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Abstract 
This pape r descrlbes o copaciumct sysrem for tomogrophic /moging oj two-phase jlows. Nwntr~cal simulotioll.f 
based on the jlnlre elemenr method provided the copac/lance values berween rire elecrrode poirs for different 
spa/la/ jlow d/strlbution. A linear back prOJI!Cfion a /gorllhm was used ro reconsrructthe cross section lmage oj the 
rwo-phase jlow from the capacitance values. Some reconslructed jlow images (stratljltd. onnulor and droplers) 
obtalned uslng thu algorithm are presented ond dtscu.ued. Further efforts are undertalu!n lo Improve the filterlng 
rechnique applled lo lhe baclt: projectlon algorlthm. Limllalions ond po.uible fui!Jre 1mprowments of this technique 
aTe disCUJSed. 
Keywords. Two-Phase Flow. T017UJgraphy. lmagt Reconslrucllon Algorilhm. Numu•cal S•mulotion.. 

lntroductlon 

Thc problem of detennining lhe eiTective transpon properties of multiphase syStems has attractcd 
lhe attention of many researchers. There are no exact analytical predictions of thc effectivc properties of 
random multiphase syStems for arbitrary phase properties and volume fractions, even for some simple 
problems (Kin and Torquato, 1990). Description of the interfacial structures ànd its time evolution, as 
well as lhe gradients which control lhe transfer of mass, momentum, and energy at these phase 
boundarics represent a challenge for the future of two-phase llow anatysis. Llght scartering, chemical, 
photographíc, ultrasonic and electrícal measurement methods have been proposed and/or used to 
investigate thc interfacial arca concentration. These methods are limited and answer only part of lhe 
problem Measurement of the interfacial velocity itself is extremely difficult in most two-phase systems 
anú has not beco used for direct detennination of lhe ioterfacial arca concentratlon (Lin et al., 1991). 
The tomographic technique may be applied to muhlphase flow in order to overcome lhe measurement 
limitations discussed above. Some industrial applications of lhis technique are discusscd by Dicldn et 
al. ( 1992), Huang et ai. ( 1992) and McKec e1 ai. ( 199J). 

Tomography is nonnally known as a radiological technique for obtaining clear X-ray images of 
deep intemal structurcs by focusing on a specitic plane within a body. Barber et ai. ( 1983) and Seager et 
ai. ( 1987) presented a method to produce tomographic images using elecl'rical resistivity, which might 
have applications in medical diagnosis. Research and development of electrical impedance computed 
tomography h as been undertaken in geological arca (Dynes and Litle, 1981 ), also by using an electrical 
resislivity technique. ln the traditional computed tomographic technique, sensors are high energy X
rays wilh stra•ght ray palhs which are independent of lhe medium being examined. ln contras!, lhe 
current paths and cquipotential surfnces of lhe elcctrical impedance tomography are functions of an 
unknown impedance distribution (Yorkcy et al., 1987). 

Some studies applying tomograpby to the investigation of multiphase flows (MacCuaig et al., 1985) 
have used Gamma-rays to obtain lhree-dimensional density maps oflaboratory scale flujdized beds. The 
X-ray computcd tomography techniques have been applied to fluidized bed density imaging (Banholzer 
et al., 1987) and to multiphase flow (Vi negar and Wcllington, 1986). Hussein and Meneley ( 1986) 
applíed neutron tomography to two-phasc flows. Plaskowski et ai. ( 1987) describcd the application of 
Manuscrlpt recelved: November 1995. Technical Editor: Carla$ Alberto Carrasco Affemani 
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the uh:rasonic tec.hnique to multiphase tlow imaging. Process engineering studies involving impedance 
tomography include capacitive transducers imaging of oil-gas Oows (l-luang et al., 1992), fluidlzed beds 
(Faschmg and Smith Jr., 1991). and capacitive and resistive imaging of dense-phase pneumatic 
conveying (McKee et ai., 1993). Geraets and Borst (1988) showed lhe advantage of the capacitive 
transducers over the resistive ones. 

Two-phase Oow impedance tomographic methods are actually sequential hardware processes, where 
ali electrode paírs are scanned by only a single transducer. ln a parallel tomography system (Belo, 
1995), each electrode has its own intrinsically stray-immune capacitance transducer. Then, when an 
electrode is excited with the input signal, ali other electrodes are ready for output signal measurements. 
This parallel system, associated with a high frequency transducer, allows faster data acquisition and 
better imaging resolution. 

Ditferent methods of image reconstruction for elcctrical impedance tomography systems have been 
proposed. Yorkey et ai. ( 1987) examined some image reconstruction methods including the perturbation 
method used by Kim et ai. (I 983), the equipotential línes method used by Barber et lll ( 1983) and the 
variational method developed by Kohn and Vogelius (I 987). The main problem in image reconstruction 
is that the electrical field sensitivity distribution depends on the phase distribution. Actually, the most 
used image reconstruction method for capacitive tomography systems is lhe back projection algorithm 
described by Herman (1979). This method can be improved either by fillering {Buang et ai., 1992) or 
by calibration (Fasching and Smith, 1991 ). 

Figure I shows schematically the principal steps of the electrical capacitance tomography system 
and the back projection algorithm used for image reconstruction. The back projection algorithm is 
based on the solution of two problems, the forward problem and the inverse problem. The forward 
problem is based on the determination of lhe electrical field inside the tomography sensor as a function 
of the sensor geomet.ry and lhe phase distribution. Usually the forward problem is solved by a finite 
element method to obtain the capacitance values between the ditferent electrode pairs. By changing the 
phase distribution inside lhe sensor, the capacitance sensitivity distribution of the tomography system 
may be obtained. The inverse problem consists in the determination of lhe spatial phase distribution 
inside the tomography sensor, that is lhe llow image, from the capacitance measurements. Due to the 
limiled number of capacitance measuremcnts, the image may only be reconstructed by using some 
approximate method. ln lhe back projeetion algorithm, the reconstructed image is obtained from the 
capacitance measurements and the capacítance sensitivity distribution. 

Fig. 1 FIOw Chart of lhe Electrlcal Capacltance Tomography Syatam 

ln this work the linear back projection algorithm is described. Some numerical simulations using 
lhe finite element method were performed to obtain the lheoretical capacitance values, instead of the 
capacitance measurements, for different two-phase flow pattems. Tbe two-pbase flow images were then 
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rcconstructed by using lhe linear back projecrion algorithm. The improvement of lhe image resolutioo 
was obtained through a filtering technique. 

Finite Element Model 
ln lhis study the capacitance between different electrode pairs is obtained numerically by using a 

two-dimensional finite element model. The electrostatic ficld problem can be represcnted by lhe 
following Laplace's equation: 

(I) 

where ;< x. y J and E( x. y) are. respectively, the two-dimensional electrostatic potential and lhe 
dieJectric constant distributions and &0 is the free-space dielectric constant. 

The boundary conditions imposed by lhe measurement technique, when the electrode I is the source 
elcctrode (i= l,n), are: 

rp,= {
v,. (x.y)er, 

O . (x.y)fi,T, 
(2) 

where 1 , represents lhe spatial locations of the n electrodes around the externa! surface of lhe sensor 
and ~ c is lhe potential applied to the source electrode. Figure 2 shows a capncitance sensor wilh 8 
electrodes around a glass pipe. 

Flg. 2 ~hematlc: Rtp.-.sentatlon of an 1-Eitetrodt Capac:ltiva SenaOf 

As it was mentioned bcfore the forward problem is based on the determination of lhe capacitance 
values for a known distribution of the dielectric constant. lhat is for a given distribution for the gas 
1 b g = 1; and lhe liquid 1 c1 = 6U J components. For an 8-electrode sensor, lhere are 28 independent 
capacitance values for ali possible combinations of electrode pairs. The first stcp in deaJing with lhe 
problcm is the solution of Eq. (I) in order to obtain the distribution of;rx.y). Since the f1ow 
distribution is usuaJiy very irregular, lhere is no analyticaJ solution to Eq. (I). Thcrefore a numerical 
method, like a finite element melhod, must be uscd. 

ln this work lhe commercial finile element computcr code ANSYS was uscd to solve lhe electrical 
field inside lhe capacitance sensor. The region shown in Fig. 2 is divided into P (P=968) three-nodes 
triangular elements corresponding to Q (Q=-529) nodes. The finite element mesh is shown in Fig. 3. 

After solving node electric potentials. lhe capacitancc between each clcctrode pair i-} can be 
detennined by perfonning numerically thc following integration: 

(3) 
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where ~' ( x. y J is the two-dimensional electrostatic potential distribution when electrode i is the source 
electrode. 

~~ ~ 
Zl. 

C>L Ll"i: ::1<: 
;f« ~ 

?" 

!';, 

~)te: >:7"':. , ~ 
-l( 

Fig. 3 Finita Element Mesh for the Capacltance Sen•or 

Capacitance Sensitivity Distribution 

The finite element model previously described is used to calculate the capacitance sensitivity 
distribution needed for the image reconstruction algorithm (see Fig. I). The input data required for the 
finite element calculations are presented in Table I. 

Table 1 Input Data for the Finite Element Calculations 

Data Description V alue 
R1 Internal pipe radius 46.5 mm 
R2 Extemal pipe radius 50.0 mm 
e Electrode angle 45° 

Cg Gas dietectric constant 1 

CJ Liqukl dletectric constant 80 

Ep Pipe dielectric constant 4 

Tbe capacitance sensitivity of the kth in-pipe element (a finite element inside the pipe) can be 
determined by assigning to this element the dielectric constant of the liquid and to ali others in-pipe 
elements the dielectric constant of the gas. ln the present model there are 800 i o-pipe finite elements 
and 168 finite elements representing the pipe wall. The capacitance sensitivity distribution for the 
electrode pair i-j is defined as: 

(4) 

wbere C;.j( k) is lhe capacitance when the kth in-pipe element h as the dielectric constant of the liquid 
and ali others in-pipe elements have the dielectric constant of the gas, c;_1 and C;~1 are respectively 
the capacitance when the pipe is filled with gas and with liquid and p(k) is lhe arca C<lrrection factor 
related to lhe kth in-pipe element. The area correction factor is the kth element area divided by the mean 

element area (total area divided by the number of elements). 
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Due to lhe sensor symmetry. only four capacitance Sc:nsitivity distributions need to be calculated. 
They are S1.2 (sensitivity distribution of an adjacent electrode pair), s.., (that of an electrode pair 

. separated by one electrode). S1.4 (that of an electrode pair separated by two electrodes) and St.s (that of a 
diagonally separated electrode pair). This can significantly reduce the computational time, since the 
olher 24 sensitivity distribulions can be obtained by a simple transformation (lhe centre of the pipe 
being lhe centre of rotation) ofthe type: 

(5) 

where R{.-) is an operator representing the aforementíoned transformation. lt other words s.._. can be 
obtained by rotating S.., anticlockwise by r degrees. Table 2 presents lhe capacitance sensitivities 
associated to Eq. (5). 

Table 2 - Ust of the Other 24 Sensitivlty Dlatrlbutions as a Functlon of the 4 Typical 
Ones and the Correaponding Rotational Angle. 

S.J 45° 90° 135" 180° 22.5" 27ii' 315° 
S1.2 Su 53.• 5o.a Su Sa.r 5r,a s,.a 
S,,l 52.4 53.6 So.a 56.7 Sa.a S, 1 52.8 
S1.o Su S3.e So.7 Su S1.a Su 5u 
s, s s20 53 1 Soa 

The four typical sensitivities distríbutions S/] to Su are shown in the Fig. 4. lt can be observed that 
the capacitance sensitivity is higher near the pipe wall lhan in the middlc ofthe pipe. ln some arcas lhe 
sensitivity exhibits positive response., whereas in others rt is negative or zero. 

· .. . ... 
... ~ . ·--

· . 
... _ .. . ~ -- ·-

-.. . 
Fig .. 4 Ca~ettance S.n.ttlvtty Dlstr1butlona fOf' the Four Typleal Electi'Ode Po~lrs 
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Simulation of the Capacitance Measurements 
The finite elemenr model is used to simulate various gas-liquíd distributions ín the capacitance 

sensor. Tbe corresponding responses of the sensor, namely, the 28 capa.citance data, are tben 
determined to supply the flow data for the image reconstruction algorith:m. Different flow regimes, such 
as stratified flow , annular tlow. bubbly flow and d.roplet flow can be produced by assigning tbe 
corresponding values of the dielectríc constant to cach ofthe in-pipe elements. Flows of different liquid 
concentration { 1J ), and different number and s ize of bubbles or droplets can be generated. Three flow 
distributions were studied in this worlc: stratified flow { f:J =0.50), annu.lar tlow ( f:J =0.36) and droplet 
flow ( p =0.08). Fig. 5 shows thc corresponding 28 normalised capacitance. defined as: 

C" -Cg 
À - ' ·! ' ·/ 
•.J- d rll 

l,j- '-'1,) 

where C,~ is the capacitance mcasurement for the gas-ljquid distribution. 

(6) 

----~..c.,.,.,..,::.:..:.:. _ _ 

Fig. 5 Nonnallzed Capacltance Data for Olfferent Flow Reglmn 

For a linear system (for example, X-ray tomography) the norrnalised data should fali within the 
interval (O, I j . But for a non-linear system values of ... i./ either negative (under-shooting) or greater 
than one (over-shooring) could occur. The magnitude oftne over-shooting is, in general, larger than that 
of the under-shooting. This non-linearity in tbe capacitance data is dueto tbe effects ofthe distribution 
of the dielectric constant. The presence of the p.ipc wall and the gas-liquid mixture will redistribute the 
electric tlux !ines in the sensor. This redístributíon may cause some electrodes to absorb more (or less) 
electric tlux I ines compared to the case. where the pipe is filled with liquid (or gns), resuJting in over
shooting ( or under-shootjng) effects. 

lmage Reconstruction Algorithm 
As ít is shown in Fig. I. the two-phase imaging system is based on the image reconstruction 

algorithm. A reconstructcd flow image is obtained from the capacitance measurements, by using the 
capacitance sensitivity distributíon. Thc invcrse problem is to determine the distribution ofthe dielectric 
constants of the g.as-liquid mixturc from the measured capacitance v alues, that is, to find the inverse of 
Eq. (3). lt should be pointed out that there is no analytica.l solution to such an inverse problem. 

To solve thc inverse problem for capacitance tomography, some approxímate methods are needed. 
Note that the number of unknown parameters in the system (lhe 800 image pixels) is greater than the 
number of known parameters (lhe 28 capacitance measurements). Thus the system is underdeterrruned. 
Some prior knowledge of the system. such as the capacitance sensitivity distribution. should be 
supplied to solve the problem. 

An image reconstruction algorithm based on a sirnple- back projection method was used for tbe 
capacitance tomography (Xie et ai., 1989). The reconstructed image may be represented by pixel gray-
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levei used to approximate lhe dielcctric constant distribution. The gray-level is determined from lhe 
following equations: 

(7) 

where 

( 
N I N )-I 

W(kJ = "' - "' Sy(k) L...,a/ L,..J•I+/ 
(8) 

Note lhat W(k) is lhe weighting factor used to compensate for lhe cffects of non-uniform sensitivity 
djstribution on lhe values of pixel gray levei. The plot of W(k.) for lhe proposed capacitance sensor is 
shown in Fig. 6. 

Fig. 8 Dlatrlbutlon of the Welghtlng Factora for Plxela 

For a linear system, lhe image gray-level should fali within the interval u 5. <J( /c) sI. Since a 
capacil3Jlce tomography system exhibits non-linearity, both "'IJ and G{k) may show overshooting 
(larger lhan I) or undershooting (smaller than 0) values. The images reconstructed by lho back 
projection melhod are always dom;nated by anifacts arising from elements of low gray leveis. 
Therefore, some processing on G(k) is needed before lhe gray-level image is displayed. Overshooting in 
G(kJ is eliminated by using the following truncation operation in Eq. (7): 

.1.,1 = I t[ Ã.IJ > I (9) 

A threshold operation is used to eliminate undershooting. lt has been observed lhat lhe levei of 
thresholding depend upon lhe flow (dielectríc constant) distribution and lhe liquid concentration. To 
establish a suitable lhreshold levei some kno\1-ledge of lhe flow pattem should be introduced, such as 
the liquid concentration, Pm, obtained from the capacitance measurements. A procedure for controlling 
lhe degree of thresholding on lhe basis of the estimated f3m is described below. 

As the system is designed to reconstruct only a two-component flow image, lhe grey leveis after 
, thresholding G, ( k ) have only two values_ say O and I. thus: 

if G(k)<t 

if G(/t.)~t 

where (O~ I ~ 1) is lhe threshold levei. 

(10) 

The concentration P1 estimated from lhe post-thresholding pixel elemcnts Gd k) is given by: 
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(11) 

where m- 800 is thc numbcr ofpixd elcmcnts. 

Whcn thc absolutc valuc ofthe differencc between the ctmccntration estimated from thc capacitancc 
measurements Pm and the post-lhresholding estimate p, is smaller than a chosen small value the 
thresholding procedure is completed. 

To illustratc the effectiveness ofthis algorithm. Fig. 7c shows Lhe reconstructed image ofa stratitied 
Oow (p=Q.50) using the norrnalized capacitance data shown in Fig. 5 and a threshold levei r-0.07. The 
rcronstructed image w1th fillering resembles closely the flow model shown in Fig. 7a. The image 
reconstructed without the threshold opetatiOn is presented m F1g. 7b, showing poor fidelity in 
comparison with Fig. 7c. 

I • I 
• • .._..; I' 

Fig. 7 lm•g• Rec;onstruction of Stratlfled Flow. t•l Flnlte Element Flow Phantom, (b) Reconstrocted Flow Wlthout 
Ftltet1ng, (c) Reconstructed Flow Wlth Threahokl Flltenng (,.0.07) 

Figure 8c shows the reconstructed image of an annular flow (P =0.36) using the nonnalised 
capacitance data shown in Fig. 5 and a threshold levei r-0.85. Again, the reconstructed image with 
filtering resembles closely the Oow model shown ic Fig. 8a. The image reconstructed without the 
threshold operation is shown in Fig. 8b. lt should be noted the poor fidelity ofthis image in comparison 
w1th Fig. Se. 

.. . .. . .. 
• •• - .. ..... 

Fig. 8 lmage ReconatnJctlon of Annular Flow. (e) Flnlte Element Flow Phantom, (b) Reconatructed Flow Wlthout 
Flltenng, (c} Reconstructed Flow Wlth Threshold Flltering (t-0.85) 

Figure 9c shows the reconstructc:d image of a droplet flow (f3 -=0.08) using lhe normalised 
capacitancc data shown in Fig. 5 and a threshold levei t=0.035. The reconstructed ímage without 
tiltering (shown in Fig. 9b) is dominaled by low gray-lével artifacts. After threshold filtering. the 
reconstructed image is shown in Fig. 9c. ln this case. even though lhe liquid concentrat:ion is correct, 
lhe droplets distributioa in lhe reconstructed image are aot predicted accurat.cly. This distortion may bc 
explained by the noa-uniform sensitivity dislribut:ion inside the sensor. The region rear the wall has a 
higher sensitivity then a region in the centre of tbe sensor. Then. in the reconstructed image, lhe 
droplets have tbcir position shifted toward lhe wall. 
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Fig. 9 lmaga Reconstructlon of Droplet Flow. (a) Finita Elamant Flow Phantom, (b) Raconattuctad Flow Wlthout 
Flltaring, jc) Raconatruetad Flow W1th Thntlhold Flltel1ng jl-0.035) 

Conclusion 
A useful image re.construction melhod for two-phase flow capacitance tomography systems has 

been developed. This method is bascd on the fact that the phase distribution. or the dielectric constam 
distribution. may be approximated within the sensor by using only boundary capacitance measurements. 
The finite element method was used to solve the forward or direct problem. Using a sufficient large 
number of clcments (968 in lhe prescnt case), lhe numerical solulion of lhe elcctrical potential field 
converges to the exact solution. The inversc problem was solved using a linear back projection 
algorithm. The poor spatial resolu1ion of this method . may be attributed to both the non-linear 
rclationship between the capacitance and the dielectric constant and the limited number of independent 
capacitance measurements. The proposed threshold filtering technique should improve the image 
reconstrucüon results. A grcat computat1onal etTort was necessary for lhe solution of the forward 
problem and thc sensitivity distribution dcterminalion. Once lhis function is known for a given sensor 
geometry and Ouid dielectric propc.rties, the computational cffort needcd to reconstruct the Oow image 
is sufficiently rcduced so that an on-line monitoring of lhe two-phase flow distribution migbt be 
possible. 
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Abstract 

A numer1cal model based on normal dlpole paneis wíth consronr s/rength dístributlons is proposed in arder to 
sol-oie rhe linearized unsready motron of rhe rhin airfoil ln lncompressible lnvlscld flow. The direct relatronship 
between vonices and normal dlpole paneis with constam strength distribuJrons Is employed, wtth the speciflc arm 
of srmpl!.fymg the numerical lmpltmenlat/JJn of círculaflon conservation. force caiC~~Iation and vortu sheddtng. 
1M st1ggested method is fast atJd ge~ra/ Closstcal un.steady thill arrfoil problenu are so/ved by lhe pruem model 
atJd 1~ results are shown to compare we/1 wlfh analytlcal ruults. 
KtJfi'I'Ords. Thin Airfoib. Unsteady Flow. Normal Orpole Paneis. 

lntroduction 

Notwilhstanding lhe relative simplicity of the unsteady motion of a thin airfoil in incompressible 
inviscid Oows, a large amount of work has been done since thc early classical studies carried by 
Theodorsen ( 1935 ), von Kánnãn ( 1938), KUssner. Sears and Wagner (Bisphnghoff. Ashley. Halfman. 
1955). Extentions of these classical analytical studies are intensively employed nowadays in 
engineering calculations. as cited in McCune. Lam and Scott ( 1990). where Wagner's integral equation 
is modified in order to allow for large an1plitude airfoil motion, wake defonnation and roll-up. 

Basically lhe classical works can be classified into four admittance functions as follows (V ates Jr., 
1985): Theodorsen function. C(k), for an airfoil oscillating in an unifonn freestream, where k is Lhe 
reduced frcquency pararneter; Scars function for a stationary airfoil in an oscillating gust ficld; Wagner 
function. <l>(s). for step changes in angle of attack. or forward speed. and KUssner function. \1-'(s), for ao 
airfoil penetrating a sha.rp-edge gust ln lhe last two cases, lhe symbol s stands for distance in 
semichords traveled by Lhe airfoil after lhe step change in angle of attack or gust entrance. ln fact. 
Wagner's and Theodorsen's functions. just as Sears' and Küssner's functions. are related by means of 
Laplace transfonnations (Garrick. 1957). 

Nomenclatura 

c ... airfoil chorei U., = und1sturbed flow velocity ~ = velocity potential 
C(k) "' Theodorsen function X,Y.Z= cartesian coordlnates dlfference 
f • nondimensional z. = transversal r "' bound vortex intensity 

aerodynamic force displacement of the Ci>(s) = Wagner function 
j = unitary vector along Y chordllne • = perturt>atlon veloclty 
k = reduced frequency = vector product potential 

oo c I (2 U.,.) r = vortex intensity 'V = KOssner functlon 
n "' unitary vector normal to .M =time step (I} = angular frequency of 

lhe airfoil IV( = panei lenghl harmonic oscillatlon 
s = distance in semichords SCp = pressure coeffldent = panei number 
I .. titm~ difference m = time step 
~ = total velocity 

The effect ofthe thickness of airfoils in small-arnplitude, simple harrnonic motion has been studied 
by Van De Vooren and Van De Vel ( 1964) using airfoil circle confonnal mapping techniques. 1t is well 
known lhat for both steady and unsteady flows, lhe thickness will increase the lift coefficient of airfoils 
while viscosity, on the contrary, will decrease it. This fact, although fortuitous, justifies at least ln part 
thc study of lhin airfoils. ln the sixties, Giesing ( 1968) solves the problcm of the unsteady airfoil in 
Manu$C!'pl receiVed: AuguSl 1998. Tectrnical Editoc Carla$ Alberto CamlSCO A!tenMnl 
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nonlinear potential tlow by the very general panei method of Hess and Smith ( 1966). ln the work of 
Gicsing, the so called nonlinear effects are due to airfoil thick:ness, amplitude of motion, frequcncy of 
oscillation, gust magnitude and wakc dcformation. 1t sbould be stressed, however, that., strictly 
speaking, the only nonlinearity in the problem arises from the wakc, that is, to fmd the wake shape 
involves a nonlinear process. The nonlinear effect relative to airfoi l thick:ness comes indeed from 
boundary C<Jnditions. 

Aside nonlinear effects, it is argued by Basu and Hancock (1978) that two Kutta conditions are 
required in order to obtain a satisfactory solution ofthe problem in hand. However, for general unsteady 
motions it is possible to obtain numerical solutions by imposing either the condition of finite velocities 
about the trailing edge or the condition of zero loading about the trailing edge. The main difference 
between Giesing and Basu and liancock solutions for the Wagner problem is the fact that the former 
does not satisfy the zero loading condition (Basu, Hancock, 1978)). lt is worth to point out that the two 
Kutta conditions referred aoove are satisfied by cusped trailing edge profile problems with nonlinear 
boundary conditions o r thin airfoils in unsteady flow. Since the amplitude of motion for airfoils are 
realistically bounded by stall phenomena and nonlinearities dueto profile thickness and wake shape are 
limited and well behaved in nature (Giesing. 1968), (Katz, Weihs, 1978b, 1981), at least for a single 
element airfoil (Rokhsaz, Selberg, Eversman, 1991 ), a numerical tackling of thin airfoil in unsteady 
motion becomes interesting due to its high versatility in dealing with many kinds of unsteady boundary 
conditions and low computational cost. 

The main objective of the present work is to propose a simple and efficient numcrical method to 
handle the problem of a thin airfoil in arb.itrary motion. Additionally, the modeling may also be applied 
to airfoils with chordwise flexibility or compliant mean camber line. The basic limitation of the 
proposed procedure is the two-dimensional potential linearized theory; on the other hand, only 
fundamental concepts of fluid mechanics like free and bound vortices are employed. The direct 
relationship between vortices and normal dipole paneis with constant strength distributions is 
emphasized and is the base of the suggested numerical model. Lift force, pitch moment and the leading 
edge suction force are obtained, from aerodynamic basic principies. The method can be applied in a 
straightforward manner lo oscillating-wing propulsion studies as it is established in De Laurier and 
Winfield ( 1990) and, with minors reference frame modifications, as done in Katz and Plotkin ( 1991 ), 
regarding free vortex wake shape, boundary conditions and Bernoulli equation, to foils in a large 
amplitude curved path (Katz, Weihs, 1978a). 

Analysis 

Mathematlcal Modal 

Consider a two-dimensional thin airfoil moving along thc negative X-axis in an incompressible 
inviscid fluid. Pitching and heaving motion, as well as chordwise tlexibility or a compliant mean 
camber line can cause displacements of points on the airfoil from its average trajectory. The undisturbed 
flow velocity and reference length (airfoil chord) are made unitary and an arbitrary perturbation 
velocity, compatible with the linearization hypothesis, may be superimposed on the undisturbed flow in 
order to simulate gust profiles. For an irrotational flow the nondimensional perturbation velocity 
potential, ~. is describe<l by the following system of equations, 

( I ) 

iJ;- Õla élla ----+--
Õl iJt bX 

O~XS.l (2a) 

V; ~ O as I X 1·1 Z I -+ oo (2b) 



P.A.O. Sovlero et ai.: A Numerical Model for Thln Airfoils in Unsteady Motion 334 

where Za represents the instantaneous small transversal displacement of the chordlioe, and the 'Z-axis 
points upwards; the c:hordline spans o ver the X-axis from O to L Equation (I) expresses mass 
conservation. Overlooking any possibility of lag in the adjustment of the flow at the trailing edge, X= I, 
the Kutta hypothesis of finite, continuous velocities and pressure is applied (Bisplinghoff, Ashley, 
Halfman, 1955). (Katz, Weihs, 1981). Having solved Eq. (1) for,, the pressure coefficientjump, õCp, 
on airfoil and wake is obtained with the help ofthe linearized Bernoulli equation, 

(3) 

where õq, stands for the velocity potential difference between upper and lower sides. To assure pressure 
continuity over trailing edge and wake Eq. (3) is written as: 

(4) 

where D/Dt denotes the substantial derivative. Equation (4) guarantees that ~ at every point in the 
wake remains constant if displaced with the undisturbed flow velocity. This property, in fact a 
linearized version of Kelvin's theorem, will be employed in the proposed numerical model in order to 
assure Kutta and free wake conditions in thc limits oflinearized theory. 

Numerical Model 

The. numerical model here proposed is somewhat similar to but not the sarne as the "marching
vortex" conc:ept. lt is taken into account three concepts well-k.nown from the aerodymamicists; lirst the 
impulsive generation of vortices in perfect fluid; second the relationship between a vortex pair and the 
potential jwnp along the line that joins them and third the numerical solution of a thin airfoil by normal 
dipole panei singularity. The first two concepts are presented and discussed in von Kármán and Burgers 
(1976). The last one the reader can find it in Katz and Plotkio (19991). The motion bc:gins from an 
impulsive sta.rt with thc: subsc:quent generation of a vortex wake modclc:d by a scquencc: of discrete 
vortices shed at equal time intervals. ln this work the wake is convected downstream with free fiow 
velocity, however, a nonlinear wake shape may be obtained by calculating the velocity on each free 
vortex. Thc: steady state motion, if it exists, is obtained asymptotically. The sequence of events of the 
numerical procedure is summarized in Fig. I and its stc:ps are described below. 

At time t=O the airfoil chord is divided in a convenient number of small and equally spaced paneis. 
three in Fig. I . Over each panei an unknown constant strength normal dipole distribution is assumed. At 
t=O~. on each panei central point, the boundary conditions are exactly satistied by a classical panei 
method solution of the Neumann problem. This impulsive motion produces a constant strength normal 
dipole distribution, ~01, where subscript and superscript indicate the panelnumber and initial time step 
respectively. Due to the equivalence between a constant strength normal dipole panei and a counter 
rotating VOrlCX pair pJaced at ÍIS edges, WhOSe ÍOICOSÍIÍCS are Ô~0J roj = :l: ~wJ• the COOS(at'll Strength 
normal dipole distribution of each panei can be transformed into bound vortices. For the leading and 
trailing edges. !:01=ro, and !:0.= .f"l respectively, while for inner adjacent panei edges the bound 
vortices intensities are !:0) =roj - roJ·I· During the elapsed time interval ót ' the trailing edge bound 
vortex becomes free and is shed with undisturbed flow velocity. At the next time t=ót+ a new constant 
strength normal dipole distr.ibution is superimposed over the discretized airfoil in order to enforce again 
boundary conditions. After replacement ofthe normal dipole paneis by their equivalent counter rotating 
vortex pairs, the bounded leading and trailing edges vortices are, now for the time step I, L1t = I 0

, + 
r•, and r•. = -r•) respectively, while for the inner adjacent panei edges the bound vortices intensities 
will be L 1

j =rol+ (r1v r' H>· The newly created vortex at the trailing edge is shed, during time interval 
ót, as was the older one. This procedure generates a free wake in the forro of a row of adjacent discrete 
vortices. 
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Fig. 1 Num&rlc.l Mod&l • Sequence of Events 

The numerical scheme is generalized for a time step m and chord discretization of n paneis as: 

(5a) 

""m =-r: 
L..Jn+l 

(5b) 

(5c) 
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for leading edge, trailing edge and inner adjacent paneis, respe~tively. ll shouJd be noted lhat Kelvin's 
lheorem is automatically satisfied by the abovc described numerical scheme. This is so becausc aftcr 
each time step thc bounda.ry conditions are again satisfied, through lhe panei melhod solution, by 
constant strength dipole paneis which are transformed in cowlter rotating vortex pairs. Thus, the global 
vclocity circulation around airfoil and wake rcmalns constant and cqual to zero. 

To obtain lhe force on the airfoil at time step m lhe total velocity, U,, is cala lated at each panei 
edge, except for lhe tramog edge. Taking ioto accouot ali bouod vortices at each panei edge, r· •. wilh 
direction perpendicular to lhe two-dimensional flow plane the noodimensionaJ force, 1'\, at lhe k panei 
and m time step is expressed as: 

m Lm . i} {J;.I.'f' ó f 14 =1U,• f+2 - \VV'IJc Xn * Ôl 
(6) 

ln Equation (6) j is a unit vector along Y, n is a unit vector normal to lhe airfoil camberline, symbol 
• denotes vector product and ÂX is the panei length. Summing up ali panei forces, tbe lift and suction 
force c«fficient..~ may be calculated by usual force decomposition, lhat is. normal to tbe undisturbed 
flow and parallelto the profile chord respectively. The first tenn on lhe right hand side of Eq. (6) is a 
numerical version of the Kutta-Joukowski lhcorcm, whose demonstration, as it is applied in the present 
work., is discussed in von Kármán and Burgers ( 1976). The second term comes from unsteadiness and is 
evaluated at each panei central point. Care must be exercised in order to proper evaluate pitching 
moment, since lhe first force on thc right hand side of Eq. (6) has as its application point the panei edge 
whereas lhe second one is applied at panel's centcr point Further in order to account for lhe fact lhat 
bound vortices lie at the panel's fLrst quarter point, a proper shífung of lhe pitching moment axi.s must 
be made. The new position is Â)(/4 to lhe lefl 

ln what concems the suctíon force coefficient two remarks should be made. First, in spite ofthe fact 
lhat each panei gets subjected to an elementary suction force, thc sum of ali these elementary forces has 
the leadíng edge as its point of applicatíon. Secondly, it can be observed that, wilhin lhe limlts of 
lineariz.ed theory, the leading edge suction is of the "flat plate" type, since this force may be obtained 
from the coefficient of the first term in a bound vorticity Fourier series development as proposed by 
Glauert (Schlichting, Trukenbrodt, 1979). 

Comparison with Exact Solutions 

Numerical solutions to lhe four classical problems (as referrcd in thc lntroduction) are now 
compared lo analytical results. Since mathematical modeling and boundary conditions are the sarne for 
both methods, eventual disagreements can be ottributed to the singularity distribution or chord and time 
discretization. ln lhe present numerical calculations. panei singularity distributions, time íntegration and 
derivatives are ali of frrst order. Conceming chord and time discretiz.ation it is pointed out lhat they are 
not completely free, as for gust problems for examplc, where airfoil chord must be suitably discrc:tized. 
The sarne point of view is extended to time discretizalion, that is, since lhe undisturbed flow velocity 
and chord discretiz.ation define a reference minimum time stcp for transient problems, 61 .. 6XJU..., 
then. from linearity and for unitary undisturbed flow velocity time step, 6t should be equaJ to ÂX. 
However. for some problems. small variations in time step were made in order to obtain better results. lt 
has been also observed thal Lhe second term on the right hand side of Eq. (6) is very sensitive to the 
value oflhe time step. in transient problems. 

As a tirst example the time history of the circulatory lift, suction and drag forces for a flat plate 
starting lmpulsively from rest at small angle of artack are compared in Figs. 2 and 3 with their 
respective anaJyticaJ counterpans. CaJculations with coarse and fine cbord discretizations, tive and 
twenty one equal panei elements respectively, are shown. A time step of 6t = 1.2 áX has been 
employed, resulting in better agreement with analyticaJ data than for time 6t = ÂX, specially for lhe fme 
discretization. The lime step influence is more pronounced ai lhe beginning of the motion. The 
nondimensional lift curve shown in Fig. 2 is in fact Wagner's function, <l>(s), while the drag curve in 
Fig. 3 is obtalned analytically by <l>(s) - <l>2(s) as reported in Garrick (1957). Nevertheless, from a 
numericaJ point of view, lhe three forces referred above result from calculations employing Eq. (6); and 
convenlently decomposed afterwards. 
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The flat plate lift after penetration into a normal sharp gust is presented in Fig. 4, again for coarse 
and fine discretizations. As can be seen, the agreement with KUssner's function, 'f'(s), is good, even for 
a chord discretization of tive elements. However, the two solutions deviate when lhe guS1 front is 
passing by the trailing edge. This anomalous behavior is also present in the numerical solutions of 
Giesing ( 1968) and Basu and Hancock ( 1978). Nevertheless, for the fine discretization KUssner's 
function overshoot is negligible small. Unlike Wagner's problem, in the present calculations the gust 
front proceeds gradually from a contrai point to anothe.r at each time step increment, and is in 
agreement with theoretical results starting at the first instanl oftime. 
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The flat plate lift for a sinusoidal gust (lhe Sears' problem). with amplitude 0.2 limes lhe 
undisturbed flow velocity is presented in Fig. 5. Except at the beginning of run, where the free vonex 
wakc: ts finite. numerical results are quite good (for fine discretization and after a displacement of one 
chord length). [t should be rc:maided that in the analyticol model the vortex wake is infinite in length. 
The periodic boundary condition.s introduce another reference of time related to thc: wave length of the 
periodic gust. ln the present work, for k = 0.5, the referred wave length is greater than the chord 
allowing one to use a time step àt = 6X. SmaJI variations of ót do not affect the results significantly . 
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gual amplitude ia .20 times undlaMbed now velodty. 

8. 

Finally, in Fig. 6, lift, pitching moment and suction force coefficíents are preseoted for the sarne 
case studied in Dc:Laurier and Winlield ( 1990). The flal plate w1dergoes oscillatory midchord plunging 
and pitching for k = 0.5. Pitching angle and plunging amplitudes are 0.1 radians and 0.5 per chord 
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length respectively. As in Sears' problcm. tbc wave lengtb of the periodic oscillation is great enougb to 
allow a time step .:\t = ó.X. The sarne remar!< can be made conceming fmiteness of thc free vortex wake 
at the beginning of numerical calcula.tions. 
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Final Remarks 
This work may be considered as an extension of lhe simple lumped vortcx melhod to lhe two

dimensional tlow case. The main advantage of this generalization is lhe possibility to study gust 
problems or defonnable surfaces. The present numeric8l model treats ali problems as initi8l value ones, 
then. for periodic molions, 8 minimum number of time steps must be considered in order to guarantee 
that the transient olfects die out. from 8 numerical poim of view, due to the constant strength dipole 
employed to solve the Neumann problem, the enforcements of circulation conserv8tion, Kutta condition 
and vortex shedding are simpler to establish in rel8tion to other equivalent models. Finally, the 
importante of lhe time step chosen. especiall)· in transient or periodic high frequency problems, is 
properly evidenced. 
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Abstract 

ln this paper o numerical inv/scid vortex method is app/ied 10 lhe unsleady, two--dimensional and incompressible 
jlow that occurs during a parai/e/ blade-vortex lnteraction. We use a vorlicity-panel melhod. where the airfoil 
bound vortictly is modeled as a dtscrete dismbution of vorllces having strength conlinuously and lineorly 
dtslribuled ove r lhe airfotl surface. The 1mpermeabiltty condiltan is saltsfled on the alrfoi/ surface. whereas the ncr 
slip condtllon ts not. The generation of the wake vorttcity is accomp/ished with lhe equation of conservation of 
c/rculation and lhe app/ícation of the Kuua condilton. which imposes lhe contlnuity of lhe pressure fleld at lhe 
airfoil trai/ing edge. The vorrices shed lnto lhe .f/ow 10 jorm lhe airfoil wake are convected downslream wlth the 
meanflow using a Lagrangian rime-marchlng scheme. The maln vortex lhat tnreracts wirh the airfoil is modeled as 
a potenlial vortex. The nwner~cal results are compared tv the experimental data of Straus et a/. (1990). showing· 
good agreement for the entire flow. excepr when the vortex is close enough to the trailing edge so that seporalion 
occurs. 
Keywords: Aerodynamics. Airfoil. 8/ade-J!orlex lnteraclton. Vorlex Methods. Wa.kes. 

Nomenclatura 

A influence matrix of the p pressure ê, = unit vector in the z-
panei method s = surface of integration direction 

c airfoil chord t time õ local unit normal vector 
c airfoil contour of u = freestream speed 

integration, or constant .:11 time step Subscrlpts: 
in Eq. (33) t.r variation of circulation in a airfoil 

Ct = lift coefficient per unit a time step ij = summation índices 
span r vortex strength or k = wake vortices 

Cm= pitching moment circulation I te = lower tralling edge 
coeffícient per unit span ; = velocity potential M = al time 1M 

Cp = pressure coefficient E = numericat error o = at t=O 
h = smallest distance 9 local angte between x- ute = upper traiting edge 

between lhe airfoil and dírection and n v = maio vortex 
lhe vortex p = fluid density w = wake 

K interaction parameler y bound vortex sttength or «> = far upstream 
Ka apparent interaction vorticity in the boundary ~ = irrotationat component 

parameter layer (l) = rotational component 
= coordinate system along ü velocity vector with 

lhe airfoil contour coordinates (u.v) Supercripts: 
L lift per u nit span x = position vector with e = exact 
M pitching moment per coordinates (x,y) n = numerical 

unit span = evaluated on the 
liJ = vorticity vector with 

N = number of paneis surface of integration S 
p = path of integration in Eq. coordinates (O.O,m) or contour C 

(13) 

lntroduction 
Unsteady flows over airfoils occurs very ofteo in aerodynamics. One commonly encountered 

situation is the flow around a helicopter rotor, k.nown as BladeNortex Interaction (BVI), where the 
Manuscnpt recerved: August 1996. Technieal Editor. Angeta Ourlvio Nleckele 
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vorticity generated on a blade's surface is shed from its edges to forma thin wake, which rolls up into 
finite-cored vortex filaments, the tip (or trailing) vortices. Under certain operating conditions, 8 tip 
vortex generated on 8 rotor blade impinges at an angle on the next approaching blade, producing ao 
interaction that depends on the angle between the vortex's axis and the blade's axis. When the vortex's 
axis is perpendicular to the blade's axis the tlow is nominally steady and three·dimensional. When the 
vortex 's a.xis is parallel to the blade's axis the tlow is unsteady and two-dimensíonal. ln any case, the 
interaction causes noise, vibration and a strong inOuence on the blade's aerodynamic performance. We 
will consider here the aerodynamics aspects of thc parai lei BVl case, since this interaction affects the 
tlow around the entire blade and causes a strong noise effect (George, 1978). 

Nwncrous srudies of unsteady separated tlows over airfoils and the numerical simulation of wakes 
havc been published. Numerical work has been done for incompressible tlows around airfoils under 
stall conditions, where the models use formulations with ditferent degrees of sophistícation, ranging 
from (source-based) inviscid methocls (Simões, 1993) to (vortex-in-cell) viscous methods (Giannakídis, 
1996). More specifically, the parallel BVI phenomenon have been simulated using finite-d ifference 
schemes that accounts for compressibility effects. Representative papers ofthis class are the ones by Raí 
(1987) and Srinivasan and McCroskey(l989). Panaras ( 1987), Poling et ai. ( 1989), Lee and Smith 
( 1991 ). Chacaltana ct ai. ( 1995) and others have applied discrete vortex methods coupled with complex 
variable theory or panei methods to analyze the case where lhe parallel BVI flow is incompressible. 
Recent review articles on unsteady incompress ible tlow over airfoils and the numerical s imulation of 
wakes and BVI have been written by McCune and Tavares ( 1993) and Mook and Dong ( 1994). On lhe 
other hand, most of the experiments carried out so far deal wilh noise measurements instead of the 
aerodynamics ofthe BVI. A very detailed set ofmean pressure measurements oo the surface ofa NACA 
0012 aírfo il were performed by Straus et ai . ( 1990), where the evolution of the lift and pitching moment 
coefficients with time were presented. 

Thc objective of lhis paper is to apply a numerical, inviscid, vortex method to simulate the 
unsteady, two-dimensional and incompressible now that occurs during a parallel blade-vortex 
interaction. We use a panei mcthod to discretize the airfoil bound vorticity, where each panei has a 
linear and piecewise--continuous distribution of vorticity. The impermeability condition is enforced on 
the airfoil contour, but the no-slip condition is not. We impose the Kutta condition through lhe 
continuity of the pressure field at the airfoil traillng edge. whích, combined with the condition that the 
c1rculation in lhe whole tlow must be conserved, provides a model for the vorticity generation at the 
trailing edge. The vortices shed into the flow to form lhe airfoil wake are modelcd as potential vortices. 
The maio vort.ex that i.nter8cts wilh the airfoil is also modeled as a potential vortex. Ali the vortices in 
the Oow are convected with the mean tlow using a first-order Lagrangian time-marching scheme. The 
results of lhe computations are compared to the experimental data of Straus et ai. ( 1990). Tbe next two 
sections describe lhe mathematical and the nume.rical models, respectively. ln the last section we 
present and discuss the results. 

Mathematical Model 

Our malhematical model considers lhe maln vortex. that interacts with the blade, to be a 2-D 
potential point vortex with constant strength r (clockwise rotation is considered positive) and position 
(xv(t),yv(t)), which moves in a unifonn tlow with freestream speed U.,. The blade is modeled as a 2-D 

I aírfoil lhat has chord length c. Figure I shows the now geomeuy and lhe cartesian coordinate system 
used. 

We assume lhe tlow to be unsteady, incompressible, and inviscid. The flow is also assumed to be 
rotational due to the vorticity contained in the maio vortex. in lhe alrfoil boundary layer, and in the 
airfoil wake. For such flow the velocity field ü - (u,v) must satisfy the continuity equation 

( I) 
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Fig. 1 SchemaUc Drawlng ot lha Flow Geomatry 

and lhe boundary coodltions 

at infinity 

on the airfoil surface 

where n is the local unit nonnal vector on the airfoil surface pointing into the fluid region. 

The total vorticity à) in the flow is defmed as 

(2a) 

(2b) 

(3) 

Following Batchelor ( 1967), the velocity field ln Eqs. (I), (2) and (3) can be decomposed into a 
potential flow component. i4. and a rotational flow component. U,., accordlng to 

(4) 

The rotational flow component satisfies the following equations 

(5) 

this componeot vanishes at infinity and has a non-z.ero nonnal component on the airfoil surface. As it 
will bc seen in Eq. (I 0), this cornponent will be canceled out by part of the potential contribution to the 
velocity field, so that Eq. (2b) is satisfied. lnversion of Eqs. (5) allows us to write ü .. in terms of ro for 
2·0 flows as 
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- (- I f w(in.tJxíx-x')dS(-· 
UIU ;t. .I)"' - ) X ) 

br ~- -·1 ç X- X .. 
(6) 

where x is lhe position vector of a point in the Oow andx' is the position vector of a point on lhe 
surface of imegration S., wilh non-zero vonicity. 

The potential Oow component satisfies 

(7) 

and can be broken up into 

(8) 

where hoth, lhe component due to the perturbation caused by the airfoil, -u., and lhe freestream 
comp<>nent, 0,.,, satisfy Eqs. (7). The freestream component automatically satisfies Eq. (2a), whereas 
the airfoil component vanishes at infinity. Equations (7) define a potcntial flow with ü. =V+ . where lhe 
(scalar) velocity potential' is a solution to Laplace's equation 

(9) 

The velocity field u0 is detem1incd uniquely by specified values of its normal component on the 
airfoil surfoce, which ensures that the impermeability condition (Eq. (2b)) is satisfied and couples the 
velocity componcnts through lhe equation 

(lO) 

The flow assumptions simplify the momentum equations to the Euler equations. The curl of lhe 
Euler equations produces the inviscid vorticity transpor! equation for the vorticity field, wbich is given 
by 

DltJ ittJ _ 
--s-+u · Vm=O 
DI ~ 

(l i ) 

ln a two-dimensional flow lhe vonicity vector bas only one non-z.ero component, namely the 
componem normal to plane of tbe flow. As a consequence, Eq. ( 11) tums out to be a scalar equation, 
and lhe term responsible for the stretching and tilting of the vortex I ines is identically zero. 1t should 
also be noted that Eq. ( 11 ) implies that the vorticity of each fluid parti ele is constam wllh time, and that 
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lhe total circulation in lhe flow is conserved. This allows us to use a Lagrangian time-marching scheme 
to convect each fluid particle wilh non-zero vorticity according to 

di -r-( - = U X t ).t) 
dt 

(12) 

wbere x is lhe particle position and ü is lhe veloeity induced by the enüre llow at tbe particle position. 
excluding the veloeity induced by the particle itself. 

lntegration of the Euler equations gives rise to the unsteady Bernoulli equation, which can be 
written in tenns of the pressure coefficient CP as 

C p - p,., ,-,] a; 1;;~1 d s- -• ""1- u -]-= 1- u1 -2- u ·dl 
p I/ 2pU!, a dJ P 

( 13) 

being p lhe static pressure at any point in the flow, p«> the upstrearn static pressure. and p the fluid 
density. The integral in Eq. ( 13) used to evaluate the velocity potential is carried out along any path P 
IAken from a point far upstream from the leading edge of the airfoil to a point on the airfoil surface. 
lntegrating Eq. (13) on the entire airfoil surface allows us to obtain lhe Lift and pitching moment 
coefficients per unit span. CL and Cm respectively, according to 

(14a) 

C,• M 
1 

=-Ácrsin8rJI+ ÁCPycos&il 
(112)pU c 'j 'j 

c c (' 
(14b) 

ln the equations above C is the airfoil contour. e is the aogle between the local direction nonnal to 
the airfoil surface and the x-~irection, and I is a coordinate along the airfoil surface. The moment is 
considered positive in lhe clockwise direction and is calculated about the leadi~g edge. 

Applying Kelvin 's theorem of conservation of circulation to the llow, we can write 

(15) 

ln Eq. ( 15) T0 = T( t "'O)= r. '"'constant , which is the initial condition used in the computations. 
The circulations around lhe maln vortex r •. the alrfoil T

0
, and the wak.e Tw are givcn by 

r r,._ 
• U«>c • 

( 16a,b,c) 

where ns is a unit vector perpendicuJar to the plane of the flow. The circulation around the airfoil (or 
the bound vortex circu1atlon) owing to the vorticity in thc airfoil boundary layer is deterrnined by 
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solving the boundary-vaJue problem comprised of Eqs. (9), {10) and the so-called unsteady Kutta 
condition. The latter condition requircs that thc pressures on lhe lower and upper surfaces of lhe airfoil 
be equal at the trailing edge. Wilh the aid of Eq. ( 13), the Kutta condition may bc expressed as 

( 17) 

where u1,~ and uui<· are lhe tangential lower and upper velocity components on the airfoil surfacc at the 
trailing edge, respectively, and r o = ( ;~''t- ;1,~). Equations (IS) and ( 17) fumish a model for the 
vorticity generation at the airfoil trailing edge. The reader is referred to Giesing ( 1969), Basu and 
Hancock ( 1978). and Mook and Dong ( 1994) for more detailed discussions about the Kuna conditiM. 

Numerical Model 
ln our numcncal model presented below ali the variables are normalized by U., and c. Tbe main 

vortex is trcated as a 2-D point vonex w1th zero core arca and infinite vorticity, such that the 
dimensionle~s vortex strength r. is finite. We discretizc the airfoil wake also using 2-D point vortices. 
each of strcngth 1 k . Tim~. the rotational velocity field ü., possesses a component due to the maio 
vortcx. ti .. and a component due to the ...,akc, li,.. that is 

( 18) 

lntegralion of Eq. (6) yields 

( 19) 

for the maio vortex, and 

(20) 

for the wake. where M is the numbcr of time-steps, xk is thc:: position of the wake vortcx rk and F, is a 
unit vectOr perpendicular to the plane of thc flow that forms a right-hand system with the base vectors 
in the plane of the tlow. The first term on the right-hand side of Eq. (20) is thc induced velocity of the 
( M-1) vortices presem 111 the wake at time 1M • whcreas the sccond term on the right-hand si de is the 
velocity induced by the vorticity shed by the airfoil at time 1M with strength t"Jr.,.. . The total vorticity 
in the wake r.., is obtained by applying Stokes' theorem to Eq. ( 16<:) and discretiz.ing it as follows 

M-1 

r.,.= Ir• + t1r.,. 
k • l 

(21) 
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ln order to determine the airfoil perturbation velocity component ü, we must solve the boundary
valuc problem comprised by Eqs. (9), (I 0) and ( 17). For this purpose. wc adopt a scheme based on lhe 
one proposed by Vezza and Galbraith ( 1985a). who applied it to unsteady airfoil flows involving a step
change in incidence. sinusoidal oscillations. and ramp motions. but not to BVI-type flows. A potential 
llow solution is constructed based on a vorticity-panel method, where the vorticity in the boundary 
layer makes up the bound vorticity on the airfoil surface. Rewriting Eq. (6). the velocity induced by thc 
airfoil boundary layer is givcn by 

- r- I- 1r[I{i).tj(i-x'Jdl(-· ! U X./)= - -e X X 
o 2Tr t 1- _.1} c x - x 

(22) 

where y is the local circulation strength (per unit lcngth) in the boundary layer, C is the airfoil contour 
and I is the distance along C measured from the lower tra.iling edge. lt can be shown (Mook and Dong, 
1994) that. under the boundary layer assumptions, integration of the boundary-layer vorticity ye2 over 
the boundary-layer thickness õ. in the limit as õ goes to zero, yields 

r {I. I)== u(l,t J (23) 

where u(l,t) is the tangential velocity at time t and position I on the airfoil surface. Therefore. the thin 
boundary layer is approximated as a bound vorticity distribution. with local strength y. 

Although we can determine~ from Eq. (22) so that lia == V~ and Eq. (9) is satisfied. wc can work 
directly with Ú0 . First the airfbil contou r is discretizcd into N small paneis, cach of them containing a 
linear vorticity distribution that is piecewise continuous at each one of the N+ I panei endpoints 
(nodes). The tine imegral 111 1-:q. (22) is evaluated so that we can write the component of ÍÍ0 normal to 
the midpoint (control point) of the ith panei as 

N+J 

Ü0 (x.t)·ii = LAyr 1 

/= 1 

(24) 

ln Equation (24) lhe: summation is carried out o ver thc panei nodes. and the AiJ 's are thc infl uence 
coefficients. which are functions of the airfoil geometry. Thcse coefficients can be found in Mook and 
Dong ( 1994) or Katz and Plotkin (I 99 I). 

With the aid of Eq. (23). the Kutta condition (Eq. ( 17)) is discretized as follows 

r r ( . r ( I ( 2 2 ( )[(r lie +r uteJ A·] .1 " = a I M ) - a I M - I ) == 2 Llt r /te - r ute ) = r /te - r U/L' 2 ""' (25) 

where Llr is the dimensionless time-step and rao J is calculated from a numerical integration of Eq. 
( 16b). Equation ( 15) for the conservation of circulation requires that the amount of shed vorticity <JF,., 
that adds up to the wake at time 1M is 
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(26) 

Based on Eqs. (25) and (26), the vorticity shed at the trailing edge is modeled as an extra panei, whose 
strength per unit length (r lte -r ute) is considered constant. Thus. the extra panei strength takes the 
form 

(27) 

where r lu: = -r 1 and r ute =r N +I. ln Equation (27) lhe length of lhe extra panei L1 M is given by the 
term in square brackets that appears in Eq. (25), that is 

(28} 

where the extra panei inclination tJM is determined by ensuring that the shed vorticity leaves the 
trailing edge alonga local streamline, i e., 

{29) 

The angle 8 M ÍS pOSitive in the counterclockwise direction, measured wilh respect to the x-axis of 
a local cartesian coordinate system placed at the trailing cdge: the velociry components uwM and v.,.M 

are calculated at the panei control point. 

As one can see from Eq. (23). the tangential velocity on lhe airfoil surface is non-zero and equal to 
the local bound vortex circulation. The model. therefore, does not satisfy thc no-slip condition. We 
must. however. impose the impermeability condition on the airfoil in order to determine the bound 
circulatíon distríbutíon y(l.t) . With the aid ofEqs. {18), (19). (20) and {24) we can write Eq. (10) for 
the ith control point as follows 

where Aw, is the influence coefficient ofthe wake extra panei. 

Our algorithm then consists of applying Eq. (30) to the N airfoil control poínts, whkh generates an 
underdetermined linear algebraic system comprised ofN equations and N+l unknown Y;'s. ln order to 
render the system determined we include three more equations, namely Eqs. (27). (28) and (29), which 
adds two more unknowns, L1M and {} M. Ln practice, the computations are performed so that L1M and 
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8 M are first guessed. yielding a system with N+ I equations and N+ I unk.nowns. After the solution is 
obtained, Eqs. (28) and (29) are used again to recalculate the values of LI M and 8 M • and so on. This 
procedure is repeated until both variable$ converge up to a tolerance of 0.1%. As soon as the 
computation at time r M converges the pressure distribution and the li fi and pitching moment 
coefficients on the airfoil are calculated. Thc main vortex and the (M-I) wake vortices are then 
convected using a first-order (Lagrangian) time-marching scheme. obtained from a discretization of Eq. 
( 12) in the form 

(31) 

Finally. the wake extra panei is transformed into a point vortex with strength tJT.,.. and convected 
using Eq. (3 1 ). The dimensionless computational time t M is then incremented by .<:11 (also 
dimensionless) and the entire procedure is repeated until a pre-specified non-dimensional time is 
reached. 

The loads on lhe airfoil are computed from equations (14), which take the form 

I 

CL = qr1( l.t)sin8(1)dl+2 ~ 1sin8(1) Jr({.l)d{dl (32a) 

(' c /) 

CM = 1 r 2 (/.t )x{l )sin8{1)dl-1r2 O.t )y(/)cos8(/ )di 

c c 

I I 

+2 ~ 1x(l)sin8(1) Jrr{.t)dqdl-2 ~ 1y(l)cos8(1) JrrÇ.t)d{dl (32b) 
c I) c o 

Thc lowcr limit of integration in the innermost integrais is ar the airfoil trailing-edge, and I is a 
surface point. Equations (32) are integratcd using a standard numcrical procedure (Press et al., 1989). 

Results and Conclusions 

We begin our discussion section presenting some convergence results obtained using the approach 
of Moran ( 1984) as a basis. Our algorithm is asymptotically first order in the time-step tJt and second 
order in the number of paneis N. This implies that the numerical error varies linearly with tJt and 
quadratically with 1/N. Assuming that other parameters have a weak influence on the absolute 
numerical error E, defined in terms of r w , we can write the following mathematical relation 



G. F. Fonteea et 11.: A Numericallnvlsdd Vortex Model Apptled ... 

(33) 

where the superscripts un" and "e" refer to numerical and exact, respectively. ln the absence of an 
analyt.ical solution that allows us to obtain the exact value of r:,, we used Eq. (33) to estimate the 

values of r; and C. An algebraic system of two equations for the two unknowns r:, and C can be 
formed for any two sets of dimensionless peràmeters ( r.;,1.L11;, N1), where r.;, .i is computed in run i 
for given ( .di,. N,) , i= I,2. Two batches of numerical runs were thus carried out to estimate r:, and C; 

the resul ts of the frrst batch are shown in Fig. 2a as a plot of E in terms of ..11 for N = 200 , and the 
results of the second batcb are shown in Fig. 2b as a plot of e in terms ofN for L1t = 0.00625 . OnJy sets 
of parameters ( corresponding to pairs of points in Fig. 2) that yielded approximately the sarne values of 

r! and C were u.sed to compute average values, resulting in f! = 0.038679 and C = 29 . Note that 
the points in Fig. 2a follow approximately a straight line with slope 1 in a log-log plot, whereas the 
points io Fig. 2b have a slope approximately equal to 2, in accordance with Eq. (33). This equatioo 
therefore provides a good control over the numerical errors involved in the model, and, therefore, any 
discrepancy that appears when our numerical results are compared to experimental data are due to the 
model itself, and not due to discretizatioo ancl/or round-off errors. Ali the runs presented in Fig. 2 were 
performed for rv = - 0.15 . The numerical results that we use to compare with experiments were 
obtained for L1t = 0.01 and N = 200 • which provido relative errors s, ( • e I T!) lower than 0.06% 
(computed using Eq. (33)). 
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Tuming our attention back to the BVI analysls. we now present the nurnerical results of our model 
compared to the experimental results of Straus et ai. (1990) obtained for a NACA 0012 airfoil set at 
zero angle of att.ack. ln the cases discussed below the vortex was released at xw.> = -3.33 and 

Yvo=O.U for r.=-0./5,and x..,=-3.33 and y...,=0./9 for r.=0.16,whicharethepositions 
where the vortex was generated in eac.h case studied experimentally by Straus et al. The subscript "o" 
above denotes values at t=<>. 

We first look into our nurnerical results for the path taken by the vortex during lhe interaction. As 

lhe vortex approaches the airfoil, lhe interaction causes the vortex to be displaced from its straight 

upstrearn trajectory, so lhat it follows a streamline (Fig. 3). Wben the vortex rotates in the 
counterclockwise dlrection (r. = -0.15) the minimum distance h between the vortex and the airfoil 
upper surface is 24% of the airfoil chord, whereas h is 0.1 3c for r.= 0.16 . If we define, based on 
physical intuition, a dimensionless quantity, called lnteraction Parameter and denoted by K, according 
to 

(34) 



G. F. FOI\MCII et al.: A Numericalloviacid Vortex Model Applkld ... 352 

0.30 r-t -...---,r----.---r--r--...-...... -...-....,.-...... -,...... ____ _, I 

0.20 

y 0.10 

! 
I 

r 
I 
i ·-1 
i 
J. 
I 
i ·-1 
I .. 
I 

• 
0.00 i-

! 
' ;-

-0.10 
-4 -3 

fv=-0.15 

fv= 0.16 

-2 -1 o 

. _____ . __ ... 

AJRFOlL 
(NOT TO SCALE) 

1 2 

Fig. 3 Vortex Peth A.bove the Alrfoll 

I 
I , 

/ 
/ I 

/ . .i 
I 
i 
~ 
I 
i 

• ..i 
i 
I .. 
i 
I ..; 

I 
"Í 
I 

i 
:X 

3 

where h,"' h/c. Eq. (34) tells us that the interaction becomes strong for high values of r. andlor low 
values of h, . Using the results of Fig. 3, we calculate K = -0.63 for rp = -0.15 and K = 1.23 for 
r. = 0.16 . where lhe laner corresponds to tbe strongest interaction case. Although the interaction 
quantity K is the one lhat actually measures lhe degree of interaction between lhe alrfoil and the vortex, 
its definition according to Eq. (34) implies that the problem must be solved before K can be determined. 
We can altematively define a second dimensionless parameter. which can be called "Apparent 
lnteraction Parameter" and denoted by K

0
• as follows 

K • r. 
a 

YYO 
(35) 

wbere y.., is the dimensionJess distance in lhe y-direction between lhe vortex and lhe airfoil at t=O. 
The pa.rameter Ka has lhe advantage over K that it can be calculated a priori, wilhout the need to solve 
lhe problem. For lhe cases above, K0 = -0.63 for r.= -0.15 and Ka = 0.84 for r. = 0.16. Again, it 
is clear that the case where lhe vortex rotates in lhe clockwise direction corresponds to the strongest 
interaction case. 

The results for the temporal variation of the airfoil lift coefficient C.., as lhe vortex passes over the 
blade, are presen1ed in Fig. 4 for lhe two values of lhe vortex strength. For r. = -0.15 , lhe vortex 
induces a counterclockwise rotating flow that produces a local positive angle of anack on the airfoil, 
creating positive Jjft. At lhe beginning of the motion lhe airfoil experiences a small positive lift 
coefficient, which increases. as tbe vortex approaches the airfoil, up to a maximum value in the vicinity 
of lhe airfoil leading edge. When lhe vortex is above the airfoil, the local angle of att.ack is sti ll positive 
in the trailing-edge region, but it becomes negative in the leading-edge region. The lift coefficient then 
starts to decrease ata relatively high rate of chang~. Downstream of the trailing edge the lift coefficient 
is already negative. For r v = 0.16 , the sign of the lift coefficient and the trend of its temporal variation 
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reverse, as expected. Similar results are observed for the pitching moment coefficient Cm about the 
leading edge. as one can see in Fig. 5. The moment is considered positive in the clockwise direction. 
For r. = -0.15 the lift force is positive, as discussed above, and the moment about the leading edge is 
negative. This happens for the entire initial motion, up to the airfoil leading-edge region. When the 
vortex is above the airfoil the lift force is still positive, although decaying fast, which causes a negative 
moment. By the trailing edge region. the moment changes sigo. The agreement between the numerical 
and the experimental results is good for both CL and Cm. When the vortex is in the trailing-edge region, 
some discrepancy is observed, which is larger for r. = 0.16 . the strongest interaction case. The reason 
for lhat may be attributed to the possible occurrence of tlow separation on the airfoil surface, as pointed 
out by Straus et ai., although the boundary layer was observed to be turbulent in the experiments. Our 
model is unable to predict tlow separation. 
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Figure 6 depicts the time histories for the pressurc coefticient at the quarter-chord point on both the 
upper and lower surfaces of the airfoil. This point is the center of pressure for a steady uniforrn tlow 
over a symmetric airfoil at an angle of attack. Fig. 6a corresponds to the results for the rv = -0.15, and 

Fig. 6b for rv =0.16 . Again the agreement is good for most of the flow. but it presents some 
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disaepancy when thc vortcx is in lhe ncighborhood ofthc trailing-edgc.. lhe discrepancy is again largcr 

for the strongest intcraction case, where flow separation occurs. 
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lt is important to note that the total circulation in thc experiments is zero, since the vortex is 

generatcd in the wind tunnel by a second (NA CA 00 18) airfoil placed upstream of the test airfoil, and 

the wholc tlow begjns from rest ln our computations the total circulation is r., which is thc initial 

condition. As the comparisons have shown, the cffect of the vortex-generating airfoil and the time for 

its wake to dcvelop and fonn the main vortex may be neglected for thc cases studied above. Two 

reasons for lhis can be pointed out. First, the bound circulation of the test airfoil is relatively small, and 

the vortex-generating airfoil is about 3.34 chord lengths far from the test airfoil's leading edge; tbese 

two pararnetcrs act togethcr to cause a small induccd velocity field on the leadlng cdge ofthe test aí.rfoil 

(0.0076Ucc in absolute value). Second. as stated by Straus et al. in their paper, the actual time required 

to pitch lhe airfoil , 15 ms in the experiments, must be Jess than the threshold time for the air to travei 

one chord of the pitching (or vortex-generuting) airfoil, 21 ms in the experiments. Consequently, the 

vortex is fully generated when it reaches one chord length downstream of the trailing edge of the 

generating airfoil. These values yield dimensionless time intervals of approximately 0.56 and 0.40, 
respectively, which correspond to distances of 0.56 and 0.4 chord lengths, approxlmately. During this 
initial motion. the vortex is stiLI far from the test airfoiL ln fact, two runs ofthe code were conductcd for 

lhe sarne cases studied above changing only the initial vortex release point to :x.(J =O)= -217 , 
corresponding to ( - 333 + 0.56) . The largest difference occurred at the vortex release point; thjs 
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difference was observed to be vcry sma1J by the time the vortex rcacbcs one chord length upstream of 
the airfoil's leading-edge (in fact it is not notic.eable when the results are plotted in a graph). 

ln conclusion. the numerical inviscid vortex model used here to predict the aerodynamics of thc 

BVI phenomenon is able to capture global and local flow properties very well. ln situations wbere 
viscous cffects become important the model presents some discrepancy with respect to the experiments 
of St111us cl al. { 1990). This observation suggests that a more elaborated model must be implemented 
thlll lPki!C Íntn AC('(\lJnt the ro~~ihle ()('!.'llrrCnt't" nf flnw ~ep~rRIÍnn Thrt':e flOS<;ÍnÍJÍIÍCS for SUCn model. 

within the vorteK method framework. could bc mentioned: first, a model similar to the one used here 

oould be employed to release vorticity from a fixed separation point (Vezza and Galbraith, 1985b); 
second. a model lhat solves lhe boundary layer equations in its integral fonnulation and feeds 
infonnation to lhe potential flow model about lhe point where separation !akes place and how much 

vonicity must be released into the Oow at that point (Kamemoto, 1989); third, a model that satisfies the 

no-slip condition and allows for the generation of vorticíty on the entire airfoil !>-urface at every time
Step, which is able to predict separation as par1 ofthe solution (Porthouse and Lewis, 1981 ). 
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Abstract 
Today. numeru:al jlow simulation plays more and more lmportant role ln the design process of an aerodynamic 
body. To design a new mechamcal device lnvolving fluid dynamics, a numericai simulation is we/1 accepted and 

;ustified However. much work sti/1 remains to Improve the numerrcal methods towards afast. accurate and stab/e 
comoergence. Techmques to accelerate the convergence. namely the local time-siepplng. residual averaging and 
mulllgrid lechniques are normally employed. This work employs acceleraiion techniques to solve compresstble arul 
lncompressible fluid jlows using a fmi/e volume, explicir Runge-Kuua mullistage scheme wilh cenrral spatiul 
discreltzatton m combmatian with multigrid and preconditioning. Numerical results are presented for a three 
dtmenstonal channel and the NACA 00012 aitjoil for Mach-numbers ranging from 0.8. /o 0.005 using the Euler 
equanons. 
Keywords: Numerica/ Simulation, Aerodynamtes, Fmite Volume. Multigrid. Compres.<tble and lncompressib/e 
Flows. Runge-Kulla Method. 

lntroduction 

Numerical simula1ion plays nowadays an importam tole to predict the tlow field in many situations 
where experiments are usually too expensive or even impossible. The rapid evolution of computational 
Ouid dynamics has been driven by the need offastcr and most accura1e methods for the calculation of 
flow fields around configurations of technical inlerest. However. lhe numerical methods prescnt still 
limitations. Therefore, much work still remains to improve them towards a fast. accurale and stable 
convergence. 

There are well known methods 10 solve compressible (Jameson et al, 1981) (Kroll and Jain, 1987) 
and incompressible tluid tlows (Raithby and Schneider, 1979) (Patankar. 1981 ) (Karki and Patankar, 
1989). However, some of these methods present some drawbacks towards its accuracy. cost and 
applícability. Nol ali methods can be easily and efficicntly employed to analyse compressíble and 
incompressible tlow problems. The numerical methods have certain limitations, which must be 
investigated in order to obtain a suitable method to solve the governing equations of flow problems. 

The governing equations of flow problems, the Navier-Stokes equations, are always as possible 
simplified for the numerical solution in many situations. This is done in order to reduce the 
computational costs. However, there are problems that can not be analysed using simplified equations. 
for example tlows with strong shocks and with vorticity. Besides, the only adequate model for non 
viscous nows are the Euler equations (Radespiel, 1989), that requires a minimum of assumptions. 
Although the great development of modem computational methods, some experimental measurements 
and/or theoretical solutions must be employed in order to compare a new numerícal code. One way to 
prove the validity of the numerical Euler solutions is to compare them with analytical solutions 
(potential flows). 

ln order to eliminate the difficulties of the compressible method to solve incompressible flows, 
precondilioning is suggested (Choi and Merkle. 1985) (Choi and Merkle, 1993) (Turkel, 1992). lt 
consists in the transformation ofthe governing equations into a form that is better conditioned. ensuring 
rapid convergence to obtain steady state solutions. The sarne time-stepping scheme and spatial 
discretiz.ation can be employed to solve compressible as well as íncompressible flows (De Bortoli. 
1994). 

Techniques to accelerate the convergence are required in order 10 efficiently solve flow problems. 
Some of these approaches, namcly the local time-stepping, residual avcraging and multigrid techniques 
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(Brandt, 1981) (Jameson, 1985) (Radespiel, 1989) are employed. The local time-stepping allows to 
obtain steady state solutions with less computatíonal effort. Residual averaging is used to increase lhe 
Courant number of an expllcit schemc and consists in replacing the residuais by an average of 
neighbouring residuais. The idea of the multigrid approach is to use a sequence of successively coarser 
meshes to efficiently darnp disturbances through the flow field (Brandt, 1981 ). 

This work apply acceleration techniques to solve compressible and incompressible fluid flows using 
the finite volume explicit Runge-Kutta multistage scheme with central spatial discretization in 
combination with multigrid. Numerical results are presented for a three dimensional channel (tunnel) 
and the NACA 0012 airfoil for Mach-numbers ranging from 0.8 to 0.005 (De Bortoli. 1994). This is 
done in order to show that the sarne methodology can be employed to solve compressible as well as 
incompressible fluid flow problems accuratly. Applications of the standard compressible method for the 
Navier·Stokes equations is easily found in the literature (RadespieL 1989). 

Governing Equations 
The goveming equations for non viscous flows are the Euler equations. They can be written in 

Cartesian coordinates as (Kroll and Jain, 1987): 

where 

p pu pv 

pu puu+ p pvu 

W= pv . ti= pu v . t] = pvv+ p 

pw puw pvw 

pE puH pvH 

The total energy and total enthalpy are 

H= E+!!... 
p 

lN 
{NU 

. FJ = {NV 

pww+p 

pwH 

where e is the internal energy and u. v and w the velocity components. 

(1) 

(2) 

To close this system of equations the state equation for a perfect gas (Kroll and Jain, 1987) is 
employed 

r/+ v2 + w2 

p=pRT= ( y-l )p[E - j 
2 

(3) 
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where R is the gas constant, y the specitic heat ratio, p the density, u, v and w the velocity components 
and p the pressure. Equation (I) can be cas1 into the integral fonn (Kroll and Jain, 1987) 

(4) 

where F is the convective tensor. 

lt is well known that when the magnitude of velocity becomes small, in comparison with the 
acoustic speed. the time-marching schemes converge v~ slowly. Therefore, preconditioning is 
employed. h consists basically in multiplying lhe vector W by a special matrix, which modifies the fonn 
of lhe goveming equations (Choi and Merkle, 1985). Based on the conservaúve variables, the following 
preconditioning matrix is employed: 

óW õF, é!F] aFJ T-+-+-+-=0 
ôt 8x ôy iJz 

(5) 

where (Choi and Merkle. 1985) 

I o o o o 
o I o o o 

T = o n I o o (6) 
o o o o 

] 1 ] 
u +v +w (M-1 -/) u(I - M -1) 

2 
v(l- M-]) w(l - M -1 ) M-1 

lnspection of this preconditioning matrix indicates that the energy equation is transformed into 
temperature for low Mach-numbers. Thus, the eigenvalues of the resultant system of equations will be 
very similar when the Mach-number goes to z.ero. laying the basis of construction of efficient solvers to 
solve compressible andlor incompressible flows (Choi and Merkle. 1993). 

Description of the Numerical Method 
One of the di!Terences among the various tini te volume formulations known in lhe Literature is the 

arrangement of lhe control volume and updatc points for the flow variables. The most frequently used 
schemes are lhe cell-centered, cell-vertex and node-centered approach (Kroll and Jain, 1987) 
(Radespiel. 1989). Each of these schemes has its advantages and disadvantages. The discretiz.ation used 
here is based on the node-centeredlcell-centered arrangements, as shown in Pig. I, in order to simpllfY 
the use of multigrid techniques. 

As Eq. (I) is valid for arbitrary control volume, it is also valid for volume ~.J.k • that means 

ôJY. .1.t I J = _ I ---=--- ( F .nJdS=---Q, tk 
ôt ~. ,.k s ~. ,.. . . 

(7) 



A. L De Bonol: ~ Acoeler.l1lon AWiiecllo CompntUible ... 

Xl 
b) 

Fig. 1 Nod..C.ntered and Ceii..Centered Arrangement.: a) Noci...Centered, b) Ceii-Centered 

where U and V in Fig. I are the contravariant velociry components. 

The finite volume discretization based on tbe central averaging is not dissipative (Kroll and Jain, 
1987). The numerical procedure does not converge to the steady state solution when the high frequency 
oscillations in the solution are not damped. The dissipative vector Õ1,J.It is introduced by adding 

dissipative !luxes (Jameson et ai, 1981) (Radespiel, 1989) as follows 

ólJí /k I - ---· '-+-- [OJ tlt -D,,tf =O Ôl v. . . . . 
1,/ ,lt 

(8) 

This dissipation opcrator is a blend of second and fourth differences and is defined according to 
(Radespiel, 1989) 

-
Du.lt = d,+t : J.,,k - d; - Jt J.i.k +dt.,+I: J,It -du- Ji l.lt +du.k+/' 2 -d,,;,k-/! 2 (9) 

whose dissipation coefficient is given by 

( lO) 

The difference operators of first and third order are li x and li .rxx , respectively, and o. is the scaling 
factor, wbich is wrinen for the i dlrection as (8Lazelc, 1994) 

(li) 

wbere À. is the cell spectral radius for the i (X ) and j ( À.1 ) directions, respectively. The spectral radius 
is modified as follows 
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,t'• i Jol 
l,),k = I,J,k 'l'i,j,k 

;' = 1 + max[[ .:t1.j.k )"' .( ..tt;.k J"'] 
0A i i 

i.j.lc l,j,k 

(12) 

(13) 

and w is choseo as (O S. w s. 0.667). The eoefficients adapted to tbe local pressure gradients cf1J and 
li 4 J can be cast into the form (Radespiel, 1989) 

(<~) (O k(4J OJ 
&i+ll2.}.k =max • -sl+ln.},lt) 

where 

and 

I

PI+I.j.k -2Pi.j.lt + Pl-/,j.k u ·"'-~'---~:..___....;..:::~ 
I,J ,a 2 

Pt+i,J.It + Pt.J.k + P1-1.;,1t 

0.5 s k 111 5.0.6. I ( 4) 1 -sk s-
128 48 

Time-Stepplng and Acceleratlon Techniques 

( 14) 

( 15) 

(16) 

(17) 

ln order to obtain numerical solutions of lligb a.ccuracy, tbe Runge-Kutta (Kroll and Jain, 1987) 
(Bia.z.ek., 1994) method is cbosen, which Is characterised by its low operation count More than two 
stages are used in order to extend the stabiLity region. The classical fourt.h order Runge·Kutta method 
requires the evaluation of many coefficients and dissipative terms, what leads to ~rage problems. 
Therefore, the following multistage scheme, wblch requires few computational storage, is employed 
(Kroll and Jain, 1987). 

WfOJ W(n) 
1,(,/t = 1./ .k 

iV,( r J iV,(O ) a,~ {,(r- 1) 
l,(.t= 1./.k-v. " l,i,k 

Wfn+/) Wfd 
1,/,k = 1,/,lc 

where 

;,,,k 

7./r ) _ rl'l Õ,( rJ 
~./.Ir - loti.í.k- i.i.lr. 

(18) 

r = 0,1 ,2,1\ ,m (19) 
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An efficient 5-stage ~cheme is given by the following coefficients (Jameson et ai, 1981) 

(20) 

For lhe general case of a non uniform mesh the time condition for a cell is written as (Blazek, 1994) 

v 
1.11 = CFL •.;.k 

/,).k I } K 
);l.j,k + );l,j,k + );l,j,k 

{21) 

The need of efficient methods to solve viscous and non viscous flow problems is obvious. Many 
solvers, still in use today, exhibit slow convergence to obtain the solution, which leads to high design 
costs. ln order to etliciently solve tlow problems with require fine grids, techniques to accelerate lhe 
convcrgcnce are employed. Some of these approaches, namcly the local time-stepping, residual 
averaging and its combination with multigrid are employed (Radespiel, 1989). 

Local time-stepping allows to obtain steady state solutions wilh less computational effort. lt is 
equivalent to preconditioning the residual by a scalar value in each cell. lt can reduce lhe computational 
time needed to obtain stea.dy state solutions by an order of magnitude. A weighted average of residuais 
is employed to incrcase the Courant-Friedrichs-Lewy number of an explicit multistage scheme. ln lhis 
way the residuais are replaced by an average of neighbouring residuais (Kroll and Jain, 1987). 

The slow asymptotic convergence behaviour of numerical methods is associated to the smoolh erro r 
components. The good smoothing properties of the Runge-Kutta method, specially of the 5-stage 
schcme, are very important to be used in a multigrid solver. The success of the multigrid melhod 
depends on lhe use of a relaxation algorithm (Brandt, 1981 ), which rapidly reduce the high frequency 
error components. The low error frequencies in fine meshes are transforrned in high frequencies in 
coarse meshes, where lhey can be bctter smoothed (Biazek, 1994) (De Bortoli, 1994). 

A multi pie sequence of grids is efficient because of the following reasons: 

lhe number of relaxation steps for coarse grids is smaller lhan for tine grids 

the rate of convergencc for coarse grids is làster ~an for line grids 

The computational procedure to iiJustrate lhe F AS (Full Approximation Storage) scheme for two 
grids is written as follows (Brandt, 1981 ): 

I. Improve the solution on lhe linest grid 

17,(n+/} _ .7.15) 
nh - w;, 

where [(5) = (n+ I)] is the last Runge-Kutta time-step for the linest grid. 

2. lnject the ftow variables from the fine to lhe coarse grid 

W-(0 } _ ;;/n+/1 
2h -"h 

3. Transfer the residuais from lhe fine to lhe coarse grid 

(22) 

(23) 
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r - llhR- r;;rn+IJ) -Rrol 
Jh - h h "h - lh 

(24) 

4. Solve Lhe problem on Lhe coarsc grid 

,~r)_ ;-;.ru, a ~(R-I r -u f ) 
> ]h - P'V]!J - r V h + ]h 

]h 

(25) 

,;tfn+/) _ ,;1t m) 
"]h - .. }h . r=O.I.l.A ,m=5 (26) 

5. lnterpolate tbe solu1ion correcuon from the coarse 10 tbe fine mesh 

:; - n+l - (Oi 
C;n = w),, - W;h (27) 

(28) 

6. Updatc thc solutioo on the finest grid 

,-;,n+ /- w.-o, +/h c-
"h - h )h )h (29) 

where 

~~h=~ 2 4 2 . 
[

I 2 '] 

I 2 1 

tllr ""_!__ 2 4 2 
[

I 2 '] 
16 

1 2 1 

(30) 

For low Mach-numbcrs difficult•cs appcar 10 smooth thc low frequencies of error (De Bortoli. 
1994) and, consequently, to obtain good convergence. This occurs because the eigenvalues of lhe 
compressible equations are very different when the Mach-number goes to zero. To alleviate lhis 
problem more work is done in the coarse meshes, using a W- multigrid cycle with two steps at each 
grid. 

Numerical Results 
ln the following, numerical results for a three dimensional channel and thc NACA 0012 airfoil are 

presented and <;ompared with potential (analytical) solutions or experimental data {Biazek. 1994) One 
way of proving the validity of the numerical Euler solutions is to compare them with potential solutions 
(Schlicbting and Truckenbrodt, 1959). Numerical solutions are related to the free st.ream Mach-number 
based oo the non dimensional variablcs 

J 
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First computations were performcd for channel submitted 10 incompressible flow. A channel is 
chosen because of its geometrical simplicity and because it represents a class of incompressible internal 
tlow problems. Thc boundary condilio~s are far field at the inflow and outflow boundaries (Whitfield, 
1983). The approach of Whithticld (1983) is based on the characleristic form ofthe one dimensional 
Euler equations nom1al to the boundary. Numerical conditions imposed on the outer boundary should 
assure that the outgoing waves are not reflected back into lhe tlow field . At solid walls lhe slip 
condition is employed. 

Figure 2 shows the cornputational grid used which contaíns 36x6x6 cells. Figure 3 shows lhe Mach 
contours computed for intlow Mach-numher 0.05 (cylindrical part). These solutions are in agreement 
with the expected solution that the constant Mach lines remain in lhe channel rcduction. The 
corresponding velocity vector distribution is presented in Fig. 4. lt can be seen that velocity increases 
with the duct reduction, for incompressible flows. Besides lhe solution is symmetric related to y and z 
axis. 

Fig. 2 Grid for Channel, 36x6x6 Cella 

Fig. 3 Mach Contoura for Channel, Mach • 0.05 
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Fig. 4 Veloc:lty lfec:torl fOI' Channel, Mach • 0.05 (Euler) 

ln the following, compressible and incompressible flows over the NACA 0012 airfoil are presented 
and compared. Results were obtained using a C-grid topology which consists of 256x64 cells. as 
presented in Fig. 5. Numerical tests are related to the free stream Mach-number based on lhe non 
dimensional variables. The position of the outer boundary is around twenty chord lengths away from 
the airfoil and lhe far field boundary condition is moditied due to a vortex (Usab and Murman, 1983 ). 
Five grids and a W -multigrid cycle (Brandt, 1981) were used in the multigrid process (256x64, I 28x32, 
64xl6, 32x8 and 16x4 cells). 

Although there is a circulation around tbe tiftlng bodies, lhe far field boundary condition employed 
assumes zero circulation (Whithfield. 1983). Therefore, the boundaries have to be placed sufficiently far 
away from the ai.rfoil, so lhat lhe flow field remains undisturbed. Althougb the far field potential is 
strictly valid in subsonic flows, the correction ofthe free stream conditions is applied in transonic flows 
and has been proved to be helpful in this flow regime also. 

Fig. 11 Gl1d fcw NACA 0012. 2MI64 ceUa 

Figure 6 shows the pressure contours computed for Mach = 0.63 and angle of attack a = 2°. Figure 
7 shows the pressure coefficient computed for Mach = 0.63 and a .. 2°. The nu.merical solutions 
obtained for compressible and incompressible tlows are in good agreement with the potential solutions 
or experimental data (Kroll and Jain, 1987). 
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Fig. 6 Presaura Contoura iPr NACA 0012, Mach = 0.63 and ( t • 2• 

Figun: 8 shows thc prcssure coefficien1 compu1ed for Mach 0.005 anda = 5" (incornprcssible flow) 
The convcrgencc history compulcd for Mach • 0.1 with one and two steps a1 cach gnd (multagrid) is 
prcscnted m Fig. 9 Figure I O compares lhe convc:rgc:ncc history for Mach = 0.1 with and without the 
use of multignd tcchniques. Final I)'. Fig. li sho~~~ lhe pressun: contour.; computcd for Mach 0.8. 
a= 1.25°. 
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Fig. 8 PrHSure Coeffic: .. nt for NACA 0012. M.c:h • o.oos and u • s· (wlth an ampllflcatlon) 

Comparisons of the pressure coefficient for lhe NACA 0012 airfoi1 showed differenccs that are 
lower lhan I%. The pressure coefficient for lhe Euler equations for incompressible flows is compared 
with the conforming mapping solution (Blazek, 1994 ). Besides, they were obt.ai:ned with approximally 
300 time-steps for a convergence criterion c= 10-. (De Borto1i. 1994 ). The convergencc behaviour of 
lhis melhod for compressible flows can be easily found in lhe 1itcrature (Kroll and Jain. 1987) 
(Radcspiel, 1989). Numerical soluúons for thcse situations are obtained wilh as much as 200 time-steps 
(B1azek. 1994) (De Bortoli, 1994). 

ir o o 
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..... 
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Fig. t Con~ HtstonM for NACA 0012 for MKh • 0.1 WIUI Multlgr1d 
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Fig. 11 Preuure Contoure for NACA 0012 , Mach • 0.8 1nd a • 1.25• 
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These results indicate that the present method can be employed to efficiently solve compressible 
•and incompressible fluid flows. The numericaJ solutions obtained using lhe preconditioning metbod are 
in good agreement with lhe theoreticaJ solutions. 

Conclusions 
The tini te volume spatial discretization and lhe Runge-Kutta time-stepping scheme are used to solve 

compressible as well as incornpressible tlow problems. Extension of a compressible code (Biazek, 
11994 ~ based on the node-centeredlcell-centered arrangements, to solve incompressible flows is 
lpresented and compared for channel and the NACA 0012 airfoil. Accuracy and reliability of the code 



3611 J. ofthe Braz. Soe. Mechank:al Sdenoea- VoA. 111, September 111117 

have been tested in computing subsonic and transonic flows around alrfoils. Since explicit time
stepping schemes are usecL the sotution algorithm is obviously vectorizable. Besides, extensive 
numerical tests have shown lhat transonic flows can be well predicted if lhe dissipative terms are 
carefully controlled. 

Special care has been taken on the treatrnent of influence coefficients used to obtain the time-step, 
the artificial dissipation and to evaluate lhe boundary conditions (Choi and Merlde, 1985). The far field 
boundary condition proved to be helpful not only to solve lhe flow about airfoils, but also for the 
channel (tunnel). Additional modification have been done in the boundary conditions. The use of a 
vortex at the far field helps to use small domains (with approximatly 20 chord lengths) for ai.rfoils. 

The convergence to the steady state is accelerated using local time-stepping, residual averaging and 
multigrid. Wilh these acceleration teclmiques the solution of the two-<límensional Euler equations can 
be obtained in few seconds on today supercomputers for sufficient accuracy (Brandt, 1981 ). However, 
for low Mach flows lhe efficiency of tbís technique was not so big as for transonic flows presented by 
Blazek (1994). The experience also indicates that it is important to employ lhe W-multigrid cycle for 
small speed flows, probably because more work is done in the coarse meshes. 

The convergence behaviour of numerical methods is often sensitive to the application of boundary 
conditions, grid aspect ratio (Buelow et ai., 1994} and flow regime. However, lhe preconditioning 
employed is applicable not only to incompressible flows, but also to compressible flows with 
incompressible regions. Such a method allows to get a goal of compressible and incompressiblc 
solution of fluid flows. Besidcs, the preconditioning system has a rate of convergence almost 
independent from lhe Mach-number. 

The comparison between the theoretical and numerical solutions ls encouraging. Specially the use 
of multigrid t«:hniques and its combination with preconditioning present good convergence rates. 
Therefore, lhe sarne code can be employed to solve compressible as well as incompressible flow 
problems. Besides, second order solutions are obtained, which are índispensable to analyse lhe 
aerodynamic problems of interest. However, a lot of work must still be done. Ex:tensions to three 
dimensional problems over complex geometries such as wings, launch vehicles and cars are currently 
under way. 
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Abstract 
This paper pre.sents a new díscretizatlon scheme for the conveclive-dijfusive lransport equation of heat. mass or 
momentum in jluid media. constructed within the contrai-volume approach for both regular or irregularly spaced 
rectangular meshes. The present scheme shares wiih others. such as LOADS and Flux-Spline, the kind of 
exponential interpolating curve, obtained as the exact solutíon of an approxlmated equation that admlts a so called 
source term. To compute thu term the present scheme incorporates Allen 'sjlníle dilference approach into the jlnite 
volume method. The resulting procedure was called Unified Finite Approach Exponentiai-Based Scheme. 
UNIFAES lt Is a conservative form scheme much simpler than botlr LOADS and Flu:x.Spline. The scheme is 
submilled lo a senes of tests in the linear problem of convection and dijfusion of a scalar ln a parai/e/ jlow, where 
it is compared to the central dljferenclng. to the exponentíal scheme and to LOADS, showing excellent accuracy 
for ali fimction types and unconditional stability for ali Peclet numbers. 
Keywords: Convecuve-Dijfusive Transpor/. CFD. UN/FAES. Finite D!fference. Finite Volume. 

lntroduction 

This paper describes a discretization scheme for the convective-diffusive transport equations of 
heat, mass or momentum in fluid media. constructed within the control-volume approach for both 
regular or irregularly spaced rectangular meshcs. The scheme presented hcre shares with some new 
schemes, such as LOADS and Flux-Spline, the kind of exponential interpolating curve, which is 
obtained as the exact solution of an approximated equation that admits a so called source term. ln the 
present scheme the sourc.e term of the generating equation is computed with recourse to Allen's 
methodology (Allen and Southwell. 1955; Allen. 1962), so incorporating a finite ditlerence approach 
ento the finite volume method. 

For simplicity, the scheme will be derived with respect to the two-dimensional thermal transport 
equatíon wilh constant thermophysical properties: 

Ô(pciP) + Õ(pcu~PJ+Õ(pcv;) _ a ~ ô ~ -rr-;--(r-J 
IJt âr ôy i\ i\ 0' 0' 

s (I) 

where rp is the temperature, t is time, p is the fluid density, u and v are respectively the .x and y 
directions velocity components. r is the thermal conductivity, c is the specific heat and S is an 
eventual source term such as some form of energy dissipation into heat, or gene-ration or consumption 
ofheat in a chemically reacting flow. 

The well known analogies between this equation and other convective-diffusive transport equations 
for species concentration, linear or angular momentum. turbulent kinetic energy and turbulent 
dissípation rate make possible the use of thc scheme for such equations as well. The easy with whicb the 
finite-volume method copes with irregular coefficients also assures wider uses for the scheme. 

The equation is put in non-dimensional form by dividing the spatial coordinates by a characteristic 
dimension L and lhe velocity components by a characteristic velocity V, without notational changes, 
leading to: 
Manuscript receive<J· September 1996. Technical Editor: Carlos Alberto Carrasco A/teman/ 



J.R Figueiredo: A Unilled Fínlt&-Volume Finít&-OIIferencing Exponential-Type .. 372 

(2) 

where Pe is the global Peclet number Pe = p.V. L. c/ r . Variable r now represents the non·dimensional 
time, given by the dimensional time multiplied by r I ( p.c. L~ ) , and S stands for the non-dimensional 
source term, given by the dimensional source term multiplied by e I r . 

Derivation of Proposed Scheme 

Controi-Volume Exponentiai-Based Schemes 

lntegrating Eq. (2) on the cell area (Fig. I) and employing the divergence theorem, according to the 
control volume methodology, one obtains: 

(3) 

where Je is the combined convective and dHfusive tlux at cell bouodary e: 

(4) 

and so on for the other cell boundaries. 

14---~X--~ 

~----~--<• N 

c E 

s 
11x- .,,,. fu+ ___ ~ 

Fig. 1 Two-Ofmenalonal SUtch for Flnlte Volume Dllcrttlzatlon 
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The exponential-based schemes for the discretization ofthe spatial derivatives in each direction, say 
the x direction, are built upon an interpolating curve obtained as the exact solution of the one 
dimensional equation: 

(5) 

which approximates Eq. (2) by asswning the velocity component u to be locally constant, as well as the 
non-homogeneous tenn Kx , usually referred to as the source tenn of the generating equation, that 
represents ali the terrns of Eq. (2) not included in (5). The general solution to Eq. (5) is: 

(6.1) 

where 

(6.2) 

For the cell boundary e located in the middle point between nodes P and E (Fig. 2) above 
interpolating curve gives the following values for the function and its derivative: 

Llx+ 
C2 + C;;. Pe.u.exp( Pe.u.-

2
- ) 

w .. .., 
"'II 

14- .Ó.x- ... 
-2-

... .Ó.x-

(6.3) 

(6.4) 

(6.5) 

p E 
e .. 

"' .. l::ix• _.., 
2 

... J:1x+ 

Fig. 2 One-Oim"lonal Sketch for Flnlte Volume and Flnlte Dlffentnce Dlseml:utlon• 

so that the combined convective-diffusive tlux at cell boundary e. given in expression {4), becomes: 

Adjusting the interpolating profile (6.1) to nodes P andE one forms the system: 
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(7.1) 

(7.2) 

lhat can be solved for C1 leading to: 

= ;p - + (7.3) 
e.xp( Pe.u, . tJx+) -1 

Substituting (7.3) into (6.5), then employing (6.2), the combined convective and diffusive !lux at 
cell boundary e becomes: 

(7.4) 

The olher cell boundaries !luxes are obtained analogously and substituted, together with (7.4). into Eq. 

(3). After lhe cancellation oftenn t'e.ltu41 - u,..}o/+tv, -v .. }àJ}'P dueto the continuity equation, 
the resulting difference equation is: 

(8.1) 

where 

(8.2) 

(8.3) 

(8.4) 

(8.5) 

p (8.6) 
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(8.7) 

I 1 I 
--+-

exp{p)- I p 2 
n{p)-1 +.!... 

p 2 
(8.8) 

The functions 1t and z ofthe cell Peclet number pare monotone, smooth varying functions for ali 
real Peclet numbers. However, their algebraic forms present limitations. When the cell Peclet number 

vanishes above fonns lead to indetenninacy and at very low Peclet some pr-ecision is lost on the 
division between too very small differences. The practice followed by this author is to repre.sent them 
by a third or fourth order series about the origin for cell Peclet numbers lower than 0.01. On the other 
extreme, when the cell Peclet exceeds the admissible range of arguments for the computer exponentials, 
the function 1t is computed according to its limits: fim 1t p-++<» =O and fim tr p-+._, =-p , and tbe 
function z tends naturally to its limit according to the last expression in (8.8): lim z p-H<tJ = 0.5 and 

lim z p-4-<t> = -0.5 . 

Ali generating equation's source tenns K are included in the deferred correction tenn V' so that 
tbey can be introduced, with relative easy, in the algorithms for the solution of transport equations 
originally based on five-node schemes. 

Existing Forms to Compute the Source Term of the Generating 
Equation 

The first divergent-form exponential and correlated schemes, such as Spalding's (1972) hybrid 
approximation to the exponential, and Raithby and Torrance's (1974) upstream-weighted scheme, 
assumed null Kx . 

Wong and Raithby's LOADS (1979) was the first control-volume exponential-type scheme to take 
the source terms into account, computing them according to the meaning with which they were 
introduced in tbe generating equation, as can be seen by comparing Eqs. (2) and (5): 

K = S - (ôrp + Pe.v. ôrp- ?;) 
X â q, q,2 

For the computation of Ke (Fig. 3) one would have: 

s s1.J + S;+1•1 
2 

ôrpl + o;_l 
à i.} à l+l.j 

2 

(Jn- Js) + (Jne - Jse} 
2 

(9.1) 

(9.2) 

(9.3) 

(9.4) 
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proceeding analogously for lhe tenns K ofthe other directions. 

(1-l,j+l) (l.j+l) (1+1.)+1) 

(1-1 .j) 

(l-l .j-1) p.}-1) (l+l.j-1) 

Fig. 3 CompWtlonal Molecule for LOADS 

The c~mputation of lhe convective and diffusive cross-fluxes m (9.4) is done by means of lhe 
simple divergent-form exponential scheme, where the terms K are neglected. Terms of kind l'e. v.; , 
appearing in the computation of eacb J, are not automalically canceled as before Eqs. (8), being 
generally canceled as a further approximation. 

A particular difficulty relates to the transient case where, as can be seen trom (9.3), transient terms 
of point (i+ 1 J) • as well (i-1 J}, (ij+ 1) and (ij-1), appear in lhe equation for point (ij). Transient 
problems are usually avoided in LOADS literature. 

A similar rationale inspired the scheme due to Ulson de Souza ( 1992), which was presented as an 
extension of Railhby and Torrance's weighle<l-upstream differencing scheme. receiving the acronym 
WUDS-E. lt djtfers from LOADS with regard to the scheme employed in computing tbe generating 
equation's source terms, namely central differencing instead ofthe simple exponential scheme, and was 
further extended to adaptive irregular grids. 

Although conceptually similar. the derivation of the Flux-Spline (V arejào, l979, Nieckele, 1985: 
Karki et ai, 1989, Oliveira, 1997) diiTers from above expressions (6) to (9) by a distinct specifkation of 
tbe domain wbere the interpolating function is defined. wilh a corresponding change ofthe local axis. 

The computation of terms K is dane in the Flux-Spline iliscretiz.ation lhrougb lhe requirement lhat 
the combined convective-diffusive !luxes J are continuous between neighbouring cells, what is 
achieved lhrough an iterative proeedure analogous lhe algorithm SIMPLER (Patankar, 1980). The Flux
Spline algorithms results considerably more complicated than both five-node schemes and LOAOS. 

Extended Allen's Methodology 
The complete generating Eq. (5) was used for the first time by Allen and SoulhweiJ scheme (1955}, 

which was idealized in lhe finite-ditference approach as a means of directly obtaining a numerical 
representation ofthe combined first and second derivatives for each directlon in the ITansport equation, 
taken in its non-conservative form. The scheme was originally designcd for regularly spaeed grids. The 
extension to irregular grids will be presented first. followed by the application of lhis result within lhe 
contrai volume method. 
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By adjusting the interpolating curve (6. 1) to the three neighbour nodes W • P and E one fonns the 
system: 

if>w =C, - C2 . .dx- + C3.exp(- Pe.u . .dx-) (10. 1) 

(10.2) 

( 10.3) 

Solving system ( I 0) for C1 and employing (6.2) one obtains: 

(11.1) 

where 

(I I .2) 

(I 1.3) 

ln the regular case, where .dx .. = .dx- = .dx , these expressions reduce to the original Allen and 
Southwell's scheme: 

Ir= Pe.up . .dx = tt( Pe.up . .dx) 

.dxl.(exp{Pe.up . .dx}-1) áx1 (I 1.4) 

fT = -Pe.up . .dx = tt(- Pe.up . .dx) 

.dx2 (exp{-Pe.up . .dx)-1] .dx2 
(11.5) 

where function tt was detined at Eq. (8.6). 

Unified Finite Approach Exponentiai-Based Scheme 
lt has been seen that, by adjusting the interpolatlng curve to three mesh nodes, Allen's methodology 

is capable of detennining the finite difference analog of the combined conve-ctive-fonn conve-ctive
diffusive derivatives in the direction considered. As expressed in the ftrst e'luality of (I I .I), this finite 
difference analog is equal to the generating equation's source term K. ln the preseot proposal Allen's 
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methodology is employed as a means to determine the generating equation · s source term K required in 
the finite volume analog described in the previous item. This procedure, blending finite volume and 
Allen's finite difference methodologies, received the name Unified Finite Approach Exponential-Based 
Scheme, and the acronym UNIF AES. 

Term A•, for instance, is determined as a mean value between Allen 's estimate of A x on nodes 
(iJ} and (i+ IJ}: 

(12) 

where each Ax is deterrnined according to expressions (li). The arithmetic mean (a =0.5) is assumed 
for expression ( 12). An upwind-form of the scheme can be defined by making a= O o r a = I in order 
to privilege the most upwind node in the computation of each cell boundary's source term. 

Because of the form the source terrn of the generating equation, the complete computational 
molecule for this scheme involves extra nodes on each direction (Fig. 4). 

(i.J + 2) 

(i.j+ 1) 

(l-2.j) (1-1 (i+l.j) P+2.iJ 

(l.j-1) 

(l.j-2) 

Fig. 4 Computatlonal Molecule for UNIFAES 

Although the original Allen and Southwell's scheme is not numerically conservative. the use of 
Allen's method within the finite volume approach guarantees the conservation since x;·J = K~"'·.l, so 
that J;.j = J~+l.j , and so on for other common boundaries. 

Terms K relative to the cell boundaries neigbbour to the domain boundary with Dirichlet conditions 
can not be determined by above mean values since there is no Allen's estimate of K on the frontier. 
Such value was computed by linear extrapolation from internal nodes. 

Uniform Velocity Test Case 

The scheme just described was submitted to a series of steady-state linear test cases given by 

distinct solutions ofthe transport equation on a constant velocity field defined by modulus V and angle 
e with the x-axis, so that its components are u = V.cos(8) and 11 = V.sin(8) . The exact solutions are 
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found after writing the equation in terms of coordi.nates s and n . respectively parallel and nonnal to the 
flow directlons (Fig.. 5), obtaíning: 

c o (13) 

Fig. 5 Euct llfld Numertcat Coonllnates 

According to the method of separation of variables, a solution of type ; = Ç( s). ç( n) is initially 
assumed and substituted into (13) Jeading to: 

(14) 

The abo've equality can only be satisfied if both members are equal to a real constant. say 
.t = )AÀ2, leading to the simultaneous ordinary equations: 

o (1 5.1) 
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(15.2) 

The solutions to the equations above are respectively: 

( 16.1) 

(16.2) 

exccpt for Ã =O where function ç can assume a linear form trrcducible to ( 16.2 ): 

( 16.3) 

8oth the discriminants in ( 16.1) and the argumcnts of the square roots in ( 16.2) may be negative. 
leading to complex exponentials, so that complex coefficients c1 to c4 may be required in order to 
produce real solutions. of sinusoidal type. 

Due to the linearity of Eq. ( 13). other solutions are given by any linear combination of functions 

t/J;: = Ç ;.·r s J.:; ;,• ( n J , whcrc functions é,;,· ( s J and r;).' ( n) are computed accordir;g to th~ .appropriatc 

exprcssion within ( 16). Also. the general solution to ~ 13) could be written as $ = Lt/J X .dA assuming 

that coefficients c1 to c4 are complex functions of A 
The linearity ofthe differential Eq. (13). together with the corrcsponding linearity ofthe difference 

equations that represent it, also assures that the error of any difference scheme for a particular linear 
combination of fum:tions 'I' •• will be the corresponding linear combination of the errors ofthat scheme 
in functions t/J .r . '" 

lnspircd by that, the invcstigation of thc errors o r the schemes will bc made by submitting thcm to 
elementary solutions assuming simple real forms allowcd by expressions ( 16 ). By varying thc kind of 
solution and the eigenvalue a wide spectrwn of possible solutions will bc analyzed. Those simple real 
solutions have the following forms · 

For nu li eigenvalue therc is one non trivial solution: 

~80 = exp{Pe.s).n ( 17.1) 

Whcn the cigenvalue is prcceded by positive sign in ( 16.1) and (16.2) therc appcar solutions on the 
form: 

_( Pe- J Pe
1 

+ 4?..
2 J ex1,_ 

1 
.s.sin(À.n) ( 17.2) 

J Pe+ J Pe
2 

+ 4?..
2 

] ex1,_ 
2 

. s .sm(Ãn) ( 17.3) 
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For eigenvalues preceded by negative sign there are solutions on the fonn: 

( Pe- ~ Pe1 -4À.1 J e.x'l., 
1 

.s .e.xp( À.. n) ( 17.4) 

( Pe + ~ Pe
1

- 4À.
1 J e.x'\ 

1 
.s .exp( À..n) ( 17.5) 

for À~ Pe I 2 . Above this limitthere are solutions of real form: 

(17.6) 

(17.7) 

ln types A ad B (Eqs. 17.2 and 17.3) lhere are also solutions wilh cosines function instead of sinus 
on lhe normal direction. and in types C, D. etc. (Eqs. 17.4 to 17. 7) there are also solutions with negative 
instead of positive exponentials on the normal direction. Ali these alternative solutions have been 
neglectcd here for dilfcring from above exprcssions from a mere shift or inversion of axis. 

Results 

The above set of exact solutions of lhe transport equation was used to compare lhe present scheme 
with the central differencing, the simple exponemial scheme and LOADS. The Flux-Spline was not 
mcluded oecause ofits complexity. 

The exact solution is imposed as Dirichlet condi tion on lhe boundary nodes of a square domain wath 
square cclls (fig. 5). Computations employ the transient Altemating Direction lmplici t melhod for fivc
node schemes. but lhe source tenns of lJN IFAES and LOADS are computed expl icítJy. 

For the constant velocity licld therc is no distinction bctwcen convective and divergcnt form 
schemes. Because of lhat and of the rcgularity of thc grid. the Allen and Southwell scheme is entirely 
coincidcnt with the simplc cxponential schemc. 

Low ratios À I Pe 

Most of lhe computations to bc presentcd refe.r to a standard set of pararneters given by À =lO and 
fJ =22.5 degrees: unless olherwise stated these pararneters will bc assumed. 

Figures (6) to (9) prescnt thc prolilcs of thc exact and the numerical schcmcs' solutions for 
functions A. B, C and D with Pe= l 00 in I Ox I O spacings grid. showing lhe mos1 downwind column. 
whcre lhe grcatest crror occurred 
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For such low ratios À I Pe (=0. 1 ), functions A and C present low derivativcs along the stream 
dircction and moderate derivatives in the normal, so that the profiles of the inlet boundary are mainly 
convected along the stream direction, with low levei of diffusion on the cross-flow direction. 
Meanwhile, functions B and O have very high derivatives on the exit boundary, close to the most 
downwind node.. wbere there is strong counter-flow diffusion. the function being practically null 
upwind that boundary region. 

Repeating conclusions of many previous studles. the central differencing shows wiggJy behaviour, 
particularly in B and O functions, and the exponential confinns itself as a strongly diffusive scheme in 
functions A and c. although in functions B and O it has a superb accuracy, visually coinciding with the 
exact, almost null solution. 

Both schemes that employ the generating equation's source term. LOADS and UNJFAES, present 
small errors in ali functi ons, being almost coincident with the exact solution in ali function types for 
20x20 spacing grid. 

ln functions A and C they are much better than the two five-oode schemes. ln function C UNIF AES 
is clearly the best. ln function A UNIF AES is closer to the exact solutioo in some nodes and LOADS is 
closer in others; the root mean square error ofpresent scheme is 2.00/o and that ofLOADS is 2.2%. 

UNIFAES behaves very closely to the exponential in functions B and O. ln those cases LOADS 
presents some wiggles, even though much less significant than central differencing's. ln bis 
investigation ofLOADS. Prakash (1984) has also found a wiggly behaviour. 

Summing up the results for this low A. I Pe ratio, the present scheme is very accurate in ali cases, 
cither overcoming ali other S(;hemes or, at least, approaching the best perfonnances. such as that of thc 
exponential in functioru; B and O. Considering that practical solutions will be a summation of thc 
various solution types, this restrict excellency of the exponential is lost due to A and C components of 
the solution, while the present scheme benefits from its very good accuracy in ali components. To a 
lesser extent the sarne happens with LO AOS. 

Figures 1 O and li , relative to functions A and B respectively, show the errors of the four schemes 
for different mesh refinements. Here the error is presented by the root mean square of lhe internal 
nodes' errors, expressed as percentage ofthe difference between lhe maximum and minimum values of 
tbe function, including boundary nodes. 
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ln functioo A both central differenc.ing. LOADS and UNIFAES show effectively quadratic 
reduction of lhe error witb refinement, while thc cxponential shows lower rates of spatial convergence. 
tending asymptotically to lhe quadratic behaviour with thc refmement. The supcriority of UNIFAES is 
maintaincd with refinement. 

For functions B the asymptotic tendencies can be noticcd only at very refined grids. The central 
ditferencing and LOADS bebave more closely to the quadratic, while the exponential and the present 
scllerne have their bebaviour dominated by higher order errors, so that the actual erro r is much smaller 
than the extrapolated seçond order error. The asymptotic errors of UNIFAES and LOADS appear to 
coincide or to be very close betwecn themselves.. 

The behaviour of the scllemcs ln functions C and D is entirely analogous to functions A and B 
respectively. 

The functlons A and C with low ratios À. I Pe correspond to the situation wbere the upwlnd and 
exponential scherncs' solutions are strongly dependent on the angle between flow and grid. Figure 12 
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shows the root mean square error of the four schemes as a function of the angle for function A, keeping 
the remaining parameters unchanged. Although ali schemes are favoured at low angles, UNlFAES 
shows the smallest dependence on the angle, as well as the smallest errors, beimg closely followed by 
LOADS. 

The perfonnance of the three exponential-type schemes at the very high Pe = lO v is shown in Fig. 
( 13) for function A with 1 Ox I O spacings grid. The figures clearly show the superior performance of the 
present scbeme and LOADS, wbose profiles would be very close to the exact solution with the 
moderately refmed 20x20 spacings grid. 

Figure (14), showing the curves of the errors against refinement, indicates that UNIFAES and 
LOADS present closely quadratic reduction of the error even at such high Peclet number, the rate of 
error decay of UNlF AES being slightly superior than that of LO AD S. 
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High ratios À I Pe 

Thc ínvestigation of lhe behaviour of the schcmes for growing eigenvalues presents the diflkulty 
givcn by thc inadequac:y of the numerical mesh to resolve high frequenc ies. Two approachcs are 
followed in order to investigatc higher eigenvalues a voiding such difficulty. 

First , by lowering thc v alue o f Lhe Pedet numbcr, say to Pc= I O. onc can compare the behaviour of 
lhe difTerent schemes within a wider range of the ratio À I Pc kccping acceptablc solution frcqucncics. 
For $uch lnw Peclct number lhe errors are generally small. but Lhe rclative position of the schemes can 
be apprcciated numcrically 10 Tablc I. presenting the root mean square error as percentage of the 
diffcrence betwcen the fun<.:t ion's maximum and minimum. 

Table 1 Schemes' Errors at Various Eigenvalues 
Pe=10; 10x10 spacings grid 

/.. Central Exponentlar UNIFAES LOADS 
Function Type A 

0.1 0 .000,1 0.000,2 0.000.05 0.000,05 
1.0 0.012 0023 0.006 0.006 
2.5 o. 114 0.199 0.061 0.062 
5.0 0.4~ 0.610 0.257 0.261 
7.5 0.661 0.796 0.414 0.415 

10 o 0.679 0.756 0.490 0.469 
12.5 0.969 1.082 0.866 0.773 
15 o 1.070 1.147 0.973 0.841 

Function Type B 
0.0 0.086 0.0 0 .022 0.030 
1.0 0.086 0.001 0.023 0.032 
2.5 0 .086 0.008 0.030 0.040 
5.0 0 .104 0.026 0.046 0.060 
7.5 0.143 0.045 0.062 0.081 

10.0 0.185 0.090 0.132 0.182 
12.5 0.107 0202 0259 0.371 
15.0 0 .160 0.219 0.254 0.363 
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Table I (~nl.} 

Function T~e! C 
0.1 0.000,1 o 000,5 0 .000,05 0.000,05 
1 o 0.012 0 .031 0.005 0.005 
2.5 0 .068 0 .016 0 .016 0.017 
50 0.053 0 .050 0 .049 0.051 

Function T~ O 
0.0 0.086 0.0 0 .022 0.030 
1.0 0.198 0.000,09 0.005 0.007 
2.5 0.141 0.007 0.030 0.040 
50 0.053 0.050 0.049 0 .051 

Functlon Tx:e! CD 
5.0 0.053 0 .050 0.049 0.051 
7.5 0.123 o 158 0.167 0.184 
10.0 0.286 0308 0.278 o 321 
12.5 0.504 0 .491 0.510 o 547 
15.0 0.679 0 .642 0.695 0.723 

Functlon T~ DC 
5.0 0.053 0 .050 0.049 0.051 
7.5 0.114 o 168 o 148 0.169 
10.0 0.268 0 .276 0.279 0.309 
12.5 0.529 0 .528 0.481 0.556 
15.0 o 575 0 .574 0.503 0.585 

The case À =I wilh Pe=IO corresponds to thc sarne ratio ..! 1 Pe as the four first examples above 
and lhe relative position of the schemes is analogous. The sarne occurs with other low ratios A :' Pe . 

With fcw exceptions, there is a general increase in lhe errors of ali schemes as lhe rauo À / Pe 
increases, maintaining lheir relative positions but decrcasing lhe relative distance berween them, so the 
four schemes present roughly the sarne performance when this mtio is about or above unity. UNTF AES 
presents the smallest the errors within a wide range of functions and ratios À ; Pe . 

The behaviour of lhe schemes at high eigenvalues with high Peclet numbers can be investigated by 
cmploying a summation of functions type A on the form: 

M i Pe- ~ Pe
2 

+ 4À ; l (> =L ex 
2 

'" s .sin(Àmn) l (l.m-/j 

m=fl 

( 18. 1) 

where 

À,. =Om-/)) .. 0 ( 18.2) 
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that produces the purely convective transport of a stepwise profile as both the Peclet number and the 
number of terms in the series, M. tend to infm1te. 

Such inviscid configuration has been used as a basis for describrng the tlow-to-grid influence upon 
the upwind scheme since Wolfshtein's ( 1968) numerical experiments (see also Patankar, 1980). The 
tlow-to-grid problem has already been discussed for a continuous function case, where lhe present 
scheme has shown excellent performance. The convection of a stepwlse profile is a severe test function 
for convection-diffi.Jsion schemes: first due to lhe high Peclet number, second because the function's 
discontinuity voids any conclusion based on Taylor series analysis, third because the square wave is a 
slowly convergíng function, where high frequency terms have strong influence. 

Figure (IS) shows the results of UNIFAES, UNIFAES-Upwind, LOADS and the simple 

exponential scheme for lhe case Pe = 109 , Ao = tt.J 2 I 2:: 222 and M = 500 with 40x40 spacings 

grid. 
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The exponential scheme always shows diffusive behavior. Ali olher scbemes' solutions are closer to 
tbe exact solution. but present some overshoots or undershoots. LOADS shows undershoots in the 
lower levei region. UNIF AES-Upwind in lhe upper levei, and UNIF AES presents bolh overshoots and 
undershoots, however its errors are smaller in the minimax sense. 

ln fig. ( 16} the sarne problem is taken under the point of view of lhe rate of decrease of the rms error 
wilh refmement, showing that both UNTF AES and LOADS have superior rate of spatial convergence to 
the exponential and that UNIFAES- Upwind appears to present the sarne rate than the exponential. 
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Stabllity and Convergence 
As already said, the computations abovc employed the transient Altcmating Direction lmplicit 

mcthod for five node schemes. The tcnns K for UNIFAES and LOADS were oomputed explicitly and 
included in the deferred correction term 'P . Thcrefore, the computations are effectively implicit for lhe 
five-node schemes, but partially explich with respoct 10 these other schemes. 

For thc square grid case the relcvant parameter for the stability of transient-likc lterative processes 

is PI< - ól/óx1
• Most computations above were performed with Pk =/O I Pe, exocpt for Pe bellow 10, 

were a unit.ary value sufficed. 

Table 2 presents the number of iterations required for A and B problems with Pe=IOOO, Â. =lO, 
fJ .. 22.S degrees, IOxiO spacings grid, for severa! values of Pk. Each iteration is actually constituted of 
two ADI cycles: one sweep from West to East boundaries, one from South to North, one from East to 
West, and one from North to Soutlt. 

Table 2 Number of lterations for Various Time-Steps 
Pe=1000; À.•1 0, 10x10 grid apacinga 

Function A 

P* 
Scheme 0.002 0.005 0.01 0.02 0.05 0.1 

Central 678 288 178 138 175 288 
Exponencial 50 21 9 10 14 27 
UNIFAES 50 27 30 151 no cvg. no cvg. 
LOADS 64 29 17 14 195 no cvg. 

Function B 
Scheme 0.002 0.005 0.01 0.02 0.05 0.1 

Central 562 247 146 111 140 235 
Exponencial 1 1 1 1 1 1 
UNIFAES 1 1 1 1 1 
LOAOS 28 13 8 7 12~ no~. 
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When precise transient information is required, so tbat Pk must be small, the number of iterations 
is necessarily high for ali sc.hemes (although in this case LOADS sbould be changcd). When lhe 
transient is employcd solely to reach the steady-state, tbe number of iterations is mlnimiz.ed for Pt 
roughly about 0.01. ln the present case the number of iterations is proportional to the computational 
time spending. since the calculation of the coefficients is done only once for eacb scheme. For optimal 
values of Pt the number of iterations of both UNIFAES and LOADS are close to that of the 
exponential and much lower than that of central differencing. LOADS needs generally less iterations 
than UNIF AES in function A. whilst UN1F AES is much quicker than LOADS in function B. 

Tbe convergence of the algorithm with the two five-node schemes occurrcd for al i values of Pie in 
the table, but with UNIF AES and LOADS convergence was not so unconditional. UNIF AES has more 
restrict range of stability in function A and LOADS more restrict range in function B. Improved 
stability could be ex:pected for both schemes by employing effectively implicit methods. However, for 
the present purposes the simplified approach was capable of offering quick results within its restrict. but 
wide, stability range. 

Concluslons 
The methodology of Allen for constructing ex:ponential type differencing schemes for convective

diffusive transport equation was generalized for irregularly spaced grids, and then introduced within the 
control volume methodology as a means to compute the source lerm of lhe gen.erating equation, 
constructing a new scheme ofthe family of exponentlal scbemes that includes LOADS and Flux-Spline. 

Although restricted to the constant velocity case, the methodology of testing em:ployed, sweeping 
the spectrum of solutions, was able to reproduce many of the situations found in applied problems, such 
as the effects of tlow-to-grid angle, Peclet number variations and the distinct leveis of smoothness or 
steepness of solutions. 

The schernes that employ the source tetm of the generatíng equation, LOADS and UNIF AES, 
presented in general superior accuracy to the classic schemes central and simple exponential. UNlF AES 
has sbown the best perfonnance almost always, while LOADS presents undesirable wiggles in some 
cases. On the other side UNIF AES is simpler and more general than LO AOS, since its computation of 
the generating equation 's source terms only employs terrns emerging from the direction under 
consideration, demanding no information from source, transient and cross-fluxes terms. 

The present scheme was given a name inspired in the fact that it unifled two so far distinct 
numerical approaches with regard to lhe exponential interpolating curve. Through the test cases it has 
also beeo shówn to unify accuracy and stability with relative simplicity and great generality. Those 
results are clearly encouraging offurther testing and application of the present scheme. 
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Abstract 

Tlw fimt~--diff~rrnc~ melhod IS wtdefy used rn lhe formufallon of a matherru:lllcal rrprrsentatron of the sofidrficatlon 
proceSJ rn metaftmo/d sys1ems. When complrx geomemu have to re anafy:ed, generalfy Frnllr-Eiementr Me1hods 
are preferred The present work propose.s a modlfica/lon rn the drstrrbttlton of elements from the mesh, by usmg an 
anoiOg)' IH!rween e/ectr~cal and tlrermal ctrCIIIlS, wh1ch penmt.J grearer l'Crsalihty m ducretmng reglons of 
complex shape The governrng equallon of eleclncal CtrCUIIS theory IS usl.'d by applyín.g an expltclt vers1on of lhe 
Frnlle-Dtfference Mtthod 
Ke}-words: Mathemattcal Modelmg. Sohdrficalton. SmJUiallon. Two-phase Sysrerns. 

lntroduction 
The numerical techniques applied to ihe solution of.difTerentiaJ equations goveming a number of 

engineering problems, emerge as powe.rful tools for the simulation of manufacturing processes. The 
progressive advance of computer facilitíes has pennined the development of models of high precision 
and elliciency, which can be applied in diiTerent areas of the human knowledge. Panícularly in the 
modem foundry industry. the simulauon or the solidtlication process bas become an increasing practice 
in last years in the search for bctter quality products. Porosities fonnation, the number and size of 
inclusions, species distribution, surface cracks. etc .. as well as cooling rales along the foundry system 
can be predicted and modeled by using an appropriate numerical approach. 

Thc numerical tools based on the finile difTerence technique have proved to be Oexible and efficient 
whcn analyzing hcat transfcr phenomena. and are widcly applied on: 

One-dimensmnal and multídimcnstonal systems: 

Systcms whae physical properties \'arying with spacc andlor time must be considered; 

Systems with variable boundary conditions; 

Systems whcre ihc physical body has to be rcpresented by a mesh variable in form and sizc in 
order to permita bener description of geometric features. 

Nomenclatura 

C 1 • Capac1tanco IJIK J, 
c Specofic Heat [J/kg.K): 
I~ • Sohd Fractoon 1%1. 
li - Latcnt Hcat of Fusion [J/kg]: 
hox e hoy • Heat Transfer 

Cocflicients in 
dtrecuons X and Y 
(W/m K]. 

i. j Mcsh lndicc:s; 
k Thennal Conductivity 

(W/m.K I. 
Lx e Ly Length[m]. 

Nx e Ny • Number of Elements 

in dtrections X and Y: 
n Ttme Index, 

R1 Thennal Resistance (KJW). 

T • Temperature [Kj; 
Tox e Toy • Cooling Temperatures 

[K): 
• Timc(sj, 

'x'. 'y' e'<:'· Space Coordinates [mJ: 
p - Density (kglm'), 

A number of authors (Spim and Garcia. 1992: 1993; 1996) have developed numerical models based 
on the Finite DifTerence Method (FDM). including applicauons on the conlinuous casting of steel. 
Manuscnpr recelved: December 1')')4. Techmcal Edtror Leonardo Goldstein Jr 
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metal-mold systems of complex shapes and in general analysis of foundfy systems.. These models bave 
proved to provide a realistic description ofthese processes, and can be consldered extremely versatile ln 
terms of the development of computer programs for simulation and control of industrial processes. 
However. lhe application of FDM to complex shaped geometries as shown ln Fig. I, can be a difficult 
task.. Spatial domains with a very fme grid, like some used on the solution of problems of solldification 
of mctallic alloys. rapid transicnt boundary conditions and pbase change (Vollcr. 1991; Ramakrishna, 
1984), rcquire a signiticant increase on computer memory storage. The computation time can be 
impractical when using traditional solution tcchniques since it is proportional to the number of nodes 
squared. 

.......... 
"'""II ... 

~ 
l ....... 

' / 
.11 \ l 

.)~ ~ \ 
I \ 

- ~ ~ _ _J_, -1 - • = Numerlul Error 

(A) (B) 

Fig. 1 (A) Flntt. Olfference N~ on Spatlal Domaln; (8) Num.nç•l En-ore on Boundartes. 

Patankar ( 1980) suggests mesh manipulatlons when using the finito dltTerence representation of the 
beat conduction equation in cartesian, cylindrical or spherical coordinates. However. he is not clear 
about the treatment to be given for complex boundaries where it is usually impractical to choose a 
uniform square mesh. ln these cases a very refined grid is riecessary for providing accurate simulation. 
Philips e Schimidt (1984) have proposed a multigrid computational scheme, which permits the use of 
local mesh retinement A coarse grid is used for the maio part of the physical body and at the irregular 
boundaries a sufficiently fine grid to yield accumte results is adopted. The success of the proposed 
approach depends on the transmittal of infonnation at the interface boundaries between grid pattems. 
The authors have observed a significant savlng on computational time and computer memory store.ge. 
The approach gener111es símultaneous results in real time.. in both coarse and fine grids, and an iterative 
process to connect solutions of each grid mesh is not necessary. 

Heat Transfer During Solidification 
The solidlliquid phase change heat transfer problem can be analyzed by the heat conduction 

equation (lncropera. 1981 ), given by: 

{l) 

where p, c, k and H are respectively density, specitic heat. therma.l conductlvity and latent beat of 
fusion . The tenn 'fs' is the solidified fraction, "r is the temperature, 't' is time and 'x', Y and 't the space 
coordinates. 
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During solidification of binary alloys the phase transformation takes place in a situation wbere solid 
and liquid phases can coexlst in equilibrium at various temperatures and separated by a intennediate 
pbase between the liquidus temperature (T J.) and the solidus temperature (T sJ. This intennediate region 
is called mushy zone. 

Usually, the metallic alloys used in engineering applications can be considered as isotropíc 
materiais ín tenns of conduction, wbere: 

k(x)= k(y)"' k(z)= k (2) 

The tenn l H ~J on lhe right hand si de of Eq. (1) can be considered as a pseudo specific beat. 

The apparent specific heat represented by c' = l c- H.*) includes tbe effect of latent heat evolved 

intemally during liquid/solid tra.nsformation. 

The physica.l properties when the material is totally liquid or completely solid wi 11 be considered as 
constants, and: 

p = PL : k = k L and c= CL Q Liquid phase Q 100% Liquid 

p= Ps; k = lcs and c= Cs Q Solid pha:;e Q JOO%Solid 

AI the range of temperatures where solidification occurs for metal li c alloys (T Liquidus :S T $ 

T Solidus>• the physical properties will be evaluated taking into account the amount of liquid and solid 

which coexist in equilibrium ai each temperature (Voller, 1991): 

PI' = {PS - P ~) fs + P L (3) 

(4) 

(5) 

Considering the assumptions described above, Eq. (I) in a two-dimensional fonn can be written as: 

p c' iJT =/c (iYr + iYr) 
à a-1 q.1 

(6) 

The solid fraction, depends on a number of parameters involved in the foundry systern. However is 
quite reasonable to assume/, varying only with temperature: 

fs .. F(T) where Ts < T < TL (7) 
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Thc correct fonnulation of f{T) is depcndcnt on chemicaJ specics present in the alloy composition 
and oo the way they interact with solidilication parruneters. The f5(T) can be obtained from : J. Levcr 
Rule; 2- Scheil's Equation; J. Brody-Fiemings Model; 4- Clyne-Kurz Model; 5- Ohnaka's Model 
(Spim. 1996). 

Finite Difference Representation of the Heat Conduction Equatlon 
By introducing finite diiTr:rence tenns into Eq. (6), yields: 

p C I, J - 1.1 = k t+I,J- I.J + 1• 1./ + 1./+1- 1.1 + 1.1 - 1 T.n+l T." (T." 'I 2 r.n·l T." ' J r.n• J 2 r."· I r.n•l) 
.dt .dx2 LI/ (8) 

when::: 

r;~• 1 = T(t, + Llt.x, .y1 ) (9) 

T;~ = T(t, .x, .y,) (lO) 

( I I ) 

( 12) 

and 1j , Xj and Yi are instantaneous time and space n::pn::sentations. 

Multiplying Eq. (8) by '.ix.Liy.Liz' and considering in each case Aty • .áx.Liz and Atx = .dy . .::lr: 

( 13) 

Equation ( 13) n::presents heat tlux variations wlth time. 

Analogy Between Electrical and Thermal Circuits and the FDM 
Numerical Technlque Applied to Heat Flow Phenomena 

There is a large body of literature dealing with the analogy between a thennal system and the 
passive elements ofan electrical circuit (resistors and capacitors), according to Eqs. (14), ( 1.5) and (16) 
and Figs. 2 e 3 (Holman. 1983): 

, 
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where: Vol,,1 = ~~ . .dyJ . .1z 

ln Figure 2: 

Tf:1 = Temperature of'ij' at time 't'; 

qr:= Heat flux entering the elemeot; 

qs = Heat flux out of the element; 

q9 = Charge flow of Ctij; 

qo = Uncbarge flow of Ctij; 

p ij c lJ 

1 ... .. I - .. .. -.. .. Heat Flux Paths 'q' 

R1 
_ Dist 

I . -
.; 2.k1•1. Atx 

I 
R1 ·=-

O,J ho. Atx 

ln Figure 3: 

.. 
Fig. 2 Physlcaf Repnauntatlon of Thennal Cepacltor 

T;~; = Temperature of'ij' at time 't'; 

T"-"•b = Environment temperature; 

k;J = Thermal conductivity of point 'ij'; 

h. = Convection heat transfer coefficient; 

396 

(14) 

(15) 

(16) 



397 J. ot tne Btaz. Soe. Me<:hanícal SelencM- Vai. 19. 5eptembef 1997 

k .. 
I,J 

h o 
Dist .. I 

Fig. 3 Physlcal Repr .. entaüon of Thennal R"lstances 

!t can be seen on Eq. (13), that each tenn on the right hand side is related to an equation similar to 
that which defines the thennal resistance RtiJ Eq. ( 13), in the following manner: 

(17) 

where the tenn R11•1 ._1• 1•
1 

represents the thennal resistance at the heat Oux line from point ~;+I j" to 
the point "ij". lt can be observed on Fig. 4. that th.is tenn is given by the sum of thennal resistances 

inside the element "ij" - (from center to the Atx interface) and thennal resistances inside element 
"i+ l j"- (from Af.x interface to the center), according to the following equation: 

--~~'~·'--+--~~/~+/~./-· -Rt, J+-t • /J = Rt,, + Rt, . , I = 
· · · · 2 k,_1 At~ 2 Jc,+J.1 At~ 

The right hand side tenns of Eq. ( 18) can bc: rearranged ln the fonn: 

R I (~• ~r+l) I Jc,+J.1 ~. +k,. 1 ~ .. , t, í ~I + I í .. -- - + = -- _;_..;.;.:. __ ..;.___;..;.._ __ ...;... 
' ' 2 Atx kt,/ k;+{.J 2 Alx k,+l.í k,.; 

(18) 

(19) 

The mean thennal resistance between points 'i+ I j' ('k;.!j') and 'ij' ('k,j'). 'km'· can be defined as: 

(20) 

Equation (20) is well known and applied for multiphase materiais (Kingery, 1976), and is 
recommended to be used for cases of variable thennal conductivity (Patankar, 1980). 
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6 X . /2 6 X i+ l/2 
14 I ... ~ .. ~ 

ó.y. 
J 

6z 

~ I 
Heat Flux 

Fig. 4 Physleal Repre .. ntatlon of Thennal R"latllncH for Heat Aow Through Nelghboring Elementll 

A similar procedure mak.es JX>SSible to fmd each tenn on Eq. ( 13 ), resulting: 

r... ·/ r.·' r:' · / r.-t 
t+ l ,j + 1- / . j + l ,j+l + t .j-1 .. 

Rt~J + RJI+ l,j RJ,,, + RJ/.(,J Rll,j + Rt;,). I Rt,,, + Rti,J·I (21) 

... -"f'0''.( 1 + 1 + I + 1 ) 
Rr,,1 + Rt1, 1•1 Rt1.1 + Rr1•1.1 Rt,_1 + Rr,.r 1 Rl1•1 + R11•1., 

By rearranging Eq. (21 ), we obtain: 

T" ..11 .,..n+ t ..11 ,..n+ / .di .,..,., .di -rn+ t ( .di ) r-' 
•.J = ---· •t · l.j ---. t /.f .J - --. s,,J• I --- . t1•1 .J + 1+-. tJ 

r ,+I.J r ;.JJ r 1.r 1 r 1.J·I r ,J 
(22) 

where: 

(23) 

(24) 

(25) 

(26) 
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1 I 1 I I 
-=--+--+--+-- (27) 
r 1.1 r í+I.J r; - 1.1 r iJ+I -r;J-1 

Equation (22) represents the implicit form of the finitc difference metbod. The equation 
represeoting tbe explicit form is obtained by a similar treatment and is given by: 

70+/ = ~. 1/'..J,j +~. Tf!.J.j +~. 7/j t / +~.'f0.J +(1 -~). Tfj (28) 
r,, 1,1 r1•1•1 r,.r 1 r1•1.1 r;,1 

Equation (28) becomes unsúlble for .dt .s t;J (StabiJity Limits). 

Equation (22) can be solved by introducing a linear system: 

where there is no restriction on the siz.e ofthe time step .dt. 

(29) 

Application of the Thermal/ Electrical Analogy to a Net of Variable 
Mesh Size 

The literature presents a number of papers treating the finite difference mesh with variable size 
(different values of .dx, .dy, Liz). Patankar ( 1980) has pointed out the advantages ofusing a non-uniform 
mesh to cases of one and two dimensíons grids, as shown in Fig. 5 . 

........ 
1-----i-" ""' !JI 

J 

ltl -t--1-i---1---+-'óyj 
-t--1-i---1---+-'óyj-1 

I•I•I•ÓXj •I•M .. ~ 
Ó'lj.J 

Fig. 5 Flntt. Dlfference MMh wttl'l E'-menta of Dlfterent Slze 

Howevcr, the network shown in Fig. 5 will not be efficient when applied to irregularly shaped 
domains, due to numerical errors associated, as it was shown in Fig. I. An irregular boundary may be 
approximaled by a series of rectangular steps, as shown in Fig. 6, yield ing a more efficient solution. 
Anyway, the mathematical treatment of this grid is not an easy task. 

lt can be seen that at the coarse elements I fine elements interface there is not a cornmon heat Oux 
path. as sbown in Fig. 7: 
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• = Numerical Error 

Fig. 6 (A) Conventlonal Grid; (8) Modlfted Grid 

. ----. 

...... __ . __ 
(B) 

C o arse Elements Grid Fine Elements Grid 

o o 
Flux f1 

o o At j1 

Fluxf 
Flux f2 

A t J o o O' At j2 

Fluxf3 
o o At jl 

o o 

I o o 

Fig. 7 Heat Flow at the Coarse Grid I Fine Gr1d Interface 

Philips e Schimidt (1984) have proposed an approach to obtaln a solution for lhe network proposed 
in Fig. 7. However, the above mentioned approach is restricted to the connection between coarse grid 
and fme grid. 

The present work presents a solution for the problem formulated in Fig. 7, based on lhe analogy 
between thermal and electrical circuits. lt is important to emphasi1.e that when the finite difference 
oetwork is modified from thermal to electricaJ elements, it will be subjected to lhe theoreticaJ 
considerations which are applied to electric cirouits (resistors and capacitors). This permits a flexible 
and versatile representation and connection among eleetricaJ elements, as can be seen in Fig. 8, where 
each coarse element is connected jo these elements of the finer grid. 
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TIJ+I Y 

~ RtiJ+I)y 

K'"""--:1!("" r· ... m - . ·- - T f'•!. I 
&t+ . Rtt,m+2)l! RtiJ~' 

-:!_.12__ : !~~· 41" ' • RI IJ)I . . Rt IJ)x RU+ IJ)t 
AY tio(+ I Tk,m Rt~ !VW 'Wvv-MN-0 

-l~ ~ - ~-'1 · ~"> ~<h- Ti+IJ 
1H RC~ HJ > I \ ~! q t+IJ 

I Tt.m ~.. RtiJ>Y<: -
~ ...... l i ClJJ_ 

qiJ-V ~ RtiJ-I)y 
T IJ·I Q 

L IJX 

Fig. I Modlfted Netwottl : Coupllng of Coarwe and Fine ElerMntt 

The mathematical approach is similar to that used io lhe convcntiooa1 fmite d ifference melhod, lhat 

[
Fiux (q) l [F/ux (q) l L enterlng - L leaving 

poínt (i. j) point (i. j) 

(30) 

However, it is not easy Lo determine lhe tlux qi-IJ• as can be seen in Fig. 8, where by using 
electrical relationships, we have: 

(31) 

We can now suppose that a nodal point of temperature TP is connecting the resistances of tbe 
coarser grid with resistance ofthe finer grid. according to Fig. 9: 

Tk,JD+l 

llt k,m+2)x c(: T p 
c::::>-,~ . ../'v-~ ,/-

4--q k,m+2 

RI k.m+l)x RI IJ)x TiJ 
~-'.._. ,_,",/-M t-/\/\/\1~ 

.__ q k,.m+l .__ q i·lj 

Tk,Ja 
Rtk,m)x 

c:>- .,.-·,~-

4--q lua 

Fig. 8 Nodal Polnt Connectlng Coarae wlth Fine Grld 
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Heat nux is given by: 

(32) 

(33) 

Tn+l r,tHI 
n+/ p - k.m+l 

qk,m+l-
Rtk.m+/).t (34) 

1-n+l ..,..n+l 
n+l (? - 1 k,m+} 

qk,m+} = 
Rtk,m+}Jx (35) 

By substitution of Eqs. (32). (33), (34) and (35) into Eq. (31 ), we have: 

Tn+l R l ,j k .m k ,m+l k.m+} 
( 

r,n+l r,n+l r,n+l r,n+l ) 

p = p · ---+---+ + 
Rti, j ) .t Rlk.m)x Rtk.m+l)x Rtk.m+l)x 

(36) 

where: 

R =(-1-+--'-+ I +--~--)-' 
p Rlt.;)x Rtk.m)x Rtk.m+l) x Rtk,m+2)x 

(37) 

So, by substitution of Eq. (36) lnto Eq. (32), the heat tlux qi-1 J is given by: 

r,n+l R ( ,.,..ri+/ -rn+l -rn+l -rll+l ) 
n+l l.j p 1 i.J 1k.m 1k ,m+l 1 k.m+} 

ql-/.j =-------. ---+---+ + 
Rt/, j )x Rti.J}:t. Rt,,; )x Rtlr,.m)x Rtk.m+l) x Rtk .m+2)x 

(38) 

For one element of the coarse grid connected to N elements from the fine grid, the general equation 
is given by: 

n+l _ I .J p I.J +" k.m 
r,n+ I RU [ T."+ I N r,n+ 1 ) 

ql-l.j--------. --- ~---
Rti,J)X Rti.j)x Rti.j )x ma/ Rl" .m)x 

(39) 

where: 
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( ]
- / 

I N I 
RG=- - --+ ' - --

P RI ~ RI 
l , j)X III•/ k ,lft) X 

(40) 

The solution for any point ofthe network. representing the physical body, is given by: 

(41) 

Validatjon of the Coupling Between Coarse and Fine Grids 
ln order to test the above approach, a comparison between prediction furnished by Eq. ( 4 1) and a 

exact solution would be convenient. As there is no exact solution available, comparisons will be 
perfonned by using a conventional finite di!Terence technique with an extremely fine grid. The physical 
body to be considered is a rectangular ingot cooled in two surfaces and insulated at lhe opposite 
surfaces, as shown in Fig. I O. 

ln Figure 10: 

Lx and Ly are ingot dimensjons in X and Y directions, 

Nx and Ny are number of elements fonn lhe mesh in X and Y directions. 

Tox and Toy are cooling temperatures in X and Y directions. and 

hox and hoy are beat transfcr coefficients in X and Y directions. 

Simulation starts wilh ali tbe nodal points at a temperature above lhe liquidus temperature. 
Solidification begins at the cooled surfaces and tbe solidification front is progressively displaced toward 
lhe insulated regions. The beginning of solidification is characterized by the nodal points at the liquidus 
temperature. and the solidification front by those points at the solidus temperature. 

Cooled 

I Regio_n_ 

tu=-
Nx 

Cooling Temperature = Tax 
Heat Transfer Coefflcient = hax 

Flg. 10 Physlcal Body Admtt.d for Slmulatlon 
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The materiais selected for simulations wcre a 0,62% carbon steel and a AJ-4,5o/oCu alloy. The 
thei"Qlophysical properties used in calculations are presented in Table I. To take into account the 
evolution ofthe solid fraction in the range of solidification, the lever rule was assumed for the steel and 
the Scheil's equation was considere<! for the aluminum alloy (Spim, 1996). The numerical computer 
program has been structured by using the C language, and the simulations were perfonned on a DX4-
486/I OOMHz computer with 16Mb of RAM memory. 

The different network configurations used on simulations and comparisons are shown in Fig. 11. 
The number of elements on the coarse network. Nx and Ny, were taken as reference values. The grid 
was then refined according to cases (B), (C), (D) and (E) in Fig. 11 . 

(A) 

Ny 

Nx 

(8) 

(C} 

y 

(O) 

I I 
I -I 

(E) 

I I 
T T -r 

1 -, 

-r 

Coarse Gríd 
Number of Nodal Points ::Nx . Ny 

Reflnement wlth 
9Elements 
Number of Nodal Points ::9 . Nx . Ny 

Reflnement with 
49Eiements 
Number of Nodal Points :49 . Nx . Ny 

Reffnements on Surface 
with 4 Elements 
Number of Nodal Points = 
Nx. Ny + 3.Nx + 3.(Ny- 1) 

Reflnements on Surface 
with 9 EJements 
Number of Nodal Points = 
Nx . Ny + B.Nx + B.(Ny- 1) 

X -

Fig. 11 (A) Coarse Grfd; (B) Reflnement wlth 9 Elements; (C) Reflnements wlth 49 Elemenm; (O) Reftnement on 
Surfac.e • 4 Elements; (E) Reftnement on Surface 9 Etements 
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Table 1 Phyalcal Propertlea 

Thermal Specific Heal Oensity Temperature U.tente 
Metal CondU!Ivi1y c{Jikg.l<) p(kg/m"J [KJ Heat Refereoc:es 

k (W/m.K) H (Jikg) 

AI-4,5%Cu Solid 100 880 2750 821 384000 Metais 
l!guid 180 920 2650 920 1989 

Al;o 1062 Solid 25,4 679 7000 1693 260000 Wahbum 
Uquld 29,3 870 7400 1785 1972 

Results of Simulatlons 
A tirst set of simuhuions was carried out to confirm the validity of the proposed mode~ by 

comparing predictions with those provided by a conventional ftnite difference technique with an 
extremely fine grid. Fig. 12 shows the results conceming the cooling curves of a surface point for 
ditferent network refinement situations. 11 can be seen that a single refinement on surface with 9 
elements permits the proposed model predictions to have an excellenl agreement with the results 
fumished by tbe fine grid conventional finite difference method 

1600 -r--;:=======================::;, 
1400 

1200 

1000 

800 

600 

400 

200 

Results Provlded by Conventlonal 
Finita Dtfference and 
the Proposed Model 

Coarse Grid - Conventional FOM 

- Ã - Surface Refinement - 4 Elements 

- 8 - Sorface Refinement - 9 Elements 

Fine Grid - Conventlonal FOM 

o 30 60 90 120 150 . 160 210 240 270 300 
Tlme (s] 

Fig. 12 Compartaon or the PropoMd Modal wlth Flne Grtd Conventlonal Flnite Dlfftrenc. Method Pl'ldlctlon1 

The main advant.age of a local mesh refmement consists on higher simulation velocities, as weU as 
on significant savings in computer memory stor"Bge. Table 2 shows the input data used on simulations 
and characteristics of computer prooessing. lt can bc seen that lhe computationaJ time required for the 
coarse grid solution is 27 times higher than that necessary to yield the retinement on surface solution (9 
Elements), ~d the consequent computer storage requirement is 4 times higher. 

Figure 13 sbows the results of cooling curves simulated for different elements from the mesh 
subjected to a refinernent on surface with 9 elements, and compared to the cooling curve for the case of 
a non-refined grid (elernent at comer of the cooled region). The physical coherency of the relative 
position ofthe resulting curves can also be observed in Fig. 13. 
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1400 
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E 1000 

j: 
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200 

-·- Etement n. 9 -·- Elementn. 8 

Non • Refined Grid 

~ Element n. 2 

--..- Elementn. 1 

o 30 60 00 120 150 160 210 240 270 300 330 
Time [s) 

Fig. 13 Comper1eon of Slmulated Coollng CurvH Reflnement on Surfece- 9 Elementll end Coerte Gr1d 

Table 2 Simulation Data and Processing Characterlstics 

Material: 
Carbon Steel 

lngot Oimensíons (m) 

Lx:: 0.20 
Ly = 0.15 
dz = 0.01 

Elements from the Mesh 
Nx = 20: Ny = 1 O 
(Coarse) 

Nx = 60; Ny = 30 
(Refined) 

Nx = 20; Ny = 1 O 
(Reflnement on Surface) 
4 Elements 

Nx = 20; Ny = 10 
(Refinement on Surface} 
9 Elements 

%C - 062 

Cooling Temperatura 
{K) 

Tox = 308 
Toy = 303 

Processing Results 

Heat Transfer 
Coefficients (W/m".K} 

hox = 1000 
hoy = 2100 

Total Number of Compute r Storage Computational 
Elements {Bytes) Time(s) 

200 800 74 

1800 7200 6200 

287 1148 118 

432 1728 :230 

406 

A similar comparison is shown in Fig. 14, for elements situated lO cm away from the comer ofthe 
cooled region, in lhe X and Y directions. 

ln order to verify the model performance for lhe case of materiais of higher lhermal diffusivities, 
some simulations werc performed with an aluminum-copper alloy (AI-4,5%Cu). The results can be seen 
on Fig. 15 where the proposed model predictions are presented for the cases of rcfinement oo surface 
wilh 4 and 9 elements and for a fully refined grid with 9 and 49 elements. The result~ng performance is 
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simiiBI to that observed at the previous analysis with steel. Table J shows the input data used on 
simulations and characteristics of compu ter prooess•ng. 

1600 

1400 

1200 

~ 1000 -e 
800 .a 

I! 
8. 600 

! 
400 

200 

Noo Reftned 

- .t. - Refinement oo Surfaoe ~ Element.a 

Reflnement on Surface -9 Elements 

P1 

o 30 eo eo 120 150 180 210 240 210 300 330 360 
nme (a] 

Fig. 14 Comparison of Slmu~ R..ulta Proposed Modeland Non- Raflned Grid 

õ 
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700 -r----~====================~ 
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420 

350 

280 
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140 

I 
I 

I 

Non Reffned 

-M- Refinement on Surface - 4 Elements 

- +- Fully Reflned - 9 Elements 

- ~ Reflnement on Surface - 9 Elementa 

\ 

' ' ' 

Futty Retined - 49 EJementa 

o ~ ~ eo eo 100 1~ ~~ 180 1eo ~ ~ 

nme [s] 

Fig. 15 Compartson of Slmulat.d Ruulta Proposecl Model and Non-Rtflned Grid 
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Table 3 Simulation Data and Processlng Characterlatlcs 

Materlat 
JU.4,5%Cu 

lngot Dimensions (m) 

lx"' 0.20 
Ly .. 0 .15 
dz .. 0.01 

Elements from the Mesh 
Nx- 5; Ny = 5 
(Non-Refined) 
Nx=15;Ny=15 
(Fully Refined- 9 Elements) 

Nx = 35: Ny = 35 
(Fully Refined-49 Elements) 
Nx= 5; Ny = 5 
(Refinement on Surface) 
4 Elements 
Nx= 5; Ny • 5 
(Refinement on Surface) 
9 Elements 

Conclusion 

Cooling Temperature 
(K) 

Tox= 308 
Toy = 303 

Processing Results 

Heat Transfer 
Coefflclents (W/m1.K} 

hox = 2100 
hoy = 1500 

Total Number of Computer Storage Computational 
Time (s) Elements (Bytes) 

25 100 

225 

1225 

52 

97 

900 

4900 

208 

388 

68 

491 

10820 

205 

263 

The proposed model has proved to be efficient, versatile and easy of manipulation, as can bc seen 
by lhe presented mathematical development. lt can be applied to complex shaped domains with a good 
numerical accuracy and substa.ntial savings in computational time and computer storage requirements. 
The couplmg of elements from lhe fme grid wilh lhose from lhe coarse grid has been validated by using 
the ThermaVEI~tricaJ Analogy. This approach should be of considerable use in describing real foundry 
situations. 
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Abstract 
1M a1m oj tllls work war to stud)• lhe behav1or of lhe plan tangenllal grmdmg proa.u wrlh COtnJentronal grlnding 
wheels. undu severa/ machmmg condi/Jons and a selec1ed dresJmg condition The analysis of tht grmdíng 
petjormance was dane regardrng the cutting .wr.face wear behavtor of the grindlng wheel for bnnle and ductrle 
steels workp1eces. The grrnding Input parameters. which wert. C'UIImg spud. workpiece speed and culling feed, 
were chosen based on Lhe grrndmg machme çhuractertsltc~. The resulls discussion emphasiZed the wear 
mechamsm of the grmdmg wheel cunrng surfact ond rhe cuurng phmomenology of the grrnding process. 
Keyword.r Jlachmmg C'omii11ons. Corrvenrrona/ Grmdrng Wheel.s. Grrndmg Wheel Wear. 

Resumo 
Neste trabalho fOI tstudado o comportomenlo do prOCf'sso de retrficoçiJo plana com rebolos convenc1ona•s. 
submettdo a diw:rsas condu;ões fh usmagem e de uma conchç4o de dres.sagem. O compor1amento quanto ao 
desgaste da superjide de c:orle. durante a retrficação de aços frâgers e dúcte1s, também foi analisado. Os 
purámelros de entrada (velocidade de corte. velocrdade da peça e penetração do rebolo na peça) que definem uma 
condrçào de usmagem, foram escolhtdos em .funçiJo das caracrerlsticas da maquina retijicadora. 
Palavras-di ave: Condrçôes de Us1ttagem Rebolos C'onvenc1ona•s. Dt>sgaste de Rebolos 

Introdução 
Durante os úllimos anos os requisitos de qualidade e funcional idade dos componentes fabricados 

industrialmente tem aumentado stgnificativamente. Como conseqUência. os componentes tem sido 
fabricados com melhor qualidade. e matS rapidamente. para compL'tl$lll' o custo do material util izado e o 
processo de usinagem. O custo de produção é substancialmente agravado na usinagem de peças com 
geometria complexa ( Weslkllmper e Tõnshoff. 1993 ). 

A concorrência estrangeira está obrtgando as indústrias nacionais a atender aos padrões 
internacionais de qualidade e desempenho de um produto. Isto implica no conhecimento detalhado de 
aspectos básicos que vão desde o projeto até a fabricação das máquinas e equipamentos. 

Na fabricaçao de mâquinas c equipamentos de precisão são utilizadas peças com tolerâncias 
controladas (dimensionais e de forma) e rugosidade superficial de pequena magnitude. Essa.~ peças slio 
obtidas. normalmente. através da operação de retificaçllo de precisão. a qual deve proporcionar mínimo 
cuS1o e máxima produção (Bianchi et al, 1996). 

Um dos processos de acabamento mais utilizados na fabricação de peças de precisão é o processo 
de retificação apesar de o mesmo ser um dos processos menos dominado tecnologicamente, se 
ManuSCI'I{Jl recelved. Novemóer 1996. Tedlnical Edrtor Paulo Elgi Mlyagi 
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comparado aos processos convencionais de usinagem. Esse processo também tem a função de 
solucionar os problemas de qualídade e tempo de toda a seqUência de fabricação (Kegg, 1983). 

O desempenho da operação de retificação é muito dependente da habilidade e sensibilidade do 
operador. e das condições de usinagem e dressagem do rebolo (afiação). A otimização desta operação 
de usinagem não pode ser obtida alterando-se apenas um parâmetro de entrada do processo. 
Nom1almente. o operador é responsável por decidir. através do método de tentativas e erros. sobre os 
procedimentos aos quais as peças devem ser submetidas para sua confecção. 

Um exemplo caracteristico dos problemas que podem ocorrer durante uma operação de retificação, 
do tipo cilíndrica externa. está relacionado aos seus parâmetros de entrada. Imagine-se um operador que 
verifica um aumento excessivo na rugosidade da peça. Por iniciativa própria ele decide que, para 
eliminar este problema sem comprometer o tempo de fabricação. deve aumentar a velocidade de corte 
do processo. Entretanto. essa alteração eleva a temperatura na região de corte provocando queima na 
superficie da peça. Para resolver esse novo problema. ele melhora a refrigeração da operação, 
aumentando a pressão e a vazão do fluido de corte. Não conseguindo resolver o problema de queima 
com esta atitude. opta por aumentar a velocidade periférica da peça. Isto eleva o nível de vibrações, por 
desbalancearnento da peça, provocando maiores danos na superficie da mesma. Como estas alterações 
não proporcionaran1 a diminuição da rugosidade, o operador resolve diminuir a velocidade de corte. 
Com isto, é diminuída a dureza dinâmica do rebolo que pa<;Sa a desgastar-se mais e irregularmente, 
provocando erros de forma na peça, que antes não existiam. 

Este exemplo mostra que o desempenho desejado de uma operação de retiticação não pode ser 
obtido alterando-se apenas um dos parâmetros de entrada. mas uma combinação bem elaborada de 
todos os parâmetros envolvidos. simultaneamente (Kõnig, 1980). 

Conhecendo-se o comportamento do processo de retificação. pode-se interpretar melhor a operação 
que está sendo realizada em uma peça c proceder às modificações no processo que possibilitem atingir 
os resultados desejados. 

-- Nomenclatura 

a penetração do rebolo na h espessura equivalente de Q,.,' = taxa de remoção especl fica 
peça [l!m) "'' corte (~m) de metal no tempo 

lld profundidade de h .... , .. espessura teórica máxima (mm1/s) 
dressagem (mm] do cavaco [l!m] R. = rugosrdade superficial da 

Ase~= área de dressagem (mm2J Kn tensào de escoamento do peça (l.un] 
b largura média do topo dos metal da peça [N/mm2

) R.r = rugosidade superficial 
grãos abrasivos [mm} K, pressão especitica de corte obtrda na última passada 

bd largura de atuação do [N/mm1] de cada ensaio [IJ.ITI] 
drcssador (mm] L espaçamento médio entre sd passo de dressagem 

d, diãmctio externo do rebolo os grãos abrasivos (mm] (mm/volta) 
(mm I I comprimento de contato lld grau de recobrimento de 

c 
F,r força tangencial de corte entre o rebolo e a peça drcssagem 1-1 

final fNl [mm) V, velocidade de corte [mls) 
F., "' força tangencial de corte n'" rotação médaa em cada v .. veloctdade da peça [ m/s) 

média da última passada passada I rpm J z volume de metal removido 
[N) potência de corte (W) 

w 
[mmJ) Pc 

Fna; força tangencial de corte P~, potência de corte z volume de rebolo gasto 
em um grão abrasrvo (N] instantânea (W) • (mmJ) 

G = relaçao entre z,.. e z. [--) Pcm = potência de corte 1-1 coeficiente de atrito entie 
média[WJ o gràó e a peça H 

O objetivo deste trabalho é estudar experimentalmente o comportamento do processo de reti1icação 
tangencial plana com rebolos convencionais, submetido à diversas condições de usinagem e uma única 
condição de dressagem, e analisar seu desempenho. quanto ao desgaste da superficie de corte, durante a 
retificação de aços frágeis e dúcteis. Os parâmetros de entrada: V, [m/s]- velocidade de corte, Yw [m/s] 
- velocidade da peça e a ().lmj - penetração do rebolo ila peça, foram escolhidos em função das 
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caracterlstjças da máquina retificadora. Os resultados obtidos são apresentados e discutidos, dando-se 
maior ênfase aos mecanismos de desgaste da superfície de corte do rebolo e à fenomenologia de corte 
do processo de retitlcação. 

Aspectos Teóricos sobre as Condições de Usinagem no Processo de 
Ratificação do Tipo Tangencial Plana 

O processo de relificação é muito sensível às condições de usinagem e dressagem. Tendo como 
objetivo facilitar o c:ntendimento do comportamento das condições de usinagem do processo de 
relificaçAo. $erão apresentadas algumns considerações teóricas sobre a influência de cada parâmetro 
relacionado às condições de usinagem (Bianchi. r 990: Bianchi. 1992). 

No processo de relificação tangencial plana de mergulho a peça é fixada sobre uma placa 
magnética, que permanece presa sobre a mesa da màquina retificadora. A peça possui movimento 
longitudinal pendular com velocidade v .... O rebolo, de diâmetro externo d, [mm), possui uma 
velocidade de corte V., e penetra na peça com profundidade a, conforme é apresentado 
(esquematicamente) na Fig. I. 

Vs 

a 

Vw 

Fig. 1 Rep,..untllçlo do Proceaso de Retlflcaçlo do Tipo Tangen~al Plana de Mervulho 

Influência da Profundidade de Corte: a 

A eficiência do processo de retíficaçl!o e a integridade superficial da peça são afetadas pela deflexão 
que ocorre entre o rebolo e a peça. Esta deflexão aumenta com a área de contato e com o número de 
grãos em contato com a peça. 

A temperatura na superficie da peça. depende do comprimento de contalo entre o rebolo e a peça I 
(mm). A determinação do comprimento de contato é importante para a determinaçD.o da máx.imá 
temperatura na supertlcie da peça. da tensão superficial e do desga.o;te do rebolo (Rowe, 1993 ). 

A penetração do rebolo na peça (a) e o diâmetro externo do rebolo (d,) estào relacionados ao 
comprimento de contato entre o rebolo e a peça (I.). o qual é detem1inado pela equação (KOnig, 1980): 

I • (a d;/J 
c 

(I) 

Um aumento na profundidade de corte, causa um aumento no número de grãos ativos e no tempo de 
contato, nesta região, fazendo com que cada grão abrasivo remova uma quantidade menor de metal. Os 
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cavacos resultam mais alongados e finos. Há uma maior parcela de atrito e riscamcnto, desde o inicio da 
fonnaçâo do cavaco até sua expulsão. Desta fom1a. o atrito e riS\:amento entre os cavacos removidos e a 
peça elevam a temperatura na região de corte tendo como conseqUência a elevação de: rugosidade da 
peça. nivel de emissão acústica e forças de cone (tangencial e nonnnl) 

Influência da Velocidade de Corte: v. 
A velocidade de corte V, exerce uma substancial influência sobre o comportamento das forças de 

corte, desgaste do rebolo. acabamento e queima superficial da peça. vibra.ções da máquina. dentre 
outros. 

Quando a velocidade de corte é elevada. um mesmo grão abrasivo passa a remover um menor 
volume de cavacos, pelo aumento da sua freqUência de contato com a peça. Portanto o número de grãos 
ati vos é maior. A espessura dos cavacos removidos é menor, diminuindo as forças de corte, rugosidade 
da peça e desgaste do rebolo, pela menor solicitação sobre cada grão abrasivo. Assim. o rebolo 
apresenta uma aparente elevação da sua dureza dinâmica, já que cada rebolo possui uma dureza estãtica 
característica (fornecida pelo fabricante) . Entretanto. pelo aumento da intensidade de contato dos grãos 
com a peça. ocorre uma elevação da temperatura. a qual pode ocasionar a queima da peça. 

Influência da Velocidade da Peça: V 
w 

A velocidade da peça V.., é coincidente com a velocidade da mesa da máquina retificadora. no caso 
de retificaçào tangencial plana de mergulho. Esta velocidade está relacionada aos impactos que os grãos 
abrasivos provocam na peça. 

Pode-se analisar a influência da velocidade da peça na operação de retificação de duas fonnas, 
confom1c apre~entado na Fig. 2. 

F t 1g 

(a) 

Tempo de 
contato 

(b) 

Tempo de 
conta to 

Fig. 2 lnfluêncle do Tempo de Cont.ato ne Fo~ Tengenclal de Corte em um Grto Abr~slvo F t18 

a. Quando a velocidade da peça é baixa e a penetração do rebolo na peça é grande. Neste caso, os 
impactos dos grãos abrasivos do rebolo sobre a peça são pequenos e os cavacos são alongados. 
O tempo de contato grão/peça e o número de grãos ativos, são maiores. Assim, a força em um 
grão abrasivo é pequena e atua durante um tempo longo (Fig. 2a). Os grãos abrasivos tendem a 
permanecer mais tempo em contato com a peça o que provoca um desgaste maior. As forças de 
corte (nom1al e tangencial) tendem a aumentar com o tempo de retiticação, pelo desgaste das 
arestas cortantes. Com isto o desgaste do rebolo tende a ser menor, considerando-se que os 
grãos abrasivos permanecem mais tempo presos ao ligante, o que minimiza a perda de grãos. 

b. Quando a velocidade da peça é alta e a penetração do rebolo na peça é pequena. Os impactos 
dos grãos abrasivos do rebolo sobre a peça são grandes e os cavacos são curtos. O tempo de 
contato grão/peça e o numero de grãos ati vos são menores, gerando uma força por grão abrasivo 
grande e por pouco tempo (fig. 2b). Os grãos tendem a se fraturar e a se desprender da 
superficie de corte do rebolo. Neste caso as forças totais de corte tendem a uma estabilização 
pela troca constante de grãos abrasivos. O desgaste do rebolo tende a ser maior que no caso 
anterior. 
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Parâmetros Relacionados ao Processo de Retificação 

Espessura Equivalente de Corte e Espessura Teórica Máxima do Cavaco 

A espessura equivalente de rorte h [l.un) representa a espessura da camada de metal que ~ 
ammcada pelo rebolo numa volta romp~ta. Trata-se de um parâmetro que permite quantificar uma 
condição de trabalho, a partir dos parâmetros de entrada (V,, V w-. a). A espessura equivalente de rorte, 
definida romo sendo a relação entre a 1a}coa de remoção especifica de metal no tempo e a velocidade de 
rorte, é, expressa por (Peters e Decneut, 1975): 

h = Q 'IV, = (a. V.., / V.J 
'"I w 

(2) 

A taxa de remoção específica de metal no tempo Q ' [mm1/s) é determinada pelo produto entre a 
penetração do rebolo na peça e a velocidade desta. O paFametro h está diretamente relacionado com o 
romport.amento do processo de retificaçâo em funç4o de variáve~ envolvidas, romo: forças de rorte, 
rugosidade.. vida da ferramenta, etc, 

A espessura teórica máxima do cavaco h,_ [1-1m] é diretamente proporcional ao parâmetro espessura 
equivalente de rorte, conforme a equação (Bianchi et al., 1992): 

(3) 

onde L [mm) é o espaçamento médio entre os grãos abrasivos. 

Portanto, aumentando-se h e/ou diminuindo-se I , há um aumento na espessura máxima do cavaco 
arrancado. Todavia, variando-~ a espessura do cavaeo arrancado, altera-se a força tangencial de corte 
num grão abrasivo. Esta força tangencial de corte pode ser expressa pela equação (Bianchi et aJ. , 1992): 

F, , = b h,..,. K, + J.i . b . tr . K./4 (4) 

sendo b [mm] a largura média do topo dos grãos abrasivos, K, [N/mm1j a pressão especifica de corte, 1.1 
o coeficiente de atrito entre o grào e a peça e K... [Ntrnm1] a tensão de esroamento do metal da peça. 

Relação G 

O desempenho de um rebolo pode ser avaliado através da relação G, definida romo sendo a relação 
entre volume de metal removido Z [mmJ] e volume de rebolo gasto Z (mm3

} , conforme equação 
(Hahn. 1955): " ' 

G = Z rz 
W I 

(S) 

Dressagem da Superflcle de Corte do Rebolo 

O mecanismo cinemático para a operação de dressagem ronsiste no deslocamento do dressador 
transversalmente ao rebolo em movimento de rotação. O dressador penetra no rebolo a uma certa 
profundidade de dressagem 8cl [mm), a qual implica numa largura de atuação do dressador bd [mm]. 
Desta forma, ao deslocar-se o dressador com um determinado passo de dressagem Sd [mm/volta], o 
rebolo será dressado removendo-se partJculas de grãos abrasivos equivalentes à área de dressagem A. 
[mm}]. ronfonne é apresentado na Fig. 3. 
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A opcraç4o de dressagem modifica as características topográficas dos rebolos convencionais pela 
geração do macro e microefeito de dressagem. O macroefeito corresponde à rosca gerada na superflcie 
de corte do rebolo e o microc:feito ao estado de afiaç!o de cada grao abrasivo (Bianchi, 1990). 

Fig. l Forma &q~~ da Ope~o de O.....agem de Reboloe Convenelonala c:on1 Of'MN.dol' do npo Ponta 
Únlu 

O parâmetro grau de recobrimento de dressagem Ud (U, • b/Sd) representa a forma com que o 
rebolo está sendo dressado. Quando um rebolo é dressado com grau de rec-obrimento de dressagem 
próximo à unidade, os valores do macro c microefeito de dressagem sllo máximos. De maneira oposta, 
quanto maior for o valor do valor do grau de recobrimento de dressagem, menores serão aqueles 
valores. 

Durante a operação de dressagem os grí\os com pouca ancoragem soltam-se, e os que estão bem 
aderidos na superflcie de corte do rebolo sllo fraturados. O ligante também sofre as conseqüências da 
operação de dressagem. fraturando-se proporcionalmente à sua tenacidade. Se a tenacidade do ligante 
for pequena, a tendência é liberar grãos da superflcie de corte do rebolo com maior intensidade do que 
no caso onde o ligante possui maior tenacidade. 

Procedimentos Experimentais 

Para a verificação experimental da influência dos parâmetros de entrada do processo de retificação 
do tipo tangencial plana de mergulho, foi desenvolvido um banco de ensaios especifico onde os 
parâmetros de entrada pudessem ser contro lados. Descreve-se a seguir o prosseguimento de medição 
eJ<perimental da força tangencial de corte. 

Medlçlo da Potência de Corte: P 
c 

A Figura 4 mostra um esquema geral do Banco de Ensaios desenvolvido para a realização dos 
experimentos. 

O corpo de prova. em formato de ··r, com largura menor que o rebolo, é fixado diretamente sobre 
a placa magnética. 

No inicio de cada ensaio. o rebolo é dressado numa condição especffica e idêntica para todos os 
ensaios. Isto permite que a influência da operaçAo de dressagem seja minimizada. Consequentemente, 
os resultados refletem melhor o comportamento das variáveis de salda (potência de corte, rugosidade 
superficial da peça, desgaste do rebolo e volume de material removido). 

A potência do motor de induçào é transmitida à polia de acionamento, que está ligada ao eixo 
árvore da mAquina ret ifitadora. Um torquímetro, posicionado entre o motor e a polia de acionamento, 
faz a leitura do torque total instantâneo necessário pani a realização da operação de reti.ficação. 
Acoplado ao eixo árvore, que suporta o rebolo, é fixado um .. encoder" que faz a leitura da rotação 
instantânea deste. Esta rotação é alterada. de acordo com as necessidades de cada condição de ensaio, 
por um inversor de freqUência Os valores de tensão, proporcionais ao torque e rotação, são recebidos, 
simultaneamente, pelo microcomputador através de uma placa AIO de aquisição de dados. A potência 
total instantânea solicitada pela operação é obtida através do produto: torque total x rotação. A potência 
de corte instantânea (P .,), em cada ponto da peça. é obtida subtraindo-se da potência total instantânea, a 
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potência média em vazio. Esta última é obtida determinando-se os valores da rotação e torque em vazio, 
por um determinado tempo. e calculando-se o valor médio dos produtos de ambos. 

Encodc:r 

MotOr de 

Indução ~~~ff=!=::::tl 
Circutto Condactonador 

de Sinaas 

Placa de 
AquÍ$açAo 
de Dados 

AIO 

Fig. 4 E~quema Geral do Benco de Enaalos Utllludo 

de Prova 

A potência de corte média (P,m). em cada passada. é obtida pela média dos valores da potência de 
corte instantânea em cada ponto. 

O "software" desenvolvido, para o gerenciamento do banco de ensaios, é responsável pela aquisição 
dos dados de ensaio, tratamento destes e detenninaçAo dos valores da potência de corte (P,) instantânea 
e média, em (W], por passada. 

Os va.lores de rugosidade superlicial (R. l~m]) foram medidos por um rugosímetro portátil e 
registrados via teclado. 

Os ensaios foram realizados com rebolo de granulometria média AA 46 K V e aço ABNT 1045-58 
HRc • temperado e rebolo de granulometria fina AA 120 M6 V 15 e aço ABNT 1020. Para ambos os 
casos foi adot.ado grau de recobrimento de dressagem unitário. Os paremetros de entrada utilizados 
foram adequados para a obtenção de duas espessuras equivalentes de corte h = 0,02 ~ e h = 0,06 
~m. respectivamente, as quais foram mantidas constantes durante os ensaios. "~ "~ 

Resultados e Discussão 

Os resultados dos ensaios sAo mostrados em figuras que agrupam 6 ensaios cada, variando-se os 
parâmetros de entrada. São apresentados na forma de curvas de potência de corte média e rugosidade 
superficial da peça em função do volume de material removido. Posteriormente é feita uma comparação 
entre as variáveis de saída. envolvendo os 6 ensaios simultaneamente. 

Resultados Obtidos com Rebolo AA 46 K V e Aço ABNT 1045-58 HRc
Temperado, com h = 0,02 ~m 

eq 

O mecanismo de desgaste dos rebolos convencionais consiste na elevação da potência de cone 
causada pela perda do macro e microefeito, decorrentes da operação de dressagem. lnicialmente a 
densidade de grãos ativos é menor, e cada grão abrasivo remove uma quantidade maior de material. 
Assim. a pot!ncia necessária para remover material, por grão abrasivo, é maior. 

Com a perda do macro e microefeito de dressagem, há um aumento da densidade de grAos ati vos na 
região de contato entre o rebolo e a peça. Logo, cada grão abrasivo passa a remover um volume menor 
de material. A potência consumida por grão abrasivo é menor. Entretanto o somatório das perdas 
dissipativas (devido ao atrito e riscamento dos grãos abrasivos sobre a peça, emissão acústica, geração 
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de calor. dentre outras) é maior, e proporcional ao desgaste da superflcie de corte do rebolo, pelo 
aumento das áreas no topo dos grãos (por abrasão). o que eleva a potência de corte média. 

Na Figura 5 são apresentados os resultados de potência de corte média e rugosidade superficial da 
peça. em função do volume de material removido, obtidos com o rebolo AA 46 K V, aço ABNT 1045 • 
58 HRc · temperado h = 0,02 j..lm. O valor R..t [JJm), que aparece na legenda das figuras. corresponde 
ao valor da rugosidade"\upcrficial obtida na última passada de cada ensaio. O valor F.r [N), que aparece 
na legenda das figuras, corresponde ao valor da força tangencial de corte média (F ... (N)). da última 
passada. Em cada passada a força tangencial de corte média é calculada pela relação: 

F,.. = (Pc..JI(n,.) .(d/2) (6) 

onde nm é a rotação média em cada passada. 

A potência de corte média tende a estabilizar-se pela renovação da superflcie de corte do rebolo, 
através do equilíbrio entre a capacidade de retenção do ligante sobre os grãos abrasivos e a potência de 
corte média necessária para a remoção do material. Quando a força corte média é maior que a 
capacidade de retenção do ligante sobre o grão, este é expulso. Devido a isto, novos grãos afiados (que 
ainda não foram utilizados) surgem, mantendo a agressividade da superflcie de corte do rebolo 
(capacidade da superficie de corte do rebolo em remover material). Isto ocorreu em quase todos os 
ensaios em que foi utilizado um rebolo de dureza K, classificado como mole, o qual permite a liberação 
dos grãos da superficie de corte (auto-afiação) com maior facilidade. se comparado a rebolos duros que 
possuem maior capacidade de retenção dos g:ràos abrasivos. 

A potência de corte média eleva-se devido ao aumento da força tangencial por grão: a largura média 
do topo dos grilos abrasivos. b, cresce devido ao desgaste dos mesmos, compensando a diminuição da 
espessura teórica máxima do cavaco, hmax. causada pelo aumento da densidade de grãos ati vos na região 
de contato (L menor). 

Os ensaios mostraram que a rugosidade superficial da peça. inicialmente alta, de·cresce com o 
aumento do número de grilos ativos. Isto faz com que os esforços de corte médios sejam melhor 
distribuidos por grão. além de gerar um número maior de cavacos (com menor espessura teórica 
máxima). por unidade de tempo. Em alguns casos a rugosidade superficial da peça, baixa no início da 
operação de retificação, manteve-se baixa. com pouco decréscimo, até o final do ensaio. 

Conforme a Eq. (2), para que h seja constante, a elevação da velocidade de corte deve ser 
acompanhada por uma maior taxa de re\noção específica de material no tempo Q ' (a . V w), garantindo· 
se assim a capacidade de produção de peças numa empresa. Entretanto, da Eq. (3f, pode-se concluir que 
se o comprimento teórico do cavaco aumentar, sua espessura teórica máxima diminui. O aumento do 
comprimento teórico do cavaco é conseguido por um aumento da penetração do rebolo na peça (Eq. I). 
Desta forma, a força tangencial de corte por grão abrasivo ê menor. conforme a Eq. (4). Porém, o 
aumento da penetração do rebolo na peça. está relacionado ao maior tempo de permanência do grão 
abrasivo na superficie de corte do rebolo, o que aumenta a largura média do topo dos grãos (b), 
elevando a força tangencia.! de corte. Deve-se considerar, para uma análise global, as forças d issipativas 
que não sào representadas na Eq. (4). 

A estabilização da potência de corte média, e consequentemente da força tangencial de corte média, 
ocorreu pela constante renovação dos grãos abrasivos na superficie de corte do rebolo, que deixou o 
rebolo permanentemente agressivo; ou seja, com capacidade de remoção de material durante todo o 
tempo. 

Os ensaios mostraram que em todos os casos houve uma tendência de crescimento das curvas de 
potência de corte média. Inicialmente este cresómento foi maior pela perda do macro e microefeito de 
dressagem. Posteriormente, com o aumento do número de grãos ativos na região de corte, o crescimento 
da.~ curva.~ foi menor. As modificações topográticas ocorridas na superflcie de c-orte do rebolo afetaram 
a geometria dos cavacos gerados. 

Nos ensaios I e 2, foram mantidas constantes a velocidade de corte (V,) e a taxa de remoç!o 
específica de material no tempo (Q ' ,. a . V w). Quando a penetração do rebolo na peça é maior, os 
esforços de corte são melhor distribuídos entre os grãos abrasivos. Neste caso, a rugosidade superficial 
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final da peça é menor, pelo aumento do número de grãos ativos na região de contato e geraçao de 
cavacos alongados e finos. A potência de corte média é maior pelo aumento das forças dissipativas. 

No caso da penetr&çao do rebol.> na peça ser menor, a velocidade da peça é maior. Assim os 
impactos entre os graos abrasivos e a peça são maiores.. gerando cavacos curtos e grossos. Entretanto, 
como a penetraçao do rebolo na peça é pequena, os impactos e os cavacos gerados não provocam uma 
expulsa.o significativa dos grãos abrasivos da superflcie de corte do rebolo. Devido a isto, a relaçlo G 
resultou maior para o caso de penetração menor do rebolo na peça, mesmo com velocidade da peça 
maior. 
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Fig. 5 RHultados de Pottncla de Corte M6dla • Rugosidade Superficial da Peça, em Funçao do Volume de 
Material Removido, para hoq • 0,02 l!ln 



~19 J . of the Bru. Soe. Med'lanical Sclences- VOI. 19. September 1997 

Nos ensaios 3 e 4, a penetração do rebolo na peça (a) fói mantida constante e variadas a velocidade 
de corte (V,), a velocidade da peça (V,.) e a taxa de remoção especifica de material no tempo (Q '). Com 
o aumento da velocidade de cone (ensaio 4 para ensaio 3), pela elevação da rotaç!o do rebolo, a 
potência de cone média e a força tangencial de corte média, aumentaram. A rugosidade final da peça 
resultou menor quando a velocidade de corte foi maior. Isto ocorre pela menor espessura de corte do 
cavaco gerado. Na curva 3, a velocidade de cone, a velocidade da peça e a taxa de remoção especifica 
de material no tempo foram maiores. Mesmo assim a relação G foi maior neste caso. pela diminuição da 
geometria do cavaco gerado. 

Nos ensaios 5 e 6. somente a velocidade da peça (V .. ) to i mantida constante. Na condição de maior 
velocidade de corte e maior penetração do rebolo. a rugosidade da peça resultou maior. Com penetração 
do rebolo maior. são gerados cavacos alongados e com espessurd teórica máxima menor. Como o 
comprimento de conta.lo é maior. as parcelas de energia dissipaliva são maiores. A rugosidade final da 
peça é maior neste caso. Na condição de menor velocidade de corte e menor penetração do rebolo. a 
taxa de remoção específica de material no tempo é menor. Por conseguinte, o volume dos cavacos 
gerados por passada da peça sob o rebolo é menor, porém com maior espessura teórica máxima. o que 
aumenta a força de corte por grão. Assim, o desgaste da superflcie de corte do rebolo cresce pela maior 
intensidade dos impactos e desgaste do ligante pelos cavacos gerados, e pelo aumento da força de cone. 
fazendo com que a relação G seja menor. 

A Figura 6 (6a e 6b) apresenta uma comparação entre as variáveis de saída obtidas nestes ensaios. 

Pode-se notar que quando a velocidade de cone c a taxa de remoção específica de material no 
tempo sào constantes (ensaios I, 2 e 3), a menor rugosidade superficial e o maior valor de G foram 
obtidos com o ensaio 3 (V, .. 28 m/s. V~ ,. 56 mrnls e a"' 10 )Jm). Estes três ensaios mostraram. 
também, que a variação da força tangencial de corte (F,) acompanha a variação de a. O comportamento 
de R. pode ser explicado: O ensaio 3, em c-omparação aos ensaios I e 2, tratou de uma condição 
intermediária com relação à penetração do rebolo na peça (a) e a velocidade da mesma (V w). Como 
conseqoencia da variação de a e V ... o ensaio I produziu cavacos grossos e curtos, o ensaio 2 produziu 
cavacos finos e longos e o ensaio 3 produziu cavacos médios. Os cavacos curtos e grossos. ao salrem. 
riscam a peça, os cavacos fmos e longos. entupindo as porosidades do rebolo. aumentam o atrito, 
piorando o acabamento supedicial; isto explica por que o melhor acabamento foi obtido no ensaio 3. 
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O comportamento de G pode ser explicado: No ensaio 1 (a""" e V w ..,.,.) os impactos dos grãos sobre 
a peça são elevados provocando o desprendimento dos grãos e. consequentemente, um maior desgaste 
do rebolo. No ensaio 2 (a ... , e V,..""") os impactos dos gril.os abrasivos sobre a peça são pequenos; 
porém como o comprimento de contato ((a.d,)05

) é grande, a parcela relativa ao atrito e riscamento é 
elevada, o que provoca o desprendimento de maior número de grãos, aumentando o desgaste do rebolo. 
Novamente os valores médios do ensaio 3. proporcionaram o melhor valor para G. 

A menor rugosidade superficial da peça foi obtida no ensaio 6, com a menor taxa de remoção 
especifica de material no tempo, com a menor velocidade de corte e com o segundo melhor valor obtido 
para G. Todavia, o custo de fabricação por peça será maior, porquanto a taxa de remoção especifica de 
material no tempo é a menor e, consequentemente, o número de peças usinadas por unidade de tempo, 
também será menor. 

Os três melhores valores da relação G foram obtidos nos ensaios 5. 6 e 3 respectivamente. A 
penetração do rebolo na peça é a mesma nos ensaios 5 e 3; entretanto, a taxa de remoção especifica de 
material no tempo foi diferente nos três casos. A ordem decrescente da taxa de remoção especifica de 
material no tempo é a dos ensaios 3, 5 e 6. Como o volume de material removido por passada é menor, 
o tempo, no qual os esforços de corte agem no material por passada, é maior. Os esforços de corte são 
melhor distribuldos, desgastando menos a superflcie de corte do rebolo. Nào foram detectados, nestes 
ensaios, entupimento ou incrustações na superfície do rebolo. 

Resultados Obtidos com Rebolo AA 120 M6 V15 e Aço ABNT 1020 (dúctil), 
com h = 0,06 um 

eq 

Na retificação de aços dúcteis os cavacos arrancados são mais alongados, em comparação com a 
retificação de aços frágeis. Rebolos finos possuem porosidades menores que rebolos médios. Assim, os 
cavacos arrancados encontram maior dificuldade de alojamento nas porosidades do rebolo (para 
posterior eliminação), principalmente quando se utiliza valores mais elevados de espessura equivalente 
de corte (h ). 

oq 

Para alcançar o objetivo deste trabalho, optou-se por utilizar um outro rebolo com granulometria 
lina submetido à diversas condições de usinagem e uma única condição de dressagem. Para a 
viabilização de uma análise comparativa (com o rebolo AA 46 K V), as condições de usinagem foram 
mais severas. 
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A Figura 7 mostra os resultados de potência de corte média e rugosidade superficial da peça, em 
função do volume de material removido, para h = 0,06 1-1m, obtidos na retificaçAo de aços dúcteis com 
rebolo fino ( 120 mesh e dureza média M). "'~ 
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Fig. 7 Resultados de Potência de Corte Média e Rugosidade Superficial da Peça, em Funçlo do Volume de 
Material Removido, para h • 0,06 11m ... 

No ensaio I, com pouca penetração do rebolo na peça, a potência de corte média cresceu e 
estabilizou-se. Entretanto, nos demais ensaios a potência de corte média cresceu até um máximo e em 
seguida decresceu, tendendo a estabilizar-se. Isto ocorreu porque, após uma operação de dressagem, os 
grãos abrasivos da supcrficie de corte do rebolo ficam bem ancorados e afiados. Com a perda do 
macroefeito de dressagem, há um aumento da densidade de grãos ativos na região de contato e da área 
do topo dos grãos abrasivos. Assim, a potência de corte média tende a crescer até atingir um valor 
máximo, correspondente ao limite máximo de retenção do ligante sobre os grãos abrasivos. A partir dai 
os grãos passam a ser arrancados, resultando na diminuição e estabilização da potência de corte média. 
Esta condição de estabilização, tende a ser alcançada devido ao estado de auto-afiação dos grãos 
abrasivos na superficie de corte do rebolo. 

A rugosidade superficial da peça, em todos os ensaios. mostrou-se inicialmente baixa, pela pouca 
densidade de grãos ativos na região de contato. Com a perda do macroefeito de dressagem, ocorre um 
aumento na densidade destes grãos, os quais removem mais cavacos com menor espessura teórica, 
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porém aumentando o riscamento sobre a supcrflcic da peça. Os cavacos entopem. com mais facilidade, 
as porosidades do rebolo. colaborando para a elevação da rugosidade superficial da peça. 

Nos ensaios, nos quais ticou caracterizado o limite máximo de retenção do ligante sobre os grãos 
abrasivos, houve um crescimento repentino da rugosidade superficial da peça. correspondendo à 
renovação dos grãos abra~ivos da superficie de corte do rebolo. Grãos novos e afiados removem 
material com maior facilidade; porém. a densidade destes grãos na região de contato diminui. Assim. 
cada grão abrasivo remove um volume maior de material, riscando mais a superfície da peça. 

A Figura 8 (8a e 8b) apresenta uma comparação entre os parâmetros de saída dos ensaios realizados. 

Os valores má:<imos da força tangencial de corte média por passada (F, ~tA.,) foram maiores nos 
ensaios 2 e 5. No ensaio 2 a penetração do rebolo na peça foi elevada (451J.m) e no ensaio 5, a 
combinação entre os parâmetros de entrada elevou a potência de corte média. 

Nos ensaios onde ocorreu a elevação da potência de corte média até o limite máximo de retenção do 
ligante sobre os grãos abrasivos. as curvas de rugosidade superf1cial correspondentes apresentaram uma 
elevação repentina no instante em que a potência de corte média decresceu. Isto ocorreu pela 
diminuição da densidade de grãos ativos: cada grão removendo um volume maior de material, risca 
mais a supcrficie da peça. aumentando a rugosidade da mesma. 

No ensaio 2, a rugosidade:: :;uperticial da peça foi maior devido ao aumento das parcelas de atrito e 
riscamento causadas pelos cavacos arrancados que. sendo longos e de pouca espessura. se aquecem 
rapidamente e entopem as porosidades do rebolo. 

10 o Ft Max CNl 

t. ve Cmlel 

s 
NuM!"' CIC En8a I O 

(a) Paramettos F, .... , V, e Qw· 

e.o~-----------------, 

t.O 
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NuNo r a do Erw;oo to 

(b) Parâmetros R,;, e G 

6 

Fig. 8 Comparaçlo entre os Parâmetros de Salda para h .. • 0,06 ,.,m 
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Os melhores valores da relação G foram obtidos nos ensaios I e 6 . No ensaio I a penetração do 
rebolo na peça é pequena; os cavacos arrancados são cunos e grossos. não exigindo grande esforço para 
a remoçâo de material e, consequentemente, desgastando menos o rebolo. No ensaio 6, embora a 
penetração seja pequena. a taxa de remoçl!o especifica de material no tempo é a menor entre todos os 
ensaios realizados tendo como oonseqoencia. um menor desgaste do rebolo. 

Os ensaios realizados permitiram montar as Tabelas I e 2. Nestas. destacam-se os parâmetros de 
entrada relacionados ao acabamento superficial da peça Ruo e relação G. 

Tabela 1 Resultados Obtidos com o Rebolo Médio e Aço Frágil 

Rebolo AA 46 K V e aço ABNT 1045- 58 HRc- temperado. com h
1111 

= 0,021!1Tl 

Ensaio R., [}tm) G Q '(mm2/s] a [}tm) V..,[mmls] v. [m/s] .. 
1 1.47 20.2 0.56 5 112 28 
2 1.38 19.9 0.56 15 37.3 28 
3 0.77 22.7 0.56 10 56 28 
4 0.86 15.0 0.38 10 38 19 
5 0.77 25.0 0 .5 10 50 25 
6 0.68 22.1 0.25 5 50 12.5 

Tabela 2 Resultados Obtidos com o Rebolo Fino e Aço Dúctil 

Rebolo AA 120 M6 V15 e aço ABNT 1020, com h'"'~= 0.06 J.lm 

Ensaio R., [}tm] G Q ' [mm2/s] a [}tm) Vw[mm/s] V, [m/s) 
• 

1 5.07 60.7 1.68 15 112 28 
2 7.22 25.7 1.68 45 37.3 28 
3 4.75 276 1,68 30 56 28 
4 5.10 40.7 1.14 30 38 19 
5 5.98 25.6 1.5 30 50 25 
6 3.87 56.3 0 .75 15 50 12.5 

A análise da Tabela I mostra que pode-se conseguir um bom acabamento superficial. conjugado 
com a melhor taxa de remoção especifica de metal no tempo e com um valor alto para G (ensaio 3 ). 
Também pode-se conseguir um bom acabamento superficial conjugado com o valor mais alto para G e 
com um bom valor para a taxa de remoção especifica de metal no tempo (ensaio 5). 

Todavia. o melhor acabamento superficial esú conjugado a um valor bom para G, mas ao pior valor 
para a taxa de remoção especifica de metal no tempo (ensaio 6). 

A análise da Tabela 2 mostra que pode-se conseguir um bom acabamento superficial, conjugado 
e<>m um valor alto para G, porém com o pior valor para a taxa de remoçao especifica de metal no tempo 
(ensaio 6). Também pode-se conseguir o valor mais alto para G. conjugado com o melhor valor para a 
taxa de remoção especifica de metal no tempo. porém com um valor ruim para o acabamento superficial 
(ensaio I). Um bom acabamento superficial está conjugado com o melhor valor para a taxa de remoção 
especifica de metal no tempo. porém com um valor muito baixo para G (ensaio 3). 

Os valores de rugosidade superficial da peça apresentados nas Tabelas I e 2 são ligeiramente 
elevados por terem sido obtidos por rebolos com estrutura aberta. mais adequados para desbas1e. O 
rebolo com granulometria fino apresentou elevada rugosidade da peça. pela geometria volumosa dos 
cavacos gerados, que entupiram as porosidade do rebolo, riscando mais a peça. 

Como exemplo, pode-se imaginar uma empresa onde a necessidade básica é a de desgastar muito 
material, num tempo pequeno e com a máxima economia de rebolo. Neste caso, é desejável que se tenha 
uma elevada taxa de remoção especlfica de material no tempo e elevado valor para G, sem entretanto, 
muita exigência quanto ao acabamento superficial: ensaio 3, da Tabela I ou ensaio I da Tabela 2. 
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Conclusões 

~"te trabalho pode-se concluir que na mificaçâo de aços frágeis com rebolo macio e de 
granulometria m&lla. a potência de corte média tendeu a cresc:er e estabilizar-se. pela renovação da 
superflcie de corte do rebolo. Existiu, neste caso. o equillbrio entre a capacidade de retenção do ligante 
sobre os graos abrasivos e a potência de corte média necessária para a remoção do material. Durante os 
ensaios o rebolo permaneceu agressivo. ou seja. com capacidade de remover material. 

A rugosidade superficial da peça foi decrescente em todos os casos e proporcional ao crescimento 
do número de gràos ativos. Assim, com um nümero maior de cavacos arrancados e de menor espessura 
teórica. estes riscam menos a superflcie da peça. Portanto a geometria teórica do cavaco, que pode ser 
controlada pelas condições de usinagem, afeta diretamente o compor1an1cnto da rugosidade superficial 
da peça e os esforços de corte. Neste ensaios. nllo foi detectado entupimento significativo das 
porosidades do rebolo. 

Nos ensaios de retificação de aços ducteis com rebolo macio e de granulometria fina. a potência de 
corte média ~sceu até um máximo e em seguida decresceu. Lendendo a estabilizar-se. Neste caso. o 
rebolo perdeu sua agressividade até o momento em que houve a liberação dos grllos abrasivos da 
superflcie de corte do rebolo (elevação da potência de cnrte média). A partir de:;te momento, o rebolo 
permaneceu agressivo, ou seja. a potência de corte média decresceu. 

A rugosidade superficial da peça. em todos os ensaios. mostrou-se inicialmente baixa, pela pouca 
densidade de grilos ativos na região de contato. Porém. foi sempre crescente pelo aumento da densidade 
dos grilos abrasivos na região de conLato e entupimento das porosidades do rebolo. A rugosidade 
superficial da peça apresentou um crescimento repentino no momento em que iniciou-se a brusca 
renovação da superfkie de corte do rebolo. 

Quanto aos parâmetros de entrada. pode-se verificar que a combmaçilo entre estes proporciOnou 
resultados diversos, principalmente com rdaç!o a rugosidade fmal da peça e relação G. A decisão sobre 
a escolha de uma determinada condição de usinagem deve levar em coma o que se pretende deste 
processo de usinagem. Cada empresa deve fazer a sua escolha especifica. Para isto ~ fundamental que o 
engenhdro responsável conheça os conceitos básicos sobre a fenomenologia de corte, associada ao 
processo, e a tendência do comportamento do processo de retificação, pard que possa rnterv•r da forma 
mais adequada. 
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Abstract 
The main goal of this pape r rs lo study the feastbility of using multm!solullon analysis through lhe use ofwavelet 
rransform. to analyze rhe too/ vibration signul. in order to indirecrly establishing the end of turning tnollife. To do 
so. severa{ turmng expertments were carrted out wrth dif(erenl cufling conditions and the too/ vibration was 
measurcd usmg acceleromewrs. Afie r tire cullmgs. lhe vrbrauon srgnals were ana/yzed in lrme domam. frequm(J' 
domain and timejrequency domam and rheir belwviors were compared with the workpiece sur(ace roughnesses. 
As rhe roo/ wears. rhe workpiece rouglwess increases and rhe roo/ wbrartOII signal change its features. So. it was 
11ecessary to exrract from lhe signal rhe femure rhat follows the surface rouglmess behavior in order to estab/ish 
rhe end oftoo/life based on lhe work.piece roughness cmerion. The analysis was done on the accelerarion (signal 
generuted by the sensor). velocily (flrslmtegratwn ofrhe stgna/) and displacemenl rsecond integration) ofthe roo/ 
The main conc/uston of thts work. rs that. the best parameter ~( the too/ vibratlon stgnal 10 fol/ow lhe surface 
roughness behavror. rs lhe second levef rm•erse of the waveletlransform of the too/ displacenwnt Slf~nal. 
Ke;words: Wave/et Transform. Turnmg Too/ Vtbration. Machmmg Monrtormg. 

lntroduction 

The goal of signal processing is to analyze, to codify, lo transmit and to reconstn.1ct lhe signal as 
time goes by. Somctimes. the signal is generated directly from thc original source of information, but, 
most of the limes. it is nc;:cessary to get data t'rom indirecf measun:ments. Generally. t.hc signal obtained 
from ai! the available sensors is a complex mix of many signals. cach one rdated to severa! physical 
phenomcna occurring simultaneously. So. it is neccssary to apply some operations on the signal, to 
enhance the information coming from the phenomenon that is supposed to be measured. 

There are a lot of proccdures to process the data. each one suitable for a kind of signal. Basically. 
therc are two major kinds of signals (Cohen. 1986). Thc random and the detenninistic ones. The last 
ones can bc described through mathematical expressions. The random signals. Lhal are more important 
for lhe prcscnt work, are more difficult to bc analyzcd, duc to thc fact tl1ey can not be exactly expressed, 
bul just using statistic paramcters. A random signal with constant statistic properties is called stationary. 
A sample this kind of signal can be completely differcnt of anothcr sample, but their statistic features 
remai o the sarne. Ao important class of random signals are the crgodic signals. For lhis kind of signals. 
the avcrage ofthe whole set is equalto the average ofany represemat1ve samplcd segment ofthc signal. 

Whcn the random signals are stationary and ergodic. the conventional signal processing techniques 
can be used. lt is more difficult. howcver. to process non stationary signals, what demands either 
complex techniques or to assume the ergodicity and so. to assume the risk of possiblc mistakes. ln the 
case of too! vibration signals analyzed in this work, they h ave a non stationary random behavior. that 
can be determined through a windowed Fouricr analysis as the tool life elapscs. But, most of times, a 
spectral variation can bc notcd as time gocs by and it is not possible to determine thc cxact frequency 
range that is intlucnccd by lht: tonl wear phcnumenon. To analyzc this kind of signal it is necessary to 
use tcchniques thal can represcnt thc signal behavior taking ínlo account the frequency variation as time 
elapses. The study of non stationary signals, where transient events that can not be predicted occur, 
necds other techniques instead Fourier analysis. Among. these techniques are Lhe time-frequency and 
time-scale Wavelets. The time-frequency wavelets are more suitable for the analysis of quasi-stationary 
signals and the time-scale wavclets (uscd in this work) are more suitable to analyze signals with fractal 
structure (Meyer, 1993 ). 

The wavelet development is recent (Willians and Amaratunga. 1994 ). Functions similar to wavelets 
have bcen known since the bcginning of thc century. but only rccently thc scattered available concepts 
were gathered and engineering application:; hcgan tu be accomplished. The waveletlransform is a sct of 
Manuscripl reçeflled: January 1997. Techmcal Ed1lor: Leonardo Goldstein Jr. 
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functions that divide the data, functions or operators in different frequency components and, so. studies 
each component with a suitable resolution to its scale (Daubcchies. 1992). Opposite to the Fourier 
analysis that can not locatc in time lhe existence of a given frequency signal. the signal decomposition 
through wavelets allows the anaJysis of lhe signal behavior simullaneously. in time and frequency 
domain. 

The wmdowed fouricr t.rnnslorm also can analyze signals in lime-frequency domain. However, Lhe 
basic difference between it and wavelets is that lhe hígh fre.quency wavdets are narrower lhan lhe low 
frequency ones. So. lhe wavelet transform is more ablc lo capture signaJ transients lhan the windowed 
Fourier transform. what allows a better time localization of the different signal components. This 
capaci1y makes lhe wavclct t.rnnsform usable in the non stalionary signaJ analysis. This application is 
onc of lhe main applications of wavelets (Rioul and Venerli. 1991 ). Another advantage of wavelets 
comparing with ú1e Fast Fourier Transfonn (FFT) is that me wavelets implementation (at least lhe 
Daubechies wavelets that will be applied in this work) demands a smaller number of multiplication for 
thc mnny trnnsformations. 

The result of applying an orthogonal Oaubechies 04 wavelet transform on a time series is a set of 
wavelct cocfficients. wilh lhe sarne: quanlity of the number of c:lemenlS io lhe time: series. ln arder to 
hnvc an easy visualization, togc:tl1cr wim fast computational implementation, ít is proposed here a 
reprcsentalion of the so called Wavelct C i reles. This is made by a sequem-:.e of concentric c i reles. where 
each circle is related to a frequency range. The most inner circle represents the lowest frequency range 
and the range increases in direction to the most extemal circle which represents the highest frequency 
range. As tl1e perimeter of c:ach circle increases with the circle diameter, the space left to represc:nt tl1e 
coe11kicnts also increases. This allows more coefficic:nts to be rc:presented without so many squee7jng. 
Ouc to me wavelct transform charactenslics Lherc are a 2: I relation of the cocfficients quantity from ooe 
~cale to another. i.e .. if in one scale mere are 4 coefficients. in the next scale mere will be 8. and so on. 

ln the wavelct circlc the coefficJent valuc is squnrcd. ln this way. thc cnergy value of tl1at wavelet 
can bc rclated lo the segment length of the corrcsponding wavelct. The values are normaJized having as 
refcrcnce lhe value of the biggest coefficient. Lhat is represented by a line with length equal to 80% of 
Lhe distance between the ci rclc:s. ln this representation. the time location is related to the angular 
displaccmcnt. having the time 1 = O (zero - beginning of the acquisition) a~ the righte:>t point of each 
circle. Going in lhe counterclockwise dJTcction. 90 degrees corresponds to •;. of the whole time. 180 
degrees to Y, of lhe time and so on. The line rcprescnting lhe cocfficient is placed in the beginning of 
Lhe circular section corresponding to its range oftime. 

This representation does not show the signal average. that has to be shown in a non normalized 
way. ouL of1he wavelet circle. to make easier the comparison between ali the signals. 

Practical Applications of Wavelets ln Signal Processing 

The use of limc-scale wavc:lets is suitable for thc kind of signals ohtained in tuming tool vibratioo 
monitoring. bccause thesc signals are full of transients. Next. it will bc demonstrated w1th practicaJ 
cxamplcs. lhe wavclet abilíty to identify 1ypical situations tound 10 signaJ analysis, mat are not weU 
identified by other memods. Thc main purpose of this work is to develop a memod of feature extraction 
suitable to real lime applicatJOll in tool wcar monitoring. ln ordcr to achieve this goal. different 
orthogonal wavelets (compact support) werc tried. Among them. thc Oaubechies 04 showed to be the 
best to fulfill mis purposc. 

At first. a signaJ composed of two sinusoidal signals of different frequencies can be seen in lhe left 
comer of Fig. I . The Fourier analysis (upper window in lhe right comer) shows the rv.·o frequencies that 
composes this signal. Looking at lhis figure. it is not poss.ible to realize that the two harmonics are in 
different moments of time. The sarne spectrum would be obtained if the signal were periodic and 
composed of these two sine curves. Thc: Daubechies D4 wavc:let analysis however, shows a different 
distribution bc:tween the upper part of the C I rele. corresponding to thc first part of thc signal and the 
lower pan of me c i rele. corresponding to the second half of the signal. The distribution is represented 
by me signs on the circles. 
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Of course, in this simple example, the windowed Fourier transform would be able to dctcct thc ti me 
variation. though with a bigger computational effon. Howcver. i f thc frequcncy dillen:nccs wcrc too hig 
(transicnL s ituaLion), evcn the windowed Fourier Lransfom1 would noL be ablc to corrcctly locaLc thc 
high frequency componcnts. This happcns bccause Lhe windowing functions have alv .. ays Lhe samc 
width. regardless its time variation. 

A second cxample of Lhe wavelcts capacity can be seen on Fig. 2. ln this case a small transicnt is 
shown in a sinusoidal signal. in the left pan of the figure. The upper right comer of this figure shows 
that the Fourier transform can not realize this transient. but the wavelet transform. shown in the lowcr 
right comer, can. ln this analysis, the coetlicienL rclated to the time secLion rcached by Lhe Lransiem 
increascs iL~ value. what can be scen by observing thc slightly bigger coefficient in the figure. 

This last situation leads ro anoLhcr way of analysis using D4 wavelcts. Duc to the fact that these 
wavelets are orthogonal and that thcre is the inverse of the wavelet transform. the coefficicnts relatcd to 
the leveis O, I and 2 of Fig. 2 can be removed. because they are not imponant to the extraction of thc 
desired features and the other oncs can be invened. This means that. in order lO use this approach. it is 
necessary to have the signal signature wiLhout the disturbing transient. what makcs thc comparison 
between both coefficient sets, possiblc. The resulting signal. that corresponds to the time variation of 
thc wavelet inverses of the leveis different of zero (leveis one and two). is shov.:n on Fig. 3. The uppcr 
window cnrresponds to thc signal without transicnt and the lower window to the signal with thc 
transient. The difference between thcm is clear. The transient is clearly secn around the time t ; 2 s. ln 
this very simple example, lhe visual inspection of the waveform also give the information about thc 
transient. ln more complex situations. however. the transients are usually embcdded in combinations 
that are difficult to be isolaled in time domain. ln these situations. the time-scale wavelets are more 
suitable lo detect and isolate the smalltransients ofthc signal. 
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Monitoring the Machining Process 
ln a non automated machining process. usually a technician is present and is responsiblc. among 

other things. to monitor Lhe tool condition. His (or her) task.s related with tool monitoring can be 
classitied in four groups (Graham. 1989): 

Too! identification 

Establishing thc tool reference 

Monitoring tool life 

Detecting tool fracture 

When flexible and amomatic manufacturing systems are used. the human intervcntion must bc 
minimal. So. the tasks he (or .she) usually accomplishcs relaLed Lo too! monítoríng. now must be 
automated. using scnsors and computers that are ablc to evaluatc the tool condition. This work deals 
just with tool life monitoring through too I vibration signals, that is one of the most used systems in too! 
monitoríng. 

Monitoring Tool Life Through Vibration 

As the cutting process occurs. Lhe fríction between chíps and tool and betwccn part and tool 
produce vibratíon, that can be monitored and used to detect tool wcar and rracture (Bonitàcio and 
Diniz. 1994 a, b). 

Thc transduccr is usually a small and chcap piczoclcctric one. with lrequency haml beLween 100Hz 
to 10 Kl lz. The signal conditioning .system IS ~imple and ea~ily availablc. Duc to thc rclatively low 
sample rate, the requircments of memory a.nd spccd nccdcd for signal processing are suitable to the 
available PC computers. 

One problem to use vibration in tool monitoring is the separation of wear information trom the 
other physical phenomena lhat also produce vibration. The correlation bctwecn thc acccleration signal 
(lhe vibration sensor measures the instantaneous acceleration of the point it is attached) and too! wear is 
just clearly visible in aggrcssive cutting conditions Besides that. thc frcqucncies gcneratcd by the wear 
are noL constanL neither for ali the machine-tool-part systern~ nor through the whole too! life. This fact 
makcs thc design of a band-pass filtcr a difficult task. because the important frequency band for tool 
monitoring is not previously known. This si tuation is shown on thc litcraturc. when one çompares thc 
frequency band sensitive to too! wear detected for many authors, as can be seen on Tahle I . 

Table 1 Tool Vibration Frequency Bands Sensitive to Tool Wear According to 
Oifferent Authors 

Author 
Jiang and Xu (1987) 

Rao (1986) 
Akihito and Fujita (1989) 

Sokolowski and Kosmol (1991) 

Frequency Band 
O to 117Hz. and 510Hz 

1850Hz. and 3200 to 4800Hz. 
500 to 800Hz. 

O to 600 Hz and 5000 to 6000 Hz 

Vibrations in a machiníng process can be classificd in twn types (Shaw, 1984 ): forced vibration and 
self-cxcited víbration. Forced vibration is induced by cyclic cffccts far from the resonance frcquency. ln 
turning processes. the main sources of this kind of vibration are unbalanced shafts. backlash in bearings 
and so on. 

Self excited vibrdtion happcns when more cncrgy is absorbed than released during a simple cyclc. 
The sour<.:es of this kind of vibration in machining (Shaw. 1984) are. among others. tool wcar, shocks 
hctween too! and hard particles in the workpicce. interruptcd cutting. variable chip thickness and 
friction. This work is interested in detecting self excited vibration generatcd by tool wear. The challcnge 
is to separate the signal generated by thís source from other kind of vibrations. As the too I wears, the 
cuning forces incrcase, causing a gro~th on the vibration. Nevcrtheless. the resulting vibration does not 
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dcpçnd JUSt on wear but alw on cutting spee.d, feedrnte, tool geometry. workpiece and too! material and 
so on. 

Thus. tool vibration signal contains a lot of infonnation besidcs tool wear infonnation. Many 
techniqucs have been prnposed to extracted the desircd features from thc signal. The processing can be 
done either directly on thc acccleration signal or on the velocity and displacement signals (Sokolowski 
and Kosmol. 1991 ). 

Nicolescu et al. ( 1995) used the Auto Rcgrcssivc Moving Avcragc (ARMA) techniquc to analyze 
wol vibmtion data. Due to the fact Lhat the ARMA models takc into account frequcncy spectrum changc 
as time gocs by. they can be used to compare thc theoretical value (given by the model) and the actual 
value (acquired in a given moment). The diiTerencc between the two values is attributed to the tool wear 
1ncrcasc. This procedurc. however. is difficult to implement due to the complcxity of thc phenomenon 
bcing modeled. An altcrnauve to thc modelmg of thc system is thc use of neural networks. combined or 
not with other techniques of feature extraction, as wavelet or FFT (McLaughlin et ai.. 1995). (Grabec 
and Susic. 1995). Still another altemative is the use of fuzzy logic to analyze the s1gnals from different 
scnsors (sensor fusion) (Li e et ai.. 1992) 

A method easy to implement is the comparison of a given signal feature through Lhe too! life with 
thc value obtained with a fresh tool (Bonifácio and Diniz. 1994a). This kind ofprocedure attenuates the 
errors duc to Lhe sampling or pre-processing of the signal. becau~e these errors tend to be roughly the 
sarne in all conditions. The comparison can be carricd out in threc domain: Time. frequcncy and time
scale domain. 

I he techniqucs on time domain are bas1cally the extraction of the root mean square. that is 
proponional to thc signal energy and the numbcr of peaks above a givcn threshold. For the monitoring 
of poor in information signals. like thc electrical currcnt of the machine motor. this proccdure is 
rca.'>onahh:. h111 a lot of infonnation is lost when the signaJ is more complex. like in tool vibration 
monitoring. 

Frequcncy domain techn1qucs usually use Fourier analysts and filters to detect the frequencies 
\\hcrc thc dcs1red feature •s enhanced. Th1s way has been the most used one in this arca due ro the 
Slmplicit) and facday to analyLc Lhe rcsults. Ncvertheless. duc to the fact that the signals are non 
StatÍ0081')', f-'ourier anaiySÍS can ]cad tO \~Tong mtcrprctatiOnS of lhe signaJ behavior, because Ít hides 
important local variations. Besides that. signals fom1ed by complcx combinations of other signals witll 
frcquency superposition. can not be ~eparated by FFT and tilters. what mak.es the infonnation 
rccognition more difficult. 

Timc-Scale or time-frequency domain tcchniqu~s have bccn latcly used as an altcrnative to the 
shortcomings found in Fourier analysis. Thcse techniques allow the analysis of the signals even when 
thcy are: non stationary and real time algorithm are already availabh! ITndao et al.. 1994; Kasashima et 
ai., 1994, 1\jewland. 1994 ). ln this work. a combination of scale-1Jme domain (wavelets) and time 
domain (root mean squarc · RMS. integration) techniques is uscd. This combination proved to be 
cfliciem in tool wear infonnauon cxtractcd from the too I vibration signal. 

Experimental Procedures 
Severa! tumíng expcrimcnts wcre carried out in AJSl 4340 stccl, using a coated carbidc tool (codc 

TNMG 160404-61 GC- 435 from Sandv•k Coromant). Nine experiments werc perfonncd with cutting 
speed of 200, 250 and 300 m/min and fecd rates of 0.13. 0.15 and 0.20 mm/rev. Bcsides these, 2 other 
experiments wen: carricd out with f = 0.15 mm/rev and v< = 225 and 275 m/mín and depth of cut a.,~ I 
mm. Ali thesc conditions are rypical of finish tuming operations. Onc cxperiment finished when the tool 
was so wom that the surface roughness (Ra- average roughness) of the workpiece exceeded 5 1-1m. The 
tool life was considered finished when Ra reachcd 3 j.lm. Therefore. the cxperiments always went 
further than lhe end of tool life. The experimental setup is shown on Fig. 4. The machine uscd was a 
CNC lathc with a main motor with 30 HP. 
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Fig. -4 Expenmental Setup 
The sensor measure.d the lool vibration in cutting dircction. It is designed to measure signals up to 

10 KHz and have its resonance frcquency in 50 Kllz. A low-pass filler with 10 KHz of cutting 
frequency was plugged in the an1plifier. Thc sampling rate ofthe A/D board was 33 KHz. 

After the experiments the surface roughness of ali machined parts wcre measured. The roughness 
paran1eters measured were Ra and Rmax. 

The signal obtained in the sensor was analyzed using some different techniques. At first, the 
following paran1ctcrs of the acceleration signal were analyzcd: Root mean square, spectral variation 
using fast Fourier transform, Oaubecchies 04 wavelets and root mean square of some chosen leveis of 
wavelets. Secondly, lhe acceleration signal was intcgratcd and the sarne parameters were used to 
analyz.e the resulting velocity signal. Thirdly. a second integration was done and the same parameters of 
the displacement signal were analy;r.ed. Ali these parameters were studied as the cutting time (or cutting 
length) elapsed and workpiece surface roughness was compared with the cuning length, since, in finish 
tuming, the roughness ofthc partis the main criterion to establish the end of tool li te and it incresses as 
the tool wear increases. 

The wavelet analysis of acceleration, velocity and displacement signals were done through the 
following steps: 

calculation of Daubecchies 04 wavclets; 

filtering out the wavelet coefficients that does not relate with tool wear; 

obtention of the inverse curve of the RMS of the other coefficients 

Results and Discussions 

Ali the analysis done with the acceleration and velocity signals did not show a good correlation 
between the parameters and lhe surface roughness, cxcept when the cutting condítions werc too heavy. 
Therefore, only the results involving the tool displacement signal will be discussed. These results 
should be expected, because one of the causes of the roughness left on the workpiece is the relative 
movement betwecn tool and workpiece. The tool displacement. not the acceleration or velocíty, is the 
best representation ofthis movement. 

The typical surface roughness behavior with cutting length (sec Fig. 5) is a small decrease when 
cuttíng length is short, a period whcn it remains almost constant, with some tendency to increase, 
followed by a sudden growth. When this happens, the tool is totally wom, in coated tools lhe coating is 
already consumed and thc too! is performing lhe cut with its substrate. 

The thinner line in ali figures from now on, excepl in Fig. 6, represents lhe actual value of lhe 
parameter and the thicker one represents a sixth order polynomial curve made to approach the actual 
one. Somelimes lhe correlation between the polynomial regression and Lhe actual values is not so good, 
but the purpose of the polynomial regres:;ion is just to show the trend of lhe parameter being rneasured. 

The bchavior of R.MS of tool displacement did not show a good correlation with surface roughness 
behavior. except in sorne experiments. Figure 5 shows the curve of tool displacement against cutting 
length for the experiment tbat presented the best correlation with surface roughness (experiment with v. 
= 200 m/min and f = 0.20 mm/rev). lt can be seen on this figure a similar behavior to surface roughness 
behavior described previously. But even in this experiment, the too! displacement began to increase 
strongly !ater than surface roughness. (Lc = 4900 m for tool displacement and Lc = 4300 m for surface 
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roughncss). So. this paramelet is not good 10 cstabhsh the end of tool life haviog the roughness of Lhe 
pm as thc criteríon. 
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The next aucmpt to fi nd a correlalion between tool displacement and workpiece roughness was 
through the spcctral analysis. 1t can be seen on Fig. 6 that the frequency spectrum can not be correlated 
with surface roughness. h is clear that the energy is concentrated in the lower frequeneies. Ho wever. it 
could nol be seen any ehange of the signul amplitude th rough the whole experiment, in any frequency 
range. that could be correlatcd with surfacc roughness beha\•ior. So. ii is not through filtering the signal 
in any frequency band that will bc possiblc to find a parameter that could be used to establish the end of 
toollifc. 

After trying ali the convcntional signal analysis. an extensivc search for a solution started. lt 
consisted in the decomposition of the too I disrhu.:ement signals 1n wavelets of sevcral form.s, trying to 
find lhe bcst kind of wavclcL~ for lhe purpose of this work. h was found that lhe Daubechies D4 
wavelcts were lhe best one. The RMS curves o f the inverse of the third levei of the 04 wavelets against 
cutting length presented a good correlation with surface roughne--;s. 
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Figures 7 and 8 show two examples of this good corrclation. A visual analysis of these figures 
proves this good correlation, at least when the polynomial regressions of thc RMS of wavelet inverse 
curve and roughness curve are compared. This means that the trends of the curves are similar. The 
curves of RMS X Lc presented a greater dispersion around the polynomial curves than the Ra X Lc 
curves, because the sampling of the tool displacement signal had much more points (10 samplings 
of 4096 points were sarnpled in each workpiece) than the roughness. Each point in the graphic 
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corresponds to an average of three poínts measured ín each workpiece, with I 20° of difference between 
each measurement in the sarne feed position. Also. there are small differences between the intlection 
points of the RMS X Lc and Ra X Lc curves. This happens because, for each workpiece, there are lO 
values of Lc for the RMS (too I disptacement) curves and just one v alue of Lc for the Ra curves. 

One thing tbat is worthy to be cited when Ftgs. 7 and 8 are compared is the different behavior of 
surface roughness. ln Figure 7, it drops after reaching a maximum vaJue, close to the end of tool life. 
while in Fig. 8, it only increases without dropping. Thc cxplanation for this fact may be related to the 
shape of the tool nose. ln the experiment showed in Fig. 7, the tool may have chipped and found a 
better shape, similar to the initíal shape, after having been worn heavily, what caused the increase of 
surface roughness. ln Figure 8, the tool may have wom, without chipping and, therefore, the surface 
roughness just íncreased. The too I chipping is unpredictable when it is very wom and, consequently, thc 
behavior of surface roughness. The wavelet inverse was able to follow the consequeoccs ío the process 
of the changing too I shape. 

As the similarity between thc behavior of RMS wavelet inverse and workpiece surface roughness 
was found, the next step was to find a way to establish the eod of tool lífe usíng this parameter. lt was 
previously establíshed that the end of too I I ife would occur when the surface roughness value reached 
Ra ~ 3 ).lm. Sometimes, the surface roughness increased suddenly, passing from a value lower than 3 
J.Lm in a workpiece to a valuc very large. bigger than the equipment could measure, in the next machíned 
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workpiece. lt was found that the division between the value of Ra immediately before it reached 3 ~ 
and the inltial value was close to 1.5 (I 50% ofthe initial value). 

Therefore, this value ( 1.5) was used to establish thc end of too! life using the RMS wavelet invcrse. 
The value ofthe initial RMS obtained in the polynomial regression was multiplied by 1.5 and, with this 
new value of RMS, still in the polynomial regression curve, the cutt.ing length corresponding to the end 
of too! life was obtained. 

Table 2 sbows the values of toollife using the two criteria, Ra = 3 ~ and RMS = 1.5 x initiaJ RMS 
of wavelet inverse. It can be seen on this table, that the too I lives are very close using these two criteria. 
The difference between these two criteria is always smaller than the cutting length of one workpiece. lt 
could not be reached better result tban this one, once the cutting length ofthe roughness measurement is 
related to a point in the middle of lhe workpiece, while the too I vibration signals were sampled in ten 
moments during lhe workpiece cuL Therefore, it was found that the parameter RMS ofthe tbird levei of 
the invel'SC of lhe Daubechies D4 wavelet extracted from the tool displacement signaJ is the best 
parameter to establish the end of tool life in finish tuming operations, where the too! is replaced based 
on the workpiece surface roughness. 

Table 2 End of Tool Uves for 8oth Criteria 

Cuttlng Condltions 
ve(m/min) 
f (mm/rev) 
200-0.13 
200-0.15 
225-0.15 
275-0.15 
300-0.13 
300-0.15 

Final Remarks 

Tool Lífe 
(Criterion Ra = 3 ~) 

(m) 
6500 
6100 
1440 
1240 
827 
883 

TooiLífe 
(Crtterion RMS = 1.5 x lnltlat 

RMS) (m) 
6480 
5800 
1300 
1260 
840 
890 

Through the analysis of the results shown in this work. it could be realized that the too! 
displacement, obtained througb double integration of the acceleration signaJ, allows the identificatioo of 
a signaJ behavior that can be related to the machined workpiece roughness behavior. The use of 
wavelets together with conventional statistic techniques to determine "signatures" ernbedded in signals 
composed of many components with complex forms, proved to be an efficient too! to extract features 
from the signal. They are more suitable for this purpose than the conventional ways ofanalysis in eitber. 
frequency domain or time domain. 

The reason wby the tool displacement is a better altemative to extract the signaJ related to the 
roughness variation is that the acceleration signaJ has components of high amplitudes and frequencies. 
caused by other phenomena besides the too I wcar, that cause the surface roughness increase. The double 
integration of these signals remove these components and allows the enhancement of the component 
due to the tool wear. Besides that, the integration narrowed the frequency band where tbe s ignal sbowed 
up, what allowed an optimization ofthe localization in frequency domain ofthe wavelet transform. 

The use of wavelet transform instead of fast Fourier transform allowed the recovering of complex 
non stationary signals., what would not occur with the decomposition of the signal in sines and cosines. 
as in the Fourier analysis. 1t might be possible that another wavelet basis could better represent the 
signal due to tbc too! wear. wbat would improve tbe results obtained with the Daubechies D4 wavelet. 
To look for this other wavclct basis is out of the purpose ofthis work and will be the subject of a future 
work. 

lt can be concluded that a reliable procedure aiming to automalically establisb the end oftool life in 
finish tuming operations., can be described as follows : 

monitor the acceleration signaJ ofthe tool; 

extract the mean value and integrate twice the signal; 

calculate the Daubechies 04 wavelet coefficients; 
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extract the wavelet third levei: 

mverte this levei of wavelet: 

calculare the rool mean square value: 
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calculate the sixth order polynomial regression: 

multiply the initial value (using the polynomial regression) by 1.5 (named limit value for tool 
life). and 

compare ali the RMS values obtained in the polynomial regression with the value obtained in 
the previous step. When this value is bigger than lhe limit value for too I life, replace the too I. 

This set ofprocedures can be implemented in real time. 
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Moura, L F. M., and Belo, F. 8 ., 1997, "Two-Phase Flow lmaging by Electrical 
Capacitance Tomography: Numerical Simulation for lmage Reconstruction Algorithm 
Development", RBCM -J. of the Braz. Soe. Meehanical Sciences, Vol.19, No. 3, pp. 322-
331. 
This paper describes a capacitance system for tomographic imaging of two-phase flows. Numerical simulations 
based on lhe fmite element method provided the capacitance values between the electrode pairs for different spatial 
flow distribution. A linear back projection algorithm was used to reconstruct the cross section ímage of lhe two
phase flow from the capacitance values. Some reconstructed llow ímages (stratified, annular and droplets) obtained 
using this algorithm are presented and discussed Further efforts are undertaken to improve the filtering techmque 
applied to the back projection algorithm Limitations and possible future improvements of lhis technique are 
discussed. 
Keywords: Two-Phase Flow, Tomography. lmage Reconstruction Algonthm, Numerical Simulation 

Soviero, P. A. 0., and Lavagna, L. G. M., 1997, "A Numerical Model forThin Airfoils in 
Unsteady Motion", RBCM - J. of the Braz. Soe. Mecha nicai Sciences, Vol. 19, No. 3, pp. 
332-340. 
A numerical model based on normal dipole paneis with constant strength distributions is proposed in order to solve 
lhe lineariz.ed unsteady motion of the thin airfoil in incompressible inviscid flow The direct relationship between 
vortices and normal dipole paneis with constant strength distributions is employed, with the specític aim of 
simplifying the numerical implememation of circulation conservation. force calculation and vortex shedding The 
suggested melhod is fast and general. Classical unsteady thin airfoil problems are solved by the present model and 
lhe results are shown LO compare well wilh anal}1ícal results. 
Ktywords: Thin Aírfoils, Unsteady Flow, Normal Dípole Paneis. 

Fonseca, G. F., Bodstein, G. C. R., and Hirata, M. H., 1997, "A Numericallnviscid Vortex 
Model Applled to Parallel Blade-Vortex lnteraction", RBCM · J. of the Braz. Soe. 
Mechanical Sciences, Vol. 19, No. 3, pp. 341 -356. 
ln this paper a numerical ínvíscid vortex melhod ís applíed to the unsteady. two-dimensional and íncompressible 
flow that occurs during a para! lei blade-vortex ínteractíon. We use a vorticity-panel melhod. where lhe airfoil bound 
vorucity is modeled as a discrete distribution of vortices having strength continuously and lmearly distributed over 
Lhe airfotl su~ace. The impermeability condition is satisfied on lhe airfoil surface, whereas the no-slip condition IS 

not. The generation of lhe wake vontcity is accomplished with the equation of conservation of circulation and the 
application oflhe Kutta condition. which imposes lhe continuity ofthe pressure fteld at the airfoil trailing edge. The 
vortíces shed ínto lhe flow to form the airfoil wake are convected downstrearn with the mean flow using a 
Lagrangian time-marching scheme. The main vortex that ínteracts with lhe airfoil is modeled as a potential vortex. 
The numerical results are compared to the experimental data of Straus et ai ( 1990). showing good agreement for lhe 
cntire flow. except when lhe vonex is close enough to the trailing edge so that separation occurs. 
Keywords: Aerodynanlics. Airfoil , Blade-Vortex lnteraction. Vortex Methods, Wakes. 

Bortoli, A. L., 1997, "Convergence Acceleration Applied to Compressible and 
lncompressible Fluld Flow Caleulatlons", RBCM- J. ofthe Braz. Soe. Mechanical 
Sclences, Vol. 19, No. 3, pp. 357-370. 
Today. numerical flow simulation plays more and more imponant role ín the design process of an aerodynarnic 
body. To design a new mechanical device involving lluid dynarnics, a numencal simulation IS well accepted and 
JUStit1ed. However, much work still remains to improve the numerical methods towards a fast, accurate and stable 
convergence. Techníques to accelerate the convergence, narnely the local time-stepping, residual averaging and 
multigrid techniques are normally employed This work employs acceleration techniqucs to solve compressible and 
incompressible fluid flows using a finite volume, explicit Runge-Kutta multistage scheme with central spattal 
discretization ín combination with multigrid and preconditioning. Numerical results are presented for a three 
dimensional channel and the NACA 00012 airfoil for Mach-numbers ranging from 0.8 to 0.005 using the Euler 
equations. 
Keywords: Numerical Simulation, Aerodynamics, Finit.e Volume, Multigríd, Compressible and lncompressible 
Flows, Runge-Kutta Melhod. 
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Figueiredo, J. R., 1997, "A Unified Finite-Volume Finite-Oifferencing Exponentiai-Type 
Scheme for Convectlve-Diffusive Fluid Transport Equations", RBCM- J. of the Braz. 
Soe. Mechanical Sciences, Vol. 19, No. 3, pp. 371-391. 
Th•s paper prt-scnts a ncw discretizatíon scheme for lhe convective-diffusive transport equation of heat, mass or 
momentum in Ouid media. constructed within the control-volume approach tor bolh regular or irregularly spaced 
rectangular meshes. The present scheme sharcs w1th others, such as LOADS and Flux-Spline, lhe kind of 
exponential interpolating curve. obtamed as lhe exac1 solu1ion of an approximated equation that admits a so called 
source terrn To compute this terrn the present schemc incorporates Allen 's finite difTerence approach into lhe finite 
volume method. The resulting procedure was called Unified Finite Approach Exponential-Based Scheme, 
UNLFAES lt is a conserva1ive forrn scheme much simpler than both LOADS and Flux-Spline. The schemc is 
submitted to a series of tests in the linear problem of convection and diffusion of a se alar in a parallel flow, where ii 
is compared to lhe central differencmg, to the exponentlal scheme and 10 LOADS, showing excellent accuracy for 
ali function 1ypes and uncondihonal stabllity for ali Peclet numbers. 
Jü·ywords· Convectivc-Ditlusive Transport. CfD, UNIFAES, Finite Diffcrence. Finite Volume. 

Spim Junior, J. A., and Garcia, A., 1997, "An Optimization of the Finite Oifference 
Method for Modeling Solidification of Complex Shaped Domains", RBCM - J. of the 
Braz. Soe. Mechanical Sciences, Vol. 19, No. 3, pp. 392-409. 
The linite·dilferencc melhod is widely used in lhe forrnulation of a mathematical representation of the solidilication 
process in metal!mold systems. When complex geometries have 10 be analyzed, generally Finite-Eiemcnts Melhods 
are preferred. The present work proposes a moditicauon in lhe distribuuon of elcmcnts from thc mesh, by using an 
analogy hctween electrical and 1hem1al circuJts, which permits greater versatility m discretizing regions of complex 
shape. The governmg equation of clcctrical cirCUits lheory is used by applying an explicít version of the Finite· 
DitTerence Method. 
Keywords. Mathematical Modeling. Solidilication. Simulation, Two-phase Systems. 

Bianchi, E. C., Fernandes, O. C., Silva Júnior, C. E., Valarelli, I. O. and Aguiar, P. R., 
1997, " Behavior Analysis of Conventlonal Grlnding Wheel in Brittle and Ouctile Steels 
Machining", RBCM- J. ofthe Braz. Soe. Mechanical Sciences, Vol.19, No. 3, pp. 410-
425 (ln Portuguesa). 
The aim of th1s work JS 10 study the behavJOr of the plan tangential grinding process wilh convcntional grinding 
wheels. undcr severa! machining conditions and a selected dressing condition. The analysis of lhe grinding 
pcrft>rmancc was done regarding lhe cutting surface wear behavior of lhe gnnding wheel for brittle and ductile steels 
workpieces. The grinding input parameters, which werc. cuning spced, workpicce spced and cutting feed, were 
chosen based on lhe grinding machine charac1eristics. The results discussion emphasized the wear mechanism ofthe 
grinding wheel cutting surface and lhe cuuing phcnomenology ofthe grinding process. 
Keywords: Machining Conditions, Convenlional Grinding Wheels. Grinding Wheel Wear 

Tavares Filho, R. F., and Diniz, A. E., 1997, "Using Wavelet Transform to Analyze Tool 
Vibration Signals in Turning Operations", RBCM- J. of the Braz. Soe. Mecha nicai 
Sciences, Vol. 19, No. 3, pp. 426-437. 
The main goal of this paper is to study the feasibihty of using multiresoluuon analym through lhe use of wavelet 
transforrn. to analyze the tool vibration signal. 1n order to indirectly cslabhshing thc end of turning tool life. To do 
so. severa! turmng expenments were carricd ou1 with difTerent cutting conditions and lhe tool vibration was 
measured usmg accelerometers. After lhe cuttings, lhe vibration signals were analyzed in time domain, frequency 
domain and llme-frcqucncy domam and lheir behaviors were compared with the workpiece surface roughnesses. As 
lhe tool wears. lhe workpiece roughness increases and lhe tool vibration signal change its features. So, it was 
necessary to extract from the signal lhe feature thal lollows the surfi1ce roughness bchavior in ordcr to cstablish lhe 
end of tool lik based on the workpiece roughness criterion. The analysis was done on lhe acceleration (signal 
g~m:rated by lhe sensor). velocity (lirst inlegration of the signal) and displacement (second integration) of the tool . 
The main conclusion l)f this work is thac lhe best parruneter of lhe tool vibration signal to follow lhe surface 
roughness behavior. is the second levei invcrse ofthe wavclet translorrn ofthe too! displacement signal. 
Krywords: Wavelet Transform, Tummg Tool Y1bration, Machining Monitoring. 
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8th lnternational Conference on Dynamic Problems in Mechanics 
DINAME 99 

in 
Rio de Janeiro 

Brazil 
4- 8 January. 1999 

JlACAM I was held in 1989 in Rio de Janeiro. After ten years of successful mcetings (Rio de 
Janeiro- BRAZIL, 1989; Valparaiso - CHILE, 1991; São Paulo- BRAZII.. 1993; Buenos Aires
ARGENTfNA, 1995; San Juan- PUERTO RJCO. 1997), we are pleased to rumow1ce that PACAM will 
retum to Rio de Janeiro. 

PACAM aims to bring together researchers, practicing engineers and students from South, Central, 
and North America. However, participants from ali other continents have taken part in previous 
meetings andare welcome to PACAM VI. An unusual opportunity is provided lor personal intcraction 
hetween workers from different geographícal arcas ru1d from differcnt branches of mechanics. 

Papers on ali the usual, as well as unusual, topics of mechanics are welcome. We wish to highlight 
the social development: ''Women in Mechanics" and the technical development: ''Biomechanics". 

Sponsors: 

The American Academy of Mechanics 
The Braz.ilian Academy ofEngineering 
The Brazilian Society of Mechanical Sciences 

Technical Sessions: 

Pontiticia Universidade Católica 
Rua Marques de São Vicente 225 Gávea 
Rio de Janeiro, RJ Brasil 

Accommodations: 

Copacabana Beach o r I pru1erna Beach 

Deadlines: 

April I. 1998- Submission of 4-page abstract for the Congress. 
April I, 1998 - Application for travei grant for participants from the U.S. (Funding pcnding) 
August I, 1998 - Notification of acceptance of paper. 

More information: pacam99@civ.puc.rio.br 
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