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Abstract 

ISSN 0100-7386 
Prlnted ln Brazll 

The heat transfer problem lhat occurs during the laminar llow of a Herscbei-Bulkley lluid througb the entrance 
portion of tubes is studied. The Nusselt number is obtained as a function of the axial coordinate, yleld stress, and 
power-law exponent. The lhermal boundary condition of uniform wall temperature is examined. Among olher 
results,it is seen lhat the developing lenglh decreases as the fluid behavior departs from the Newtonian one. 
Keywords: Non-Newtonian Fluid Heat Transfer. Viscoplastic Fluid. Laminar Flow, Entrance-Region Flow, 
Uniform Wall Temperature. 

lntroduction 
Non-isot:hermal viscoelastic llow situations are preseot in oumerous processes found io t:he 

industries of food, cosmetics, paint, plastics, petroleum and many other. Some important non­
Newtooian engineering fluids frequently involved in industrial processes are sludge, slurries, grease, 
paper pulp. polymer melts and solutions, aqucous foams, suspensions, most food products, cement, 
drilling mud, tooth paste, to name a few. ln these processes, the temperature distribution in the liquid 
must be evaluated if its rheology is to be controlled. 

As an engineering example, the process of drilling petroleum wells may be mentioned . Drill 
muds have a key role in lhis process. and are typícally highly non-Newtonian in nature. Tbey should 
have the corrcct density to provide the pressure needed for well integrity. Their rheological properties 
must be such as to allow carrying rock particles that are generated during drill aperation, with a 
minimum ofpumping power. This requires a relatively low viscosity, but also a non-Zero yield stress 
limit. Also, the success of a well cementing operation depends to a great extent on the knowledge and 
control of the rheological propertics of lhe cement. 

Rheological properties are oftcn strong functions of temperature. Because the fluids exchange 
heat with the surroundings as they llow, lhe temperature distributions can only be determined íf heat 
transfer coefficients are known. ln engineering applications, often the main goal is to obtain a tlow 
rate I pressure drop. or llow rate I drag force relationship. for llows through ducts and olher sbear 
flows. 

ln these cases, an excellcnt representation of the mechanical behavior of viscoelastic liquids is 
obtained lhrough lhe Generalized Newtonian Liquid model (GNL), in conjunction with a viscosity 
function ofthe Herschei-Bulkley type: 

where 

if t >'tO: 

otherwise. 
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(I) 

(2) 
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ln Eq. (I), t is the extra-stress tensor, y the rate-of-deformation tensor, defined as grad 

v+ (grad v)T. where v is the velocity vector. ln Eq. (2), t 0 is the yield stress, T a J 11 2 tr t 1 a 

measure of the magnitude of t, y e J 11 2 tr y 1 a measure of the magnitude of y , K the consistency 

index, and n the power-law exponent. These three parameters (-c&> K and n ) are normally determined 
via least squares fit to experimental shear data. 

White lhe power-law exponent, n, is often insensitive to the lemperature of the liquid, this is 
typically not the case for both K and t 0. 

For laminar flow of power-law fluids 1 in ducts, some heat transfer information is available. For 
fully developed flow and uniform wall temperature, Bird et ai. ( 1987) give Nu = 3.657, 3,949 and 
4. I 75 respecúvely for the power-law exponent n = I .0.5 and 1/3. For fully developed flow and 
uniform wall heat flux. lrvine and Kami ( 1987) present. 

Nu= 8(5n+ 1) (3n + 1) 

31n2 + 12n+ I 
(3) 

Joshi and Bergles (1980a, 1980b) reported a comprehensive study for power-law fluids. 
including both entrance region and fully developed results. ln this study, they obtained correlations 
for qw = constant. and considered the temperature dependence of K. Another detailed study for flow 
and heat transfer to pseudo-plastic liquids is presented by Scirocco et ai. ( 1985). ln both studíes. at 
the inlet ofthe heated portion ofthe test section, the velocity profiles were already fully developed. 

For turbulent flow, the thermal boundary condition becomes of minor importance, and the entry 
length becomes much shorter. Moreover, the shear rates are so large that the yield stress limit 
becomes unimportant. Therefore, information for power-law fluids and for fully developed flow can 
be employed for a wide range of situations. lrvine and Kami ( 1987) recommend Y oo 's empirical 
correlation for predicting turbulent heat transfer, valid in the range 0.2 ~ n ~ 0.9 : 

. Nu 0.0152 
J H = Re Pr1/J = Re0155 

where 

and 

p ül-n Dn (2(3n+1J)I- II 
Re= ~~-=- ~~~~ 

K n 

(4) 

(5) 

(6) 

ln the above expressions.. D is the tube diameter, p the mass density, ii the average velocity, cP the 
specific heat, and k the thermal conductivity. Yoo's correlation can be used for Re's in the range 
3000 $ Re ~ 90000. From Eq. (4), it can be seen thatjH is a rather weak function of Re. 

1 
A power -law nuid has a vlscosity function that is well represented by Eq. (2) with t 0= o 
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Due to the industrial importance of non-Newtonian Jiquids that possess a non-zero yield stress, it 
is rather surprising that heat transfer information is so scarce in the open literature. Vradis et al . 
(1993), analyzed numerically the heat transfer problem for entrance-region flows of Bingham, 
constant-property liquids througt tubes. They considered the case of simultaneous velocity and 
tempcrature development. More recently, an experimental and theoretical heat transfer study for 
Herschel-Bulkley liquids is reported by Nouar et al. (1994). They also investigated the entrance 
region, but considered fully developcd velocity profilcs An interesting discussion regarding the 
impact oftemperature-dependent rheological properties on velocity profiles and Nusselt numbers can 
be found there. 

The purpose of the research reported here is to present laminar heat transfer coefficients for 
entrance-region flows in isothermal-wall tubes (Tw = constant) of yield-pseudoplastic liquids. The 
case of simultaneos velocity and temperature development is considered, and the Jiquids are assumed 
to obey the Herschei-Bulkley model. lt is part of a research program whose first results, for fully 
developed flows of Herschel-Bulkley fluids, were recently reported by Souza Mendes and Naccache 
( 1995). The conservation equations of mass. linear momentum and energy are solved numcrically via 
a finite volume technique. Velocity, pressure and temperature fields are presented and discussed. The 
Nusselt number is also determined as a function of the (inverse) Graetz number and rheological 
parameters. namely. a dimensionless form of the yield stress limit and the power-law exponenL 

Analysis 

The flow under analysis is steady and axisymmetric. The thermophysical and rheological 
properties of the flowing fluid are independent of tcmperature. The fluid is a Generalized Newtonian 
Liquid (Eq. (I)) whose viscosity function is of the Herschei-Bulkley typc (Eq. (2)). and enters the 
tube with uniform velocity and temperature profiles.The tube inner wall is kept at a uniform 
temperature, T "'' which is different from T;, the inlet temperature. 

Conservation of Momentum: Fully Oeveloped Flow 

The analysis begins by choosing characteristic quantities. Appropriate choices are very important. 
in order to yield convenient dimensionless forms for the goveming equations.ln this work we employ 
the fully developed values of some kcy quantities as characteristic. For example, the characteristic 
shear rate . y (', is chosen to be the one that occurs at the wall in the fu lly developed rcgion: 

I 

. =(tR.fd -to)" y c-
K 

Where -rR.fô is the shear stress at the wall in the fully developed region: 

(7) 

(8) 

The subscript 'fd' indicates that quantity is to be evaluated in the fully developed region. ln the 
above expression, p is the pressure, x the axial coordinate, R the tube radius, and Lrd a tube lengtb in 
the fully developed region to whose ends the pressure difference tJ.p corresponds. 
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The characteristic viscosity is chosen as: 

(9) 

Oefining a dimensionless shear rate as r' e r I r c and the dimensionless viscosity function as 

11' a 11 I 11,, we can write: 

, lt_b +(1-tó)'i'tt- 1• 11 = y, . 

00 

if t. > t ó. 
orherwise 

Whcre 

-'t 
-c ' • ----.E_ 

tll,fd 
and 'tÓB~ 

'tR.jd 

( l O) 

(I I ) 

ln the fully developed region the shear stress is a linear function ofthe radial coordinate, r, i. e., 

(12) 

or, defining r'• r I R, 

( 13) 

From Eq. (13) it is easy to observe that, in the fully developed portion of the flow, tó has an 

important physical meaning: it is the dimensionless radial position where t rx = - t 0 . ln other words, 

it is the radius of the plug-flow region that occurs in the flow core due to the existeoce of a noo-zero 
yield stress. Because Eq. (13) holds for fully developed flow only, this interpretation of ró is not 

applicable in the entrance region. 

For the Herschel-Bulkley fluid, and for t > t 0 , 

( 14) 

Therefore, for fully developed tlow conditions we can use Eq. ( 13) to obtain 

(15) 

Oefining a dimensionless axial velocity as 
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u 
u' a--

RY~ 

and obscrving that 

. , I du du' 
y =---=--

y c dr dr' 

wc can write Eq. ( 15) as 

_ du: = r' -r~ ( 
• )/ln 

dr 1- ro 

lntegrating this equation and rearranging, we get 

( 
J ) J [ JJ+ 

1 
JJ+ '] u'(r'}= _ n_ --; " (1-riJ) 11 -(r' - rá) r1 

n +I 1- r0 

ifr'>ró . and 

u'(r') = - n-(1- ró) 
n+l 

ifr'~ró . 

From the defmition of average velocity 

I 
ü' = 2 i u'r'dr' ar ü': u(1ró1 + 2 L' ü 'r' dr ' 

Q 

wherc u(1 11 u' { r/)) lntegrating, we getthe following expression for ü': 

- · 2n ['rJ ') u =--- -r0 
n+l 2 

__ n_(ró)O - ró/ __ n_O-ról] 
2n+l 3n+l 

5 

(16) 

(17) 

( 18) 

( 19) 

(20) 

(21 ) 

(22) 

lt is observed that Eq. (22) reduces to Hagen-Poiseuille's, for the Newtonian case, and to the 
corresponding results for (i) the Bingham plastic ( Buckingham equation) and (ii) the power-law 
flujd . 



6 J ollhe Braz. Soe. Mechanlcal Sdences- Vol. 19, March 1997 

Another result of potential interest. easily obtained by Eq. (22), is an expression for the fully­
developed wall shear rate, y c as a function ofthe average velocity, ii: 

- I [ ] - / . u ii n+ 1 , n , , n , 
y ,. ""-::-- = --- - (1-r(})---(ro){l-r/J)l ---(l-r(})3 

u'R R ln 2 2n+l 3n+l 
(23) 

As expected, when rú =0. lhe above equation reduces to lhe well-known expression for the fully­

developed wall shear rate observed in flows of power-law fluids. narnely: 

. (Bi)Jn+l 
'Y t ' , pm<~er luw = 0 · ~ (24) 

Conservation of Mass and Momentum: Entrance Region 

1-'or the entrance steady flow of a Berschei-Bulkley fluid through a duct, lhe dimensionless mass 
and momentum equations are: 

,ou' ,ou' àp' 2ii'[' a ( ',ôu') a (,ou') v-+u-=- - +- - - TJr - +- n -
flr' ax' ax' Re r' Br' ôr' ôx' ox' 

+ 2u'[an· a v'+~~] 
Re àr' ox' ox ih' 

, a v' , a p' a v' 2ii' [ a ( 1 a , , , ) a ( , a v')] v - +u-=--+ - - - - (nrv) +-11 -
or' ôr' à:x' Re ôr' r' ôr' õ x' o:x' 

2ii'[B1')' õv' àn' àu' , v'] 
+Re ji;; a r• + ôx' a;,- - l'l -;:;1 

(25) 

(26) 

(27) 

ln these equations, u' = 11 I RY,.. v'= v I R'f,. , x' = :x I R. and p' =p/ p ( RYc )2. The Reynolds 

number is defined as 

(28) 
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lt is interesting to observe that. when t 0 =O Eq.(28) reduces to Eq.(5), which is a widcly used 

expression for the Reynolds number for tlows of power-law fluids. 

As x' ~ oo, lhe dimensionless x-component of velocily. u'(r',x' j should approach lhe 
analytical solution for fully-developed flow. givcn by Eqs. ( 19) and (20). 

The boundary conditions are the usual no-slip condition at the wall. lhe symmetry condition at 
the centerline, unifonn velocity profilc at the tubc inlet. and locally parabolic flow at thc outlet: 

ê u' 
- fO.x') =O ar· . 

u'{l,x')= O 

u'(r',OJ=V.' 

ou' 
-(r' . L')=O 
ax' 

v' (O,x') =O 

v' (l.x') =O 

v'(r'.O)=O 

~(r'. L' ) =() ax· 

where /.' .. L I R is the dimensionless tube length. 

Modified Bi-viscosity Model 

(29) 

The viscosity function as given by Eq. (lO) is not convenient to handle numerically. The usual 
approach in numerical schemes for flows of Bingham plastics is to replacc it with an-othcr viscosity 
function, the so called bi-viscosity modcl (Beverly and Tanner. 1992). This idca can be easily 
extended to Herschel-Bulkley lluids. yielding lhe following approximate representation of the 
viscosity function: 

ify'>Y~mu/1 

orherwtse 

Beverly and Tanner ( 1992) recommend 

'1Íarge = /000 

Thereforc. 

i ' - ró "' __1__ 
J.,al(- 1000-(/- '1.: ,n- / - WOO ron smu/1 J 

Conservation of Energy 

We now tum to the thennal problem for unifoml wall temperature (T w = constant). 

(30) 

(31) 

(32) 

Neglecting viscous dissipation etTects and assuming that the thennal conductivity is a constant. 
the dimensionless energy equation for this situation is 
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(33) 

where 9 •(T-T,)I{T;-T,) is the dimensionless temperature, Pe&iiD! a the peclet number, 

and a •/c I ( p c p) the thennal diffusivity. Equation (33) shows that, when viscous dissipation 

effects are negligible, the influence of rheological behavior on heat transfer is conveyed through the 
velocity fíeld only. 

The boundary conditions for Eq. (33) are 

~(O x')=O 
àr' ' 

9(1,x')=0 

9(r'.O)-= 1 
Õ
aa (r'.},')= o 
x' 

(34) 

For this situation. the Nusselt number beeomes 

Nu(x') =hD = --2- õ9 (l.x') 
k eb(x')ôr' 

(35) 

where 

(36) 

Numerlcal Solution 

The conservation equations are discretized by the finite volume method described by Patankar 
( 1980). Staggered velocity components are employed to avoid unrealistic pressure fields. The 
pressure-velocity coupling is handled by the SIMPLEC algorithm ( Van Doormaal and Raithby, 
1984). The resuJting algebraic system is solved by the TDMA line-by-line algorithm (Patankar, 
1980) with the block correction algorithm (Settari and Aziz, 1973) to lncrease the convergence rate. 

A non-uniform 140 x 32 grid is employed, with points concentrated toward the inlet region in the 
x-direction, and toward the wall in the r-direction, to resolve the sharp gra.dients in these regions. The 
domain length in the axial direction, L, is equal to fifteen diameters for the low Pe cases, and ninety 
five diameters for the high Pe cases. Extensive grid tests were performed, which attested that the 
solutions obtained are grid-independent. 

Results and Discussion 
Results for some representative combinations of the governing parameters are now presented and 

discussed. 

Figures I and 2 show velocity profiles at four di.fferent axial position along the entrance region. 
ls is seen io these figures that., close to the tube inlet. there is a velocity overshoot near the waii.This 
overshoot is related to axial diffusion of momentum, and therefore cannot be predicted by 



M. Soares et ai. : Heat Transer to Visooplastlc Flutds ln Laminar Flow .. 9 

fonnulations that consider radial diffusíon only. Although milder than the one observed for 
Ne-wionian tluids, this effect is not negligible. and might have important impact in heat transfer. 

2 

1 5 

u'!ü' 

0.5 

o 

2 

1.5 

u'/ü' 

0.5 

o 

Re = 10 

1- ·- - - ~-- --~· = .=- ~ 
n = 1 

r = 0.3 '-...... 

"' 
o 

~ 
~---- -- ---·--"'Ç---~ 

o 

X'= 0.00487 - '\ 
0.0415~ 

0.174 ~ ~\ 
0 .454- -

\ 
0.4 I 

r 
0.2 06 0 .8 

Fig. 1 Veloclty Proflles • Bingham Fluld 

Re = 10 
n = 0.3 

r '= 0.7 
o 

1-----=-=--=-~--=--~ - -----~ ~­
X'= 0.00487 .----=~=~=--=-; 

o. 04 15 ---- --------\ o. 1 7 4 ------- _______ , 

0.454 ---------- \ 

\ 

o 0.2 0.4 0.6 0 .8 r , 
Fig. 2 Velocity Proflles - Herschel-Bulkley Fluld 

Temperature profiles at some axial locations are seen in Figs. 3 and 4. ln order to eliminate x­

dependence in the fully developed region, these profiles are. presented as a ratio of e lO eb. Because 

the Prandtl number, defined as Pr = nc / p a. = Pe IRe , is equal to 5, the temperature pro files for the 

cases shown take larger development lengths than the corresponding velocity profiles, shown in Figs. 
I and 2. 
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Fig. 3 Temperature Proflles- Blngham Fluid 

Pe =50 
Re = 10 

1- -- n = 0.3 -- -....._ 

'o '=0.7 
1- - ...... , 

-- -- ' - ' ............_" 

' ~ . __ /? ".:::S:: -/ . 
X 
. o 00487 / ---"""~ = . ---- __ , 

o. 0415 .--- ----- ,...-À~ 

o 174 ----- ---- " . --- " o. 4 54 ---------- ~ 

"~,~\ 

o 0.2 o.4 r, 0 .6 0.8 

Fig. 4 Temperature Profiles - Herschel - Bulkley Fluld 

Figure 5 shows the Nusselt number variation with the inverse Graetz number, x+ = x' I Pe ,for a 
number of combinati{)nS of ró and n. ll is seen that,whenever the velocity gradient is high in the 
neighborhood of the wall, the Nusselt number is also high. High ró' s imply high velocity gradients 
near the wall, as does low n's. For example, the curve for ró= 0.7 and n = 0.3 falis above ali other 
in Fig. 5, while the curve for ró = 03 and n = 1.0 gives the lowest Nu for a given x + • 



M. Soares et a i .. Heat Transer to Voscoplasuc Fluids in Lamonar Flow . 

10 

9 

5 

4 

3 

0.01 

~ 
~ 

r '.:: 0.7 
IJ 

n = 0.3 
1.0 

X 
+ 0 . 1 

Fig. 5 Entrance-Region Nu for Olfferent ró' s and n's 
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Figures 6 and 7 illustratc the entrance-region Nusseh number variation with the l'eclet number, 
for some combinations o f the goveming parameters. lt is interesting to observe that axial conduction 
is important in thc vicinity of the tube inlet only. and it~ effect is to increase the Nusset number. 
Largcr yield stresses tend to decrease thc axial conduction cffcct. On lhe hand. axial conduction is not 
greatly affected by the power-law exponent in thc range investigated 
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Fig. 6 Entrance-Reglon Nu for Dlfferent ró' s and Pe'a 
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Fig. 7 Entrance-Region Nu for Dlfferent ró' s and Pe's 
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Fig. 8 Entrance-Reglon Nu for Dlfferent ró' s and Re's 

For the constant-property situations examine<! in this paper, the Nusselt nurnber depends on the 
fluid rheology througb its intluence on the velocity profile only. Therefore, axial diffusion of 
momentum - which affects the velocity field - is expected to affect the Nusset number. This is 
illustrated in Figs. 8 and 9. It is seen in these Figures that the effect is restricted to the neighborhood 
of the tube inlet, and is negligible for high yield stress fluids. However. it becomes important as the 
rbeological behavior approaches the Newtonian (higber n ' s and lower ró' s ). 
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This paper has studied the heat transfer problem in the entmnce-region llow uf llerschei-Bulkley 
fluids. The case of uniform wall temperature and simultaneous development of velocity and 
temperaturc profiles is examined. 

For fully developed tlow, an analy1ical solution for the velocity profilc is presented, which 
provides lhe characteristic quantities nccded in the dcfinition of the appropriate dimensionless 
goveming paramctcrs. Although in essence this analytical solution is alrcady avai lable in the open 
literature, the foml of the solution presented here has some advantages. lt is mt)rc compact,and gives 
the velocity in tcmls oftwo convenient dimensionless parameters, namely, n and rcJ . 

The goveming equations are solved numerically via a línite-volumc technique. Results are 
presented in the foml of velocity and tcmperature profiles. and entrancc-rcgion Nusselt number 
distributions. 

Among other results. it is observed that the velocily prolíle prcsents an overshoot near the wall, 
in the tube ncighborhood of the tube mlct, and that when lhe velocity gradient at the wall is high the 
Nusselt numbcr is larger. 
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Abstract 
This work presents an analysis of an experimental technique for símultaneous deterrninatíon of lhe thennal 
conductivíty and lhe therrnal diffusivity of non metallic materiais. The propertíes are deterrnincd by using lhe 
parameter esti.mation melhod. The experimental temperatures on lhe frontal and back surfaces of a sample are 
comparcd with lhe ir respective lheoretical values obtained from the mathematícal model. The heal flux evolution 
at lhe front surface and lhe heat loss evolution at lhe back surface are used as lhe boundary conditions. The 
pul])Ose of lhis work is to investigate the ideal shape of the heat flux evolution, its duration and optimum 
measurement time. This inforrnation is importanl to guide designers on optimízing lhe parameters estimation. 
Kcywords : Optimízation, Parameter Estimation, Experimental Techniques, Therrnal Properties Measurcments, 
lnversc Problems 

Resumo 
Este trabalho apresenta aspectos de otimizaçlo para urna t~cnica de estimaçlo simult!nca da condutividade e 
difusividade ~rrnica de materiais sólidos. Nesse sentido uma análise de sensibilidade na estimaçlo dos 
parâmetros em funçlo da intensidade e duraçlo do fluxo de calor imposto, espessura da amostra e tempo de 
mediçlo é apresentada. lnvestiga-se também as formas ideais das evoluções desses fluxos de calor, sua duraçlo e 
o tempo ótlmo de mediçlo, para a otimizaçllo de projetos de estimaçao de parimetros. No m~todo proposto as 
evoluções dos Ouxos de calor slo medidas por transdutores de fluxo de calor. Nessa análise as temperaturas e 
fluxos experimentais slo simuladas numericamente. 
Palavra.-<bave: Otimizaçlo, Estimação de Parâmetros, Técnicas Experimentais, Mediçlo de Propriedades 
T~rrnicas, Problemas Inversos 

Introdução 

Existem vários métodos transientes que possibilitam a obtenção da condutividade térmica. À, e 
da difusividade ténnica, a. Todavia, esse número diminui quando se deseja a obtenção dessas 
propriedades de forma simultânea. Como exemplos, citam-se os métodos Flash, originalmente 
desenvolvido para a obtenção da difus ividade térmica, (Parker et ai~ 1961) e o da Sonda Térmica, 
que mede a condutividade térmica. (Blackwell, 1954). Ambos são capazes da obtenç!o simultânea das 
duas propriedades. Nesse caso, para o método Flash, é necessário conhecer-se o fluxo de calor 
imposto e, para o da Sonda térmica. um sensor de temperatura adicional deve ser inserido dentro da 
amostra. 

Um método experimental compõe-se da concepção de um modelo flsico a ser simulado 
experimentalmente e da técnica de obtenção das propriedades. Assim, um modelo flsico ideal n!o 
deve impor nenhuma restrição nas condições de contorno, ou seja, nas evoluções de temperatura e/ou 
fluxos de calor superficiais enquanto a técnica de obtenç!o das propriedades deve ser capaz de obtê­
Las a partir de medições das grandezas superficiais. 

A realização de qualquer experimento deve seguir, sempre, pro<:edimentos que busquem o melhor 
resultado. Esses procedimentos passam nllo somente por um cuidado na execução de cada passo 

Manuscrlpt reoelved: Marcn 1996. Technlcal Editor: Angela Ourfvlo Nleckele 
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experimental mas também pela idealização de cada projeto. Nos casos de determinação de 
propriedades térmicas, toma-se importante a busca do projeto ótimo de experimentos em condução 
de calor. Esse trabalho apresenta análise de um método experimental, cujo modelo flsico foi proposto 
por Guimarães (1993) e cuja técnica de obtençilo simultânea das propriedades, À. e a é a técnica de 
estimação de par!metros descrita por Beck et ai. ( 1990). 

O sucesso dessa técnica para os diversos materiais depende da escolha de parâmetros de projeto 
para a simulação experimental do modelo flSico. A otimizaç.ão de projetas de experimentos tem sido 
tema de um grande número de artigos entre os quais pode-se citar Beck (1969), Vigak et ai ( 1989), 
Taktak et ai (1993) e Artyukhin ( 1989). A maioria desses trabalhos focalizam, no entanto, a melhor 
posição para a localização de sensores de medição (normalmente termopares) ou o tempo ótimo de 
medição. Todavia, variáveis como parâmetros geométricos ou tlsicos como intensidade e forma do 
fluxo de calor imposto não tem sido estudados. 

O presente trabalho investiga os vários parâmetros ótimos de projeto para materiais isolantes. 
semicondutores e condutores na determinação simultânea da condutividade e difusividade térmica. 
Apresenta-se assim, uma anAlise que busca a otimização de parrunetros de projeto como o fluxo de 
calor imposto (duração e forma de aquecimento), tempo de medição, caracterlsticas geométricas 
como espessura da amostra, L, e tipo de material (materiais condutores. semi-condutores e isolantes). 

Uma das maiores dificuldades no uso da técnica de estimação de parâmetros é a escolha das 
regiões de medição onde, claramente, os coeficientes de sensibilidade (primeira derivada da 
temperatura em relação ao parâmetro estimado) sllo linearmente independentes. A identificação dessa 
região é fundamental para o uso da técnica. Nesse sentido, um estudo prévio de otimização dessas 
regiões, antes da definição do projeto, é extremamente importante. Além do aspecto de otimização da 
técnica. esse procedimento permite ainda. uma minimizaçllo significativa de custos operacionais. 
Nesse caso, seriam necessários o uso de um grande número de amostras. elementos de aquecimento e 
sensores de medição que, sem um estudo prévio, não estariam bem determinados. A definição dessa 
região para diversos tipos de materiais. bem como a indicação das melhores formas de imposição de 
calor são as principais contribuições desse trabalho. 

Descrição do Método 
A Figura I apresenta uma amostra plana, homogénea. sujeita a uma temperatura inicial T 0 cujo 

fluxo de calor unidirnensional transiente. ~ 1 (t), é imposto num instante 1o na superflcie supedor da 
amostra, e o fluxo de calor resultante, ~2(t), atravessa a superflcie oposta. 

amostra 

~r <I> (t) 
2 

Fig. 1 Modelo Flslco de uma Amostra Sujeita a Condiç6ea de Fluxoa de Calor Superficial• 

Sob estas condições, e considerando as propriedades ténnicas constantes com 
temperatura, o problema apropriado a valor de contorno é 

a 2T 1 ar 
axl a Õt 

sujeita às seguintes condições de contorno, 

a variação de 

(I) 
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(2) 

ê T( L.t) 
+rL. t) =-'J... =+z(t) ax (3) 

e à condição inicial 

T(x,O) = T0 (4) 

onde T representa a temperatura e +(t) o fluxo calor transiente nos contornos da amostra. Obtém-se a 
solução do problema dado pelas Equações (1-4) usando-se uma técnica de solução baseada nas 
funções de Green (Guimaries. 1993 ). ou seja, 

I I 

T= To + ~f+1(t)dt + ~ f+z(t }dt 
LÃ L'J... o o 

«> I 

+ ~: 2:rll/ at i L1 cos(Pnr x I L) Jell.' at i U + r(t )dt (5) 
~I O 

«> I 

+ ~: L/(-/)"'-/] e-J.l./ a 1 I L1 cos(Pm.x I L) Je!.l./ a 11 L' + .dt )dt 
m~l O 

onde Pm= m1t com m=l, 2, 3 ... e +1(t) e +2(t) são os fluxos de calor definidos a partir de curvas de 
ajuste que podem ser obtidas sobre os valores medidos com os transdutores de fluxo de calor 
aplicados nas superflcies da aJl1ostra (Guimarães, 1993). Observa-se que o valor de m para o 
truncamento das séries (m-+«) foi escolhido de fonna a se obter uma variação no cálculo da 
temperatura, Eq. (6), em qualquer tempo, inferior a 0.0 I K. Nesse caso, o valor usado foi m =600. 
Nesse sentido, o erro devido ao truncamento é bem inferior à própria incerteza de medição (0,25K) 
usada na simulação das temperaturas experimentais. não causando qualquer influência nos resultados. 

Tendo estabelecido a solução fonnal do problema direto dado pelas Eqs. ( 1-4), estima-se os 
parâmetros 'J... e a minimizando-se a função mínimos quadrados (Beck et ai.. 1990) definida a seguir 

" 1 
s = LL[Yj(i} -1j(i)j1 (6) 

, .. , j .. / 

onde Yj(i) são as temperaturas experimentais e Tj(i) as temperaturas calculadas através do modelo 
teórico nas superflcies da amostra. Os sub-lndices i e j representam, respectivamente, o instante 
discreto de medição e o número de sensores, no caso dois tennopares, aplicados às superflcies (x=O e 
x=L). Assim, os parâmetros À. e a são estimados para a obtenção da melhor concordância entre os 
valores das temperaturas medidas experimentalmente e aquelas obtidas através do modelo teórico. As 
equações de recorrência para as propriedades são obtidas através da minimização de Gauss da função 
S (Guimarães, 1993), ou seja, fazendo as primeiras derivadas de S em relação a cada parâmetro iguais 
a zero, como 
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11 2 

-2,0LLfY1(1J-1j(i)J x11 ( i ) =O 
l•l }•I 

11 2 

- 2,0 LÍ:fY)(i)- Tj(i) }Xj] {i) =0 
I· I )•I 

(7) 

(8) 

onde Xh (i) são os coeficientes de sensibilidade definidos pela primeira derivada da temperatura em 
relaça.o ao parâmetro estimado. O índice j representa a posição do sensor nas supertlcies frontal 
ü= J,x=()) e oposta U=2. x=L) e k o parâmetro a ser estimado).. (kw=l) ou a (k=2). Assim, Xjlc (i) 
podem ser definidos por 

e 

X ( . à7) 
] / 1) =­

ÕÀ 

e 

(9) 

( lO) 

( li ) 

(12) 

e representam um papel importante na técnica de estimaça.o de parâmetros. Observa-se que para o 
sucesso da estimação simultânea de À e a, é necessário que os coeficientes sejam linearmente 
independentes e. ainda. possuam os maiores valores possíveis (Beck et ai., 1990) . As equações de 
recorrência para os parâmetros À e a s4o bem conhecidas e podem ser encontradas nas referências de 
Becket ai (1990) ou Guimar!es (1993). 

Caracterização do Experimento através do Agrupamento (q x L )/À 
Salienta-se que este trabalho visa a otimizaçao dos parâmetros de projeto envolvidos na técnica 

de estimação de parâmetros. Nesse sentido, os dados experimentais sAo simulados numericamente, 
permitindo-se assim uma maior flexibilidade na análise de diferentes tipos de materiais e suas 
espessuras, além de considerável redução de custos. 

Os diversos tipos de materiais s!o simulados através da variação do agrupamento (+1.IA.), com 
os valores de À e a representativos de materiais isolantes (À< 0.5 W/mK), materiais semicondutores 
(0,5 W /mK < À. < 1 O W /m.K) e materiais condutores (lO W /mK < À) . A Tabela I apresenta os valores 
de À. e a usados na simulaça.o. 
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Tabela1 Valores de À. e a para Materiais Tlpic:os Usados na Simulaçlo 

Propriedade Material 

Nao Condutor Semicondutor Condutor 

À (W/mK] 0,4 5,0 70,0 

2,3x1<)"07 16,0x10.o7 16,0x10-45 

Observa-se ainda que as temperaturas experimentais }j(i) são simuladas numericamente 
usando-se as temperaturas teóricas e uma função erro aleatório, E j (i}. definidas por 

(13) 

cujos limites são -0,25 < e1ro < 0,25. Os limites máximos situam os erros aleatórios dentro da região 
de incerteza de medição de temperatura usru1do-se terrnopares adequados e calibrados (Guimarães, 
1993). Para o cálculo de Tj (i) na Eq. (5) os valores de ~ .. ~2 e )., são fixados para cada teste. A 
Tabela 2 apresenta esses paiâmetros. 

Tabela 2 Teste 1 • Partmetroa Estimados para Material nlo Condutor. 

a.= 1,0x 1o·07m2ts 2 
Valores Iniciais Fluxo de Calor Mb:irno ' 1(m'-l =200 W/m 

À= 0,1W/mK 

À a. X 107 L Erro[%) (qx L)/i.. Teste 

(W/mK) [m2/s) [mm) À I a [K] 

0,458 2,63 1,0 14,5 14,35 0.5 • 
0,4114 2,363 5,0 2,85 2,74 2,5 b 

0,406 2,331 10,0 1,5 1,35 5,0 c 

0,404 2,313 20,0 1,0 0,57 10,0 d 

NAo convergi\J NAo convergiu 40,0 20,0 • 

Observa-se que a técnica de estimação de parâmetros usada nesse trabalho necessita de um 
procedimento iterativo. Assim quando há sucesso na estimação os valores iniciais de À e a 
convergem a aqueles das propriedades da amostra investigada. Entretanto, como nesse trabalho os 
experimentos são simulados numericamente, os valores iniciais dos parâmetros devem, portanto, 
convergir aos valores de À e a fixados para cada amostra simulada (Tabela 2). Inicialmente os testes 
foram realizados f1xando-se o fluxo de calor imposto, + 1, e o tipo de material (não condutor). Assim, 
variou-se a espessura entre 5 mm e 50 mm para um material isolante tfpico (Teste I). O valor inicial 
de À e a para todas as simulações são apresentados nas Tabelas 2 - 4. 

A Figura 2 apresenta os perfiS de temperatura na superflcie frontal (.r-Q) para uma amostra nllo 
condutora. Observou-se que, para L supenores a 40 mm, as evoluções de temperatura nessa 
superflcie passam a ter o mesmo comportamento. 
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Fig. 2 Evoluçlo da Temperatura na Superflcle Frontal ao Aquecimento ·Amostra nlo Condutora. 

As Figuras 3-6 apresentam os coeficientes de sensibilidade para essa amostra variando-se os 
valores da espessura. (Teste 1 ). Observa-se, assim, que o melhor comportamento (coeficientes 
linearmente independentes) são para amostras de comprimento. L, iguais a lO e 20 mm (Figs. 5 e 6) 

80 t j - i. l l- 1 I l t I j J J j I ~ I • I j ~ j l t I I j J I .l l J l J - l . I '_ J..l l -t. ... U 
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rttJ'.@ 

Jii/~J 
.@''@" . 

...@'.@" ______ , ~ 

~ I L·lmm I r 
j - ~---®- -+- ~ 
-; ._,__;.,•':' "" X I I , t 

0 ~-(!" -· -H- X21 ! 

-80 

J 
j 
.J 

o 200 

_L'a- X12 

400 600 800 1000 

Tempo[s] 

Fig. 3 Coeficientes de Sensibilidade -Amostra nlo Condutora, L • 1 mm 
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Este comportamento se reflete no sucesso das estimativas apresentadas na Tabela 2. Os erros 
percentuais na estimação de À. e a são, nesses casos, iguais ou inferiores a 1,5%. Uma inspeça:o nas 
Figs. 3 e 7 pennite concluir que a dependência linear entre os coeficientes (Fig. 3) e seus baixos 
valores (Fig. 7) é a responsável pela falha na estimação apresentada na Tabela 2 . 

· 11 

... XII 
__._ Xll 

-8- X12 

lOO 400 600 100 I 000 
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Fig. 5 Coeficiente. de Sensibilidade · Amoatra nlo Conduton, L •10 mm. 
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Fig. 6 Coeftclentn de Senalbllldade • Amoatra nlo Conduton, L • 20 mm. 
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Todavia. mantendo-se constantes a intensidade de fluxo de calor imposto imposto (200W/m2
) e a 

espessura (L=IO mm), para materiais condutores e semicondutores, nenhum teste de estimação 
obteve sucesso. A principal razão, nesse caso, é a pequena diferença entre os perfis de temperatura 
entre as superflcies. (Figs. 8 e 9). Pode-se observar, também, o consequente comportamento linear 
nos coeficientes de sensibilidade (Figs. I O e li). 
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Fig. 7 Coeficientes de Sensibilidade -Amostra nlo Condutora, L"' <40 mm. 
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Fig. 8 Evoluçto da Temperatura naa Supetftc:IU Frontal e Oposta ao 
Aquecimento. Amostra Semlcondutora, L •10 mm. 

A solução de projeto para esses materiais passa por uma maior intensidade de fluxo de calor 
ou, alternativamente, uma menor espessura da amostra. A Tabela 3 apresenta as simulações para 
esses materiais com intensidades de fluxo de calor superiores a 200 W/m2

• 
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Observando-se as Tabelas I e 2 nota-se que as melhores estimativas de ), e a são encontradas 
para os valores de (q x L )!'A. situados entre 4 e I O. Ou seja, Teste I casos c e d, Teste 2 casos f, i, e j. 

Tabela 3 Teste 2- Materiais Condutores e nlo Condutores. 

Valores Iniciais a= 1,0 x 10 ..(J7m2ts Â. = 0,1W/mK 

À a (q>< L:V). (K) • 1<max) Erro(%) Amostra Testa 

(W/mK) [m2ts] W/m2 ·Ã I a 

5,08 16,26x10..(J7 4,0 2.000,0 1,6/1,62 Semk:ond. f 

Não convergiu NAo convergiu 40,0 20.000,0 Semi-cond. g 

91 ,65 20.0x1o-<>5 0,285 2.000,0 30,9/25 Condutora h 

71 ,69 16. 38x 1 o-<>5 2,8 20.000,0 2,41/2,34 Condutora 

70,8 16,18x1o-<>5 5,60 40.000,0 1,14/1,12 Condutora 

Esses resultados indicam que a espessura e a intensidade de fluxo de calor disponfveis sAo 
parâmetros extremamente importantes para um bom projeto de experimento e têm relaçllo direta com 
o tipo de material estudado. Nesse ponto. uma questAo ainda deve ser estudada: será. a forma da 
evolução do aquecimento imposto na amostra. uma variável importante de projeto? Tal questão ~ 
investigada na próxima seção. 

Forma Ideal do Fluxo de Calor Imposto 
Uma vez que a intensidade de aquecimento da amostra, bem como a espessura e tipo de material 

foram analisados, optou-se, nessa seçllo por fixar-se esses parâmetros. Esse procedimento, entretanto, 
não compromete a generalidade da análise, quanto à influência da forma do fluxo de calor na 
estimação. 

Assim, investigar-se-á a forma do fluxo de calor imposto numa amostra não conduto~ com 
propriedades térmicas e caracterlsticas geométricas definidas como 1 = 0,4 W/mK., a= 2,3 10 m2/s, 
espessura L= 50 mm e área 0.09 m2

• 

Cumpre-se observar que. para o estudo das formas das evoluções dos fluxos de calor, foram 
estabelecidos limites para o tempo máximo de medi~llo e intensidade máxima de aquecimento. Esses 
valores são aproximadamente de 2000 se 200 W/m , respectivamente. Esses limites são fixados com 
o objetivo de se obter uma melhor comparação entre os resultados. Além disso, tempos superiores a 
2000 s poderiam representar transientes muito longos e fluxos superiores acarretariam grandientes de 
temperatura excessivos, o que comprometeria a hipótese de propriedades t~rmicas constantes. A Fig. 
12 apresenta as diversas formas de aquecimento em estudo. 

Novamente, o êxito dos resultados obtidos ~ comparado segundo o critério de sucesso na 
estimação dos parâmetros. Assim, nesse caso, os parâmetros iniciais devem convergir aos parâmetros 
esperados (À= 0.4 W/mK e a= 2,3 l O~' m2/s ). Além disso, o número de iterações e a porcentagem 
de desvio entre as propriedades também devem ser analisadas. 

Apresenta-se na Tabela 4 uma análise do tempo de exposição ao fluxo de calor em relaçllo à 
estimaçllo de), e a, usando-se o fluxo imposto continuo com evoluçllo polinomial (Fig. 12, curva b). 
Observa-se que somente o uso de tempos de medição inferiores a I 000 s não garante a estlmaçllo dos 
parâmetros. Esses problemas se devem ao coeficientes de sensibilidade serem baixos e proporcionais. 
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Entretanto, como observado na Tabela 4, os parâmetros podem ser estimados na faixa de 1500 a 
2000s ou usando-se toda região de medição. Nora-se contudo, que o erro percentual na difusividade 
térmica, assim como a variação de temperatura máxima não são ideais. 
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Fig. 12 Fonna1 de Fluxo de CaiOf lmpoeto 

Na busca de melhores resulrados (menor erro e menor gradiente de temperatura}, a forma de 
fluxo de calor tipo degrau (Fig. 12, curva a) é investigada. Nota-se, nesse caso, uma maior faixa de 
medição com melhores resultados no desvio percentual dos parâmetros estimados. Porém a curva de 
fluxo de calor do tipo constante é de diflcil realização experimental. Observa-se que, devido às 
inércias térmicas da amostra e do elemento de aquecimento, as evoluções naturais do fluxo de calor, 
quando gerado por efeito Joule, adquirem a forma de evolução polinomial (Guimarães, 1993). 
Salienta-se ainda que o problema de gradientes térmicos excessivos, (~T > IOK), não foi 
solucionado. Toma-se, assim, necessário o estudo de formas de imposição de aquecimento que 
permitam a estimação dos parâmetros, sem comprometer, contudo, os nlveis de temperatura na 
amostra. A possibilidade de se usar aquecimento e desaquecimento surje então, naturalmente, como 
uma boa opção. Como já analisado anteriormente, a alternativa de diminuição da intensidade de fluxo 
de calor acarretaria menores coeficientes de sensibilidade e, consequentemente, insucesso da 
estimação. 

Tabela 4 Estimação de Parlmetros para Fluxo de Calor Contínuo -
Evolução Polinomial (51 ordem) - Curva b 

Valores Iniciais 

Tempo de MediçAo 
[s] 

o - 300 

300 - 1000 

600 1000 

1000. 2000 

1500- 2000 

o -2000 

À 

[W/mK) 

0,27 

0,27 

0,39 

0,39 

a = 1,0 x 1 O -07 m2/s 

Erro( À.) 
(%) 

32,5 

32,5 

2.5 

2,5 

a x21007 

(m /s] 

0,99 

1,01 

2,14 

2,10 

À= 0,1W/mK 

Erro( a) 
[%) 

56,9 

52,2 

7,0 

8,7 

~Tmáx 
(K) 

11,56 

11,46 
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Investigou-se diferentes evoluções de fluxo de calor que poderiam ser obtidas a partir de 
procedimentos do tipo liga/desliga em um elemento de aquecimento baseado em efeito Joule. Todas 
as curvas simuladas foram construldas a partir dos limites extremos de tempo, que são indicados nas 
Tabelas 6 e 7. Inicialmente uma evolução parabólica perfeita foi simulada (curva tipo c). 
Posterionnente, buscando-se evoluções mais realistas que poderiam ser obtidas experimentalmente, 
simulou-se as curvas tipo c e e, mostradas nas Figs. 13 e 14. 

Pode ser visto na Tabela 6 que as curvas do tipo c, da Flg. 12 apresentam ótimos resultados para a 
estimação de À. e a., uma vez que os desvios percentuais são inferiores à 3% ( com excessllo da faixa 
0-800s). Também o gradiente máximo de temperatura na amostra situa-se entre os limites desejáveis 
(inferiores a 8,3 K). Todavia, essa curva é de diflcil execução experimental. Nesse aspecto, as curvas 
apresentadas na Fig. 13 representam um avanço. 

Tabela 5 Estimação de Parêmetros para Fluxo de Calor 
Constante (Fig. 1 - Curva a) 

Valores Iniciais o.= 1,0 x 10 ..{)7m2/s À = 0,05 W/mK 

Tempo de Medlçao ÔT máx na 
Usados na À Erro(À) a x 10°7 Erro( o.) Amostra 
Estimaçao (.W/mK) (%] [m2/s) (%) [K] 

[s] 

o . 300 0,195 51,3 8 ,09 64,8 

o . 500 0,194 51,5 8,09 64,8 

o • 1000 0,213 46,8 0,91 60,6 

o • 1500 0,401 0,25 2,32 0,87 10,48 

o -2000 0,401 0,25 2,31 0,44 12,08 

Observa-se, nesse sentido, que as evoluções apresentadas pelas curvas tipo c e d tem 
características experimentais que podem ser obtidas ao se desligar o aquecimento e medir-se a 
evolução total do fluxo. Nesse caso, toma-se imprecindfvel o uso de trasdutores de fluxo de calor. 

Tabela 6 Simulaçlo da Estlmaçlo de Parlmetros para Fluxo de Calor, 
Evoluçlo Polinomial (21 ordem -Curva tipo c) 

Valores Iniciais o.= 1,0 x 10-07 m2ts À" 0,05W/mK 

Tempos limites p/ À Erro(X) a x 10°1 Erro( o.) ÔTmáx 
Polin. 2• Ordem. (_W/mK) [%] (m2/s) (%] [K] 

(s] 

o-soo 0.378 5.50 2.06 10.4 3.3 

0-1000 0.395 1.25 2.2.4 2.61 4.9 

0-1500 0 .401 0.25 2.302 0 .09 7.13 

0-2000 0.398 0.50 2.31 0.44 8.30 
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Pode-se ainda, a partir dessas curvas, obter uma otirnização dos tempos ideais de aquecimento, 
considerando-se os desvios percentuais de À e a, e o limite de 6K para o gradiente de temperatura na 
amostra. A Tabela 7 apresenta essa análise. 

Tabela 7 Simulação de Estimação de Partmetros para Fluxo de Calor -
Evolução Polinomial 51 ordem.- Curvas tipo de e 

Valores Iniciais a= 1 ,O X 10"07 m2ts À.= 0,1W/m K 

Tempos de Tipo de À. Erro(>..) Cl X 10°7 Erro( a) O&T máx 

Medição Curva [W/mK] [%] [m2ts] [%] (K] 

' s 

0-2000 d 0,401 0,2 2,315 0 ,65 7,74 

0-2500 e 0,401 0,2 2,312 0,52 5,71 

As Figuras I 4 e 15 apresentam os coeficientes de sensibilidade calculados a partir das curvas b 
(Fig. 12, faixa de O a 300 s) e e (Fig. 13, faixa de O a 2000 s). Pode-se assim. observar a dependência 
e a indepedência linear dos coeficientes, respectivamente, no pior caso (curva a- Tabela 4: O a 300s) 
e melhor (curva e- Tabela 6: O a 2500s). 

Uma observação quanto ao uso de forma de fluxo de calor do tipo liga desliga é a conveniência 
de se trabalhar com baixos gradientes de temperatura na amostra. Isso só é possivel quando se usa 
pelo menos dois sensores de temperatura (um em cada superflcie). Dessa forma, enquanto a 
temperatura da face frontal cai, com o cessar do aquecimento, acarretando queda no coeficiente de 
sensibilidade, a temperatura da face oposta ainda sofre os efeitos do aquecimento, contribuindo com 
o seu aumento a uma boa informação (via coeficiente de sensibilidade) para a estimação de 
parâmetros. Isto pode ser visto nas Figs. 15 e 16 que mostram a evolução de temperatura para as 
superflcies frontal e oposta, com um fluxo de calor imposto do tipo liga/desliga (Curva e). 

Observa-se ainda, a partir da Fig. 15, que o uso de tempos superiores a 2000 s no caso de 
imposição de fluxo de calor com dcsaquecimento pode ser interessante. Esse fato se deve ao aumento 
da temperatura na face oposta poder contribuir para uma boa estimação, enquanto a temperatura 
máxima ocorrida na amostra não se altera (ver Tabela 7 para tempos de medição de O a 2500 s). 
Todavia, observa-se da Fig. 15 que os valores dos coeficientes de sensibilidade relativos à face 
oposta tendem a diminuir seus valores, o que não representa contribuição à estimação. Isso indica que 
tempos superiores à 2500s não trariam nenhum ganho ao processo. Salienta-se ainda que 5 iterações 
foram necessárias na grande maioria das simulações. Esse número só aumentava nos casos de 
i:tsucesso da estimativa dos parâmetros. Por essa razão o número de iterações não foi considerado na 
análise de otimização. 
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Conclusões 

Observa-se que a obtenção simui!Anea das propriedades térmicas À e a através do método 
proposto é bastante sensível às variáveis de projeto +1, L e do tipo de material a ser investigado. Uma 
primeira investigação nos perfis de temperatura e fluxo de calor imposto é imprescindlvel para uma 
boa estimação desses parâmetros. O fluxo de calor imposto e a espessura da amostra, nesse caso, só 
devem ser definidos a partir de testes experimentais ou simulações numéricas desses experimentos. 

Como foi observado, além da geometria c tipo de material a ser investigado, a forma do fluxo de 
calor imposto que estabelece o problema térmico é também extremamente importante. Se ainda se 
deseja estabelecer como limites uma boa precisão nos parâmetros a serem estimados (erros 
percentuais inferiores a 3%) e a representatividade das propriedades a uma determinada temperatura 
(variação de temperatura máxima na amostra inferior a 6 K) pode-se concluir que tipos de evolução 
como aquecimento e desaquecimento são as formas mais indicadas para a estimaçào simultânea de 
propriedades térmicas como a condutividade e difusividade térmica. 
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Abstract 
Computational methods for detennining natural frequencies aod to study buckling and dynamic instability of 
turbomachinery blades and airfoils are presented here. A beam element with four degrces of freedom per node 
together with subspace interation method are used to calculate frequencies and vibration modes. Stability due to 
non conservative forces is analyzed using a bearn element with six degrees of freedom per node and the QZ 
method is employed to compute eigenvalues. 
Keywor-ds: Turbomachinery Blades and Airfoils, Vibration Analysis, Dynarnic lnstability, Finite Elements. 

lntroduction 
Three decades ago research envolving dynarnic analysis ofblades was carried out using analytical 

tools based on beam theory. 

Recent advances in technology has led to more complex blade geometries and consequently it has 
become nccessary to use modem numerical techniques to accomplish the corresponding structural 
analysis ta.king advantage ofthe simultancous evolution in computer architecture. 

Because of its versatility, lhe Finite Element Method (FEM) is a natural choice for carrying out 
lhe dynarnic analysis and the structural design of turbomachinery blades and airfoils. Both shell 
theory and beam theory may be used to analyze such blades and airfoils (Leissa and Ewing, 1983). ln 
spite of accuracy problems arising in the analysis of blades and airfoils having large aspect ratio, the 
thick bearn model is adopted in this work because of its simplicity and because this model requires 
less degrees of freedom that would be the case if shell theory was employed. 

The computation of natural frequencies is a fundamental stage in turbomachinery design in order 
to avoid resonance caused by excitation frequencies, such as e lectrical network frequencies, 
frequencies of rotation, etc. (Abbas, 1979; Kadarag, 1984.a; Kadarag, 1984.b; Subrahmayam and 
Kaza, 1985). Cracking dueto fatigue may be also caused by vibrations. 

Ln addition it is very important to analyze turbomachinery blades or airfoils operating under 
generalized non conservative loads (such as generalized follower and aerodynamic forces). For this 
case a bearn model is employed here to study buckling loads due to generalized follower forces and 
to determine the flutter velocity due to aerodynarnic forces. (See also Bendiksen and Friedmann, 
1982; Chen and Chen, 1989; Chen and Ku, 1991; Sivanieri and Chopra., 1981 ). 

Frequencies and Vibration ~odes 
Natural frequencies and vibration modes are obtained using a Timoshen.ko bearn element with the 

following characteristics: (a) effects of rotation are taken into account (as natural frequencies of 
rotating blades are higher than natural frequencies of non rotating blades); (b) ali gcometric and 
natural boundary oonditions are represented; (c) a flexible root at the blade-disc interface may be 
considered. The element is shown in Fig. I. 

Manuscripl recelved: March 1996. Technlcal Editor: Agenor Toledo Fleury 
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\jl l 

IVI+I 

Fig. 1 Bftm E.lement 

The generalized dimensionless coordinates for each node are: the total detlection IV. the to tal 
slope ljl', the bending slope • and the first derivative of the bending slope ••. Therefore, each element 
has four <legrees of freedom per node. 

The strain energy U and the kinctic energy T of lhe i-th rotating thick element of length 'J', as 
indicated in Figs. 2 and 3, are given by 

'A 2 'A 1 I I E/ ~ I diV I 1 J 1 > 
V = -- -) dr!+-k.AGI -- • ) drJ+ - pAO I cos Pf'V"dr! 

21 dr] 2 dr] z 
o o o 

(I) 

--Nomenclature 
A= cross sectlonal s.. • mass moment per P 1 = rotational flexibility 

a~a of the blade unlt s~n ~bout x- (dimensionless) 
(m) axls ( m /m) S = ratio of disc radius 

E = modulus of T = kinetic energy (Nm) to length of blade 
elasticity (N/ m2

) u = straln energy (Nm) (dlmensionless} 
G = modu~us of rigidity v= ftuld velocity (mls) , = dlmensionless 

(N/m) b = semlchord length of coordinate 
I = seCQnd moment of blade (m) a = twist an~le about x-

area of cro.~:s c = dlstance between axis (ra lans) 
sectlon (m ) aerod~namic center p ,. specific mass of~ 

I.. = mass moment of and e astic axis (m) the blade (Kgtm 
inertla per unit span k = shear roefficient p =specific m~ss 
abou~x-axis (dimensionless) of~he air (Kg/m ) 
(Kgm /m) I = element length (m) • = bending slope 

J = geometric property j} = stagger angle (dimensionless) 
of ~oss section (radians) IV = deflection 
(m) 

PJ = translational (dimensionless) 
L length of blade (m) nexlbillty m = circular frequency 

RD = disc radius (m} (dimensionless) (radiansfs) 
o= disc rotation (rpm) 
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I I 

T=~pA/3 J\IÍ 1drt+~pll s~ 1dTJ (2) 

o o 

where 'V is the dimensionless total deflection, + is the bending slope, p is the stagger angle, TJ is the 
dimensionless coordinate (x/1), p is the specific mass, !l is the disc rotational speed, S is RD/1 (with 
RD being the disc radius), I is the element length, k is the shear coefficient, x is the longitudinal 
coordinate, E is the modulus of elasticity, G is the modulus of rigidity, A is the cross sectional area 
and I is the second moment of area of cross section. 

The dots above the symbols 'V and + in T indicate time derivatives. 

Fig. 2 Bted• Etement 

' 
I 'V 

'V 

Fig. 3 Dlac and Rotltlng Blad• 
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Using cubic polynomial expansions , ljl and + may be written as follows: 

J 

ljl ~ í:a;'ll; 
i=O 

(3) 

Substituting (3) into (I) and (2), and replacing ai and bi by the nodal coordinates, one obtains 

(4) 

and 

(5) 

33 

where [K] and [M] are the symmetric stiffness and mass matrices respectively, and are given 
explicit(y in Appendix I (see also Abbas,l979). 

Vector {Ç} has the following components 

Applying the Lagrange principie, the dynamic equilibrium equation is given by 

ôU + !!_(ô~) = {Q} 
ôÇ dt ôÇ 

(6) 

where {Q} is the vector of generalize<! forces corresponding to the vector of generalize<! 
displacements {Ç}. Assuming harmonic motion with a cyclic frequency, and substituting U and T in 
(6) by (4) and (5) one obtains 

{r KJ- 'A.f M J}{ç }={o} 

where 

pAJ4 
À=­

EI 

is the element frequency parameter, {Ç) the vibration mode and 'p' the natural frequency. 

(7) 

(8) 

Equation (7), after assembling and prescribing boundary conditions, is a classical eigenvalue 
problem and may be solved using a subspace iteration algorithm (Bathe, 1982). 
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At Lhe top ofthe blade (free end) Lhe bending moment and the shear force are zero, leading to the 
following boundary conditions: 

w'=O and w·~ =0 (9) 

At the bottom (disc-blade interface) the prescribed boundary conditions are 

~+~=0 and 41 =0 ( l O) 

Equation (lO) is applied in the case where the disc is very rigid with respect to the blade. For a 
11exible disc, the corresponding boundary conditions may be written as 

(li) 

(12) 

where 

(13) 

is the translational tlexibility parameter (with k1 being the translational stiffness) and 

(14) 

is the rotational Oexibility pararneter (with k2 being the rotational stiffness). 

Values of k2 may be found in McBrain and Genin (1973). lt is not easy to find values for k1 in 
the hterature. but fortunately P1 influences only higher modes. 

When boundary conditions involve linear relations of different degrees of freedom, as is the case 
of 1-:qs. (li) and ( 12), the method of generalized restrictions may be used. ln matrix form it can be 
expressed as follows: 

( 15) 

wh.:re { lJ
8

} has been partitionned in two vectors: {U.} containing 'n' independent degrees of 

freedom and {Ud} containing 'd' dependent degrees offreedom. 

Solving {15) for { Ud) . one obtains 



A. Miguel Awruch et ai.: Vibratlon and Oynamic lnatability Analysia of ... 35 

( 16) 

Defining the linear transfonnation 

(17) 

where ll .. l is the identity matrix of order 'n', it is possible to define the stiffness matrix with respect 
to the 'n' non dependent degrees of freedom with 

( 18) 

lt may be observed that the stiffness matrix [K11) (including dependent and non dependent 
degrees offreedom) was partitionned as 

A similar reduction process may be used for the mass matrix. 

Turbomachinery Blades and Airfolls Subject to non Conservative 
Loads 

Stability analysis of elastic systems subject to non-conservative loads, sucb as follower and 
aerodynarnic forces is very important in modem turbomachinery design. Severa! types of non­
conservative stability problems for structural components are given in Bolotin ( 1963 ). 

Forces are characterized as non-conservat.ive when the work developed by them is path 
dependent and there is not any potential in such a way that its variation can be carried out in order to 
obtain the virtual work oftbe applied forces. 

Non-conservative forces which are not explicitly dependent of time may be classified as either 
circulatory forces (or velocity independent) or dissipative forces (or velocity dependent). 
Aerodynarnic forces are ofthe first kind, while follower forces are of the second kind. 

When instability occurs such that an adjacent equilibrium configuration exists, a divergence or 
bifurcation problem is characterized. lf on the other hand the instability oocurs by oscillations with 
increasing amplitudes. the problem is one of dynarnic instability or fluner. 

Stabili ty of non-conservative systems may be analysed numerically using either the transfer 
matrix or the finite element method. Although the first method requires less computer memory, the 
other one allows for lhe systematic fonnulation of more complex problems and produces more 
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reliable results. A characteristic of non-conservative forces is that they lead to non self adjoint 
systems and consequently the tinite element fonnulation lead to non-symmetric matrices. 

Thc finite element uscd to analyze bladcs and airfoils under non-conservative forces are similar to 
that used in the previous section, but the twist angle and its derivative are addcd as new unknowns at 
each node. 

The strain and the kinetic energy are given respectively by 

I 1 

. I GJ f(~) U = equatzon (I)+ 2 -
1
- a'l1 d11 

o 
(20) 

I I 

T=equation(I)+S.x/
2 Jw é df1+~1,t Jo 1d11 (21) 

o (/ 

whcrc J is the geomeLric property of cross section, S, is the mass moment per unit span about x-axis, 
S, is Lhe mass moment of inertia per unit span about x-axis, El is the twist angle about x-axis and x is 
the longitudinal axis. 

The conservative work W' and non-conservaLive work due Lo a follower moment M and unifonn 
ai r velocity V, õ W2 N and W1 N , in a thick rotating blade elemcnt are given, respectively. by 

(22) 

o W /=MEl (L)ôlji'(L) (23) 

I I 

w/''=t
2 

J LF1Vdf1+l J PM9 d'l (24) 

o o 

where LF is the lifting force aJJd PM is Lhe pitching moment. 

l .F and PM are given, for an incompressible nuid, by (Canergie. 1959) 

(25) 

(26) 
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where p 0 is the air density, b is the semichord lengtb of blade and c is the distance between 

aerodynamic center and elastic axis. Warping effects are not considered. 

Employing cubic polynomial expansions for ljl, + and 9 in a similar form as in expression (3), and 
using 1-lamilton's principie, we get the following expression. 

{MJ{f.J-[N/ j[Çj+[Fj{C,}=-{0} (27) 

with 

[F]=[Kj-[NC )-{N1N )-[Nz'~") (28) 

and where [M], [K] are the syrnmetric mass and stiffness matrices respectively; (N2NJ and J~{l are 
the non symmetric matrices due to follower moment and aerodynamic forces respectively; [N-) is the 
symmetric geometric matrix due to conservativo forces. Ali matrices are expressed explicitly in 
Appendix 11 (See also Chen and Chen, 1988). 

The unknown vector{!;} has the following components for the i-th element with end nodes 'i' and 
(i+ 1): 

Equation (27) may also be written in a compact fonn as 

[E] {ti}- [A) { q} = {0} (29) 

where 

{q}={{ÇJ}. [E}=[-{N/] [M]] . {AJ=[-[F} {0/] 
{Ç} ' [M] {O) ' {O) {M] 

Taking {q} = { q} elil1 and replacing this expression in (29), one obtains 

([A 1- {1) I E j) { q} = {O} (30) 

Expression (30) is., after assembling and prescribing boundary conditions, an eigenvalue probtem 
involving non-symmetric matrices. Boundary conditions are applied as in the previous section, but 
including for this case prescribed values for 9 and 9 '. 

The QZ method (Moler and Stewart, 1973 and Ward, 1973) was used to solve (30). The 
computational procedure to solve the dynamic instability problem is shown in Fig. 4 . 
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Examples 

l 
REAL 
ANO 

POSITIVE 

Vibratíon of Rotating Blades 
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CALCULA TE ELEMENT MATRICES, I 
ASSEMBLE ANO PRESCRIBE BOUNOARY 
CONOITlONS TO (A) ANO [E) GIVEN lN (30) 

. c= l -.-
l C~ TE EIGENVALUE . 

/c - , _,.., ......_ I 

--</ .,....__._~OMPLEX I 
·---.~~ENVAL;'_>..--- CONJUGATE ·r_ -

REALAND I 
NEGATIVE 

Fig. 4 Flowchlrt 

ln Table I, results for natural frequencics of a blade, with properties given below, are presented: 

L= 203.2 mm A = 232.272 mm1 I= {002.28 mm4 

J = 3523.2 mm" k = 0.8334 

E = 2.0685 x JOII N I ml G = 9.o252 x JOIO N I ml p=7830 kg/ m3 

RD = 152.4 mm n = 3500rpm 
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Table 1 Natural Frequencies 

Number of Elements Natural Frequencies (Hz) 

Mode 1 Mode2 Mode3 

172.45 

2 175.70 951 .44 

3 171 .31 943.37 2560.50 

4 168.42 936.33 2547.74 

5 166.45 932.83 2533.63 

10 162.02 926.22 2521 .31 

15 160.38 923.93 2519.25 

Ln Table 2, a comparative analysis with results obtained by Kadarag ( 1984) is given. 

Table 2 Comparatlve Analysls 

Number of Elements Natural Frequencies (Hz) 

Thin blade,7 elements 
(Kadarag, 1984.a) 

Thick blade, 7 elements 
(Kadarag, 1984.a) 

Experimental results 

Present model, 15 elements 

Mode 1 

170.17 

169.97 

165.00 

160.38 

Mode2 

928.31 

922.35 

914.00 

923.93 

Mode3 

2552.49 

2512.64 

2475.00 

2519.25 
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The influence on natural frequencies of rotation n translational and rotational flexibility, 
including the combined effects of 13 1 and 13 1 are shown in Figs. 5 to 8. lf- -. . ~---··:..A ___ .---0.99 - . 4- --- fo.~ 1---- - 4 -- -_-J"_,-·-=--~- - - ' 

098 
, , à>--- -y I I 

. ~-~-pr--~-e---- -=--,.·--- 1 - • -- -, 

0.'17 . - - -'- - . - ' ~ - - - - ! - - - - -
I t I t 

0.96 - - - -•- - - • '- - - • - /" '- - --
0.95 1 -:. ---.: ----~ ---- ~ --: --~ -
~:: . _ ~- -:---- =·~:: _ ~ ~:: :J-o-' Mxlet I I I / : -
0.92 --- - ·-- -·-. -. .?'~ - ' --- -tl- Mn\2 
0.91 --. ~----~-~- -: - --. --. -&- M:ó:3 
0.9 - ' ' --,--

o 
~ ~ ~ ~ ~ ~ ~ 

Rotarion (RPM) 

Fig. 5 tnftuanca of RotaUon on Natuntl Frequancl" (RotaüonxNatural 
Frequenclea/Natuntl Frequanelea wtth 3500 RPM) 
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1.000 ' --lt::::-"---\1 --. 9 9 9 ~ -Q.= J • -- ..:;t...:_ A fil---1?- I I I 

0.995 - -- -:- - : -:-::--~- .- ~-:-::+:-=-~~~-----~ --
0990 

: • : : -~: : : "-Fk.. __ 

0985 r -~ g :: ~-- ::::-""~ -::: :::-
0.980 _j_ - - _, - l . --:_ ---·- -- . . -· :_ . --1 

0.975 f~~---1-- --1 ·--·---- i • I 

0.970 t-- ~ --l-- -1-----4 --'--+------4 

~ o 2 d d QO 

o 
V alue of Translational Flexibility 

Fig. 6 lnftuenc:e of Tranalatlonal Flexlblllty on Natural Frequencles 
(1~, >< Natural FrequenclH/Natural Frequenclea for ~~ • ~~ • O ) 

01.0095 r----~~~ -; : : : : ; . 
0
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1 '-&

1
.,~:-:-a---e- : :. __ _ 

0.75 +- -9- Mxle I __ -~, , -_~::~.:-:-f!J 
I I .. 'ti}.. I I J 
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~ o ~ 6 d 6 ~ 6 ó ~ ~ 

V alue of Rocatíonal Flexibility 

Fig. 7 lnftuenc:e of Rot.tlonal Flexlblllty on Natural Frequenclu 
( ~. " N1tural FrequenciHINatural Frequenctes for~. • ~. • O ) 
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V alues of Translational and Rotational Flexibilities 

Fig. a Comblned Effecta of !}, 1nd ~. on Natural Frequenclel ( p, 1nd 1}1 x 
Nltural FrequenciHINatural Frequencles for 1 Cllmped 8Hm, wlth ~. • ~~) 
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From this example it can be concluded that: (a) rotation has an important influence on lower 
modes;, (b) 13 1 has more influence in higher modes; (c) 13 2 influences mainly lower modes; (d) 
results are in good agreement with those obtained by Kadarag ( 1984, a). 

Beam Subjected to a Follower Moment 
A beam of O.Oim width and O.lm beight is subjected to a foUower moment M. The properties 

are: 

k=/.2 

G= 9.025xJOI0Nfm1 

E= 2.060x f011 N I ml 

p=7830 Kg I m3 

Bolo tio ( 1963) gives an exact solution for the criticai moment 

which in this case is 32994 Nm. 

lo Table 3 results for different meshes are shown together with the relative computer times. 

Table 3 Reaults for a Beam Subject to a Follower Moment. 

Number of Elements Follower Moment Comparísons of Computar Process Time For 

Each lteration 

2 38970 1.0 
3 37610 3.0 
4 37060 6.5 
5 36780 12.0 
6 36610 20.0 
7 36500 32.5 
8 36410 45.0 

Comparisons of computer process time in Table 3 were made taking as reference the case in 
wbích two elements were used. 

lt can be seen that reasonable results were obtained. 

Flutter Velocity Analysis for an Airfoil 
The airfoil of the airplane "Spirit of St. Louis" used by Charles Lindbergh to cross the Atlantic 

Ocean is taken as an example. The airfoil properties are (Belvins, 1990): 
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lc =0.85 L "' 6.4m J = 1.5 x /0-J m4 

G= 3Jxi09 N f m1 ~=O" Pa =12 Kg/ m3 

E a 9.6xJ09Nf m1 A = 0.4398m1 b = 1.65 m 

p = 22.96Kg/ mJ I = 0.030Jm4 c= 0.254 m 

RD =O m Ix = 452Kgm1 f m 

O =O rpm Sx = 2.09 Kgrn/ m 

ln lhe Table 4 results for a flutter velocity and the relative CPU time for each iteration are shown. 

The result given by Belvins (1990) for the flutter velocity is 19 m/s, that is close to the values 
obtained here. Differences may be caused by approximate calculations of some properties that were 
not specified in Belvin's book. 

Table 4 Flutter Veloclty Calculatlona for .m Alrfoll 

NOof Flutter Veloclty (mls) Comparisons of Computer Process, 
Elements rtme for Each lteration 

2 18.0 1.00 
3 17.9 2.92 

4 17.9 6.17 
5 17.9 11 .83 

Comparisons of computer process time in Table 3 were made taking as reference the case in 
which two elemcnts were used. 

Conclusions 

Promissing results were obtaincd for frequencies and modes of rotating blades. The sarne may be 
concluded with respect to the analysis of beams and airfoils subjected to non conservative loads, but 
more woric is necessary. More sophysticated models and lhe presence of cracks and warping could bc 
studied. 

The model such as presented in this paper requires some improvements in the eigenvalue 
subroutine for dynamic instability analysis. and the large amount of input data required to analyze 
stability problems may be a source of errors. ln spite of these drawbacks, a practical and simple 
method to analyze vibration and problems envolving dynamic instability of turbomachinery blades 
and airfoils was lmplemented. 
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Appendix I 
Mass and stiffness matrices to determine natural frequencies and vibration modes of thick 

rotating blades. 

/56 o 22 o 54 o -13 o 
/56 R o 12R o 54 R o -/JR 

4 o 13 o -3 o 
I 4R o /JR o -JR 

(M]=-
156 o -22 o no 

/56 R o -12R 

4 o 
4R 

K(J,I) l/OS K( 1.3) 41S K(/.5) llOS K(/,7) -41S 

156S+ 504 -42S 21S + 41 -110S 54S+ 504 42S -13S+ 41 

K(J.J) o K(3.5) 42S K(3.7) -7S 

I 4S+56 -42S /JS- 41 7S -JS- 14 
(K)=-

K(5 ,5) -2/0S K(5,7) 42S 420 

156S + 504 - 42S -12S-41 

K(7,7) o 
4S+ 56 
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K(/,1) = 504S +/80S/- 156S2 + 252S3 +504S4 

K(/,3) = 42S + 6SJ - 22S2 + OS3 + 42S4 

K(/,5) = -504S- I 80S/ - 54S2 - 252S3- 504S4 

K(/,7)= 42S + 27SJ + 13S2 + 43S3 + 42S4 

K(3,3) = 56S + USJ - 4S2 + 42S3 + 56S4 

K(3,5) = -42S - 6SJ - 13S2 + OS3 - 42S4 

K(3,7) = -/4S- 4Sl + 3S2 - 7S3 - /4S4 

K(5,5) = 504S +/80S/· 156S2 + 256S3 + 504S4 

K(5, 7) = -42S - 27Sl + 22S2 • 42S3 - 42S4 

K(7, 7) ,; 56S + I OS/ - 4S2 + /4S3 + 56S4 

where 

I R=­
AI2 

S3= SJ[ô +(i-1)) 
1-1 

S4=LSI[ô+(i-l)+l/2]; ô=RD/, 
K~l 

Remark: [M] and [K) are symmetric matrices. 

Appendix 11 
Matrices for stability problem of blades subjected to non-conservative loads. 

Jj6 o -1 J6RI 2] o -22R/ H o -Jnt/ -/3 
/HR o o 22R o o HR o o 

/56R1 -22RJ o 22R1 -j4RJ o j./RJ /JR/ 
:t o -4R/ 13 o -/JR/ -J 

.fR o o /JR o o 
I .ofR1 -J3RJ o /3R2 JR/ [M)=->< Jj6 o -/56 R/ -22 420 

/J6R o o 
/J6R2 22RI 

4 

o /3RJ 
-/JR o 

o -13R2 
o 3R/ 

-JR o 
o -3R2 
o 22RI 

-22R o 
o -22R2 
o --IR/ 
4R o 

.ofR2 
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K(/,1) 1/0S o K(/,4} 42S o K(/.7} 1105 o K(I.IO) - 41S o 
IJ6S+J04 n - 41S 12S+ 41 o - 1/0S J4S-JO-/ o ns - 13S +41 o 

JO-ISJ o o 41SJ o o - JO-ISJ o o 42SJ 
K(-1,1) n o K(4.') 41S o 1<(4.10) - 75 o 

4S+J6 o - 41S IJS-41 o 7S - 1S- U o 
(K)• ~• JdSJ o o -41SJ o o - USJ 

.110 K(7,1) -1/0S o K{?.IO) 42S o 
IJ6S+J04 o -41S - 11S - 41 o 

J04SJ o o ~1SJ 

K(/0.10) o o 
4S• J6 o 

J6SJ 

o o -JO.fiY I o o -41WI o o 504WI o o -41W/ 

o o o o o o o o o o o 
o -461WI o o J04WJ o o -41W/ o o 

o o -J6W/ o o 41WI o o UWI 

o o o o o o o o 

r(" J= 4;0 
o 42WJ o o f.IW/ o o 

o o -J40W/ o o 4]WI 

o o o o o 
o 461WI u o 

o o -J6WI 

o o 
o 

Remark: [Ml • [K] and (N") are symrnetric matrices. 

-/56W2 o o -22W2 o o -54W2 o o /3W2 o o 
o o o o o o o o o o o o 

156W3 o o 22WJ o o UWJ o o -JJWJ o o 
-22W2 o o -4W2 o o -/JW2 o o JW2 o o 

o o o o o o o o o o o o 

(tví" )= 22W3 o o 4W3 () o IJWJ o o -3W3 o o 
-54W2 o o -13W2 o o -156W2 o o 22W2 o o 

o o o o o o o o o o o o 
54WJ o o /3W3 o o 156WJ o o - 11WJ o o 
/3W2 o o 3W1 o o 21W1 o o -4W2 o o 

o () o o o o o o o o o o 
-JJWJ o o -3W3 o o -22W3 o o 4W3 o o 

9( L) w'(L) +'(L) 8'( L) 
o o o o o 

[Nf ]= 4~0 o 
o o o o 

420WJ o o o 
o o o o 

o o o o o 
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o o 156W4 o o 22W4 o o 
o o o o o o o o 
o o -/56W5 o o - 22W5 o o 
o o 22W4 o o 4W4 o o 
o o o o o o o o 

[Nr J]= o o -22W5 o o - 4W5 o o 
o o 54W4 o o 13W4 o o 
o o o o o o o o 
o o -54W5 o o - J3W5 o o 
o o -13W4 o o - 3W4 o o 
o o o o o o o o 
o o 13W5 o o 3W5 o o 

where 

K(/.1) ,., 504S- 72SI- 156S2 • 252S3 + 504S4 

K( I, 4) 42S- 15Sl - 22S2- 43S3 + 42S4 

K(l, 7) = -504S + 72SI - 5452 + 25253. 50454 

K(l , /0) ~ 42S+ 6S!+ 13S2+ OS3+ 42S4 

K(4.4J 56S- 4SI- 4S2- 14S3+ 56S4 

K(4, 7) -42S + /5SI • 13S2 + 42S3 • 42S4 

K(4,10) = -14S+ 3SJ + 3S2+ 7S3- 14S4 

K(7, 7) 504S- 72SJ- 156S2 - 252.$'3 + 504S4 

K(7. /O) -42S- 6SI + 22S2 + OS3 + 504S4 

K(JO, lO) = 56S- 18S I - 4S2- 42S3 + 56S4 

S/=(pAI") 01 ; 
EI 

RI= Sx/pAI; 

S2 = Slcos1 13: R2 = lx/pAI" : 

S3=SI[o+(i-l)]: 

54W4 o o -13W4 
o o o o 

-54W5 o o J3W5 
/3W4 o o -3W4 

o o o o 
-13W5 o o 3W5 
156W4 o o - 22W4 

o o o o 
-156W5 o o 22W5 
-22W4 o o 4W4 

o o o o 
22W5 o o - 4W5 
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S3 c S/[õ + (i- i)] ; 

1- / 

S4 = IsJ[o+(i-IJ+l/21 
K • l 

S5 = GJ I El ; 

Sr = E!/ pA.t1 
: 

RD 
Õ=- · i . 



RBCM • J. of the Braz. Soe. Mechlnleal Sdenc" 
Vol XIX- No. 1- 1PP7- pp. 48-61 

ISSN 0100-7386 
Pr1nled in Brazil 

Análise Plástica da Flexão-Torção em Peças 
de Hastes de Paredes Delgadas com Seção 
Aberta 
Plastic Ana/ysis of Bending-Torsion of Thin-Walled 
Beams 

Emll de Souza Sánchez. Filho 
Universidade Federal de Juiz de Fora 
Faculdade de Engenharia 
Departamento de Estruturas 
36036-330 Juiz de Fora, MG Brasil 

A.batract 
This paper presents the basic expressions of lhe Plasticity Theory which allow lhe formulation of lhe bending­
torsion ln the plastic regime for which the equilibrium equations are deduced, showing lhe change of position of 
lhe shear center in the plastic section. The combined forces in tbe section are also presented. 
Krywords: Plasúc Analysis, Bending-Torsion. Thin-Walled Beams. 

Resumo 
Este trabalho apresenta as expressões básicas da Teoria da Plasticidade que permitem a formulaçlo da l:lexo­
torçAo em regime plástico. para o qual são deduzidas as equações de equillbrio, mostrando-se a variaçlo da 
posiçlo do centro de cisalhamento da seçao plastíficada. A interaçao entre esforços seccionais é apresentada 
resumidamente. 
Palavras-chan: Análise Plástica, Flexo-TorçAo, Peças de Hastes de Paredes Delgadas. 

Introdução 

O estudo da torção de Saint-Venant em peças lineares de material homogêneo em regime 
plâstico. faz-se através da analogia do monte de areia devida à Nadai. Porém, quando da flexo-torção 
de peças em hastes de paredes delgadas (torçllo de Vlassov), tem-se o empenamento da seçllo e o 
surgimento de tensões normais à seçllo transversal, originadas pelo Bimomento. Em regime plástico 
- deve-se atender à uma lei de plastiticaçllo e à lei de fluência plástica -. esse esforço modifica 
substancialmente o comportamento mecânico da peça, variando a posiçllo do centro de cisalhamento 
da seçllo. 

A função sinal de Prager é o artitlcio matemático usado para desacoplar os vários esforços 
seccionais na análise plâstica da flexo-torçào, permitindo obter funções de interação entre esses 
parâmetros, tomando viável, a nlvel de dimensionamento, a elaboraçllo de gráficos e tabelas, o que 
foge ao escopo deste trabalho. 

Conceitos da Teoria da Plasticidade 

Para um tensor de tensões genérico aij• tem-se que as componentes do vetor de tensões numa 
faceta qualquer num ponto arbitrário do corpo se escreve: 

( I) 

Manuscript received: Juty 1994. Technical Editor Agenor de Toledo Fleury. Presented at XXVII Jornadas 
Sudamericanas de lngenleria Chnl. San Miguel de Tua.~man. Argentina. 1995 
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onde Dj é o vetor normal à faceta e Ti a componente do vetor de tensões, que pode ser decomposto 
em duás componentes, urna segundo a normal à faceta, outra tangente à esta. 

Os eixos principais de tensões são obtidos através de: 

(2) 

sendo cr a tensllo principal e õij o delta de Kroneck.er. 

Resolvendo-se esse sistema de equações obtém-se os três invariantes do tensor, dados por: 

(3) 

(4) 

(5) 

Defutinda.se o tensor hidrostática- produz a mudança de volume do corpo -como: 

1 a = -cr .. 
"' 3 11 

(6) 

determina-se o tensor desviador- responsável pela variação de forma do corpo- através de 

(7) 

Seguindo linha de análise análoga à utilizada para o cálculo das tensões principais, tem-se a 
equação característica do tensor desviador (estado de cisalhamento puro): 

(8) 

com os coeficientes denominados invariantes do tensor desviador, dados por 

(9) 

(lO) 

(li) 
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Dentre os vãrios critérios de plastificação, o critério de Huber-von Mises.-Hencky é, em geral, 
adotado quando do estudo de materiais dúcteis. Através de considerações puramente teóricas, pode­
se supor que a plastificação ocorra quando 12 atinja um valor critico, o que implica que a energia 
elástica de distorção chegue a um certo valor limite na plastificação, o que pode ser expresso em 
função do tensor desviador: 

S::S· · =2kl IJ )I 

ou em função do estado de tensões 

onde fy = J3 k é a tensao de plastificaçào em ensaio uniaxial. 

A regra da normalidade ou lei de fluência plástica, em sua forma genérica escreve-se 

(12) 

(13) 

(14) 

com a lei de plastificação Fk(crij) assumindo diversas funções, dependendo do tensor de tensões e 
com o escalar l..k definido para "tada caso especifico de C1jj: se Fk(crij) < O, regime elãstico, tem-se 
""' = O; ""' >O se Fk (crij) = O, ou seja, a plastificaç!o é atinglda 

O estado de tensão uniaxial de um corpo pode ser estudado em regime rígido-plástico perfeito, 
utilizando-se o conceito de função SINAL(x) idealizado por Prager. Essa função, um operador de 
posição, não pode ser expandida, isto é, nao é integrável e derivável, visa somente delimitar o estAgio 
de solicitação a que estA submetido o corpo, ou em conjunto com outras funções facilitar análises 
mais complexas. Define-se função SINAL(x) como a função que possui as segujntes caracterlsticas: 

SINAL(x) = I quando x >O 

SfNAL(x),.. -I quando x < O 

-I S S!NAL(x) s I quando x =O 

A Figura I ilustra a função SINAL(x) em relação aos valores algébricos assumidos por seu 
argumento. 

Sinal (X) 

~ 

- r I 

X = O X>O 

o 

X <O 

·I 

Fig. 1 Funçlo Slnal(x) d4l Prager 
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Equações de Equllibrlo 
A-dotando-se a terminologia empregada por Flügge (1973), denomina-se açlo ativa a que produz 

trabalho interno ponderável e açlo reativa a estritamente necessária ao equillbrio, relacionadas 
através das equações: 

dN = O 
dx 
dM - = .v dx y 

dMz • -V 
dx r 

dB 
- =T dx CD 

(15) 

(16) 

(17) 

(18) 

onde as ações ativas são N, My. M. e B e as reativas são VY, V, e r. (em geral despreza-se T.,). O 
torçor de empenamento T • representa a soma das parcelas referentes ao empenamento longitudinal e 
transversal, grafadas como T- e T- , respectivamente; para os casos correntes, em geral, despreza-se 

CD CD 

a parcela T-, considerando-se T- = T-, exceto nas seçOes em que J- ;;; O, por exemplo, seções 
CD CD CD CD 

L, T, K. etc. 

Em regime plástico as tensões longitudinais ox sofrem influência da torç!o de Saint-Venant., Ts• 

que origina "t:x (tenslo cisalhante devida a T s); por outro lado as tensões t :x silo afetadas pelas 

ações solicitantes N, My• Mz e B. Em geral quando Ox ~máxima -t:X nllo o~. e vice-versa. A não 

aplicabilidade do Principio da Superposição dos Efeitos em regime plástico leva à seguinte 

simplificaç!o: devido à impossibilidade de levar em conta as influ~cias de Ox sobre "t~ e vice­

versa. faz com que as ações ativas N, My e B sejam desacopladas de T s· 

Esta simplificação toma posslvel a divisllo do estudo em regime plástico em duas regiões 
distintas, a primeira sob domlnio da torção de Saint-Venant e a segunda sob domfnjo da flexo-torção, 
na qual silo realçadas as solicitações ativas, logo: 

• Região I :predominância de T5, originando 't~x; 

• RegiAo 2:predominância de N, My• Mz e B, originando Ox· 

As equações de equilibrio interno são dadas por: 

! f
t/2 

N = Ox ·dn ·ds 
- t /2 

M "' -i J''2 
Ox z·dn·ds 

y - t/2 

M - -! J"2 
Ox y·dn·ds z- - 1/ 2 

! J
t/2 

B=- OxOl·dn · ds 
- 112 

( 19) 

(20) 

(21) 

(22) 
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Em regime plástico perfeito a tensão ax atinge o valor fy, tomando-se constante. A utilização da 

função SINAL(x) pennite reescrever as equações de equillbrio interno sob a forma: 

. 1 Jt/2 N = fy SINAL(ex)dn · ds 
- t /2 

(23) 

1 J
t/2 

My = -fy SINAL( Ex )dn · ds 
-t/2 

(24) 

Mz = fy 1 J
t/2 

- t /2 
SINAL( Ex)dn · ds (2S) 

! f
t /2 

B = -f 
y - t/2 

SINAL( Ex)dn · ds (26) 

Estas expressões mostram que as ações ativas quando da plastificaçll.o dependem apenas de 
direçlio da deformaçilo especifica - SINAL( e,)-, independendo do valor desta. Como Ex possui 
quatro parcelas, cada uma correspondente à sua respectiva açlio ativa, é possível elaborar um dominio 
de plastificação quadri·dimensional na flexo-torçlio, originando superflcies de interação entre as 
ações ativas e, portanto, doze curvas de interaçll.o. As superflcies de interação são convexas, mas não 
uniformes em geral, isto é, podem possuir pontos de inflexão. A Figura 2 ilustra as parcelas de e,: 

ôu 
Ex = (h- = E0 - zÇ" • .Y'l" - w9 " (27) 

Mz 

" 8" (I) 11 y 

M, B 

N N 

B Mz 

e .. o Ç" 7 

" 
'1 y 11 y 

M, My 
.. 

N B 

Flg.:Z Vetorea ex Oevldoa •• AÇÔH Atlvu 
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Sistemas de Referência em Regime Plástico 

A obtenção dos eixos principais coordenados e pólo principal é efetuada após o desacoplamento 

das ações ativas (ações que originam tensões normais), aliado ao conceito de função sinal de Prager. 

Desacoplando-se as ações ativas, isto é, fazendo N = O, My = O e B = O, que acarreta E 0 =O, Ç" =O, 

r( = O e 9" = O, respectivamente; este é um procedimento usual na Teoria da Plasticidade. 

Substituindo-se as parcelas que contribuem para Ex quando uma ação é desacoplada, chega-se a um 

sistema de equações que resolvido determina univocamente os eixos principais coordenados e o pólo 

principal. 

Fazendo-se primeiramente N = O, tem-se que e 0 = O; substituindo-se a expressão 

Ex= -Ç"z- 11"Y- 9"(1) na Eq. 23 e procedendo-se de modo anâlogo para as demais ações ativas 

(My =O, 11" =O; Mz =O, Ç" =O; B =O, 9" = 0) ficam definidas as seguintes expressões: 

1 f 
t/2 

N = SINAL( -i;" z - 11"Y - 9 ''oo) dn · ds 
- t /2 

(28) 

i J
t/2 

M =- SINAL(Eo·/;"z-9"(1))dn·ds 
y - t / 2 

(29) 

(30) 

! J
t/2 

B=- SINAL(Eo -l;"z- 11"y)dn ·ds 
-t/2 

(31) 

Como SINAL(Ex) é um operador de posição e as parcelas que compõem Ex são quaisquer, 

segue-se que o sistema formado pelas Eqs. 28, 29, 30 e 31 necessita de valores de E0 , Ç"z, 11"Y que o 

satisfaça simultaneamente, para que se tome posslvel a obtenção de um sistema coordenado principal; 

alia-se ainda a necessidade de satisfazer a Eq. 31 para obter-se o pólo principal. Face à grande 

variedade de valores que podem tomar as parcelas que compõem os argumentos das funções sinal, 

embutidas nas equações do sistema quadri-dimensional, sendo que a combinaçao dessas parcelas 

entre si elevam enormemente o grau de dificuldade para resolver o sistema. pode-se afirmar com 

grande plausibilidade que: em regime plástico é praticamente impossível a obtençao de um sistema 

principal coordenado e de um pólo principal. 

O centro de cisalhamento C pode variar para cada estágio de solicitação em regime plástico, 

sendo fundamental a deterrninaçao dos limites, máximo e minámo, que o mesmo pode atingir para 

cada tipo de seção transversal. 

Definida uma peça cillndrica de seçào transversal qualquer e por simplicidade admite-se que a 

mesma pussua um eixo de simetria; determinado o centro de cisalhamento em regime elástico 
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referenc•ado à um sistema cartesiano baricêntrico (Fig. 3), cujas coordenadas são (ilz,et; O). Quando 
da plastificação, o cenlro de cisalhamento da seção, anterionnente situado sobre uma reta de 
inclinação constante e contida no plano de simetria da seção, varia em função da coordenada 
longitudinal, sendo que a função que define sua mudança assume valores defmidos e contidos no 
plano de simetria. 

Para cada tipo de carregamento externo e condição de contorno do elemento estrutural, fica 

definida a função Cpt = f(x) em determinado estágio de solicitaçlo após a plastificação, ressaltando­
se que Cpt = F(x) deve obedecer determinados limites para cada seção especifica. Com a variaçlo de 
Cpt = F(x) e tendo-se que o plano de solicitação, por hipótese, pennanece inalterado, pode-se 
concluir pela existência de torçores secundários no regime plástico, que em geral são desprezados. 

c 

X Z 

Fl11. 3 Centro de Claalhamento em Regime Elbtleo 

lnteração entre Esforços Seccionais 

A Figura 4 ilustra a seç!o em "U~. definindo seus parâmetros geométricos e mostrando a 
distribuição de tensões ao longo de seu per!metro, quando da plastificaçlo total da seção. 

As expressões seguintes, adaptadas de Mrázik et alii (1987), pennitem visualizar resumidamente 
o comportamento desse perfil para a açào solicitante de flexão segundo o eixo OZ e de Bimomento. 

O centro de cisalharnento quando da plastificação total da seç!o é dado por: 

B~t1Do a = ---;--;:....:.......::;_-. 
1 

{ 80 t1D0 +t1 D!) 
(32) 
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sendo 

o módulo de resistência à flexão da seção totalmente plastificada. logo: 

No regime elástico tem-se: 

onde W zé o módulo de resistência à flexão. que admitindo-se D =: 0 0 = d, fica: 

(33) 

(34) 

(35) 

(36) 

A relaçllo entre a posição do centro de cisalhamento no regime plástico e elást ico é dada por: 

(37) 

55 

e como az > I , verifica-se que o centro de cisalhamento aproxima-se da mesa quando da 
plastificaçl!o. 

y . 

~ 
-r 

J_ , ~ 
c ' ~_; z !. 

h 
l_j_ 

crpl 

B::. tl 

Fig. • Perfil U • Geometria t Olttr1bulçlo da TanaOta Nonnala Plútlcaa 
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O equillbrio interno pennite escr~ver: 

ou iterando esses doip esforços 

Eliminando o tenno (Z0 - u) das Eqs. 38 e 39: 

M2 
a 2tZ -a 1(B-JM )- - z. =0 

P "' P z 4C 

(38) 

(39) 

(40) 

(41) 

que é a equação quadrâtica da tensão nonnal de plastificação, com seus parâmetros definidos por: 

(42) 

que é o módulo de resistência plâstica ao bimomento e as relações geométricas 

C = tiDo (43) 

Bu t 1 D0 J=a --+-·-
' 2 I 1 8 

(44) 
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Abstract 
The present work shows a modeling procedure for discrete manufacturing systems based on Production Flow 
Schema (PFS). A systematic approach to construct GSPN (Generalized Stochastic Petri Net) models is proposed, 
whosc isomorphism with Markov process allows the extraction of quantitative data. The paper addresses a way 
to get information that is meaningful for manufacturing systems iostead of using probabilities of the states of the 
Markov chain. Finally, a procedure to perform a sensit ivity analysis allows to assess the influence of the 
quantitative parameters on system bchavior. 
Keywords: Manufacturing System, Modeling Methodology, Petri Nets, Perfonnance Evaluation, Quantitative 
Analysis 

lntroduction 
The analysís of manufacturing systems involves extensive pcrformance evaluation, in accordance 

wilh Silva and Vallete (1989). Such evaluation results give important information for many decision­
making activities, for example in assessing lhe economical issues of an implementation, where 
performance figures such as production rates and inventory are strongly required. The present work 
focus on modeling and quantitative performance analysis of manufacturing systems. 

Severa! aspects are usually considered for system analysis, the shop floor layout, number of 
machines, processing machines and transportation subsystem capacities (speed), buffer sizes, 
strategies adopted for the operations coordination (assignment of machines to opcrations, priorities, 
sequencing. etc.) and setup times. ln systems design, lhe search for a suitable combination of these 
parameters involves decisions conceming technical and economical tradeoffs. 

Since lhe study is concemed wilh lhe organization of a set of manufacturing operations and not 
wilh lhe behavior of low levei sensoring and actuation devices, the techniques developcd for 
Discrete-Event Dynamic Systems are appropriate. Among lhe most known, we can cite Petri Nets, 
Markov Chains and Queuing Networks. 

For lhe validation of a manufacturing system. Petri nets (Peterson. 1981; Reisig, 1985, 1992) 
offer some advantages: 

A graphical and precise formalism lhat allows easy dialogue between lhe different teams 
(designers, contractors, users, etc.) lhat participate in the analysis process about lhe expccted 
behavior of lhe system. 

The ability to model features such as process synchronization, decision processes and 
sequencing. 

A well-founded lheory for the verification of qualitative properties. 

While Petri Nets deal wilh issues about lhe logic ofthe system's dynamics, the olher techniques 
are used for extracting quantitative information from their models. For example: 

Manuscript reoeived: July 1886. T echnical Editor Leonardo Goldatein Jr. 
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The Markov Chains technique (Papoulis, 1984; Kleinrock, 1976) is an effective way to study 
the behavior of the probabilities of the states of a described systern. The rnain disadvantage is 
the state spac.e ex.plosion that occurs even in rnoderate size systems (Silva, 1992). 

The Queuing Networks technique (Kieinrock, 1976) is a useful way to obtain inforrnation 
related to clients, such as, workpieces. tools and raw materiais that need services (e.g., 
machining, transportation) which are accomplished by service centers. The information that 
can be obtained by the network analysis includes average waiting time, average number of 
ciients, etc. One major d.rawback in this technique is how to trea1 the synchronization and 
blocking of entering clients (Jungnitz et ai.. 1992). 

One can observe that each of the above techniques deals with different aspects of manufacturing 
systems, because they model ditferent features with differenl kiods of information. ln Marsan et ai. 
(1984) and Molloy (1982), an extensioo for Petri Nets called GSPN (Generalized Stochastic Petri 
Nets) are presented and is shown as an approach that merges the characteristics of lhe models above. 
like case of representation, modeling of synchronization and consideration of the involved tirnings. 
As a consequence, it is possible to perforrn qualitative and quantitatíve evaluation of the dynarnics of 
a manutàcturing system in a relatively unified way. 

A very important aspect to point out is the necessity of manufacturíng systems to have a 
progressive modeling because they are usually large and complex. The refinement mechanisrn of the 
rnodeling allows the construction of hierarchically structured models. lf a suitable set of 
refinement/transforrnation rule is detined, there will be a pay off in the forthcoming modeling and 
analysis. 

The preseot work introduces an approach for manufacturing systems modeling by a refmed PFS 
(Production Flow Schema), from where it is obtained a GSPN model for systerns analysis. The paper 
also presents a proccdure to obtain thc required perforrnance figures for manufacturing systems. 

Overview of The Analysis Methodology 

Severa! powerful techniques have been already developed and applied in modeling 
manufacturing systems. Many ofthe proposals include extensions. combinations and variatioos ofthe 
sarne techniques, in an attempt to suit them for specific purposes or to deal with systems that have 
some peculiarities, alJowing deeper evaluations. However, a major concem still remains: the 
generation of models themselves. 

UsualJy, the construction of models is nota simple task; the most frequent problem is to view the 
system from as many different perspectives as possible, so that the severa! demands by the interacting 
people in a project can be met (like analysis for correctness. perforrnance, system reliability, 
controllability, implementability and so oo). ln this context, Petri nets are recognized as the 
friendliest approach. lt is based on a few simple structural elements and some describing some rules 
(relatively easy to understand, but general enough to represent important dynarnical features in 
systems activities). AJso, Petri n.ets present lhe ability to defme and describe hierarchical structures. 

Despite such features the potential of Petri nets is very likely to be wasted without a systematic 
and rational rnodeling procedure, and the use of Petri nets for modeling real systems may show 
negligible orno advantages at ali. To alleviate this problem and, at the same time, take full advantage 
of the available analytic tools, a methodology to construct a model for analysis of discrete event 
manufacturing systems is presented. 

Figure I shows the main structure and the steps of the procedure. The following sections will 
detail the rnethodology. 
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Oealgn ola PFS moctel ol lhe ayalem 
Oerivatíon of lhe GSPN 

Oerivatíon ot lhe reachability tree of the GSPN 
Oerlvalion ot lhe Equivalenl Markov Chain 

Computation ol the performance Index 
Senalbílity analysis 

Decision to change or malntaln lhe ayatem'a 
featurea 

Flg. 1 Methodology for Antlyala of Dlaerete Manufac1urlng Syatema 

Modeling of Systems 

Conceptual Modeling 

MOOELING 

ANALYSIS 

At the conceptual levei, the aim is modeling the main characteristics of the functions to be 
considere<! in a manufacturing system analysis. lt is necessary to identify the precedence relationships 
between operations, the elements that promote and control the parallelism and the identification of 
the involved decision processes in the routing of parts and the resources sharing, without further 
detailing. 

Based on the Petri nets' ability to describe the system's hierarchy, it is used the PFS- Production 
Flow Schema (sce liasegawa et.al., 1988; Miyagi et ai ., 1988; Silva and Miyagi, 199.5 and Appendix 
A) - to represent a higher levei of abstraction of the system without representing the system 
dynamics. By deferring the inclusion of detailed dynamics' rules, there is a delay in commitment 
(Thembleby, 1988), meaning that we state hypothesis only when necessary for the comprehension of 
the problem. Therefore, we benefit from avoiding (a) undesirable restrictions in the !ater detailing of 
the model and (b) the consequences of verifying the invalidity of some of the hypothesis, that can 
lead to an onerous and unsafe restructuring of the model. The PFS allows representing the essential 
elements of manufacturing systems without detailing them, which can be made !ater when there is a 
clearer knowledge ofthe dynamics to deal with. 

The operation of a manufacturing system is represented by an abstraction where the activities 
ínvotve interactions between clients and resources, which is a first way to organize the available data, 
and whose structure evolves to other function8l (detailed) models, making them easier to understand. 

Through PFS, a model in GSPN is obtained. The interest of the authors is restricted to tive, 
limited and reinitializable nets, ensuring that the isomorphic Markov chain will be ergodic (Marsan et 
ai., 1984; Molloy, 1982). 

To illustrate the methodology and present some actual data, it is given 8 simple example of the 
operations of 8 manufacturing system whose PFS is shown in Fig. 2. The present section and the 
following section deal with the example. 
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o IR-""A 1 vbfinA 

[T~Tj 0 {~PA] 
bflnA 

Robot R 

[T~1 
bfinB 

{-~] 0 

t vbflnB 18-.;,.o o 
Fig. 2 PFS of a r..nutacturlng Syat.m (Conceptual O..crlption of tt1e Syat.m) 

There are two activity sequences: TA-PA and TB-PB. Sub-system R is constituted by robots, 
whose resources may be allocated by transport activities TA and TB, being a potential case of 
resource sharing. Vacancies in the input buffer of the processing center A, vbfinA, can be allocated 
by TA and released by PA; the interpretation of vbfinB (vacancies in thc input buffer of the 
processing centcr B), TB. and PB is analogous. The resources of the proccssing centers (machines A 
and B) have their allocation-release cycles associated with the activities PA e PB, respectively. 
Clients go through the buffers bfinA and bfinB between transport and processing activities. 

Constructlon of the GSPN 

GSPN detail the dynamic behavior of the activities by representing rules that regulate the 
interactions among conditions, which cause their appearing, maintenance and vanishing. Conditions 
are any relevant information which regulates lhe behavior's evolution of a system; these conditions 
and their combinations are called SUites (Peterson, 1981). ln terms of GSPN elemcnts. lhe following 
interpretations are adopted: 

Places represent conditions (e.g., processing in course, parts being transported, client waiting 
in a buffer and operation in stand-by). 

The presence oftokens in a place indicates lhat the corresponding condition is verified; lheir 
absence indicates lhe opposite. 

Transitions specify what pre-conditions must be satisfied (verified) to generate olher 
conditions; lheir firing represent lhe vanishing of certain conditions and generation of others. 
The temporization models lhe permanence times of the conditions represented by lhe places 
that enable timed transitions. 

Thus, refining Fig. 2. it is possible to have a GSPN as shown on Fig. 3. 



62 J . of lhe Braz. Soe.. Mechanlcal Sciences- Vol. 19. March 1997 

A .disp 
MachineA 

Process PA 

Process PB 

Fig. 3 GSPN of Fig. 2 (Detltlled Structure of the Systlm) 

lt is important to remember that this is only one of the possible "translations," from a PFS to 
GSPN, each one being suited for lhe peculiarities of a desired dynamic behavior. ln lhis case, the 
distributors are translated directly into places, which represent availability of resources (vbfmA, 
vbfinB, R.disp, A.disp and B.disp) or clients S1opped in buffers (bfinA and bfinB); resources are 
available if there are tokens in the corresponding places. 

The activities are represented by sub-nets in GSPN: one transition represents the beginning ofthe 
activity. conditioned to resources avaílability (TA and TB begin ifthere are free places in the input 
buffers and available robots; thc activities P A and PB begin with the allocation of machines from the 
processing centers while releasing buffer vacancies); a place representing operation in course; a 
timed transition whose firing rate characterizes the time of execution and whose firing lndicates the 
end of the activity, causing the release of resources. 

The model obtained so far considers the qualitative aspects of the funclions performed by the 
system. i.e., how the activities are organize<! and when resources are allocated. To S1Udy the 
quantitative aspects, the following considerations are included in the graph: 

Number of resources: lhis is defined by an initial marking where ali resources are available, 
i.e ., only places that represent resources availability (in the example. A.disp, B.disp, R.disp, 
vbfinA and vbfinB) have tokens, as many as the quantity of the respective resources in the 
system. while lhere are no tokens in the places that indicate resources occupation. 

Temporization, given by the respective firing rates. 

ln order to illustrate it, the following example is given: lhere are two robots to execute the 
transports in the processing centers A and B, two vacancies in each of lhe inputs buffers of bolh 
machines and one machine in each processing center. The rate I OOOnA is attributed for the transition 
ITA, where n" represents the number of mark.s in PT"; each mark in PT" indicates one robot transporting 
one client. Thus, two tokens represent two transpor! activities in course and lhen the ending rate of 
these dislocations is twice as much as in the case of a single robot. By analogy, a rate of 200011l1 is 
defined for 1111. For lhe timed transitions involved in process PA and Pa, are attributed the rates of 
1000 and 2000 parts per day. The interpreted GSPN model corresponding to this situation, is 
illustrated in Fig. 4. 
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Fig. 4 Martted GSPN of Fig. 3 (Fune11onal O..CI1ptlon ofthe Syatem) 

Analysis of Systems 

The quantitative analysis treated in this work is not done directly over a GSPN, but over a 
Continuous Time Markov Chain (CTMC) (Papoulis, 1984; Kleinrock, 1976) isomorphic to it. A 
GSPN model the roles and time constraints that govem the dynamic behavior of the system through 
lhe flow of tolcens. The isomorphic CMTC modc:ls the states and the transitions between states of the 
respective GSPN. These states represent the different aJTIIJlgements oftokens on lhe GSPN that result 
from the flow of tokens. State transitions therefore represent the firing of GSPN transitions. These 
transition states are assigned-transition rates lhat measure lhe permanence time in states before lhe 
transition takes place. The method used for lhe derivation of CMTC from GSPN and that copes wilh 
lhe calculation of lhese timing features and the introduction of the probabilities defined by random 
switches into the Markovian model is based on the approach proposed by Marsan et ai. ( 1984 ). 

ln that approach, it is considered the case of live, bounded, reinitializable nets, with lhe additional 
restriction that there are no cycles with vanishing states. Such nets are represented by isomorphic 
CMTC which are ergodic. Once the CMTC is obtained, we compute its steady state probabilities 
represented by the vector 7t=(1tl, 7t2, ... , 7tn), where n is lhe number of states (tangible) effectively 
modeled by the CTMC. 

From the GSPN given in Fig. 4, we obtain a CTMC whose transition rate matrix CF{qijJnxm is 
given by expression ( I), where "." denotes O and q;1 (i~j) h as lhe v alue of lhe transition rate of the 

transition from lhe state i to j defined by CMTC. When i=j, q;,.=-L qa . We obtain 7t by solving 

"'" 7t.Q=0. 



J . of lhe Bra2. Soe. Mecttanical ScJenoes -VoA. 19. March 1997 

-4 1 I 

-6 . 
-J tU 

_, . tU 

-J 1 

4 I · J J 
I -J 

tU ....( 1 1 

o.s I -<1 1 1 

4 I -<1 

tU 
_, 

J 
tU -· 

-J I 1 

a' ~ ltX» 
....( 2 _, 

4 

-1 1 
....( 1 

....( 1 
....( 

-J 1 

-J 1 (1) 
-j 1 

- j 

o.s ....( 1 
tU 1 ~ 1 

1 I 1 -<1 

-J 1 

I 4 
_, 

We can observe that its by-hand construction (28 nodes and connecting ares) is somewhat 
cumbersome when compared to the GSPN that originated it. which illustrates the benefits from the 
ease of representation of GSPN. Also. it can be shown that the GSPN is live, boundod and 
reinitializable, so that the ergodicity of the CTMC is ensured and its equilibrium state probabilities 
can be calculated. 

Pertonnancelndexes 

lnformation that can be obtained from 1t in a more converuent fonn for the evaluation of the 
manufacturing system is callod performance indexes. Here, we use three ofthem: 

Definition I - ldleness degree of a resource R: represent the probability of having R available or 
idle. lt is calculated by: 

Gkii~ (R)= L'lt ; 
l fli ( R) 

(2) 

where V(R) represents the set of CTMC states in which the place corresponding to the availabilíty of 
R h as at least one token. 

Defmition 2- Average number of clients in buffer b, given by: 

n 

N(b) = L'lt;{ L'"l Pj)] (3) 

i • l p1EB( b) 
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where mi(pj) represents the number of tokens in place pj on state (o r marking) i and B(b) represents 
the set ofplaces that indicates that there are clients waiting to be removed from buffer b. 

Definition 3 - Throughput of an activity A represents the ex~ution rate of an activity or the 
effective rate of clients served. lt is given by: 

T(A)= L,n;Â.;(A) 
i eH( A) 

(4) 

where H( A) represents the set of states in which the transition tA corresponding to the end of activity 
A is enabled and Â.i(A) represents the firing rate oftA on the marking i. 

ln the case represented by Fig. 4, the indexes obtained are shown on Tables I, 2 and 3. 

Table 1 ldleness Degree of Resources 

Resource R 
R.disp 
vbflnA 
vbflnB 
A.dlsp 
B.disp 

0.2890 
0.2384 
0.3941 
0.1536 
0.2335 

Table 2 Average Number of Clients 
ln the Buffers 

buffer b 

bfinA 
bfinB 

N(butfer) 
0.9015 
0.7542 

Table 3 Actlvtty Throughputs 

Activity A T(A) 
TA 846.4290 
PA 846.4293 
T8 1533.0900 
Ps 1533.0907 

The relatively low idleness degree of R indicates that the transport activities are intense. The 
average number of clients in buffers bfinA and bfinB are below the maximum allowed to both of 
them; the idleness levei of the processing centers A and B is higher than the ideal (nu li), but it can be 
justified by the nature ofthe production (e.g., by the flexibility desired to the system); throughputs of 
activities are lower than the maximum (1000 and 2000 parts per day): these results may suggest that 
the bottlen~k ofthe production system is the transport activity. 

Sensltlvity Analysis 
Through sensitivity analysis as presented in Kamavas et ai. ( 1993 ), it is possible to cvaluatc the 

influence of quantitative pararncters ovcr thc performance indexes. Let I be a performance index and 
A={al.a2 .. ... an) be a vector of n quantitative pararneters of thc system's model, i.e., the firing rates 
and the random switches' probabilities (which compose the transition's probabilities derived from 
vanishing states). 

Definition 4 - For a cert.ain configuration of quantitative pararneter A, the absolute scnsitivity of 
an index I with respect to a parameter ru, Sabs(I,A.ru), is given by: 
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(5) 

Definition 5 - For a certain configuration of quantitative parameter A, the relative sensitivity of 
an index I with respect to a parameter ru. Srel(I,A,ru), is gíven by; 

(6) 

Srcl(l,A.ru) represents the quotient between the rclative variation ofl resulting from a variation in 
a parameter ai and the relative varíation of the sarne parameter a; in a specific pararnetric 
configuration A. 

The expressions for performance indexes can be represented by a product of two vectors: /=1tm 
where 1t is the line-vector of steady-state probí!bilities and m is a column-vector with n elements 
whose composition depends on the index to be used. 

Then, the absolute sensitivity of I with respect to ai is: 

Sah.v( I. A.a,)"" (_!_1t)m + 1t(_!_m) 
àa; àa1 

(7) 

For the computation of probabilities, the following equations are used: 

l!Q=O (8) 

(9) 

Deriving Eqs. (8) and (9): 

à à 
(---n)Q+ rc(- Q) =O 

ôa1 àa; 
(I O) 

( 11) 

Rewriting Eq. (10): 

a a 
(-1t )Q = -1t (-Q) 

àa1 àaí 
(12) 

Through Eqs. (li) and ( 12), it is possible lo obtain a linear system of equations of the type 
xA=B. From these relations we have the derivative of 1t with respect to a; can be obtained and 
used in the expression (7), enabling the computation of sensitivities. 
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For the model in Fig. 4, relative sensitivities with respect to the quantilative pararneters are 
presented in Tables 4, S and 6. 

Table ~ Relative Sensltivltles of the Resources' ldleness Degree 

Parameters Resources 
R vbflnA vbfinB A B 

pA 0.0537 -0.1491 -0.0800 -0.0721 -0.0520 
pB 0.0471 -0.0552 -0.1538 -0.0423 -0.0947 
).(tTA) 0.4034 -0.1852 -0.6586 -0.2814 -0.2570 
Ã.(tTB) 0.4038 -0.3594 -0.3307 -0.0985 -0.3432 
Ã.(tPA) -0.<4268 0.3495 0.5211 0.3330 0.1650 
).(tPB) -0.3804 0.1951 0.<4682 0.0469 0.<4352 

Table 5 Relativa Sensltivlties of the Buffers' Average Number 
of Cllents 

Parameters Resources 
bflnA bflnB 

pA 0.1511 0.0883 
pB 0.0868 0.1625 
Ã.(tTA) 0.8274 0.5084 

MtTB) 0 .2518 0.9190 
)..(tPA) -0.9437 -0.3874 
).(tpB) -0.1354 -1 .0400 

Table 6 Relativa Sensltlvlties of the Actlvlties' Throughputs 

Parameters Activities 
TA PA TB PB 

pA -0.0180 0.0721 -0.0475 0.0520 
pB -0.0478 0.0423 -0.0049 0.0947 
).(tTA) 0.2814 0 .2814 0.2570 0.2570 
Ã.{ITB) 0.0985 0.0985 0.3432 0.3432 
)..(tPA) 0.6670 0.6670 -0.1650 -0.1650 
).(IPB) -0.0469 -0.0469 0.5648 0.5648 

Analyzing the resulting relative sensitivities, it is possible to conclude the following: 

The elements of the system present couplings, given that ali of them intluence the indexes to 
some dcgree. 

Consistent with the identification of the sub-system R as the maín bottleneck of the 
production systcm, it can bc noticed that an increase in its working capacity (given by 
parameters A(tTA) and À{tTB)) gives the best results, since: 

lt brlngs down the work load on this sub-system (observed by the increase in its idlcness 
degree); 

lt improves the use of other resources (decrease on the idleness degree and increase of 
work load of the processing centers, given by the increase on the averagc number of 
clients in the buffers), and 
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It increases the activities' throughputs. 

lt is possible to verify that some interactions may not be evident when only indexes are 
analyzed, for exarnple, that an increase in the processing capacity of centers A (or B), 
represented by Á(tPA.} (or Á(tPB)), generates a decrease of throughputs of the activities TB 
and PB (or TA and PA). 

Conclusions 
lt is initially introduced a methodology where PFS is applied to generate a GSPN which is 

translated to the equivalent Markov chain model in a systematic and rational approach. The simple 
exarnple given in this work illustrates the main procedures to describe more complex systems. 

lt was shown how some quantitative information, other than simple probabilities - and more 
meaningful for manufacturing systems - can be obtained from the steady-state probabilities. The 
computaúon of their sensitivity benefits from the fact that the linear algebraic equations for obtaining 
the steady-state probabilities vector and the one for obtaining its derivatives have the sarne coefficient 
matrix (Q). Therefore, once the steady state probabilities have been computed, the sensitivity analysis 
can be carried out with relatively low computational cost. Although the tendencies evaluated by the 
sensitivities have a local nature, this cost may justify its calculation even in cases where the range of 
the pararneter variation is larger, provided that the inherent inaccuracy can be justifiably tolerated. 

Concerning large systems, it can be easily seen that the analysis of the isomorphic CMTC is 
computationally onerous even for medium sized systems. To deal with the size problem, 
approximation approaches have been considered such as: 

Partitioning the GSPN so that the submodels are analyzable (Jungnitz et ai., 1992) by the 
means we have presented, and 

Aggregation of states in the isomorphic CMTC, as in Silva ( 1992). 

The procedure and results of this work contribute to the design and evaluation of manufacturing 
systems, but we consider that the following points need further research: 

Development of a compu ter aided system to help the interpretatlon of the results; 

lmplementation of efficient algorithms to compute indexes and sensitivities, including the 
possibility of employing approximate methods, and 

Study of the relationship between the curves "index versus quantitative pararneters" and the 
model 's components. 
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Appendix A · Production Flow Schema (PFS) 

PFS (Hasegawa et al., 1988; Miyagi et ai., 1988; Silva & Miyagi, 1995) is a scheme derlved from 
the Petri nets of the Channei-Agent type (Reisig, 1992). PFS is constituted by the following elements 
(see Fig. A I): 

Active elements or Activities: they are represented by open-sided rectangular blocks. 
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Passive elements or Distributor: denoted by circles. 

Oriented ares: connect activities to distributors (never two elements ofthe sarne type). 

Secondary "ens Flow 

Fig. A1 PFS Graph and Structural Elementa 

PFS show how items involved in the production act in the execution ofthe functions necessary to 
obtain the desired products. An important concept presented by the PFS is the tlow of items which 
represents the process of allocation and deallocation of items (which can be raw material, machines, 
tools, execution orders and control information) to an activity and io which executíon lhey are 
iovolved. PFS indicate that the activities of a system (represented by the active elcments) involve the 
interaction between items, theirs flows and other activities, which are represented by the elemeots 
connected by oriented ares. Flow can be classified in primary and secondary: 

Primary tlows are represented by the PFS elements connected to the closed edges of the 
activities. 

Secondary flows refer to elements that are linked to open sides of activities. 

Closed edges of the activities indicate their beginning and ending. By thc open ones, the 
connection to items tends to be more relaxed, at least at this levei of abstraction: the way it interferes 
on activitíes must be specified in detaíled models to be generated (e.g., sometimes, an item might not 
be used because anotber one was chosen to perform the sarne function). 

Considering analysis of manufacturing systems, PFS specify a system structure, presenting 
explicitly the ioteraction between resources and clients. Resources are the system components with 
specific functions (e.g., machines, carriers, iospection systems); clients refer to tbe material substract 
on which the resources work (e.g., parts. lots of parts, pallets). Then, the convention used in its work 
can be described: 

Activities represent technological transformations such as operations done with resources 
(such as clients' movements or its property's transformation) and support tasks (such as 
resources allocation or malfunctioning machine signaling). Notice that lhese operations are 
not explained in this levei of abstractioo. 

Distributors have two functions: 

Those involved in primary flows represent the clients being stored in lhe buffers or 
magazines. 

Those that are part of the secondary flow of the activity blocks represent the resources to 
be used by the activities. 

• About oriented ares: 
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Those belonging to primary tlow indicate the possible activity sequences to be undergone 
by the clients. 

ln the secondary 11ow, an are entering the actívity block índícates that the resource 
connected might be allocated; the outgoing ares indícate that there might be release of the 
associated resource. 

An exarnple of PFS is given on Fig. A2, where some of the modeling characteristics are shown: 

Flg. A2 Behevlor FeeturH Modeled by PFS 

• Parallelization: The end of the activity A I generates two clíents that suffer different actions, 
one concurrently to another. 

• Synchronízatíon: ln a broad sense, it is a way to restrict the parallelism, ma.king the execution 
of onc part of the processes obey some restrictions, such as waiting for a signal to come from 
other process or waiting for the release of some resource; in the Fig. A2, the activity A5 must 
wait for the presence of the items corresponding to its input. 

• Decision: Clients have more than one option about the next activity. PFS only indicates the 
existence ofthe decision processes, which must be detaíled in the subsequent refined models. 

• Resources sharing: severa! activities may use the sarne resource, which can cause conflicts 
conceming the priority in its allocation; as in the previous item, the arbitratíon of conflicts 
must be specified in the detailed models. 
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Abstract 
Some features of strain hardening of porous materiais during tensile tests are considered Modelling of true 
stress-true strain curves were done by using Ludwik's equation. The influcnce of porosity on the strain hardening 
exponeot and on lhe strength coefficient for porous Fe, Fe-C, Fe-C-Cu and Fe-P alloys is presented and 
experimental results are discussed and compared wilh lhe literature. 
Kcywords: Sintcred Materiais. Strain Hardening, Mechanical Properties, Effects of Porosity 

lntroduction 

When metallic materiais are loaded in a simple tension test, a point of instability is reacbed as 
Ioad is increased, and localized plastic strain begins. After this point, the Ioad required to produce 
deformation reaches a maximum value, and then drops ofT until rupture takes place (Ratke and 
Welch, 1983, Petch and Armstrong, 1990 and Thomason, 1990). At this maximum, uniform strain 
becomes unstable and necking begins when strain-hardening rate becomes equal to flow stress, or 
when 

o r (1) 

where orand ó are true stress and true strain. respectively. 

Besides, in uniform plastic strain range, many engineering al loys exhibit an approximately linear 
relationship between the logarithm of true stress and the logarithm of true strain. For these alloys the 
relationship between true stress (or) and true strain (ó) may be described by using the Ludwik's 
equation (Reichel and Dahl, 1983, Ratke and Welch. 1983, and Reichel, 1988), which 

(2) 

ln thís equation, AL is the strength coefficient, n is the strain-hardening exponent, and o 0 L is the 
stress at ó = O. Ali these parameters are determined empirically. ' 

Differently from conventional metalic materiais, síntered materiais are distinguished by their 
porosity. The effects of pores on mechanical properties of these materiais have been intensívely 
investigated and well documented (Haynes and Egediege, 1989, Slesar et ai. 1992, Danninger et ai. 
1993, Palma, 1994, and Christian and German, 1995). Generally, it has been found that an increase 
in porosity content leads to a decrease in yield stress, ultimate tensi le stress. ductility, Young's 
modulus of elasticity and so on. This effect has been associated to the dependence of the load bearing 
cross section of porosity. and mainly, due to the internal notch effect of pores. 

Although vast li terature exists on the effect of porosity on mechanical properties of sintered 
materiais, relatively little attention has been given to the influence of porosity on strain hardening of 
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chese materiais. Thus, the object of the present work is to investigate che effects of porosity conteot 
on the. strain-hardening exponent, and strength coefficients of four differents sintered materiais. 

Preparation of Testpleces 
The raw materiais used in this investigatioo were "Hõganll.s ASC 100.29" irou powder, 

lron-Phosphorus premixe containing 0.6 wt.-% phosphor, copper and graphite elemental powders. 
Samples of Fe, Fe-Cu, and Fe-C-Cu were made from elemental powders, each one mixed wich 
0.6 wt.-% lubricant (Mikrowachs). Testpieces of Fe-P were prepared by mixing iron elemental 
powder wich Fe-P-premixe and 0.6 wt.-% lubricant (Mikrowachs). The chemical compositions of 
these materiais are given in Table I. 

The compacting pressure was varied from 390 until 600 MPa in order to obtain as sintered 
porosities in tensile specimens (Fig. I) ranging from P0 = 3.7 to 12.5 o/o, as summarized in Table 2. 
Sinterization of the specimens was carried out for 30 min at I 150 °C in ao atmosphere of cracked 
ammonia. 

Table 1 Chemical Composition of lnvestigated Materiais (wt %) 

Material c p Cu Si AI Mn C r Ni Fe 

Fe 0.02 0.01 0.02 0.10 0.05 0.03 0.01 0.02 Bat. 

Fe-Cu 0.02 0.01 1.50 0.01 0.01 
., 

0.03 0.01 0.02 Bat. 

Fe-C-Cu 0.60 0.01 1.55 0.02 0.01 0.03 0.01 0.02 Bal. 

Fe 0.003 0.45 0.12 0.13 0 .06 0.12 <0.07 0.06 Bat. 

Table 2 Porositles of the Materiais as Sintered 

Material Porosity P0 (%) 

Fe 3.7±0.2 6.2±0.5 8.8±0.4 12.5±0.7 

Fe-Cu 6.2±0.3 8.~.6 12.1±0.4 

Fe-C-Cu 5.9±0.2 8.3:1:0.4 12.3±0.6 

Fe-P 6.5 9.7±0.3 12.2±0.6 

12 

Fig. 1 Geometty of TeMit. SpeclmeM (dlmeMione ln mm) 
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Experimental Procedure 
Thc density (p) of sintered specimens was determined from their weight in air and in water. Then. 

lhe porosity P0 (as sintered) was determined by using the equation. 

Po = (1- _E_) 100 
7.87 

(3) 

Tensile tests were carried out on an universal testing machine (100 kN), with a constant cross­
head speed of 0.18mm/min. corresponding to a injtial strain rate of 2.0 x 104 s·1, at room 
temperature. 

Up to seven tensile testpieces of each material and porosity were strain gauged and lhen pulled to 
failure. The stress strain curves were recorded in a microcomputer, and the 0.2% offset yield stress 
was noted. 

The troe stress Gr and true strain õ were determined by using 

ar = a(/+r.p) 

and 

where o is lhe engineering stress and t:p the plastic strain. 

(4) 

(5) 

The true stress-true strain curves were modelled by using Eq. (2), and the strain hardening 
exponent n and strength coefficient AL were detennined by fitting a best curve through experimental 
points. 

Experimental Results and Discussion 

As expected, the 0.2% offset yield stress values (o0.J were found to decrease with increasing 
porosity, for ali investigated materiais (Fig. 2). 

ln Figure 3, the experimental points of iron with porosity P0 = 3.7 and 12.5% are plotted 
together with the stress-strain curves obtained from Eq. (2). lt can be seen, that there is a very good 
agreernent between calculated and experimental values. Similar results were obtained making the 
sarne type of comparison for Fe-P with P 0 = 6.5 and 12.5%, as shown in Fig. 4. 
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The effects ofporosity on strain hardening exponents (n) for ali investigated materiais are shown 
in Fig. 5. lt can be observed that the strain hardening exponent is pratically independent of porosity, 
increasing slightly with porosity. These results agree with the findings by lvashchenko ( 1984) and 
Drachinskii ( 1985), who found n between 0,62 and O, 75 for sintered iron, independently of porosity. 
According to the explanation ofstrain hardening exponent given by Reichel (1983). it represents the 
dependence of average dislocations free way from parameter of matrix as grain boundary, 
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precipitation and dislocation density. Those parameter are pratically indcpendent ofporosity, and this 
could bc the reason why n is almost independent of porosity. 

On the other hand, the strength coefficients (AL) are strongly dependent ofporosity. As shown in 
Fig. 6. these coefficients decrease by increasing porosity content. 

A comparison between Fig. 2 and Fig. 6 shows a similar behaviour of 0.2% offset yield stress 
and strength coefficient AL with the porosity content. The CJ0_-jAL rates for aU materiais were 
calculated and summarized in Table 3. As can be seen, this rate cr0_/AL is almost independent of 
porosity, that is, they are aproximatelly constant for each material. 

For the sake of convenience, the results of strain hardening exponents (n) and strength coefficient 
AL for ali materiais and porosities are represented in a tabular fonn (Table 3) 
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Table3 a0.~AL Rate, Straln Hardenlng Exponents and Strength Coefficient 
for ali Materiais 

Po(%) 3.7 6.2 8.8 12.5 

Fe n 0.61 0.63 0.59 0.61 

AL (MPa) 48.9 43.4 41.2 33.9 

Oo.z/AL 3.3 3.5 3.4 3.4 

Po(%) 6.2 6.3 12.1 

Fe-Cu n 0.39 0.40 0.40 

At.(MPa) 76.9 66.7 58.9 

Oo.z/AL 2.9 2.9 3:1 

Po(%) 5.9 8.3 12.3 

Fe-C-Cu n 0.58 0.56 0.58 

Al (MPa) 125.1 104.4 91.0 

OQ2/AL 3.0 3.2 3.2 

Po(%) 6.5 9.7 12.2 

Fe-P n 0.47 0.45 0.48 

AL (MPa) 85.1 71.9 63.9 

r:Jo.2/AL 3.1 3.1 3.0 

Many empirical relationships between yield stress and porosity are proposed in the literature 
(Salak et ai~ 1984, Exner and Pohl, 1978 and Hamiuddin. 1986). As an optimal relationship for 832 
test points, alak ( 1984) proposed the empirical relationship 

aiJ.l =a(O,lJ.o exp(-CPo) (6) 

where a 0_2 and a(o.l).o are the 0.2% offset yield stress for porous and pore free materiais. 
respectivelly, and C is a material constanL Since the dependence of strength coefficient AL and yield 
stress with porosity content was observed to be the sarne, one can expect that the relationship 

A1. = AL0 exp(-CPo) (7) 

where At.o correspond to the strength coefficient of pore free materiais, should be approximately true. 
Therefore, dividing Eq. (2) by ao.L· yields 

ar-aAL = AL
0

n 
(8) 

0 o.L 0 o.t 

lf it is assumed that a 0,L"' ay. the yield stress of porous materiais. and substituting a0.2 by ay into 
Eq. (6) yields 
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o y = o y<J exp(-CP0 ) (9) 

where oy0 is the yield stress of pore free materiais. Substituting Eq. (7) and Eq. (9) into Eq. (8) gives 

(10) 

From Eq. (lO) it can be noted that the ratio óo/oy is independent of porosity, since Aw and oy0 
are parameters of pore free materiais. This fact can be demonstrated by analysing Fig. 7, where the 
intluence of plastic strain and porosity on the ratio óo/oy for iron is shown. There is a very good 
agreement between this Fig. and Eq. (I 0), i. e., variation in porosity plays no important role, if 
relative stress is used. 

100 

........ 
o 80 o ... 
• ......, 

<"'! 60 
o 
b 

........ ........ 
<40 N 

o 
b 
I 

20 b ......, 

o 

Fe 

o 2 4 

--- P0 • J.7 X 
....... P

0 
• 6.2 X 

--· P0 - e.a " 
- P0 • 12.5 X 

8 10 

Plostic Stroin (") 

12 
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Finally. it is usually found that strain hardening rate do/dS decreases by increasing porosity 
content (Klumpp, 1992), which is in complete agreement witb the results discusscd above. Deriving 
stress in Eq. (2} with respect to true strain, yields 

(II) 

showing that strain hardening rate depends not only on the strain hardening exponent o, but also on 
thc strcngth coefficicnt AL. As the lattcr dccreases by increasing porosity, it is also expected that 
dcr/dõ decreases with porosity. 

Conclusions 
Studies of sintered ferrous materiais, with several difTerent porosities., tensile tested at room 

temperature have shown that: 



E. S. Palma : Effect ol Porosity on the Strength Coefficlent and ... 79 

True stress-true strain curves of sintered materiais, in unifonn strain range, can be described 
by Ludwik's equation (Eq. (2)). 

Strain hardening exponent n is almost independent of porosity. 

Strength coefficient AL and 0.2% offset yield stress decrease by increasing porosity. The rate 
cr0:JAL is constant for each material. 

Strain hardening rate dorldô decrease by increasing porosity. since it depends on both n and 
At_. The rate dcrrfcr, on the other si de, is independent of porosity. 
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Abstract 
ln this worlc, a theoretical model describing the mechanical bebaviour of blmetalic strips under the plain strain 
compression test (Ford tcsl), is presc:ntcd. The model allows to predict the pressure distribution on the tooVstrip 
contact surface, the compres.sion loads and the apparent yield curves of thc: metais when in the pair, from the 
knowlc:dge ofthe yield curves of each metal . 
Krywords: Plain Compresslon Test. Slab Method, Cladding, Ford Test, Bimetalic Composites. 

Resumo 

É apresentado um modelo teórico para a descriçlo do comportamento mec!nico de chapas bimetálicas 
submetidas a compresslo em estado plano de deformações. O modelo permite a previslo da distribuiçlo de 
pres.sOes na superflcie de contato metal/matriz, as cargas de compresslo e as curvas de escoamento dos metais 
quando ensaiados em conjunto, a partir do conhecimento das curvas de escoamento caractcrfsticas de cada metal . 
Palavras-Chave: Compres.slo em Estado Plano de DeformaçOes, Colaminaçlo, Teste Ford, Chapas Bimetálicas. 

Introdução 

A produção de tiras ou chapas bimetá.licas através da colaminaçllo (roll cladding) tem sido objeto 
de especial atenção nos últimos anos. A maior parte dos pesquisadores tem concentrado sua atenção 
em aspectos tecnológicos do processo e na análise de parâmetros que influenciam na qualidade e 
resistência da união. São relativamente escassos os trabalhos na literatura que enfocam aspectos 
relacionados à resistencia dos metais, à interação entre eles e à influência de parâmetros operacionais, 
tais como atrito, distribuição de pressões ou cálculo das cargas de laminação. 

O presente trabalho analisa o componarnento mecânico de pares bimetá.licos submetidos ao 
ensaio de compressão em estado plano de deformações (ensaio Ford). 

O ensaio Ford já foi amplamente considerado na literatura, e vários autores o empregaram na 
determinação das tensões de escoamento de metais (Watts e Ford, 1959, Polakowski, 1949, Altan et 
al. , 1973. Nadai, 1939). A analogia entre o ensaio Ford e a laminação também foi discutida na 
literatura (Polakowski). 

No presente trabalho sao analisadas as curvas " tensão x deformação" de pares bimetálicos (antes 
da união em fase sólida por compressao). e comparadas com as curvas obtidas para cada metal 
isoladamente. É proposta uma função que caracteriza a interaçllo existente entre os metais, de forma a 
poder prever-se o componamento mecânico dos metais no par. a partir do conhecimento das curvas 

Manuscripl received: August 1996. Technical Editor: Leonardo Goldstein Jr 
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" tensii.O x deformação" caracterlsticas de cada um. A mesma função é empregada no cálculo da 
distribuiçii.O de pressões e cargas de compressão. 

Procedimento Experimental 
Foram empregados dois conjuntos de materiais: alumínio e cobre, formando um par, e aço e 

ligas a base de alumínio e estanho (SAE 781 e SAE 78.3) constituindo o outro par. Os corpos de 
prova utilizados nos ensaios de compressão tinham 30 mm de largura, 150 mm de comprimento e 
espessura variáveL Os indentadores utilizados tinham 4,0 mm de largura, e seguiu-se o procedimento 
para ensaio oportunamente descrito (Andery e Helman, 1992). 

Os ensaios foram realizados em uma máquina MTS 81 O , servo-hidráulica, com aquisição 
computadorizada de dados. Para a avaliaçii.O das deformações plásticas nos ensaios realizados com 
cada metal individualmente, foram utilizadas as inclinações médias das retas de carregamento e 
descarregamento (parte linear das curvas). A aplicação de carga foi monotonicarnente crescente, com 
velocidade de carregamento e descarregamento controlada, e aquisição continua de dados. As 
superflcies de contato dos corpos de prova com os indentadores foram lubrificadas com bissulfeto de 
molibdênio. 

Nos ensaios realizados em pares metálicos , as superflcies de contato entre os metais foram 
lixadas e escovadas, e os corpos de prova foram superpostos. Valores distintos de carga foram 
aplicados em regiões diferentes dos corpos de prova assim constituídos. As espessuras finais de cada 
metal do corpo de prova foram medidas após descarregamento, utilizando-se micrômetro, sendo 
registrada a relação "tensão x deformação" para cada ensaio. 

A curva " tensão x deformação" obtida para cada metal ensaiado no par ou individualmente foi 
aproximada através de uma função na forma da expressão de Ludwick, e para cada ponto da curva a 
discrepância entre a expressão obtida e os valores reais fof sempre inferior a 5%. 

Resultados e Discussão 

Comportamento dos Materiais nas Curvas "Tensão x Deformaçlo" 
As Figuras I e 2 mostram curvas típicas " tensão x deformação" obtidas nos ensaios. As curvas 

obtidas para cada metal isoladamente são comparadas com as obtidas nos ensaios do par (corpo de 
prova composto). 

.... •.. .... 0.2 

Daformaçlo lo;arftmlca 

Fig. 1 Curva• Tiplcaa •TeMIO x Dtformaçlo", pal'll ot Mttalt En .. lado. lndlvldualrntntt • no P•r 
(Aço • Liga) 



82 

o 0,0(1 0.1 

J . ofthe Braz. Soe. Mechanlcal Sdences- Vot 19, March 1997 

0.1~ 0,2 0,25 

Dlfoc" açlo logli itu ica 

...... Ah.mlrio no par 
-o- Cdlre no par 
_ Ah.mrio indi'wWEi 

I ....... Cd:r8 irdlld.8 

0,36 

Fig. 2 Curvas Tlplc;as ''Tendo x Deformaçjo", para os Metais Enaalados Individualmente e no Par 
(Cobre e Alumlnlo) 

Em todos os casos estudados. observou-se que quando os metais sao ensaiados em conjunto, 
ocorre: uma alteração em relação a seu comportamento mecânico, obtido nas curvas dos metais 
ensaiados individualmente. O metal mais duro, ensaiado no par, apresenta menores nlveis de tensão, 
para uma dada deformação, quando comparado com sua curva de escoamento caracterlstica. 
Inversamente, o metal mais macio apresenta maiores nlveis de tensão, quando sua curva de 
escoamento é comparada com a obtida do metal ensaiado individualmente. 

Devido à tendência do metal mais macio escoar mais rapidamente e com menores nlveis de 
tensão que o metal mais resistente do par, e pelo fato de que as tensões cisalhantes resultantes do 
atrito na interface entre eles se opõem a essa diferença de velocidades, estabelece-se um estado de 
ten~ões de compressão no metal mais macio, e de tração no metal mais resistente. Observa-se assim 
um efeito de "arrastamento" de um metal sobre o outro e como conseqUência, altera-se a resistência 
dos metais no par, de modo que o mais macio comporta-se como se fosse mais resistente, enquanto 
que o metal mais resistente do par apresenta tensões de escoamento mais baixas. 

Esse comportamento, resultante da interação entre os metais, é semelhante ao relatado na 
literatura no caso de extrusâo hidrostática de pares bimetâlicos (Helman, 1978), ou na laminação em 
"sandwich" de metais de alta resistência (Arnold e Witton, 1959; Kiuchi, 1990; Weinstein e 
Pawelski, 1968). 

Para caracterizar a tensão de cisalharnento "t'' (denominada aqui "tensão de arraste") que aparece 
na interface entre os metais, como resultado da diferença entre seus comportamentos mecânicos, 
assumiu-se que essa tensão seja função da relação entre as tensões de escoamento por cisalhamento 
caracteristicas de cada metal. Ou seja: 

t=t (a) ( I) 

sendo (2) 
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onde K. e K~ são as tensões de escoamento por cisalhamento do metal mais macio e do mais 
resistente respectivamente. obtidas através das curvas de escoamento dos metais ensaiados 
isoladamente. 

Para estudar a relação funcional entre t e a propõe-se uma função. que serã denominada "função 
de arraste" (t). que obedeça as seguintes condições: 

t = O quando K. =O, ou seja. o metal mais macio comporta-se como um nu ido ideal, não 
apresentando resistência à deformação por cisalhamento; 

t = O quando K. = Kh , ou seja, os dois metais são mecanicamente equivalentes e 

t = K. quando ~ corresponde a um metal que pode ser considerado como rlgido em relação 
a K,. Nestas condições. a tensão de cisalhamento na interface atinge o seu valor limite, igual a 
tensão de escoamento por cisalhamento do metal mais macio do par. 

A partir dessas condições foi proposta uma relação na forma: 

t=q • K. (3) 

onde 

(4) 

e q é uma constante, a ser determinada experimentalmente. 

A tensão de cisalhamento na interface entre os metais, caracterizada pela função de arraste 
descrita acima, é responsável pelo decréscimo no nível de tensões da curva do metal resistente, e pelo 
acréscimo no nlvel de tensões da curva do metal mais macio. A partir da condição de equilíbrio para 
as forças nos corpos de prova submetidos em conjunto à indentaçao plana, foi calculado o 
decréscimo no nlvel de tensões Ô), que o metal mais resistente sofrerá quando ensaiado no par, para 
uma dada deformação externa aplicada, e o acréscimo no nível de tensões ô, a que estará submetido o 
metal mais macio, nas mesmas condições (Andery e Helman, 1992). 

Esses valores foram calculados como sendo : 

o, = q b S, (a - a 2
) «; 4 h. 

Ô), = q b s. (a- a2 
) a; 4 hb 

(5) 

(6) 

onde b é a largura do indentador, S, a tensão de escoamento do metal mais macio, em estado plano de 
deformações, e hh e h. as espessuras instantâneas do material mais resistente e do mais macio do par, 
respectivamente, para os diferentes valores da força de compressão aplicada ao conjunto. 

Determinou-se experimentalmente que a deformação verdadeira de cada metal no par obedece 
uma relação aproximadamente linear com a deformação total imposta ao conjunto. Dessa forma, é 
posslvel escrever: 

(7) 

(8) 

onde A. A•, B e s• são constantes obtidas por regressão linear, t, e &h são as deformações 
verdadeiras de cada metal do conjunto e E, a deformação verdadeira total do bimetal. Essa constatação 
tem suporte na literatura (Yahiro, 1991 ). A Figura J ilustra. a título de exemplo, o comportamento 
das deformações de cada metal em funçAo da deformaçAo total, conforme definido acima, para um 
dos pares aço/liga estudados. 
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Dessa forma. a partir de uma deformação total do par, é possível determinar as deformações de 
cada metal, as suas espessuras e, consequentemente, os valores de õ, e õh conforme definidos acima. 

Para uma deformação externa aplicada ao par, e conhecendo pelas relações (7) e (8) as espessuras 
individuais dos metais, correspondentes a um valor determinado da carga de indentação, tem-se: 

s . ., (r.J = S,1 rr.J + õ.feJ (9) 

s, rr.J = slot (eJ - õ,rtJ ( 10) 

onde S~~p e S,P são as tensões, para urna dada deformação. dos metais ensaiados em conjunto, 
correspondentes a um valor de carga aplicada, e Sh, e S,; as tensões , para as mesmas deformações, 
correspondentes à curva de escoamento caracterlstica de cada metal, quando ensaiado isoladamente. 

Em resumo. a utilização das Eqs. (9) e (I O) para distintos valores de carga, correspondentes a 
distintos valores da deformação t 1 aplicada ao par, possibilita o conhecimento das curvas " tensão x 
deformação" dos metais no par, a partir do conhecimento das curvas de escoamento de cada metal 
ensaiado individualmente, sendo a diferença no seu comportamento mecânico originada pela tensão 
de arraste descrita acima. 

As Figuras 4 e 5 ilustram as curvas " tensã.o x deformação" para os pares aço/liga e 
cobrelalumtnio ensaiados em conjunto. As curvas experimentais obtidas sâo comparadas com as 
curvas cujos valores de tensã.o foram calculados pelo procedimento acima. Observa-se uma razoável 
concordância entre valores teóricos c experimentais , com erros relativos inferiores a 100/o. No cálculo 
dos valores de õ, e ~ utilizou-se valores médios do coeficiente q , calculados em função da 
comparação entre os valores reais e os calculados. 
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A simulaçào das curvas de escoamento dos metais levando em conta a interação entre eles 
permite avaliar o seu comportamento mecânico durante o processo de conformação, em condições de 
estado plano de deformações, e possibilita o cálculo da distribuição de pressões e cargas durante a 
indentação. 

Prevlslo da Dlstrlbuiçlo de Pressões e Cargas de lndentaçlo 

A partir de uma análise feita utilizando o método dos blocos, foi posslvel determinar a 
distribuição de pressões durante a indentaçilo e, integrando a colina de atrito, a carga aplicada. Foram 
feitas as hipóteses habituais pertinentes ao método dos blocos e um esquema das tensões consideradas 
e convenções adotadas é mostrado na Fig. 6. 
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Foram assim obtidas as seguintes equações: 

K 
P

5
( x)= q ---1.(o. -a 2 fL {(1 + (Ssi I (q (K5 I ~5)(a -a2 )a)) 

lls 
x exp(IJ.s lhs) (b/2-x) - 1 

K 
Ph(x)= q ,...: (a - a2 fL /-(1 - (Shi l(q (K5 I 1-Lh) (a-a2)0.) 

x exp(j.!h I hh)(b / 2- x) 

(li) 

(12) 

onde S, é a tensão de escoamento do metal menos resistente, Sh a tensão de escoamento do metal 
mais resistente K,. a tensão de escoamento por cisalhamento do metal mais macio, h1 e hh as 
espessuras instantâneas, b a largura do indentador, IJ., e 1-Lh os coeficientes de atrito na interface entre 
cada metal e o indentador e p, (x) e PI. (x) são as pressões agindo sobre o metal mais macio e o metal 
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maís resistente do par, em função da posição considerada ao longo da largura do indentador. 
Assumiu-se o modelo coulombiano para as tensões de atrito. 

Para o cálculo das cargas de indentação foram empregas as expressões: 

K [ S. l P = 2 w q _s .(a.-a.2 fL I+ sz 
s 1-4s (qKs l 'fls)(a.-a.2fL 

(13) 
h K 

xJ....(exp(( 'IJ / h )(b/2))-J) -wbq._..L(a.-a.2)0-
'il s s 'iJ s s 

(14) 

resultantes da integração das expressões (li) e (12), P, é o valor da carga no metal mais macio e Ph é 
a carga no metal maís resistente. 

Nas hipóteses feitas inicialmente para a análise por meio do método dos blocos não foram 
estabelecidas condições que assegurem a igualdade entre as cargas de compressão calculadas em 
ambos os lados da interface entre os metais. O fator q nas equações acima é selecionado de fonna tal 
que, embora com diferentes distribuições de pressões para cada metal, as cargas de indentação 
resultantes da integração das colinas de atrito de cada metal sejam iguaís. Foram considerados como 
parâmetros de cálculo as espessuras iniciais e a espessura final obtida para o par, correspondente a um 
determinado valor de carga. 

A Tabela I, abaíxo, mostra os parâmetros de ensaio e os resultados obtidos para três dos casos 
estudados: 

Tabela 1 Valores de Carga Reais e Calculados para Dois Casos 

Caso Par Espessura Espessura Coeficiente de 
Inicial Final Atrito 
[mm] [mm] 

Duro Mole Duro Mole Duro Mole 
1 Cu/AI 2,12 2,98 1,688 0,925 0,05 0,05 
2 Aço/liga 1,97 2,27 1,95 1,865 0,01 0,01 
3 Açolltaa 1,98 0,83 1,32 0,41 0,01 0,01 

Caso Carga Carga Diferença Erro Erro 
Real Calculada Percentual Mole Duro 
(k!gJ [k9~ [%! [%] 

Mole Duro 
1 5390 5808 5691 2 ,07 7,75 5,3 
2 2530 2622,2 2622,3 0,003 3,65 3,64 
3 6000 6431 ,2 6431 0,003 7,19 7,18 
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onde a diferença percentual é dada por [(Ph • P,)IP,] x I 00 e os erros por [(P • P, .. , I P real J x I 00, 
sendo P,oa~ a força de oompressâo medida no ensaio. 

A Figura 7 mostra as distribuições de pressões para o primeiro caso apresentado. Como as 
deformações dos dois materiais foram tais que as tensões de escoamento resultaram em valores 
próximos entre si, oom parâmetro a= 0,967, o efeito do arraste na interface foi menos pronunciado. 
Os valores das cargas calculados mostram razoável concordância oom os valores obtidos nos ensaios. 
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As Figs. 8 e 9 mostram as distribuições de pressões obtidas para os casos 2 e 3 da Tabela I acima . 
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A análise dos gráfioos das Figs. 8 e 9 e das equações propostas mostra que a distribujção de 
pressões no metal mrus macio do par tem o comportamento esperado, observado nos ensaios Ford 
convencionrus, acrescendo-se o efeito da tensão de arraste na interface, que age no mesmo sentido da 
tensão de atrito, oomo resultado da interação entre os metais. Por outro lado, o metal mrus resistente 
do par apresenta um comportamento distjnto. Com efeito, as pressões atingem um valor máximo nas 
bordas e um valor mínimo no centro, devido ao efeito dessa mesma tensão de arraste, que nesse caso, 
age em sentido oposto as tensões de atrito. Nesses casos o efeito dessa interação entre os metrus é 
aparentemente mais significativo, a ponto de inverter o formato da oolina de atrito resultante da 
indentação. 

Os valores encontrados para as cargas de indentação, quando comparados com os valores obtidos 
experimentalmente, resultam em erros relativos muito pequenos nos casos 2 e 3. Na análise de outros 
casos observou-se erros relativos inferiores a lO o/o para valores de a variando entre 0,65 e 0,75. Nos 
ensaios realizados, foram encontrados erros maiores para valores de a fora dessa faixa. O conjunto 
de dados experimentais disponíveis não permite concluir que exista uma tendência de um ajuste 
melhor das equações para determinados valores das relações entre as tensões de escoamento. 
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Prevldo da Distribuição de Espessuras 

No estudo da compressão em estado plano de defonnações de tiras bimetálicas espera-se 
respostas sobre a distribuição de defonnações e as espessuras finais obtidas para cada metal do par, 
em função de uma força externa aplicada. Essa análise é fundamental, uma vez que é necessário 
conhecer a relação de espessuras dos metais nos pares a serem utilizados industrialmente. 

O critério utilizado foi o da detenninaçao, através de um processo iterativo, das espessuras de 
cada metal que pennitem a igualdade entre as cargas de compressão calculadas para os dois metais 
em cada lado da interface metal/matriz. Em cada iteração, a soma das espessuras dos metais tem de 
ser igual a espessura do par, previamente estabelecida. 

Para coeficientes de atrito previamente fixados, determinou-se o fator q das Eqs. ( I 3) e ( 14) que 
pennitissem essa igualdade entre as cargas. 

A Tabela 2 abaixo mostra os resultados obtidos para dois dos casos do par aço/liga estudados. 

Tabela 2 Dlstribuiçlo de Espessuras dos Metais do Par 

Caso 

1 
2 

Caso 

1 
2 

Espessura 
Inicial Real 

(mm] 
Aço Liga 
1,97 2,27 
1,98 0,83 

Espessura 
Final Calculada 

[mm) 

Aço Liga 
1,958 1.857 
1,954 0.626 

Espessura 
Final Real 

(mm) 
Aço Liga 
1,95 1,865 
1,92 0,66 

Erros 
Relativos% 

(Espessuras) 

Aço Liga 
0,4 0,44 
1,78 5,2 

Coeficiente de Fator de 
Atrtto Arraste 

0,01 2 
0,01 

Cargas Erro 
Calculadas Relativo (kgf) 

%) 
Aço Liga Aço Liga 

2446,7 2423,9 3,3 4,2 
2964,5 2968 2,7 2,8 

A análise dos resultados para os casos apresentados e para os outros casos estudados mostra uma 
boa concordância entre as espessuras finais calculadas quando comparadas com as espessuras reais 
obtidas dos ensaios. 

Conclusões 
Foi proposto um modelo para descrever a interação entre dois metais ensaiados em conjunto, em 

compressao cm estado plano de defonnações. O modelo pennite uma razoável aproximação das 
curvas "tensão x defonnação" dos metais no par, a partir das curvas dos metais ensaiados 
individualmente, bem como a avaliação da distribuição de pressões e cargas de indentação. 

Por outro lado, o modelo pennite uma razoável previsão das espessuras finais de cada metal no 
par indentado, a partir do conhecimento das curvas de escoamento caracterlsticas de cada metal, da 
carga aplicada e da espessura final do conjunto. 
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Abstract 
Corrosion of vessels and piping made of steel by sour water in catalytieal craeking units of petroleurn refineries 
generate atomic hydrogen. Large part ofthis hydrogen will go to the atmosphere as H2 , a fraction will diffusc in 
lhe steel lattice and st.ay in lhe defects, while lhe balance will diffuse !hrough lhe lattice. Tbe most well lcnown 
effcct in lhese steels is blistering and cracking induced by lhe retained fraction of hydrogcn. ln lhis work 
scanning clectron microscopy was used to ldentlfy lhe damagc causcd by hydrogen and the damage 
susceptibility of two steels commonly used in catalytical cracldng vcssels. 
Keywords: Hydrogen Damage, Scanning Electron Microscopy, Catalytical Cracking Vessel Steel. 

lntroduction 
One of lhe biggest problems found in petroleum refineries is controlling hydrogen darnage in 

steels used in catalyticaJ cracldng vessels and piping (Strong, Magestic, Wilhelm, 1991 ; Ehmke, 
1991 ; REPLAN 0024). Hydrogen damage may be classified into four distlnct types: hydrogen 
blistering, hydrogen embrittlement, decarburization and hydrogen attack (Fontana, 1987). Hydrogen 
blistering is the most prevalent in the petroleum industry and results from the penetration of 
hydrogen into the steel wall of a vessel containing an eletrolyte, and exposed to the atmosphere. 

Hydrogen evolution occurs on the inner surface as a result of corrosion; at any time there is a 
fiXed concentration of hydrogen atoms on the steel surface, some of which diffuses into lhe steel and 
forms hydrogen molccules on lhe exterior surface. However , if lhe hydrogen atoms diffuse into a 
void, lhey combine into molecular hydrogen and cannot k.eep difuslng, consequently increasing the 
concentration and pressure of hydrogen gas within lhe void. The equilibrium pressure of molecular 
hydrogen ln contact with atomic hydrogen is several hundred thousand atmospheres, resulting in 
local defonnation and , in an extreme condition, in lhe complete destruction of the vessel wall. 
Hydrogen embrittlement is also present in petroleum refmeries, caused by penetration of hydrogen 
into a steel, wilh a resulting loss of ductility and of tensile strenglh. The exact mechanism of 
hydrogen embrittlement is not as well k.nown as for hydrogen blistering. However, the initial cause is 
the sarne , that is, the diffusion of atomic hydrogen into de s!_~ latice. Most of lhe explanation that 
have been proposed for lhe hydrogen embrittlement mechanism are based on lhe phenomenon of slip 
interference by dissolved hydrogen, problably due to lhe accumulation of these hydrogen near 
dislocation sites or microvolds. If lhe absortion is due to cont.act wilh hydrogen gas, the hydrogen 
embrinlement is often called as hydrogen stress cracking. lf the hydrogen is absorbed because of 
corrosion the embrinlement is caJied stress corrosion crack.ing or, eventually, hydrogen str~ss 
cracking. lf corrosion is due to lhe presenoe of hydrogen sulfide, a common term ln use is sultide 
stress cracking. Decarburization is most often produced by moist hydrogen at high temperatures, and 
lowers lhe tensile strenglh of steel as a result of removing carbon from the steel. Hydrogen attack. 
refers to the interaction between hydrogen and a componeot of an alloy at high temperatures. 

Metalographic analysis and local inspection in retineries indicate that lhe damage mechanisms 
include corrosion involving hydrogen entrance into lhe steel structure and stress corrosion crack.ing. 
The prevalence of the embrittlement in catalyticaJ cracklng units is estimated to happen in about 30 to 

Manulcript received: June 1 ~. Ted'lnical Editor: Leonardo Gokl$tein Jr. 
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40 percent of ali equipment (Aiefeld, 1978). Embrittlement and blistering in steels used in piping and 
vessels was indicated in a REPLAN - Refinaria do Planalto Central, inspection report (REPLAN 
0024) conceming the calalytical cracking unit vessels V-22503, wich operate at a temperature of 
53°C and a pressure of 1.20 kgf/cm2

, and V -22508, at 34°C and 17.00 kgflcm2 
• Corrosion engineers 

have focused their efforts in corrosion prevention of these vessels and piping steels by corrosion 
control prograrns and repair techniques, where is mainly indicated the use of inhibitors as sodium and 
arnmonium polyssulfides, and by material selection ( Strong, Magestic, Wilhelm, 1991 ; Edmondson, 
Rue, 1992). Recently, there have been a move to substitute ASTM 285 steels for ASTM 516 steels in 
catalytical cracking units, because the ASTM 516 steel is a silicon-kiUed steel, without internal 
stresses,or residual stresses, wich favors corrosion and hydrogen damage. There is, however, few 
information published about the microscopic evaluation of hydrogen damage in equipments as well 
as concerning the behavior of these steels. ln this work scanning electron microscopy was used to 
identify the damage caused by hydrogen in ASTM 285 and ASTM 516 hydrogenated samples, and to 
evaluate their susceptibility. 

Methodology 
The analysis of hydrogen damage was made by scanning electron microscopy of the samples of 

ASTM 285 grade G and ASTM 516 grade 70 steels, whose nominal composition are presented in 
Tables I and 2. The samples were laminated in a four rolls laminator until a thickness of 500~J.m and 
annealed in vacuum. 

Table 1 Nominal Composition of ASTM 516 Grade 70 Steel 

Elements Content (%) 

0.27 
0.85-1.20 

0.035 
0.04 

0.1~0.40 

Table 2 Nominal Compoaition of ASTM 285 Grade G Steel 

Samplea Hydrogenatlon 

Elements 
Cmax 
Mn 
Pma.. 
s_ 
Si 

Content (%) 
0.28 

0.90-0.98 
0.035 
0 .040 

According to the double potentiostatic method the sample, situated as a ion permeable membrane 
between two compartments of a double electrolytic cell, was connected to a programable 
multichannel electrochemical interface. Each of these compartments constitute an electrochemical 
cell, with the working electrode being the sample, the reference electrode a saturated calomel 
electrode and the counter electrode, platlnum. At one side of the double cell, sample hydrogenation 
was promoted while in the other was detected the hydrogen diffused throughout the sample. The 
measurements made were converte<! into plots of I ( current), or E (tension), as a function of time, 
from which were obtained lhe hydrogen diffusioo coefficient as well as the hydrogen solubility and 
permeability in the sarnple. 

ln lhis work this technique was used only to promote the hydrogenation of lhe samples wich 
were, in sequence, analyzed by scanning electron microscopy. The hydrogenation was done with a 
current density of 5rnNcm2 anda potential of OV oc (open circuit), with a sample exposed surface of 
I cm 2, with a NaOH solution (0.1 N) in both sides of the double electrolytic cell , at room 
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temperature and pressure, in a programmable multichannel electrochemical interface model 
GALVPOT GP 2001H by TAl (Tecnologia Aplicada à Indústria) developed in the Hydrogen 
Laboratory of COPPEJUFRJ. The ontire system was monitored through this interface (Proença, 
Freire, Santos, Arantes, 1996). 

Scannlng Electron Microscopy Analysls 

The scanning electron microscopy is a powerful technique to analyze and characterize 
heterogeneous organic and inorganic materiais, in microscopic and sub-microscopic scales, with 
good precision. ln this technique an electron beam acts on the sample surface producing secondary 
and primary electrons, Auger electrons and fotons at various energy leveis, wich can be detected and 
analyzed. The secondary electrons wich are emitted constitute one of the most important emissions 
for scanning electron microscopy bc:cause they allow observing, with good precision, topographic 
differences in sample surfaces (Goldstein. 1992). 

ln this work the hydrogenated samples were covered with a thin gold film to improve image 
resolution, and analyz.ed using a JXA-840 A electron probe microanalyzer from JEOL. This 
microanalyzer scan.ning resolution is up to 4.0 nm for a working distance of 8 mm, and up to lO nm 
for a working distance from 4 to 39mm . The image size amplitication range is from 10 to 300000 
times. 1t is made of a tungsten filament cathode and anodes at two vertical adjustable positions. 
Secondary electron emission was used because it is recommended for allowing better observation of 
the hydrogen caused darnages on the samples surfaces. 

Results and Discussion 
Figures I to I 7 show the damages caused by hydrogen in the ASTM 285 grade G and ASTM 516 

grade 70 samples. 

Figures I and 2 show blistering wich is brought about by atomic hydrogen diffused throughout 
the ASTM 285 sample crystalline structure when they encounter void spaces. ln these spaces there is 
an increasing tension. whicb becomes sufficient to give atomic hydrogen the needed energy to 
generate molecular hydrogen. Tbese larger hydrogen molecules which are gcnerated become trapped, 
causing the void space to accumulate hydrogen, rising the void internal tcnsion, that can become 
larger than thc onc corresponding to thc stccl elastic strain , causing plastic dcformation and fissures. 
The sarne phenomcnon can be observcd in Figs. 3 and 4,for thc ASTM 516 sample. 

Fig. 1 Hydrogen Bllattrtngln ASTM 285 Grade G Sample (1100x) 
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Fig. 2 Hydrogen Bllaterlng ln ASTM 285 Grade G Sample(2500x) 

Fig. 3 Hydrogen Bllstertng ln ASTM 516 Grade 70 Sample (4000x) 
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Fig. <4 Hydrogen Bllstering ln ASTM 516 Grade 70 Sample (370x) 

Figures 5 to 8 show hydrogen induced cracking in the ASTM 285 sample, caused by a 
mechanism similar to the one wich caused blistering. However, in this case the molecular hydrogen 
wich was generated promoted a tension levei larger than the steel breaking point tension. Figures 9 to 
li show hydrogen induced cracking in ú1e ASTM 516 sample by the sarne mechanism. Blisterings 
can also be observed in Fig. 9 and deteriorated regions in Figs. I O and !I. 

Fig. 5 Hydrogen lndueed Cracking ln ASTM 285 Grade G Sample ( Nlt.ll 5% • 10000x) 
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Fig. 6 Hydrogen lnduced Cracklng ln ASTM 285 Grade G Sample ( Nltal 5% • 370x) 

Fig. 7 Hydrogen lnduced Cracklng ln ASTM 285 Grade G Sample (550x) 
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Fig. 8 Hydrogen lnduc:ed Crac:klng ln ASTM 285 G,_. G Sample (6000x) 

Fig. I Hydrogenlnduc:ed C111c:klng ln ASTM 516 Gl'lde 70 Sample (IOOx) 
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Fig. 10 Hydrogen Indu~ Cracklng ln ASTM 516 Grade 70 Sample (1600x) 

Fig. 11 Hydrogen Indu~ Cracklngln ASTM 516 G.-.de 70 Sample (6500x) 
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Figures 12 and 13 show grain boundary deteriorated regíons in lhe ASTM 285 sarnple, generate 
by the accwnulated hydrogen molecules. Figures 14 and 15 show grain boundary deteriorated regions 
in the ASTM 516 sarnple. 

Fig. 12 Graln Boundary Oeteriorated Regionsln ASTM 285 Grade G Sample (Nital5%- 1400x) 

Fig. 13 Graln Boundary Deterlorated Reglon& ln ASTM 285 Grade G Sample (Nital 5°.1. - 7000x) 
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Fig. 14 Graln Boundary Oetar1oratad Reglona ln ASTM 516 Sample (Nital 5•.4 • 2500x) 

Fig. 15 Graln Boundary Oeteríorated Raglon• ln ASTM 616 Grada 70 Sample (Nital 5% • 2700x) 
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Figures 16 and 17 show lhe deterioration wich ocurred close lo inclusions in lhe ASTM 285 and 
ASTM 516 samples, generated by molecular hydrogen accumulation in these structural defects. Grain 
boundary deterioration can also be observed in Fig. l 7. 

Fig. 16 Deterloratlon Close to lnclualons ln lhe ASTloll 285 Grade G Sampte (8000x) 

Fig. 17 Deterloratlon C tose to Inclua lona ln lhe ASTloll516 Grade 70 Sampte (6000x) 
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Comparing lhe darnage caused by hydrogen in the ASTM 285 grade G and ASTM 5 16 grade 70 
samples, which could be identified by scanning electron microscopy, one observe lhe sarne types of 
deterioration in botb steels, wicb suggests lhe sarne hydrogen diffusion behavior on the sarnples, at 
the experimental conditions adopted. Although the ASTM 5 I 6 )1eel is a silicon-killed steel it still 
has defects wicb are favorable to hydrogen darnage, as in lhe ASTM 285 steel. However, lhe fact that 
the ASTM 516 steel is a steel without internal stresses can be very important concerning sour water 
corrosion suceptibility. 

Conclusions 

The scanning electron microscopy observations suggest the sarne hydrogen ditfusion behavior on 
the sarnples. for the experimental conditions which were adopted. 

Bolh types of steel tested presented the sarne types of darnage caused by hydrogen. Hence, from 
lhis point of view, it does not proceed lhe move to substitute the ASTM 285 steel for the ASTM 5 I 6 
steel in catalytic cracking units of petroleum refineries. 
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