAM)=(M-A)a1@G + (M =33 92062+ (A - 1) 13 ®G3 (38)
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Figure 6. Evolution of Py, i = 1,2,3, in the isotropic strain tensile test

All the stress components are increasing functions of Ay, as shown in Figure 6.
Nevertheless, the stability criterion (20) states that the strict hardening

behavior is verified only for:

Al A2 = Af < 3”2 (39)

or
Ay <3t (40)

When A; reaches the bounding value, the associated Hessian becomes

i = il : (41
—’!(1 1) )

and the associated eigenvalues are

;=0 : Ky =12 (42}
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Figure 7. The isotropic strain tensile test

The kernel of H, which characterizes the softening direction, is spanned by the

N (—11) i

and hence the direction of the material instability is ortyhogonal to the path
followed by the tensile test, as shown in Figure 7,

vector

The softening behavior of the material subjected to this tensile test can be
illustrated by considering the quantity P- £ along the test path. As A assumes
values smaller than 3174 the scalar product between P and F

P-F=3\*+sin20 (44)

is positive for any perturbation (A, A32) = (cosf,sinf). When A reaches the
value 3/, the expression (44) remains still positive for alimost any #, with
exception to # = —%, corresponding to the kernel of #(3'/%). Finally, as A,
becomes greater than 3'/1 onde defines a set of directions

H
-5— %san":"s,\;‘} <B< Esin"{—ib\._"l
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azd (45)

S —4 4 BL -4
5 ~ g0 (=32 )<9<1r+23m (=3A77)

for which the quantity P - F is negative and thus the softening behavior is
verified.

CONCLUDING REMARKS

The softening behavior is studied here specifically for the Blatz-Ko material
under the set of homogeneous plane deformations. The fact that, even for
hyperelastic materials, the softening pehonomenon is not a state property, but
rather presents a direction dependence, is remarkable. As the global convexity
condition is not verified for any objective strain energy density function under
the hypothesis of large deformations, the softening behavior should be expected
for a wide class of solid materials, should the inelastic behavior (and thus the
energy dissipation functions) be present or not.
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RESUMO

Este artigo apresenta a smplementagiao de um refinamento de malha auto-adaptativo
para problemas planos de elasticidade, usando 0o Método dos Elementos de Contorno.
Uma técnica de redugdo de erro € aplicada para controlar a evolugdo no elemento € na
solugdo global, mediante a comparagdo da evolucdo do erro em duas iteracoes sequidas.
Mediante essa técnica, o método decide onde o refinamento € necessdrio. Virios
exemplos sao dustrados, mostrando a aplicabilidade do método, utilizando fungoes de
mterpolagiao constantes, lineares e quadrdlicas.

Palavras-chave: Método dos Elementos de Contorno s Refinamento Auto-
Adaptativo » Método dos Elementos Finitos =

ADBSTRACT

This paper presents the implementation of a self-adaplive mesh refinement to solve
plane elasticity problems, using the Boundary Element Method. An error reduction
method 15 ulilized which observes variation mn the local element and global solutions
for two successive meshes, Based on these values, the method decides where further
mesh refinement 1s needed. This adaptive technique is then utilized to analyze various
elasticity problems. Numerical results for constant, linear and guadratic boundary
elements are presented,

Keywords: Boundary Element Method » Self-Adaptive Mesh Refinement » Finite
Element Methoed =
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INTRODUCAO

Desde o advento dos computadores digitais e acentuando-se atualmente a
grande difusao dos microcomputadores pessoais, as técnicas numéricas tem sido
largamente utilizadas na solug@o de problemas de engenharia. Com o auxilio
de um programa de analise de Elementos Finitos ou Elementos de Contorno a
tarefa do projetista passou a ser a de elaborar os dados de entrada, gerando
uma malha de elementos e, apds a sua execugao, a de verificar o grau de precisao
dos resultados, baseado na sua sensibilidade e experiéncia profissional.

Este processo contudo, apesar de ser simples, pode se tornar demorado, pois
no caso da solugao nao ser satisfatéria, o projetista deve rediscretizar a malha,
rearranjando os dados de entrada, e submetendo outra vez o programa. Refaz-
se este processo quantas vezes forem necessarias para se alcangar uma solugao
mais aproximada.

As linhas de pesquisa atuais, estao se voltando para os programas auto-
adaptativos, ou seja, programas de andlise em que o usudrio fornece apenas
os dados de geometria e carregamento minimo para se descrever o problema
em questdo, e o proprio programa em fungdo de um estimador de erro analisa
os resultados e chega a conclusao de quais sao as dreas mais afetadas. Toma-
se entao providéncias sem qualquer interferéncia externa segundo as diversas
categorias de programas adaptativos:

i) h, que refina a malha em zonas de maior erro,
i1} p, em que o grau da fungao de interpolagao e mudado localmente;

iit}) r, o numero de nés é mantido constante e a malha é distorcida de forma a
reposicionar os nés em areas de maior erro;

|

1 iv) hp, como uma combinagao das duas primeiras.

‘ Este processo, além das vantagens de economia de tempo, possui também a de
prevenir contra possiveis erros de avaliagao do projetista, que o leva a considerar
como satisfatérios os resultados erroneos.
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Em Elementos Finitos a técnica adaptativa tem sido pesquisada por virios
autores, entre eles Babuska [05-07], que introduziu estimadores de erro baseados
em um desenvolvimento matematico, e Zienkiewickz [21-22] que introduziu um
estimador intuitivo, baseado na norma da energia global de deformacéo e de
facil implementac¢do computacional. Este estimador associado a2 um gerador
de malha, aumenta em muito a eficiéncia de um programa pelo MEF. Outro
trabalho que merece destaque é o de Oden e outros [10], que sistematizaram
uma técnica hp para Elementos Finitos.

Em Elementos de Contorno, a técnica P-adaptativa foi inicialmente proposta
por Alarcén e outros [2-3], que utilizaram as fungdes hierarquicas de Peano
[11). Eles mostraram que a técnica P converge exponencialmente para uma
grande variedade de problemas, apresentando contudo alguns inconvenientes
nas regices com singularidade. Esta técnica tras ainda outro inconveniente,
que € a de ser necessirio o desenvolvimento de programas especificos para este
fim, nao podendo ser aplicados como um pré e pds processador em um programa
de Elementos de Contorno ja existente.

Em vista disso, Rencis e Mullen [15-16] desenvolveram a técnica h para
problemas de Potencial e Elasticidade, utilizando um estimador de erro baseado
na convergéncia assintotica de Wendland [17-18]. Este estimador feito para
elermentos com fungao de interpolagio constante, se mostrou bem mais versatil
e facilmente aplicavel a qualquer programa ja existente.

Este trabalho apresenta uma formulagdo h para problemas de elasticidade
baseado nos conceitos proposto Rencis e Mullen nas referencias [15-16] .
Elementos constantes | lineares e quadraticos sdo utilizados na discretizagao
do contorno e também algumas alteragdes do estimador de erro proposto por
Rencis ¢ Mullen [16] foram estudados. Varios exemplos sao apresentados de
forma demonstrar o aprimoramento da solugao do problema com o uso de
elementos lineares e quadraticos . Esta formulagao tem como grande vantagem
a possibilidade de ser implementada em qualquer programa de MEC, sem ter
que alterar a estrutura basica dos programas clissicos de MEC.
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PRELIMINARES E FORMULAGAO DO MEC

A formulagio de Elementos de Contorno para problemas de elasticidade
bidimensional de corpos eldsticos e isotrépicos, baseando-se na identidade de

Somigliana (5], fornece:

Cij[f-')“j(ﬂ)_ﬁf;j(P=9}“j(4]dF(Q] = fru?‘,(P‘q)ﬂj(q)dF(q) (1)

onde p é um ponto do dominio £2, ¢ um ponto do contorno I do mesmo dominio,
uii(pq)e t7i(p q) sdo, respectivamente, os campos de deslocamento e forgas de
superficies da solugao de Kelvin [5] e Cy;(p) sdo os coeficientes que dependem
da geometria do contorno e do ponto p. Os coeficientes Cj;(p) sao iguais a §;;
se p é um ponto do interior e igual a ,lz%- se p é um ponto do contorno suave,
8i; € o delta de Kronecker.

A solugdo numérica aproximada do problema é obtida dividindo o contorno em
Neelementos, isto é:

r=u¥r, (2)

sendo que dentro de cada elemento os campos de deslocamentos e for¢as de
superficies sio aproximados por:

Nn
ui(p) = Wi(p) = Y _ dulg)uf.(q € Tn)i
e 3
N
ti(p) 2 1i(p) = Y éxl)ti(a € Tn)
k=1

sendo N} o numero de fungoes de interpolagao utilizadas para aproximar a
componente i dos campos mencionados anteriormente, no elemento ['y.
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O nimero total de fungoes de interpolagao utilizadas para aproximar as
componentes fisicas 1 no contorno é:

Ne
P (4)
h=1

sendo o mimero de graus de liberdade do problema igual a 2N.

A forma discreta da equagio (1), se reduz na seguinte expressiao de residuo:
2 Ny
pln) =33 [Tl - U o] (5)
y=11=1

onde

T (p) = Cijp)on(p) + fr 2, (», 0)ou(a)dT(a);
v (p) = f u?, (P 0)1lg)dI(g)
S

que sao obtidas substituindo-se na equagao (1) a discretizagao definida em (3).
De forma a obter um sistema com 2N graus de liberdade a partir da equagao
(1), utiliza-se 0 Método da colocagao que implica na obtengio de residuo zero
definido pela equagao (5), nos N; nos do contorno, 1sto €;

pi(p*) = 0;

o que resulta na conhecida matriz [5],

[H]{u} = [G}{t} (M
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onde 1< k< N; e 1<i<2

Os coeficientes das matrizes [G] e[H] sao obtidos pelas seguintes equagoGes

Gy = Uy;(")

- ]r 5%, 0) 1 (0)

HY = C (0ot - j; {2k, ) bu(a)dT ()

onde as integrais podem ser calculadas usando uma integragao numérica tipo
Gauss [5].

Uma vez que o problema foi formulado, a equagao (1) possui N incégnitas num
total de 2NV graus de liberdade. Logo, aplicando as condigBes de contorno, esta
equagio pode ser transformada num sistema linear de equagoes [5);

AX=8 (10)

com as seguintes condigoes de contorno:

ui(g) = wilg) (g €Tu) (11}

ti(q) = 1i(q) (g €Ty) (12)
onde %;(q) e 7,(¢) sao valores conhecidos no contorno.

FORMULAGCAO ADAPTATIVA

Atualmente, em métodos numéricos é de consideravel importancia o controle
do erro obtido pela aproximagao numérica na solugdo dos problemas de
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h'*~1 = tamanho do elemento no refinamento (i — 1)
k = constante que depende de h
0((h"~1)®) = termo de mais alta ordem de erro no refinamento (i — 1)

Para o refinamento 1, tém-se;

/[u" — u)?dl = k(h*)? + (0(h")?) (14)
r

Subtraindo a equagao (14) de (13) e fazendo u = u' que é a solugdo mais
proxima da exata até o momento , é possivel obter a seguinte expressao:

Au; = f{u*-l — u)2dl = k(A2 = k(h')? (15)
r
Determinando o valor de k na expressac anterior, tém-se:

Ay

{i= _h(%]li_l ‘[h{—l)z
( (h*=1)

k=

(16)

Para se obler o numero de divisoes necessarias por elemento dentro de uma
determinada tolerancia (¢}, pode-se escrever baseado em (13):

e‘f w?dl = k(h*~1+")? (17)
r

sendo o termo da esquerda a tolerancia (¢) em fungao de &k e do tamanho do
elemento na (i — 1 4 n) iteragao ideal.

Na iteragao 1deal, pode-se definir o tamanho do elemento como sendo:
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- n__h'_]
I igieas (18)

onde, n = nimero de divisoes necessirias para a iteragao ideal.

Igualando a expressao (17) em (16) e isolando o valor de n, é possivel obter a

seguinte expressao:

; Aut
(s = g L (19)
2
(l = W) .e.fru dP
sendo;
A " 1 | 1 id

uj = r{u —u') dl’ (20)

onde nj” ¢ o numero de divisdes necessarias para o elemento j na iteragao
i+ 1.

As equagoes (20) e (17) quando a fungao u é constante, fig. 1., reduzen-se as

seguintes expressoes:

Auf = (w7 - ud)? b (21)

Ne
f uldl =Y " (u})?.A] (22)
r :

1=1
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Figura 1 - Elemento constante apds duas iteragoes sucessivas i — 1 e ¢

As equagbes anteriores foram deduzidas por Rencis e Mullen na ref. [16]. No
caso em que é suposta uma varia¢ao linear das varidveis do problema, para um
elemento j com os nés j e j 4 1 pertencentes ao elemento, fig. (2), tém-se:

Ay = 2 [57 - i) + (57 - w)3E - )+ (57 4] (29)

Ne pi g
/l_ugdl“ =3 3‘1 [u::+I +ulul, - u}] (24)
j=1

Para a variagao quadratica do potencial no interior do elemento j, com os nos
J1,72ej3 pertencentes ao elemento, conforme fig. 3, obtém-se:

i R ot 4 e o
Allj = 1—5[2(U11 = UJ'}) + 8{“12 - _].2} 4 Q(UJS == UJ3]+
+ ?(H}T' = “}1)-(“}51 — ula) - (u:_-;‘ = “ja)(“}gl — ula+
+2(u;;' = u;,),(u;g‘ — u}y)]

Nag h i

2 —
]ru dF_Z—S“-

]

2“;2: + Suj-; + 2u;-:2 ES 2u}l.u§2.u;-3 . Qu;I,-u;? (25)
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b o e e e e |

—
hi
j

Figura 2. Elemento Linear apos duas iteragoes sucessivas,

ui-i
L j2 u.
ol | 13

Figura 3. Elemento Quadratico apds duas iteragoes sucessivas.

Antes de aplicar os estimadores de erro, deve-se proceder a uma transformagao
de coordenadas dos deslocamentos, pois os termos de u nas expressoes

anteriores se referem a deslocamentos na direcao do elemento j em analise.

Logo, para um caso geral da figura 4, tém-se a seguinte transformagao

{ufﬂ } N [cosﬂ se.nﬂ] {u_.,l } (26)
u;--‘. senfl cosf Uja
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Ny XpMj2
Kz,l.lje 1

1 1 .
ety e

Elemento j ¢ = XU
N6

Figura 4. Transformagao dos graus de liberdade para um elemente qualquer.

Haé ainda a necessidade de se ter um parametro que mega o erro global cometido,
pois a medida que se diminui desigualmente o tamanho dos clementos, gerando
elementos muito menores que outros, podem-se mtroduzir erros numéricos. O
parametro de controle de erro global serve tanto para indicar que nma solugao
obtida ja esta dentro da tolerancia fixada, como também como um controle
de possiveis erros numeéricos que fazem com que a solu¢io nao convirja. A

expressao € a seguinte:

. 1/2 T
[ Zdr\_ -1 :ld ( 142 ) g
(/F(u) -/[.(u ) [‘) <€ /r{u)dl" (27)

Sendo cada uma das integrais calculadas de acordo com as expressées e com as

fungdes de interpolagao correspondentes.

Se a relagao anterior (27) for verdadeira, a solucao obtida estara dentro da

tolerancia global fixada.

Para analisar a evolugao do erro global é necessario considerar as integrais das

ultimas tres iteragoes sucessivas atraves da seguinte relagao:

. , 1/2 ! 1/2
(f{u‘ i (u"‘]ﬁdr‘) < (f(u:~1]2 ~ (ul—z)?dr) (28)
r r
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Se a relacao anterior for verdadeira a solucdo estara convergindo. Caso
contrario, estarao ocorrendo erros numéricos que farao com que a solugao nao
convirja. O programa entao devera interromper a sua execugio com a resposta
mais correta sendo a iteragao 1 — 1, mesmo que ainda nao se tenha chegado a
aproximagao desejada.

Foram desenvolvidos os programas ELASTCON, ELASTILIN E ELASTQUA-
para teoria elasticidade com fungdes de interpolagao constante, linear € quadrat-
ica, e o fluxograma genérico esta mostrado na figura 18.

A técnica desenvolvida nao preveé a discretiza¢ao dos elementos com u prescrito.
Sendo assim, implementou-se uma rotina de discretizagao destes elementos, em
que o usuario fornece o numero de divisdes desejadas, via teclado. Esta rotina
é bastante util, pois apesar da solugao na maioria dos casos ja ser satisfatoria,
pode-se ainda tentar melhora-la ou obter uma distribuigao mais uniforme dos
elementos, ou ainda, obter alguns valores intermediarios, sem ter que recorrer
a uma interpolagdo manual da fungao.

RESULTADOS NUMERICOS
EXEMPLO 1 - Console curto com carga concentrada na extremidade:

Para o caso de elasticidade, resolveu-se o problema classico de um console curto
sujeito a um carregamento uniformemente distribuido na sua extremidade,
conforme mostrado na fig. 5. O console é quadrado, de lado unitério sendo
o carregamento uniformemente distribuido de valor igual a 1,0 N/m. As
constantes fisicas do problema estao também especificadas ao lado da figura.

O problema foi resolvido pela técnica h-adaptativa proposta e utilizando-se as
trés fungoes de interpolagao. As discretizagoes iniciais e finais estao mostradas
nas figs. 6 a 8.

Note-se que ocorreu uma discretizagao nao uniforme, ou seja, na extremidade
do console onde a variagao dos valores dos deslocamentos € maior, verifica-
se um aumento do nimero de elementos requeridos para uma boa solugao em
comparagio com as outras regioes do problema. Isto vem constatar a vantagem



270

(O,1)

(1,1)

R e e D

(0,0)

(1,0}

J.A. Costa Jr. e R.B.V. Pessolani

¢

‘ E = 24 N/m?

*p P= 40 N/m
0= 03

b

[ €= 0.01

Figura 5. Geometria e condi¢ées de contorno
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Figura 6. Interagao inicial e final com elemento constante

e a necessidade das técnicas adaplativas para problemas de Engenharia, onde
estas formulagbes possuem uma teoria de erro embutida.

Para visualizar uma maior ilustragao de grau de precisao da téenica proposta,

apresenta-se na figura 9 a evolugao do erro global de deformagao ohtidos
utilizando os diversos elementos. O grafico esta em escala logaritmica, sendo
que o eixo horizontal representa o logaritmo natural do nimero de elementos
e o eixo vertical o logaritmo natural do erro global conforme a expressao (28).
Os pontos assinalados em cada fung¢ao do grafico, indicam as diversas iterages.
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3 T T 1 ) L]
4 iteragdo { iteragdo 4 »
linear 5 linear i
= 5 elementos 20 elementos
5 K
‘ 1 L 1 1

Figura 7. Interagao inicial e final com elemento linear

T T

iteragdo 1 iteragdo 3 o

quadrdtico b quadrdtico

4 elementos 12 elementos

8 nds 24 nés L]
1 1

Figura 8. Interagao inicial e final com elemento quadratico

Note-se que as trées fungoes possuem um erro global final préximo e de ordem
pequeno. Contudo, o numero de elementos requeridos para a fungao quadratica
for muito menor em relagao as demais.

Para mostrar a precisao dos resultados da técnica h-adaptativa, apresenta-se
a figura 10, em que se expressa a deformagao na linha média em relagio ao
eixo vertical das diversas solugoes comparadas com a solugao analitica. Pode-
se reparar na boa aproximagao das diversas solu¢des em relagao ao resultado
analitico.

EXEMPLO 2 - Placa com furo no centro

Neste exemplo, se trata de um problema classico em analise estrutural que
é o0 problema de uma placa submetida a uma tensao uniforme de tragio nas
suas extremidades e com um orificio no centro, conforme é mostrado na figura
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CONSTANTE
& LINEAR
-1.60+ (0  QUADRATICO
LN E
- 2201
- 2,80
- 3.40F
-4.00 1 1 1 1 ]
2.00 240 2.80 320 3.60 4,00

LN Ne

Figura 9. Evolugao erro deformagao

11, onde nesta figura mostra-se também as dimensoes e as propriedades fisicas
utilizadas.

Devido & simetria do problema, este pode ser simplificado em um sistema
estrutural equivalente, conforme ilustrado na fig. 12,

Na segao transversal em torno da zona do furoc, existe uma regiao de alta
concentragao de tensdes, aumentando a medida que mais se aproxima do furo.
Este é um problema em que a utilizagao de um programa adaptativo se torna
indispensavel, pois uma discretizagdo uniforme dos elementos poderd induzir
0 usuario a erros. Isto ocorre devido a nao uniformidade da distribuigao das
tensoes e deformacgoes, especialmente nas regides préximas do furo.
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.00 .20 .40 80 .80 100

LINHA MEDIA

Figura 10. Deformagao no eixo Y

Com o objetivo de mostrar a evolugao das sucessivas discretizagoes das
diferentes fungoes de interpolagiao, mostra-se nas figuras 13 a 15 a divisao
dos elementos das sucessivas iteragoes com elementos constantes, lineares e
quadraticos. Observe-se um maior refinamento da malha nas proximidades do
furo executado pelo programa.

As tensoes resultantes na regiao proxima do furo sao apresentadas na figura
16, para as diversas fungdes de interpolagiao, e comparadas a solugao analitica.
Pode-se verificar pelo grifico, que a solugdao obtida utilizando elementos
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Figura 11. Geometria e condigdes de contorno Exemplo 2
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Figura 12. Sistema estrutural equivalente
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Figura 13. lteragao inicial e final com elemento constante
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Figura 15. Iteragao inicial e final com elemento quadrético
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quadraticos esta em perfeita concordancia com a solugao analitica para este
ponto critico do problema. A tensido obtida neste ponto foi de 2,99 MPa,

muito préxima ao valor analitico que é de 3,0 MPa. Uma melhor aproximagao
poderia ser obtida utilizando-se elementos curvos.

3.00
2.60
8 @ EXATA
uza ¢> CONSTANTE
E [J LINEAR
2-20r O QUADRATICO
1.80+
1,40}
1.00
100

ELEMENTO A-B

Figura 16. Tensdes na sessao do furo

No grafico 17 € mostrado a evolugao do erro global para deslocamentos para
cada iteragao, em fungao do nimero de elementos. Nota-se uma maior precisao

com um menor numero de nds quando se utilizam elementos quadraticos.
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Figura 17. Evolugao erro deformagao
CONCLUSOES

Foi apresentado em medidor h adaptativo para o Método dos Elementos de
Contorno, aplicada a problemas de Teoria da Elasticidade.

Como vantagens da formulagao h-adaptativa apresentada pode-se destacar a
simplicidade de implementagao em programas de MEC, nio sendo necessério o
desenvolvimento de programas especificos para este fim, podendo ser aplicado
como um pré e pds-processador para qualquer programa de analise. Observou-
se também que o medidor de erro adotado fornece bons resultados, mesmo na
presenga de zonas de singularidade, onde se exige uma maior discretizagao pela
alta variagao de deslocamentos.

Apesar do estimador ser baseado na variagio de deslocamentos e de serem
refinados somente os elementos em que o deslocamento € prescrito, mostrou-se
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Figura 18. Fluxugrama do processo H-adaptativo
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que a precisio obtida para os demais elementos é satisfatéria. Para se melhorar
a solugao nessas regices obtendo uma discretizagao mais uniforme, recorreu-se
a uma rotina em que o usudrio entra com o nlimero de divisdes para cada

elemento. Esta rotina levou a uma maior precisao dos resultados.

Como futures trabalhos, pode-se destacar o desenvolvimento de um medidor de
erro voltado para a técnica hp e que analisa além da variagao dos deslocamentos,
a variagao de tensoes. O medidor devera detectar também as areas onde serd
necessario aplicar a téenica h, subdividindo os elementos e onde aplicard a
técnica p, aumentando o grau de interpolagao dos mesmos.
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