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Vibrações Caóticas de um Oscilador com 
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Abstract 
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This ani<:le results úom some investigation on the dyoamical bebavior of mecha nicai systems oontaining 
elements witli ape memory. some pbenornenological theories tbat describe sbapc memory and pseudoeJaslic 
effects in metallic alloys that undergo lhennoelastic martensitic traosfonnations are reviewed. One of lbese 
theories is used lo modela helical spring. The dynamic response of ao oscillator witb a sbape memory spriogjs 
invesligaled. li is sbown tbat the system may bebave cbaolically under certai o oonditions. 
Keywords: Olaotic Vibratioos · Noolloear Dynamies • Shape Me.mory 

Reeumo 

&te trabalho apresenta resultados de um estudo sobre a resposta dinâmica de sistemas mecânicos contendo 
elementos com memória de forma. São discutidas algumas teorias fenomenológicas que descrevem os efei tos de 
memória de forma e pseudoelasticidade usociados a transformações mar1cnsfticas termoelbticas em ligas 
metilieas. Uma destas teorias é utiliuda na modelagem de uma mola helicoidal. O comportamento dinâmico de 
um oscilador com memória de forma é investigado. ~if'ica-se que o sistema pode responder caoticamente sob 
determinadas condições. 
Palavras-chave: Vibrações Caóticas · Dinâmica Não-Unear · Memória de Forma 

lntroductlon 

Shape memory and stress-ioduced pseudoelasticity are effects observed in metallic ]llloys that 
undergo thermoelastic martensitlc transformatlons (see, e.g., Buehler et ai., 1963; Jackson et ai., 1972, 
Delaey et ol., 1974; Warlimont et aJ., 1974; Scbetlcy, 1979). Qualitative plots in Fig. 1 UJustrate both 
behaviors. Tbe stress-straio curve io Fig. la is obtained at constant temperature, and shows lhe 
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pseudoelastic straio recovery during a loadiog-onloadíng cycle. This behavior is typical at a 
temperature wbere tbe parent phase, austenite, is stable. A1 1ne point A in tbe diagram, tbe stress
i nduced transformation starts to cause the appcarance of martensi te. This process is completed at B, 
and tbe now ali martensitic specimen dcforms elastically agaio. During unlooding, tbe transformation 
is reversed in the path CD, and the sample re1ums to its undeformed austenitic stale. 

Tbe plot in Fig. 1b is obtaioed ata different temperalure. The reverse transformation is nol 
completed after lhe Joad is removed, and some permanent strain is s1ill observed io lhe stress-frce 
specimen. The sbape memory effect consists in tbe recovery of this residual defonnation by heating tbe 
sample to a temperature where the parent phasc is stable. The temperature-induced reverse 
transfonnalion occurs in the segment EF of tbe diagram. 

Tbe sbape memory effect and otber related tbermoelastic processes associaled witb martensitic 
transfonnations have beco known since at least 1938. But it has been the iovestigatioos of Buehler and 
co-work:ers (see, e.g., Buehler et ai., 1963) on pbase changes in Nill alloys, in lhe early sixties, that 
insligaled the tecbnological interesl in tbe sbape memory effect. Experimenls wbere Nili objects were 
restored to their original shape after being "permaoently" defonned, revealed tbe potential for lhe use 
of these alloys in enginecring (Jack:son et ai., 1972; Schetky, 1979). Among other applicalions, one 
could mention self-actoating fastencrs, self-erectable struclures for aerospace hardware, thennally 
actuated switches, and a number of bioengineering devices. Most recently, sbape memory alloys have 
also been employed as actuators for the active víbration control of flcxible structures (Rogers, 1990; 
Rogers et ai., L991; Venk:atesh et ai ., 1992). 

Tbe phenomena associated with martensitic transformatioos are intrinsically nonlioear. As a 
consequence, wben subjected to dynarnic inputs, a mechanical system wbicb contaios shape memory 
elements may experienoe a number of quite complex behaviors. Onc of them is cbaos. 

Cbaotic response is characterizcd by long term unprediclability. A nonlinear system whicb is 
deterministic may experieoce completcly irregular behavior evcn wben excited periodically. Tbis 
apparently random response bas nevertheless a structure. The sludy of Lhe structure underlying cbaos 
has been a very active ficld ln recent years. We refer to lhe book:s by 'Thompson and Stewart (1986) and 
Mooo (1987) for lists of publications on tbe subject. 

ln lhis paper we are concerned with lhe cbaotic response of m~chanical system witb sbape 
memory. Firstly, we briefly review some of lhe available phenomeoological tbeories tha1 describe 
tbermoelastic martensitic lransfonnations in metallic alloys. One of these tbcories is used to build a 
model of an helical spring wíth shape memory. Thc dynamics of a simple, one degree-of-freedom 
oscillator is then investigated. 

Phenomenological Theories for Shape Memory 

Shape memory and other relatcd effccts aSS(X;if!lted wilh tbermoclastic martensitic transformalioos 
~T~DY be modclcd at either tbe microscopic or macroscopic leveis. For descriptions at the microscopic 
levei we refer to tbe articles by Achenbacb aod MüiJer (1982) aod Warlimont e1 ai . (1974). Here wc are 
interested in phenomenological theories tbat describe lhe transformalions macroscopically. These 
transformations are caused by cbangcs in temperature as well as by mccbanical actions. Hence, lhe 
macroscopic thermodynamical variablcs needed to describe the phenomena are temperatore, T, and 
strain, e. We consider small deformalions only, in whicb case e represents the infinitesimal strain 
tensor. 

ln order lo accouot for the influencc of phase transitioos on the properlies eX shape memory alloys, 
there may also be a need for internal variables. The free energy, 'IJI, is then assumed to bave tbe form 

'IJI = 'I' ( e , T, !3) (1) 

where ~is a vector representing tbe internal varíablcs. 

lf tbcrmal dissipation is not considered, lhe Clausius-Duhem incquality may be written as (see, 
e.g., Gcrmain, 1973) 
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(2) 

where p is the mass densily, s the total entropy per unit of mass, ando tho Cauchy sttess tensor. 

From Eq. (1) one has 

. . . d'lJ. 
'V - V,. 'V : e + Vp 'I' · [} + itT T (3) 

whcre ~ ~· and v11 '~' represent Lhe gradients of tbe free energy wlth respect to t and J3 respectively. lf 
we now define 

and assume lhat (Germain, 1973) 

lhjl 
-- -s 
àT 

the inequality (2) may be rewrinen as 

(o -o):e +B·~~o 

(4) 

(5) 

(6) 

(7) 

Jf dissipatioo is not ooo,si<;lered, Eq. (7) becomes an equality, otherwise we iotroduoe a pseudo
potentiaJ of dissipation, + (e, ~) , which is convex, pa;itive, and vanishes at the origin. ln this case, i f 
welet 

(8) 

and 

B- V~+(e .~) (9) 

the Clausius-Duhen ínequaJity is automatically satisfied (Geunaín, 1973). 

Malhematical models for shape memory are based on different cboices for the functionals 
representing the free energy and Lhe pseudo-potential of dissipation. We now brieOy review some of 
Lbese models. 

Model with Polynomial Free-Energy 

Thc first model discussed here is based oo Devonshire tbeory for temperature-induoed first order 
phase transition combioed witb hysteresis, and bas been proposed by Falk (1982). This is an one
dimensiooal model whicb does not consider dissipation. ln Devonshire theory, the frce energy depends 
on the temperature and on the one-dimcnsional strain e, i.e. 

'V - 'i' ( t , T} (lO) 

and no internal variable is considered. 

The functional form of the free energy is chosen such that at high temperatures it has only onc 
minimum at vanishing strain, represonting the equilibrium of the parcnt phase. AI low temperatures, 
martensite is stable, and the free energy must bave miníma at noovanishing strains. At intermediate 
temperatures the frce energy must have equilibrium points corresponding to both phases. These 
restrictioos are satisfied by tbe polynomial expression 

1 2 l 4 1 6 
p'ljl(e,T) • 2a(T-TM)E - 4bt + 6et (11) 
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wbere a, b, ande are positive constants, while TM is the temperature below which the parent phase 
becomes unstable. lt is also convenient to define the temperature TAo above wbich austenite is stable, 
and the free-energy has only one minimum at zero strain, 

1 b
2 

TA - T M + -- (12) 
4 ae 

Using exJresslon(12) to eliminate e, and recalling that without dissipation the stress is simply the 
derivative of the free energy with respect to straín. we Obtain the constitutlve'law based on Devonshire 
theory: 

3 1 b
2 

5 
o- a(T-TM)e-be +- e 

4a(TA-TM) 
(13) 

Stress-strain curves based on the polynomial model are shown in Fig. 2, where the thick tines 

a T<Ty Ty<T<TA T>TA 1 
'\ L-.....:..J 

r~ 1 I 
I """} 

..._ 

\J I , .'-.. ./ 

~ 
{a) {b) (c) 

e 

Fig. 2 Str .. a-straln curvee blled on lhe polynomlal model. Ttick Unn repr ... nt etable loading pathe. 

represent stable loading-unloading paths. The sbape memory effect is illustrated in Fig. 2a and 2b, 
obtained for temperatures below TA. The curve in Fig. 2c is represent.ative of hlgher temperatures, and 
shows lhe pseudoelastic phenanenon described by the polynomial modeJ. 

Model with Assumed Transformation Kinetics 

Another theory that models the one-dimensional mechanics of martensitic phase transformations 
bas been developed by Tanaka and co-workers (Thnab and Nagaki, 1982; Tanak.a, 1985; Sato et ai., 
1985; Tobushi and Tanaka, 1990). ln addition to oniaxíal strain and temperature, Tanaka's theory also 
considers a scalar internal variable that characterizes the extent of transformation. Thls variable, ~l> 
represents the volumetric fraction of martensite. Tbe free energy has the form 

(14) 

The constitutive equation may be written in rate formas 

(15) 

where 
2 

- él'ljl 
and.::.- p--

aeaT (16) 
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• 
ln Eq. (15), E is tbe elastic modulus and:::: a thermoelastic coefficient, wbile a is associated witb 

volume cbanges in tbe transformation (Sato et aJ., 1985).1n general, these coefficients depend on the 
state variables t, T, and ~1• but in lhe articles by 1ànaka (1985), Sato et ai. (1985), and Thbushi and 
Tannkn (1990), they are assumed to be constant and positive. 

The other assumptíon ln Thnaka's theory, Is tbat the fraction of martensite is determined only 
tbrough tbe current values of stress and temperature (Sato et ai., 1985), i.e. 

~~ - B (o, T) (17) 

The bypothesis is based on the difusionless nature of martensitic transformations (Thnakn, 1985). 
Sato et ai. (1985) assume an exponential form for the functional on tbe right-hand-side of (17). The 
transformation from austenite to martensite is then described by 

(18) 

where TM is tbe temperature where martensite star1S to form under stress-free state, wbile aM and bM 
are positive oonstants (Sato et ai., 1985). Eq. (18) holds for 

aO!:(::)(T-TM) (19) 

Tbe reverse transformation is described by anotber expooentiaJ function (Sato et ai., 1985) 

(20) 

wbere aA and bA are positive constants wbile TA is the temperature where austenitestarts to form under 
zero stress. The kinetics of lhe reverse transformation (20) bolds for 

o :s: (::) (T- TA) (21) 

The dependency of martensite fraction on temperature under stress-free state, is schematically 
shown in Fig. 3a. The plot in Fig. 3b illustrates Lhe kinetics of the stress induced transformation under 
CQilstant temperature. 

Thnaka's theory is capable of modeling lhe pseudoelastic behavior as well as tbe sbape memory 
effect, and has been used in a number of applications (Sato et aJ., 1985; Tobushi and Thnaka, 1990). 
Rogers et ai. (1991) and Líang and Rogers (1990) have employed a modification of this theory to 
develop a mathematlcal model for sbape memory alloy hybrid composites used ln structural acoustics 
contrai. ln their model , iostead of the exponentiallaw preseoted above, the kinetics of transformation 
is described by a cosine function (Liang and Rogers, 19-90). Results of Roger's modelare in close 
agreement with experimental data (Rogers et al., 1989; Rogers, 1990). 

lt sbould be pointed out, however, tbat Tanaka's model, at least in the form presented above or in 
lhe references cited bere, does only apply to tensile behavior.This is oot explicitly stated by Sato et ai. 
( 198..S). Furtbermore, the stress-strain plot in compression presented ln that artide, Fig. 5 in (Sato et ai., 
1985), can not be ootained by applying only lhe set of equations introduced by its auth<n and repeated 
above. We believe tbat in arder to correctly describe the sbape memory alloy response under 
comprcssive loads, onc has to introduce another internal variable, ~2• representing the volumetric 
fraction of a second variant of martensite. Of course, the folJowing restriction must lhen be satisfied: 

(22) 

11 is well known that shape memory alloys usually develop various kinds of martensite (Jaclcson et 
ai., 1972; Delaey et ai., 1974; Warlimont et ai., 1974), and that in the sarne alloy, eacb variant grows 
favorably under one type of stress state (Schetky, 1979). Here, the second variant, fi2, should grow at 
the expense of 131 under compressive loads anel vice-versa. This and restriction (22), have to be taken 
into account in lhe assumplions concerning the transformation kinetics of lhe martensite varíants. 
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/31 

1 

o 

TM ~ Temperature 

(a) 

1 

o 

a A fT - TA ) 
~ 

-1; (T - ~.,) 

(b) 
Fig. 3 Varlatlon o1 marwn.lte tractlon ~h tamperatu,.. at tha at,..aa-ll'aa ata ta (a), 

anel wlth atraaa undar conatant temperatura (b). 

Model wlth Internal Restrlctlons 

The third 1ype of phenomenological theory considered here has been developed by Fremond 
(1987). The shape memory and pseudoelas tic effects are described with the aid of three internal 
variables, 13 t. ll2• and f33, respectively representing the volumetric fractions of two variants of 
martensite and of the austenitic parent phase. ln thls three-dimensional model, the three different 
phases may coex.ist, and tbe internal variables have to satisfy tbe following constraints: 

The free-energy of the mixture is then defined as 
3 

•'ljl (s ,131' T) • p}: fl1'1j11 (e , T) +i (131: 

1- l -

(23) 

(24) 

where 'ljl;( e ,T) is tbe free-energy of the individual phases and I (131) is the indicator function 
(Rockafellar, 1970) of the convex set 

(25) 

and de fi ned ~ 

-
1(131) - 00 if 13; ft c (26) 
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The functions describing the free-energy oftbe individual phases are chosen as 

1 
p'ljl1 (E , T) - -E 

2 
1 

--IS 
2 
1 

--E 
2 

C :r; -a(T)tr(e) 

C :e +a(T)tr(t:} 

L 
C :e --(T-T) 

TM M 

7 

(27) 

where C is the elasticity tensor, a(I) is proportional to tbe coefficient of thermal expansion, and L 
is the latent heat of tbe martensite-austenite phase change. Observe that ali phases are assumed to have 
the sarne mass density and elastic properties. Also notíce that since this is a three-dimensinal theory, in 
tbe previous equations t represents tbe tensor of infinitesimal strains. 

Using the second of equations (23), ooe can eliminate ~3 from the expression for tbe free-energy of 
the mixture, obtaining 

p'lji(E '~l'f32,T)- p{f3d'lji1 (E ,T)-'Ijl3 (e ,T}) 

+ f32 [ 'ljl2 (e , T} - 'ljl3 (e , T)) + 'ljl3 (e , T} } + J ( f3l' f32) 

where J ( f3 1, f32) is the indicator function of the triamgle defined in the f3 1f3rplane as 

1! - { <h 132> I o s 131 s 1; 131 + tl2 s t l 

(28) 

(29) 

Now, from equations (4) and (5), considering that the pseudo-potential of díssipation does not 
depend on the straln rate, i.e., + - + (~ 1• ~2), one obtains 

(30) 

and 

(31) 

- -
where I is tbe identity te~. wbile a 1 J (resp. a2J) represents the subdifferential (Rockafellar, 1970) 

of the indicator fuoction J (f31' f32) with respect to j} 1 (resp. f32) . 

The concepts of lodicator functioo and subdifferential, are employed by Fremond i o order 10 

guarantee that f31 and f3z will be, at ali time, inside or on the surface of lhe triangular region defined by 
equation (29). The use of Lagrange multipliers offers an alternative approach, which is also more 
suitable for numerical calculations based on this theory. The cons.tralots .to be satisfied are 

(32) 

The indicator function may be written in the form 
-
1 - - "-tf3t- "zf3z + À:3 <llt + ~2 -1) (33) 

from what follows 

él+ L 
-. - a(T)tr (r;) --(T-TM) +À1 - 1..3 
élf3t TM 
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(34) 

where k 1, À.z, and J.s are the Lagrange multipllers. 

We also bave to iotroduce a set of Kubo-Thcker cooditiom (Luenberger, 1973): 

(35) 

and 

(36) 

Equatioos (30), (32), and (34-36), form the cnatbematical structure of the model with internal 
restrictions introduced by Fremood. An algorithm for the solution of this set of equations has been 
proposed by tbe authors (Savi and Braga, 1993). 

lt is worthwhile to compare Fremond's theory with tbat developed by Tanaka and presented 
elsewhere in this paper. ln order to doso, we reduce Fremood 's nxx:lel to ooe-dimensioo, replaciog the 
tensor E and its trace by tbe uniaxial strain e. Also, we use the component o instead of the stress 
tensor o , while lhe elasticity tensor C is replaced by tbe modul us E. 

The most striking differeoce betweeo tbe two models is that, while the tbeory developed by 
Fremood uses two k:inds of martensite, Tanaka's considers ooly one. Tbe first martensite in Fremond's 
rnodel, ~1• is active only when the stress is posit·ive{Fremond, 1987). Thus, keepmg lhe comparison 
witbin tensile behavior at constant temperature, we observe that the consti tutive equations (15) aod 
(30) become very similar. ln fact, lhe material parameter a has tbe sarne meaning in both models. 
Another point of cootrast between tbese two theories, is the number of characteristic temperatures 
coosidered. Fremond assumes tbat both the martensitic and reverse transformations begin at T=TM. 
Tanaka considers two different temperatures, TM and TA. Tbe latter is associated with the start of the 
reverse transformatioo ( martensi te .... austeni te) . 

Despi te these differences, it may be sbown that both models predict identical response for 
successive tensile loading anel unloading if we malce the following assumptions: 1) the coefficients aM, 
bM• aA, and bA, become ve ry l a rge, approachi ng infinity ln such a way that 
aA/b..A- aM/bM- EL/aTM; a nd 2) TA/TM=1 +(a2/EL). Tbe first assumption means that the 
transformatton occurs instantaneously wben lhe stress reacbes lhe transformation lioe. Tbe second is 
made in order to adjust the stress tbresbold for tbe reverse transformation. Plots sbowing tbe loa<ling 
unloading paths predicted by botb theories under these assumptiom are presented in Fig. 4. 

FinaHy, a few comments on the shortcomin~ of Fremood's tbree.-dimensional modelare in order. 
Firstly, it should be pointed out that, sinoe tbe difference between the volumetric fracti ons of 
martensite variants appears multiplied by tbe ldentity tensor in Eq. (30), tbe model can not describe 
thermoelastic martensitíc transformations induced by pure sbear stress states. Results of torslon tcsts 
presented by Jackson et ai. (1972) indicate, bowever, tbat these transforrnations do occur in nickel
ll tanium alloys. 

A second remarlc, concerns the fonn assumed by Fremond's three-dimeosiooal rnodel wben the 
stress-state is ooe-dimeosional . ln this case, if ali tbree pbases are assumed to behave isotropically, the 
trace of lhe strain tensor will also include a term proportional to lhe difference (~:z-~1). A more detailed 
analysis, out of the scope of the present contribution, will show that the resulting equations predict 
qualitatively differenr uni axial stress-straln curves from those obtained cxperimentally, or by the other 
two one-dimensional models discussed in this article. Thls apparent shortcoming may be easily 
overcome by induding another term i o lhe expression ofthe free-energy. 
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a 

{a) 
e 

(b) 
e 

An Helical Spring wlth Shape Memory 

ln order to model tbe response of an belical spring made from a sbape memory allôy, one could 
apply any of lhe constitutive theories di!iÇussed ln lhe precediogsecrion. ln fact, ali three provide fairly 
good qualitative description of the one-dimensional shape memocy aod (lSeudoelastlc effects. Here, we 
have chosen the polynomial free-eoergy functlon of Devoosbire's tbeory. This cboice yields the 
simplest equatloo for tbe nonlillear restoring·force. 

We assume thatthe longitudinal externa! force is resisted by lhe torsional shear stresses developed 
on the circular cross section of lhe helical shaped wire (Shigley, 1972; Tobushi and Sato, 1990). The 
relationship between the longitudinal force, F, and the shear stress distribution, o, is expressed as 

d/2 
4rc 2 

F-~ J m~ ~ 
o 

wbere r is tbe radial coordinate along the cross-section, while D and d represent, respectively, the 
diameters of the spring and ofthe wire cross-seérioo (Fig. 5). 

F 

• 
Fig. 5 Hellcal eprlng 

F 

• D 

I 

We also assume lhat lhe shear strain, e, is distrlbuted linearfy along the wire cross-section. Jf N is 
the number of coils and X the deflection, it can be sbown (Shigley, 1972) lhat 
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E • 
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nD2N 
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(38) 

Now, using tbe polynomial model, and assuming that Eq. (13) is valid for the pure shear stress
strain bebavior, we cbtain tbe following nondimensional equation for the nonlinear restoring force: 

3 1.? 
f- (6-1)x-l..x + x5 (39) 

4(ec-l) 

where f and x are the nondímensional force and displacement: 
8D d 

f-
3
F, x- --X 

naTMd nD2
N 

(40) 

whi I e the other parameters are defined as 

T 2b 1 ( TA ) e- -. 1..- --. and e c- - 8- + 1 
TM 3aTM 9 TM 

(41) 

The Oaclllator wlth Shape Memory 

We consider .the one degree-of-freedom osci llator sbown in Fig. 6. Jt consists of a mass m 

X 

c 

P sen (J)f m 

Fig e. ~clllator Wlth •hape rMmory 

supported by a sbape memory spring and a linear damper with coefficíent c. Tbe system is excited 
harmonically by tbe force Psinú>t. The nonlínear equation governing tbe forced motions of tbe 
oscillator may be written in the nondimensional forro 

2 
• . ( ) ~ 3 À. s -
X+ !gx + e -1 X- 11.X + X • ysanQ,; 

4(ec-1) 
(42) 

The dots represeot derivatives with respect to the nondimensional time, 1:, defined as 

't• ú>0 t, wbere ú>o• JaT Md4 / 8mD3
N ( 43) 

Tbe other constants appearing in Eq. (42) are 
. 8D 

!;• c/mú>0, y• lP, and Q. ú>/ ú>0 (44) 
naTMd 

lf we def111e 

y 1 - x and y2 - x (45) 

Eq. ( 42) can be wri tten as a fi rst-order system: 

(46) 
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Free Vlbratlons 

Free vibrations of the shape memory osclllator are described by the autooomous system obtained 
by letting y vanish in Eqs. (46). ln this section, we discuss the system response when .it is displaced 
from an equilibrium coofiguration. 

The fixed points, or equiUbrium configurations, depend on the temperature. Denoting by (Yl• Y2) 
a pant in the y1yrplane (the phase space) tbat, for y=O, make the right-hand sides of Eqs. (46) vanisb, 
we find five posslbilities: 

y 1 - O and y 2 • O (47) 

o r 

(
2{6 - 1)( 6-9 

112
))

112 

Y 1 - :1: ~ 1 :1: ( 
6
: _ 

1
) and y2 - o (48) 

Of these five possibilities, only tbose which correspond to real numbers bave pbysical meaning. 
Hence, 

a) for 6 s 1 , the system has three fixed points; 

b) for 1 < 6 < 6c• the system has five fixed points; 

c) for 6 .. 9c, the system has three fixed points; 

d) for 6 > 6c, the system has only one fixed point. 

Stability of these equilibrium configurations are determined by the behavior of the linearized 
system in their neighborhood. By making tbe change of variables 

(49) 

and comidering Tlj small, the auton0010us (y=O) linearized system assumes the form 

Tl l - T12 

tl2-- (<9-1) -3À.Y:+ 
5

À.
2 

y~)T}l-ÇT]2 
4(6ç-1) 

(50) 

An analysis of the eigenvalues of this system reveals that, for 6 s 1, the origin of lhe phase space, 
which corresponds lo a state of rest, is a saddle ptint. The otber two fixed points are centers whe.n Ç=O 
(undamped system) or stable spirals when Ç > O. This is comistent with the low tempera tu r~ behavior 
of lhe shape memory alloy, where two martensitic phases are stable. 

When 1 < 6 < 6c, the system has two saddle points in tbe phase space. These are 

2 ( 9 - 1) 6 - 6 112 112 

Yt•±( ~ (1-(e:-J)) andy2 -0 (51) 

The remaining three fixed points are centers tf the system has oo dissipation. They are stable 
spirals otherwise. The existence of three stable fixed points is explained by the stability of both 
martensitic phases and lhe parent austenite in this temperature range. 

When 6=9c. the origin is a center if !;=0, ora stable spiral if the system is dissipative. The other 
two fixed points are saddles. Finally, for 6 > 9c, the origin, which now is the only stable 6xed pdnt in 
the phase plane, is either a center ora spiral, again depending whether the system is dissipative or n01. 
Fa- 9 > 6c• austenite is the only stable phase ln the stress-free shape memory alloy. 

Fig. 7 shows some phase plane trajectories illustratlng the free vlbration of tlle undamped shape 
memory oscillator at three different temperatures. These results have been obtained by numerical 
integration of Eqs. ( 46). The standard fourth·order Runge-Kutta algorithm has beea used in these 
calculations. We have obtained good convergence with a step size ó't'=21t/180. Sinae we are, at this 
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point, more concerned with the qualitative response of the shape memory system, we have chosen À=l 
for the example calculations presenled througboul this article. We have also assumed 9~1.10, which 
is a lypical value for nickel-titanium alloys (Thbushi and Thnaka, 1990). 

Results showing tbe phase plane trajectories for the dissipative system (~=0.2) at constant 
temperature are presented in Fig. 8 . We observe tbat wben tbe system bas more than one dynamical 
attractor, which is lhe case wben 9 < 9c (Figs. 8a and 8b), its final configuration is very sensitive to 
lhe initial conditioo. This is a oommoo [ealure or nonlinear systems. 

Fig. 9 shows tbe behavior of the autonomous system subjected to a 1empcrature variation. This 
result has been obtained by assuming that tbe temperature of the system, inirially O i, changes to 6r in 
the following way: 

9 - (52) 

Tbe mass is displaced from its equilibrium posilion at the instant ,;=0. After an intervaJ of time, 't;, 
the temperature begins to change, up 10 lhe instanl ~r. wben it reaches the final temperature levei. ln 
Fig. 9a, we have considered the undamped oscillator. The plot in Fig. 9b bas been obtained for the 
dissipa tive system. The dashed line represents the transient behaV!or between 'tj and -rr. As expected, 
the ascillator settles on a different attractor after the new temperature levei is reached. This bebavior is 
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of special interest, since it iJiustrates the capability of altering the dynamics of the shape rnemory 
system by cbanging its temperature. Wé shall retum to lhis point when discussing the forced respoose 
of lhe oscillator. 
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Chaotlc Vibrations of the Shape Memory Osclllator 

The behavior of the forced system is far more complex. ln this section, we discuss the response of 
the shape memory oscillator to periodic excitations. ln particular, we are concerne<! with the prospect 
of chaotic bebavior. The system is governed by Eqs. (46), wbere y and Q are tbe nondimensional 
parameters representing, respectively, the amplitude and frequency of tbe sinusoidal forcing function. 
Fcr the numerical exa~ples presented in tbis section, we bave taken 0= 1 and let 'Y vary. 

lnitially, we observe the response wben the forciog amplitude is small. Fig. 10 shows results of lhe 

0.30 r------------..., 0~~--------------------, 
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O.JO 0.50 0.70 · 0 .• 0 0.30 0.50 0.70 0.10 
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3 

(a) Pheaa plane trajectory; (b) Polncar6 ,-ctlon of the orblt 

numerical integratíon when ~=0, 0;0.95 and y=l0-3. Along witb the phase plane trajectory io Fig. 1~. 
we also show a Poincaré section of the orbi t, whicb is obtained by sampling the state variables, 
displacement and velocity of the oscillator, ata rate equal to the forcing' period This procedure may be 
better understood if we view tbe forced oscillator as an autonomous system with a three-dimensiooal 
phase space. Time, in fact the quantity ili, is taken here as the third explicit state variable. Also, since 
the forcing is periodic, one considers tbe state space as tbe Cartesian product of tbe Euclidian 2-space, 
the plane, with the circle (see, e.g., Guckenbeimer and.Holmes, 1983, pp. 25-27). The set of points on 
the Poincaré section are tben the intersections of the orbit witb a plane that cuts this cylindrical srate 
space at O't-<p, where q> is a constant between O aod 2:11:. Discussions oo this geomettical view of 
dynarnical systems may be found, for lnstance, ln (Abraham and Shaw, 1982; Wlggios, 1988; Wiggins, 
1990). 

The phase plane trajectory shown in Fig. 108, lndicates that the system osciiJates around ooe of tbe 
equilibrium configurations associated with this temperature and initial conditions. The Poincaré 
section in Fig. Hb, reveals that the motion js in fact quasi-periodic. A periodic orbit is shown in Fig. 
11. Now, we have taken 9=0.95, ~=0.2, and y;0.05. ln this case, the Poincaré section is simply a point 
in the phase plane. 

As the forcing parameter y increases, tbe system dynamics becomes reacher. Fig. 12 shows the 
time history of tbe oscillation amplitude wnen 9=0.9'5 and y=S. ,The plot in Fig. 12a bas been obtained 
for ~=0, while in Fig. 12b we have raken ~=0.1. ln both cases, the system response shows no visible 
periodicity. The Poincaré sectioo for the undamped system, displayed in Fig, 13a, now consists of a 
cloud of points that fiiJs tbe phase plane with no noticeable structure. Tbis Jack of structure is commoo 
in nondissipative chaos. 

A.lthough the time history of the d.issipative system is very similar to tbat of the undamped 
oscillator (Figs. 12a and 12b), its Poi'ncar6 sectioo, sbown iq Fig. 13b, appears as a set of points 
arranged in a Mghly organized fashion. Poincaré sections illustrating the forced response of the 
damped osdllator at different temperatures are shown ln Fig. 14. Ali plots show the same fra'ctal~like 
structure. ln fact, sucb structured collections of points correspond to Cantor Sets (see, e.g., 
Guc.kelnheimer and Holmes, 1983; Thompson and Stewart, 1986; Moon, 1987; Wiggins, 1988; 
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Wiggins, 1990), and are indication of the folding and stretching experienced by the chaotic orbits of 
the forced, damped oscíllator. These collections of points are called strange attraclors (Moon, 1987), 
andare usually found in dissipative chaos. 
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. The fractal set on the Poincaré section is i o fact a a-oss section ofthe three-dimensional artracting 
structure embedded in the cylindrical phase spaoe. It is interesting to observe the evolution of orbits 
initinted at a circle of states (initíal displacemeot and velocity) on tbe phase plane. After successive 
time inlervals, we cbeck the intersections of this set of orbits witb tbe phase plane. Tbis is shown in 
Fig. 15 . lf tbe attracting orbit is periodic, the circle of initial states Is mapped to a point (Fig. 15a). 
When the response is chaoti<; tbe original circle is continuously stretcbed and folded approaching a 
fractal-like structure (Fig. 15b). This picture, wbicb is a common feature of cbaotic motioos, 
corresponds to tbe so-called Smale horse-sboe ( Wiggins, 1988). Anotbe r view of the attracting 
structure is presented in Fig. 16, lhat shows Poincaré sectioos takeo at di.fferent values of 01:. 

A blfurcation diagram is presented in Fig. 17, demonstrating lhe inlluenoe of lhe driving amplitude 
on the system dynamics. 11 is interesling to notice tbe presence of perlodic windows, and the 
occurrence of a cascade of perlod doubling bifurcations leading to cbaos in one of these windows 
(enlarged region in the upper rlght oomer ofthe figure). Tbe panem ln Fig. 17 is typical of a number of 
nonlinear dynamical system tbat exhibit cbaotic bebavior (Grebogl et ai. , 1983). 

Finally, Fig. 18 shows a transition from chaotic lo periôdic response due to a variation in the 
sysrem temperature. Tbis plot, again illustrates tbe capabillty of altering the dynamics of the shape 
memory oscillator with the temperature. Thls feature has motivated tbe use of sbape memory alloys as 
actuators for active vibration control of structures respmding in lhe linear range (Rogers, 1990; Rogers 
et ai., 1991; Venkatesb et ai ., 1992).11 sboold be pointed out, however, that in these apptications the 
actuators have been employed under conditions where tbe SMA stress-straio bellavior could be 
linearized. 

Concludlng Remarka 

ln this paper, we have focused on the qualitative bebavior of a simple dynamical system with shape 
memory. Th ree different theories that model the phase transformations associated with 
pseudoelasticity aod the shape memory effect have been reviewed. Ali three theories provide 
satisfactory qualitative one-dimensional description of these effects. Only one of tbese models, 
however, can be applied to three-dimensional str~ states. 

The constitutivo theory that assumes a polynomial expression for tbe free-energy functional has 
beco used to model an helical spring witb shape memory. This cboice yields lhe simplest analytical 
forro for the nonlinear restoring force. The dynamics of an one degree-<>f-freedan oscillator containing 
such a spriog bas been s tudied numerically. 
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Results of Lhe numerical simulations indicate lhatthis mechanical oscillator may exhibit chaotic 
response under certain conditions. Despite the limitations of lhe analytical modet used here, and thc 
lack of experimental data, the authors believe that similar behavior may be expccted in othcr systcms 
with shape memory. This conclusion suggests that tbe possibility of chaotic rcsponsc should oc 
considered when designing shape memory actuators for vibration and struclural acousric conlrol. 
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Abatrect 

Le1 OC R3 
be a simply connected bounded domaio with smooth boundary ao. We usume thal ao is a 

perfectly conducliog surface. lo tbis paper we presenl a numerical metbod lo reconstrucl ao from lhe 
knowledge of lhe far field patterns geoerated by D whcn bit by time barmooic linculy polarized cleclromagnclic 
waves com ing from severa I iocomiog direclionr.. 
Keywords: ln verse problem • Elecrromagnelic Theory • Obstacle Reconstructing. 

lntroductlon 

Let R
3 

be the three dimensional real euclidean space, x - (x, y, z) TE R
3 

be a generic vector, 
where the superscript T means transpose, ( ·,·) will denote -the euclidean scalar product and 11·11 the 
euclidian norm . ln tbe fo!Jowing we will use also complex vectors abusing occasionally of the 
notations. 

Let O C ~3 
be a bounded simply connected dcmain with smooth boundary ao tbat conrains tbe 

origin. Let E' (x) be lhe electric field associated to a lineariy polarlzed time harmonic iocoming wave 
pro~gacingin õ homogeneous isotropic medium, that is: 

. ok(x,u) 
~·(:C) - ~i' e . - (l) 

where !!y• g. E R
3 

witb llg.ll = 1 are given and k >O is tbe wave number, moreover we assume that: 

. ilc(x, a) 
di v~'(~) - ilc (~i' ' g ) e · - • O (2) 

tbat is ~ P .L g so thal ~i(_!') is a divergeoce free vector field. We note cbal ~!.'is the polarizacion 

vector and g is the directioo of propaga1ion of Ê-1 (~) . 

Let E' (x) be the electricfield scactered by lhe obstacle D when hit by lhe incoming wave E1 ( x), 
we deoole wlth: - · 

(3) 

tbe total e lectric field . h is easy 10 see (Colton aod Kress, 1983, Chapter 4) lhat the time harmonic 
Maxwell 's equations in an bomogeneous ísotropic medi um that does not contain elecrric charges 
reduce to lhe vector Helmholtz equation for divergence free vector fields, so that the scauered field 
~· ( ~) satisfies: 

(4) 

Manuecrlpt received Oclober 1992. As$odate Technical Editor: A,genor de Toledo Fleury 
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di v~' (:C) .. O in R
3 

\ D (5) 

( 
2 2 2) 

where 11 - _a_+-ª--+-ª--. I and I is the iden.tity matrix acting on R3
. 

ax2 al ai 
Tbe partia! differential equations (4), (5) are equipped with boundary conditions, that is: 

(6) 

where y (~) is lhe exterior unit normal to D and x denotes the vector product, and 

(7) 

X 

where ~ - ll;ll' ~ .. O. 

We note that (6) expresses the fact that D is a perfectly oonducting obstacle and (7) is the SiJver
Müller radiation condition at infinity. lt can be sbown (Colton and Kress, 1983) that f.5(3), solution of 
the boundary value problem (4), (5), (6), (7), bas tbe following expmsion: 

iltll~ll 

~·<:c> - e 11:'11 ~o(~· k, º' ~!1) +o (u:n2)' 11:'11- Q) (8) 

where Eo( i ,k,g,~ is the electríc far field pattern generated by tbe obsta de D when hi t 'by tbe 
incoming wave (1). 

Let B = {~E R 3JII~II < 1} be tbe unit aphere, and as be its boundary, let: 

0 1 - {!:.X;EaBji- 1,2, ... ,n1} (9) 

0 2 - {~1J EaBii- 1,2, ... ,n1;j- 1,2, ... , n2} (lO) 

n3 - {~1 E asl i= 1, 2, ... , n3 } (11) 

be tbree given sets. 

We restrict our attention to oon resonant values of k, that is values sucb tbat -k2 is not an 
eigenvalue for the vector Laplace operator in the interior of D restricted to divergence free vector fields 
with the boundary condition (6). 

ln this paper we present a numerical method to solve tbe following inverse problem: 

Problem 1: From Lhe knowledge of the nature of the obstacle (i .e. the fact that the obstacle is 
perfectly conducting) and of E

0 
(i., k, g ., w .. ) for g. E Ql' w .. E Q2' x. E 0 3 we wantto recover 

the Shape Of lhe 00Stacle ao, - -J I - IJ I - IJ - J 

We note that 0 1 is the sei of the directions of tbe incoming waves, 0 2 the set of the corresponding 
polarization vectors, that is we consider the pl~ne waves coming in tbe <lirection a 1, polarized in the 
directions wij• i=l,2, ... ,n1; j=l,2, ... ,n2 and 0 3 tlle set of tbe directions where the corresponding fa.r 
fields are measured. 

We call the available far field data incomplete since the far fields Eo are supposed to be known 
only in the directions ~i E 0 3 . ln a previous paper (Maponi, Misici and Zirilli, 1991) we have 
considered the case when Lhe coefficients of lhe exp~nsion of Eo in vector spherical harmonics are used 
as data SO that fo is supposed lO be known on aB. 



M ln..erse Problem lof lhe Three Dimensional VeáDf Helmhollz Equation ... 

The numerical melhod discussed here generalizes lhe one introduced in (Maponi, Misici and 
Zirilli, 1991) and is based on tbe so called "Herglotz function technique" introduced ln Colton and 
Monlc (1987) in the contest of the inverse acoustic scattering problem aod further deveJoped by lhe 
authors in Ma poni, Misici and Zirll li (1991); AJuffi -Pentini et aJ. (1989, 1991), and Mlsici and Zi rilli 
(1991). NumericaJiy lbls method appears to be particularly e ffective ln the resonance region tbat is 
when: 

(12) 

wbere 1t is tbe wave number of the incoming wave and L is a cbaracteristic lengtb of the ~tacle. 

l n lhe next seclion we recaJI tbe equatlon tb.at are exploi ted to solve numerically lhe inverse 
Problem 1; after lbal we present the numerical method and finally some numerical-experience. We 
remarlt tbat some oumerical expcrience with very ooisy data is shown. 

Some mathematlcal relatlona 

We recaJI some malhematical relations derived ln (Mapooi, Mislcl and Zirilli, 1991) that are used 
to solve numerically the lnversc problem coosldered in the previous section. For ~·'i E R

3 
let 

el kll~ -Til 
41 (kll~-'ill> - uu~-11 1 (13) 

be lhe Green's function d the (scalar) Helmholtz operator with tbc Sommerfeld radiation con<ition at 

infinlty. Let B (~) be a square integrable vector valued complex function defined on the surface of the 

uril sphere õB , such that: 

( ~· S(~)) • O, VlEõB (14) 

and let 

lk(i.T) 
!?, ( 'j) - J S(~) e . d).. (~) 

as 
(15) 

where dÃ. (x) is lhe surface measure on CJB . l t is easy lo see that f.1(l) is a divergence free vector fi eld 
that satisfi éS the vector Helmholtz equatioo for any 'i E R

3
. Ler y E R

3 
be a given vector, we define 

the vector function 

(16) 

where V!' is the gradient operator wi th respect to x... and ~is the comple"x conjugate of 41. We remind 

lhat OE D . 

Definition 1: The domain D is said to be a generalized Herglotz domain if the unique solution of 
tbe boundary value problem: 

divE (y) - O in D 
-I -

(17) 

(18) 
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yx~,(y) "'yx~(y) on ao (19) 

is given by (15) for a suitable choice ~H(~) of $(~). The function ~H(~) that corresponds to thc 

solution of (17), (18), (19) is said to be the generalize<! Herglotz kemel associated to lhe domai o D. 

We note that the Herglotz kernel depends oo ll. aod that the class of tbe generalized Herglotz 
domai os is not empty since an explicit computalion shows that the sphere of center the origin is a 
generalized Herglotz domai o. 

lt bas been sbowo (Maponi, Misici and ZiriUi, 1991) that: 

f (~(~),~0 (~.k.~.~!.l))d/..(~) - (~!.''~), 'IIQEiJB,~!:tER3 
<lB 

Tbe inverse Problem 1 proposed wilJ be solved in three steps: 

(20) 

(i) from the knowledge of lhe far fields E
0 

( x .. k, ~ •.• w. ) , ~1• E 0 1, w
1
• E 0 2, x. E 0 3, using 

- -J -Jj - J -J 
(20), determine an approximation of the generatized Herglolz kernel ~H(~) of the domai o O. 

(ii) from SH (~), obtained in (i), and (15) determine .E1(~. 
(iii) from .Et(:L), obtained i o (ii) and (19) determine ao. 

The numerical method 

Let (r, e ,c!~) be lhe spberical coordinates, we bave: 

~ (6, cll) - (sinOcost, sinOsioq,, cosO) 

~9 (6, cll) - (cos6coscll,cos6sint,-sin6) 

1t is easy to see that for each e and + ( ~· ~e· ~ +) is an ortboncrmal basis of R3
. 

Let 

U1, m(~)- Yt,mP~(cos6)cos(mt). I= 0,1, ... ; m- 0,1, ... ,1 

V1• m (~) - Yt, mp~ ( cos6) sin (m+). I = 1, 2, ... ; m .. 1, 2, ... , I 

(21) 

(22) 

(23) 

(24) 

(25) 

be lhe spherical harmonics, that is Pt are lhe Legendre functions and YJ,m are the normalization factors 

in L2 {c3B,d1..(~)). 

We de.fine the spherical vector harmooics (Morse and Feshbach, 1953, p. 1898): 

~~·~ (~) - ~U~ m (~), I '* O, 1, ... ; m = 0,1, .... I (26) 

B1• 0 (i) '"' xV1 (x), I "' 1, 2, ... ; m = 1, 2, ... , I 
-l,m- - ,m_ 

(27) 
J 

!:J~·~ (~) - (1(1+1)) 2 11~11VU 1,m(~). I - 1,2, ... ; m - 0, 1, ... ,1 (28) 



M ln'olerse Ptoblem for lhe ThnM~ Dimensional VedtJif Helmholtz Equation. .. 25 

~1
1,'~(~)- ( 1 ( 1 +1))lii~IIVV1, m(~). -1,2, ... ; m- 1.2 •... , 1 (29) 

!,l~;(~)- ( 1 ( 1+ 1))2curi (~U~m(~)), 1 -1,2, ... ; m- 0,1, ... , 1 (30) 
I 

~~·; (~) - ( I (I+ 1)) 2 curi(~V~ m (~)), I - 1, 2, ... ; m - 1, 2, ... , I (31) 

Jt is well lmown tbat the spherical vector harmonics are a n ortbonormal basis of 
L

2 
(õB, C

3
, di..(~)), that is the set ofsquare lntegrable complex vector functionsdefined on aB. 

Our compU!atlon proceeds in four ste~: 

Step 1: For each (ij) computo the "Fwrier coefficients" of ~o(~. k, 2-p ~1} • 
Given LD\u >o. we ass~me that the far field ~o(~. k, ~~· ~1) can be approximated by a 

truncated Founer senes, tbat IS 

L. ,. I 

E (x) ~ ~ ""' ""' r."... B" .. (x) 
- O - • LJ LJ LJ LJ '• J, I, m- ~ m -

(32) 

T.•l., 2a -O,II •I m•& 

so that we have 

L. u I 

~ ~ ~ ~ r"" s•· .. <.) E · k 1 2, LJ LJ LJ LJ UI, m-1, m ~k - -O, ijk' "' ' · · ·• 
0

3 
(33) 

-c • I, 2 a - O, 11 - I m • a 

where with ~ijk we have indicated the measurement of ~o(~ k, g.1, ~~. J). 

The equatioos (33) are a linear system r:i n3 equ.otlons in tbe 2Lmax(Lmax+2) unknowns { rt,j.\ m} . 
We assume that Q 3 and L.nax are ch~n in such a way tbat lhe linear system (33) is determined. 

Oue to the ill-<:anditioning of lhe linear system (33) seve.ral regularizing techniques will be used 
when solving (33) in the next section. ln the numerical experience cboosing n2=1 and w 1, 1 
appropriately we can clrop the terms witb-.:=2, s=O anel with ~1. s=l in lhe sum on the left band side of 
(33). 

The Steps 2,3,4 of tbe numerical method described here are the same as the ones descrlbed in 
(Maponi , Misici and Zlrilll , 1991) and will not be reparted ln detail. 

Step 2: From the Fourier coefficients of E0 (x,, k, ~·· w..), i=l,2, ... ,n 1, j=1,2, .. . ,n2 to the 
generalized Herglotz k.emel 8H (~) . - - J ' -•J 

Tbis Step is based on (20) and corresponds to lhe solutlon of a linear system. 

Step 3: From the generalize<! Herglotz !temei ~H(~) to fQ(l). 

This Step is based on (15) and is based on an analytic formula. No numerical integration is needed. 

Step 4: From E.1(x,) to the bwndary of the obstacle aO . 

This Step is based on ( 19). 

The numerical experlence 

The surfaces ao considered are lhe following ones: 

l Oblate Ellipsoid (34) 

2 Prolate Ellipsoid (35) 
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2 2 2 ) 3 
3 Short Cylinder ((-x) + (-y) +z

6
- 1 (36) 

3 3 

4 Loog Cylinder 2 2 3 (2 ) 
6 

(x + y ) + Jz - 1 (37) 

1 

5 \bgel's Peanut 2( 2 1.2)2 
r - 3 cos e+ 4sm e (38) 

1 
6 Horizontal Platelet r - 1 -- cos29 (39) 

2 

7 Reverse Platelet 
5 1 

r - - + - cos49 (40) 
4 4 

8 
1 

Vertical Peanut r • I+ - cos29 (41) 
2 

1 

3 17 2 
9 Pseudo Ellipsoid r • - ( - + 2cos3e) (42) 

5 4 

We note that the Short Cylinder aod the Long Cylinder are used io Maponi, Misici aod Zirilli 
(1991 ), Cohen aod Monk (1987), Aluffi-Pentioi et ai. (1991) and Misici and Zirilli (1991) witb the 
expooent 10 instead of 6. 'That is the edges of the cylinders considered here are smcxtber tban tbe ones 
of the cylinders considered in tbe previously quoted references. We note that for tbe obstacles 
considere<! ao - {(r, e, +lI r- f(e, +l ;O s9 sn.Os+ < 2n} forasuitablechàceoff(e.+). 

Alltbese obstacles are cylindrically symmetric witb respect to tbe z.axis and tbe surfaces 1, 2, 3, 4, 
5, 6, 7, 8 are atso symmetric witb respect to the equator. 

Tbese symmetries are always exploited (see Aluffi-Pentini et ai., 1991) in lhe reconstructions 
shown in Thblcs 1 aod 2 to reduce tbe number of tbe coefficients to be determlned in lhe expansioos of 
the generalized Herglotz kemels and of the functions f(9,+) that represent the unknown surfaces. 

We note that for ali lhe obstacles considered here we cao choose the characteristics lenghl L=l. 
The synthetic data f.o.ijk are obtained solving the boundary value problem ( 4), (5), (6), (7) uslng a T
matrix approach (Kristensson and Waterman, 1982). 1b lhese synthetic data we add a random noise 
term, so that the data used in the reconstructioos are 

(l+El;)fo,ijk (43) 

where t: is a parameter and!; is a random number uniformly dlstributed in (-1,1). Finally tbe sets O L> 
0 2, 0 3 are cbosen between tbe following ones: 

A 1 • {a.- x (9., O) I e • i_::,;. O, 1, ... , 10} 
-I - I Í 10 

P 1 • (w11- (cos9;,0,-sin91)Tei. l~.i- 0,1, ... ,10} 

B1 - {x(9.1,+J·>Ie- i~.i- 1,2, ... ,9,+J- j:zn J- o.t , ... ,s) u {~(o,o)} 
- I 10 9 -

(44) 

(45) 

U {~(O,lt)} 

(46) 

I lt lt 
B2 • {x(9;,Jj>J.) o .. i-,i· 1,2, ... ,9,.j>J .• j-j- 0,1, ... ,8}U {x(O,O)} U {x(O,lt)} 

- I 10 48 - -
(47) 



Moreover for j=O,l, ... ,36let e1 - :. f(81,o) be tbe exactvaluesofthe surfaces ao coosidered 

aDd fc:(6;,0) be the values recoostructed performing the nwnerical procedure described. The relalive L 2 

err<X" at the poiniS {(6;,0)1 j=O,l, ... ,36} is given by: 

36 

L (f(e1,o) -fc(6J,0)) 2 

j . o 

1 

2 

(48) 

We use L 2 as a performance index f<X" the recoostruction JYocedure. Tbe results d:>tained are shown 
in 'làbles 1 and 2 and Figures 1, 2, 3 and 4. 

Object 

Oblate EIUpaold 

Oblate Ellipaold 

Prolate Ellipsoid 

Prolate Bllpsold 

Short Cylinder 

Short Cylinder 

long Cylinder 

long Cylinder 

Vogel's Peanut 

Vogel's Peanut 

Horizontal Platelet 

Horizontal Platelet 

Reverse Platelet 

Reverse Platelet 

Vertical Peanut 

Vertical Peanut 

Pseudo Apollo 

Pseudo Apollo 

'nlble 1 The nlftlerfcal r"Uite 
~u•7, Q1..A1, C 2aP1, 0~·81 

Rec.onstructí on 

2 

3 

4 

5 

6 

7 

e 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

k 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

4 

4 

4 

4 

4 

4 

t E e 
0.0 0.0047 

0.05 0.0231 

0.0 0.0323 

0.05 0.0234 

0.0 0.0216 

0.05 0.0895 

o. o 0.0449 

0.05 failure 

0.0 0.0067 

0.05 0.0315 

0.0 0.0956 

0.05 failure 

0.0 0.0128 

0.05 0.0122 

0.0 0 .0334 

0.05 failure 

0.0 0.0814 

0.05 0.0795 
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Tab .. 2 Pel1omltlnc:e •• function of t 
Object.• Oblaw Elllpaoid, Lm.x-7, k•3 

C1•At , ~P1, C,=~ 

Reconstruction E EL2 

0.0 0.0713 

2 0 .01 0.0493 

3 0.05 0.0375 

4 0 .10 0.0308 

5 0 .20 0.0321 

6 0 .30 0.0394 

7 0 .40 0.0493 

8 0 .60 O.On6 

9 0 .80 0.1178 

L. Mlslci and Francesoo Zirill 

Thble 1 shows that when t::0.05 a satisfactory reconstroctioo of a large class of "simpte• surfaces 
is possible and Table 2 shows that when only "very simplc" surfaces are considered satisfactory 
reconstructions are possible even from very noisy data. 

Origínal 

Original 

Reconstruclion 5 of table 1 

Fig. 4 .. 1 Shor1 Cyllnder 

Reconstrudion 9 of table 1 

Fig. 4.2 Vogel'a Peanut 

Reoon struction 6 ol table 1 

Recon&lruction 10 oltable 1 
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Original Reconstrudion 17 ot table 1 Reconstruction 18 ol table 1 

Fig. 4.3 PMudo Apollo 

Original Reconwuction 2 ol table 2 Recon&ruction 6 of table 2 

Reconstruction 4 of table 2 Reconstrudion 5 ol table 2 Reoon&ruction 6 of table 2 

Reconstructlon 7 ol table 2 Reconwuction 8 of table 2 Recon&ructlon 9 of table 2 

Fig. 4.4 Obla1e Elllpaold 
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Pmtedln Brw 

Theoretical investigations employinga FiniteElementsolution ofthedynamic behavior ofa cyliodrical vessel filled 
with Uquid bave been publisbed previously by lhe avthors. Thls paperdescribes theexperimental procedure utilised 
in lheverificationoflhetheoretical predk:tioosoftbecoupledproblem. fivesteelspeclmenswe.repreparedfrom tbick 
tubes usinga numerically oontrolled lathe. The baseoftbe cyllndrical specimeos wasattached toa largecirculardísk. 
Tesls were carried out witb tbe cylinders filled without any liquíd in lhe lirst iostance to determine and ideotify their 
natural Crequencies. The cylloders were theo filled to difl'ereot beights witb water and tested. The experimental 
procedure invo.lved mounting tbeempey cylinderverticallyon a sbakerwbicb was oscillated sinosoidally. The work 
describes a novel method of using only two piezoelectric accelerometers and pbcing them at two pre-delerm ined 
angular locations, Cor lhe dear identification of the circumferential wave numbers of lhe normal modes. 
Keywords: Fluid Structure lnteration, Vibration Tests, Uquid Storage VesscJs. 

Sum6rlo 
Detalhes de uma investigação teórica que adota o método do$ Blemenlos Finitos na solução do comportamento 
vibracional de um vaso ciHndrico contendo líquido foram publicados anteriormente pelos autores. Esse artigo 
descreve o procedimento experimental utilizado na comparação com os resultados teóricos do problema aooplado. 
Cinco corpos de prova foram confeccionados por um tomo deconll'ole num~ rico a partir de tubos de parede groMa. 
A base dos corpos de prova cilrndricos foram engutadas a um disco circular ngido. Primeiramente os vasos foram 
ensaiado. na ausência do Uquido com o objetivo de se determinar e identif'tear as frequências natllrlis da casca. Os 
cilindros foram então preenchidos com líquido em diversos níveis e testados novamente. Nosexperimeotosocilindro 
foi montado verticalmente sobre a cabeça de um wsbaker'' sob excitação harmónica simples. Os n6meros de onda 
circunferenciais correspondentes foram identificados com o uso de dois acelerômetros colados à parede do vaso em 
posições angulares pré-definidas. As amplitudes e diferenças de fas·edos sinais permitiram a clara identificação dos 
modos ci rcunferenciais. 
Palavns cban: Testes de Vibração, Vasos Cillodrloos para Armazenagem de Água 

lntroduction 

ln a previous investigation (Menezes and Mis1ry, 1991 a, b, c), the 1ransient motion of a cylindrical 
vessel conlaining incompressible and viscous fluid was simulaled uslng axisymmetric two-noded shell 
finite elements and eight·noded isoparametric fluid finite elernents. Oalerkin's weighted residual 
procedure had been employed for tbe Navier..Siolces equations expres.sed in polar co-ordinates ln order 
10 derive lhe finite element equations of tbe fluid medi um. For tbe wall of the cylinder, dasslcal línear 
shell tbeory of NovCilhilov had been employed. The transient coupled equalioos had been solved with 
the aid of the Newmark average aoceleration procedure and in tbe case of the fluid equations, Euler's 
backward difference scheme was utilised. Ao acceptable assumption made regarding lhe fluid motion 
contained in a cylinder is lhat lhe tower zone of the fluld is relatively statlc and it may be regarded as 
a stationary mass and the upper zone represents a mass which moves in lhe s losbing mode. A similar 
concept is adopted in lhe nurnerical analysis to take advantage of this propeny. 1t involves a reftned 
mesh for the layer of fluid just below the free surface. The main aim ofthis invesligation was to estimale 
lhe vibration frequencies of tbe shell wall ia the low range of the frequencies and in this range, one 

Manuscript received March 1993. Associale T echnical Editor. Agltfl()( de Toledo Fleury 
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expeciS the "beam-type" modesto predomioate. lo order to induce thcse mudes, initial disturbing force 
as a linear function of the distance from the base was imposed on the vesscl. 

The presem work concems the experimental verification oftho5e theoretical predictions. Five steel 
specimens were prepared from thick tubes using a rtumerically controlled lathe. The inner surface was 
machined to fita maodrel and then Lhe outer surface was tumed down to tbe required size. The base 
of the cylindrical speci mens was attached to a Jorge circular disk. Tho experimental procedure involved 
the mounting the empty cylinder vertically on a shaker which was oscillated sinuSQidally. The 
resonance frequency corresponding to large amplitude vibrations was measured using a digital 
frequency meter. The number of circumferential waves of the mode of vibration ata natural frequency 
wa<; idenlilied using two accelerometers at pre-determined angular locations which cleady highlighted 
the mode shapes by the characteristic phase difference existing at the two measuring poiniS. 1he 
cylinders were then filled to different heigbts with water and transient téSIS were performed using a 
spectrum analyscr. 

Experimental Procedure - Mode ldentification Procedure 

The empty shell analysis has tbe purpose of identi fying the circumference and longitudinal waves 
of the mcxles. ln arder to identify tbe medes, the specimen basto be externally excited at the mode's 
own natural frequency. 

A common method of excitation is to fix tbe base of tpe vessel on a sbaking table, barmonicaUy 
excited in tbe horizontal directlon (Yamaki; Tani and Yamaji (1984) and Chiba et ai. (1986}). 
Alternatively, tbe base can bc kept static and an eletromagnetic shaker can be attached to one or two 
points of the wall (Yamaki, Tani and Yamaji (1984); Ross and Jobns (1983); Ross, Jobns and Johns 
(1987), and Ross and Johns (1986)). 

The excitation in the present case is performed by a shaker in a vertical position connected to tbe 
base of the vessel. Fig. 1 shows a schematicdlagram ofthe mede identification experimental procedure. 
Two accelerometers are radially positioned at two points along the circurnferential direction at the top 
of the cylinder. These positions are well defined before the measurements start. 1be two signais from 
the accelerometers are ampli fied and sent to a phase meter and an oscilloscope. One of this amplified 
signals is also sent to a frequency meter. Through tbe shaker controller, tbe frequency is varied until 
one of the resonanccs is found whicb can be identifted by tbe maximum amplitude observed on tbe 
oscilloscope. The amplitude of the excitation displacement may also be suitably adjusted on the 
controller. Amplitudes, phase and frequency are then read. 

Fig. 1 Sc:hematic dlagrem of experimental procedure. 
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A general view of the empty sbell experimental instrumentatioo anda test cylinder Is shown ln 
Fig. 2. The concept of the measurements is that a certain circumferential mode will correspond to a 
certain angular position of the aocelerometers wbere a certain phase is expecte<! and in this conditioo, 
the amplitudes at both points have to be the same.This conditioo is Ulostrated in Fig. 3, which represents 
the expected response of the circumfereotial mode n=2, along the circumferential direction. ln this 
case, for any two points separated by 90 along lhe circumfereolial directioo, the expeàed readings of 
the two accelerometers signals is a 180 phasc of equal amplitudes. Calling e, the angle which defines 
the accelerometers posilioos, for o=l to n=5, the corresponding e, for a expected 180 phase are: 

o=l e,=180 
n=2 8,=90 
0=3 e,=60 
0=4 6,=45 

n=5 e,=36 
These coodilions are illustrated ln Fig. 4. Allematively, ooe may want lo measure a O ~ to 

identify tbe mode, and in this case the corresponding e,sbould be taken as the double of the value given 
above. Therefore this option eliminares the possibiJity of identifying the n=1 mode. 

Two couples of accelerometers were used io tbe tesl<l: Eodevco, Model 226C, sensilivilies 2.8 and 
2.84 pC/g anel Brucl & Kjaer, Modd 4333, sensitivilies 17.0 and 18.2 pC/g. 

~ --1 • I , _§ ... ·-·~ ... ·to·a·eo· b ; --~_:i> r; _::j 
... ... .. . 

... ... 
Fig. 4 tlluetratlon of .. -•1 clrcumfllrentlal rnodM •nd tt1e 

cotTeapondlng acctoterometer pc*tona. 
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lrs convenient to discuss what may bappen when lhe accelerometers are ill-positioned for a certai o 
mode. When searclliog for lhe circunferenlial mode n=2, as exemplified in Fig. 3, ooe expecrs for 
6P=90 a 180 phase and equal amplitudes. lt is well k.nown fact lhat one of the major problems 
associated witb accelerometers is the interference of lhe mass of tbe aceelerometer with the 
measurement (Ewins, 1985). ln the tesrs done, it has been observed lhat the added mass of the 
accelerometer to the system bas the effect of lowering lhe natural frequency at lhe mode beiog 
investigated. The decrease of the natural frequency, in tbis case. does not alter the intetpretation of the 
results, since the actual frequency can be measured experimentally at lower positions of the vessel 
where the shell has a higher equivalent rigidness and is Jess sensitive .to lhe presence of the 
accelerometer. On the olher band, sometimes, the presence of the accelerometer has a ~'benefi.cial" 
effect of sti mulating the occurrence of the lobes at the pointwhere they are positioned. ln other·words, 
if tbe system is sensitive enough to the mass of the accelerorneter, the nodes will not occur at the 
accelerometer positioo. With this fact in mind, one may waot to prediêt whàt happens wben lhe 
accelerometers are ill-positioned for lhe mode being investigated. 

Fig. 5 An expected bahavlour af the 
moda when lhe accelerometers 

arslll-.,o.ltloned. 

Ag. 6 Olaplacement veraua time for 
111-poeltloned accelerometers 

Suppose that at a frequency which stimulates the circurnfereotial mode n=2, two accelerometers, 
having the sarne mass, are positioned 60 apart. Suppose also tbat lhe system is sensitive to the mass 
of tbe accelerometer. lo this condition there will be no prefetential accelerometer position wbere the 
lobes sbould be formed. Either point 1 or point 2 on the watl, as itJustrated in Fig. 5, have the sarne 
chance of being the point where the nonnal displacement will be maximrun. Now, suppose that ata 
certain time illustrated by Fig. S(a), point 1 at lhe wall has reached the maximum displacement. At this 
time, the rnaximum displacement at point2 is yet to be reached. Fig. 5(b) illustrates the condiction when 
a certain time has passed and point has reached the rnaximum displacement and point 1 has now a 
smaller displacement than at lhe time illustrated by Fig. 5(a). If the two displacement measure by the 
two accelerometers are recorded along lhe time, startiog from condition (a), and taking position 1 as 
a reference, the result will be that illustrated by Fi.g. 6. This figure illustrates a phase greater than 180 
expected if the accelerometers were positioned wilh 6p=90. The sarne idea could be applied to a 
condition where the positions of lhe accelerometers were set by 6,>90 for n=2. The expected pbase, 
lhen, would be less than 180 . 

Another possibility is thàt the system is not affected by tbe mass of the sensors which would be the 
case if lhe sensor is ligbt enough or it is a non-contacting one. For ill-positioned sensors, tak.ing as an 
example the case n:2 and 6P=69, one can expect one of the three cases described below: 

1) The phase will be 180 but the amplitudes will he different in magnitude. ln this case lhe sensors 
would be unsymmetrically positioned with respect to the node. 
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2) The phase will bc O and lhe amplitudes will be eitber equal or different. lt would happen ifthe two 
sensors are positioned in betwcen nodes. 

3) Thc phasc will be 180 and Lhe amplitudes will be the sarne in magnitude. Exceptionally, tfle sensors 
might be positioned symmetrically with respect to a node. ln such case, since thls resuH is expected 
for tbe modc n=3 and a well-positioned accelerometers (because 9,=60 ), the results should bc 
recheck:ed with a new position of the second sensor. for example, if the second sensor were 
rcpositioned 111 29, from tbe first, the expccted reading is equal amplitudes and phase cqual to O 
for n=3, whicb will not 'be tbc case if ali other condi tions were maintained. 

The discussion above is based on attempts of the authors to use light acx:elerometers on thiclcer 
specimens. lo such condition there is a possibility of obtaining equal results to different modes, whicb 
obviously is not compatible with lhe goals of the method. 

Test of the Vessel Filled with Water 

After each of thc chosen modes and correlated frequencies were identidied, a test with the vessel 
filled with water was perfonned. The goal of this test was to register the aheration of modes witb tbe 
increasing heigbt of the water levei. The height of the water in the vessel was increased in steps of 25 
mm and frequcncies w~re obtained from a transient excitation. A hmnmer was used to laterally impact 
tbe wall of the vessel and frequencies were measured by a spectrum an11lyscr through ao amplified 
signal of an accelerometer placed on thc wull of thc vessel. These tests were perfonned with the base 
of tbe cylinder placed on a rigid iron table. Changes of tbe frequency for eacb of these small incrcases 
in height are not appreciable, and tberefore the correlated mode remai os identified during the test until 
the vessel is fully filled witb water. 

A preliminary test was done in order to find out the best position of the acceleromctcr oo the wall 
of the vessel. For the empty vessel witb a nominaltbidcness b=1.2 mm, using n nccelerorneter with a 
charge scnsitivity=I7 pc/g, an amplification of 50 gjV, anda input range of 0.1 Von the spectrum 
analyser, four transient tests were carried out wiL11 the accelerometers positioned at heights 300, 200, 
J 00 and 50 mm. for two frequency ranges of the spectrum analyser, 0-512 and 0-1024 Hz, the frequency 
of the wave numbers n=l to n=5 were reglstered. Results reveal bigher frequencles values for the 50mm 
heigbt comparcd with the greater beigbts. Since the resu.lts show a smaller intcrfcrcncc of the mass of 
lhe accelerometer and also because of the sufficient sensirivily of the accelerometer at this point, the 
beight of 50 mm was adopted in ali tests except for the tbickest specimen. Whcn testing the specimen 
with 1.4 mm nomirwl thiclcness, the accelcrometer was positioned at the height of 150 mm and the input 
range of the spectrum analyser was set to 0.2 V. Lower heigbts in this case do not reveal good seGSitivity 
of tbe signal obtained. 

Speclmens 

The specimcns were desjgned within limitations imposed by the shaker used. 1bc frequency range 
ofthisshaker is 1.5 Hz to 3KHz witha maximum force of980 N. Witb such a forccaspecimen ofabout 
30 to 40 kg can be suitably excited wíth an acceleration of about 2 or 3 g. 

Although actual vcssels are generally madc of steel or metalic material, polyester (Cbiba et ai. 
(1986), Yamaki, Taní and Yamaji (1984), and Sudo et ai. (1986)) or solid uretbane plastic (Ross and 
Johns (1983), Ross, Johns and Johns (1987), Ross and Johns (1984), and Ross and MacKney (1983)) 
are used in the experiments. The reasons g.iven for lhe use of polyester ( 4] are tbe following. first, thin
walled test cylinders with reasonably small initial imperfections can be obtaincd by using polyestcr 
film. Second, as the polyester film is semi-transparent. tbe behaviour of tbc contained liqujd can be 
easily observed. The use of tbe solid urcthane is justified by the ease of construction compared with 
machining for more complex shapes (Ross and MacKney, 1983). 

A shematic drawing of the specimen is prcscmed in fig. 7. Ali pans of thls system were made of 
steel. The cylindrical wall of the vessel is assembled and clamped to tbe base by means of 16 M5 x 15 
long screws. The advantage of baving the wall of the vessel clamped tbrougb screws to a thick base is 
that the sarne base can be reusod with other walls. A base nut at tbe bottom of the base was designed 
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tobe joined to a base stud, which is connected to the head oftheshaker. Taldng tbe steel density as 7800 
lcg/m and Lhe water densiry as 1000 lcg!m, and supposing that lhe maximum thiclcness of lhe vessel wall 
is 2.6 mm, and tbe vessel is fully filled witb water, the total mass of the system can be calculated as 
approximately 31 kg. 

Ag. 7 Sc:hematlc drawlng o1the cyllndrical v .. MI. Fig. 8 General vi- of apeclmena. 

The base of the cylindrical vessel was designed using a stiffness aiterion. h was made rigid eoough 
such that the lowest natural Crequency is higher than approximately 3 KHz (for a oompletely free 
circular plate, Leissa (1969) presents an equation relating the eigenvalue and some parameters of the 
platc). 

1ne internal diameter of the wall of thc vessel was fixed at 198 mm, because it was machined Crom 
a standard mild sleel pipe wiLh an externa! diamcterof219.1 mm and an internal diameterof 194.1 mm) 
1'he wall Lhickness, though, can be changed by varying Lhe outside diameter. A design li mil of 2.6 mm 
was specified for the thiclcness and 400 mm for tbe wall beight. A theoretical study was carried oul to 
determine lhe frequenci es of lhe empty cylindrical vessel wilb lbe limit dimensions given above. For 
n=l to n=6 combined with lhe longitudinal beam mode, lhe higbest frequency calculaled was f=2215 
Hz fo r n~6. 1be sarne invesligation was carried out for lbe thickness 1.8, 1.3, LO and 0.8 mm wbich 
revealed a consistent reduction of the frequencies values as the tbickness was deaeased. 

The bolts that clamp thc wall to lhe base were calculated as springs coosidering lhe bolt-wall as a 
one degree of freedom spring-rnass vibration problem. Tbe mass of tbe wall of the vessel for the limit 
dimension is 5.9 k:g. The stiffness constanl of a single bolt was calculaled by K=ENL where A is lhe 
aass section area and L the strained lenglh. For a fine screw lhread size lO (Faires, 1956). lhe outside 
diameter is 4 .83 mm and t.he minor diameter is 3.85 mm. Adopting lhe minor diameter for the 
calculation of lhe area and L=8mm, tbe frequency ofthe system for 16 boles is f=4546Hz. For practical 
reasons M5 bolts were used. One should note lhat considering the occurrence of a tightening lood in 
the bolt, one should also coosider tbe spring constant of Lhe connected parts wbicb only incresses lhe 
equivalent stiffness of the connection. A higher equivalent sriffness would oonsequently increase tbe 
Crequency of thc modcled syslem which is a safer behaviour for Lhe purposes of lhe lests. 

Five specimens wcre made and tested. To avoid appreciable variation of tbe thiclcness and externa I 
diameter, a mandrel had to bc desigoed and used wben lhe walls were rnachined extemally. For lhis 
reason and also to avoid the coostruction of bases of differenl sizes, lhe ioside diame1er was kepl 
oonsLant and equal to 198 mm. Each of tbe specimeos bas a differenl nominal thickness and they were 
cttosen as 0.6, 0.8, I .o, I .2 and 1.4 mm. Because these are the basic alteration from one specimen to 
lhe otber, tbey are here referred to as specimens 0.6, 0 .8, 1.0, 1.2 and 1.4. A general view of the 
specimens and lhe base is shown in Fig. 8. 

A dimension survey was carried out on ali flve specimens. The lhick:ness was measured at every 
2'i mm along the heighl and at eigbt equally spaced positions along the círcumferential direction. A 
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device made up of a dia! iodicator anda reference sphere supported by a rigid roei was used for these 
measurements. Using ao inside micrometer, the internal diameter was measured at three equally spaced 
diametrical posítions and at five heights for specimens 0.6 and 0.8 and at six heights for specimens 1.0, 
l .2 and 1.4. A vernier height gage was used to measure tbe height of the wall at three different positions. 
The accuracy of allthree measuring instruments used is 1/100 mm. ln ali cases, the total arithmetbical 
averages were calculated and they are preseoted in Table 1. 

Teble1. Average dlmenelona of apeclmena. 

SPECIMENS THICKNESS INTERNAL HElGHT 
(mm) DIAMETER (mm) 

0.6 0.65 197.98 280.16 
0.8 0.82 197.88 325.46 
1.0 0.99 197.88 398.42 
1.2 1.16 197.96 397.95 
1.4 1.37 197.88 398.44 

Further Considerations about the Tests 

Three sets of results are presented for some of the spccimens tested and lhey may be cllaracterised 
by the circumferential mode identification,longitudinal mode idenlificatíon and the sludy of lhe effect 
of tbe liquid levei on tbe frequency of tbe mode. ln ali tbe tcsts done, the ínvestigation was limited to 
circumferential modes 1 to 5 combined with the longitudinal beam mode. ln some cases lhe prcdicted 
frequency of mode 1 is well above tbe range wbere the otber modes (2,3,4 and 5) occur and therefore 
is not considered. 

Before tbe identification is carried out, an ernply shell frequency survey is performed in the 
conditions specified before. This previous test facili.tates the search of the frequencies.when the shaker 
is used. As described earlier, the mode identification requires lhe knowledge of amplitudes, frequcncy 
and phase provided by two accelerometers signals. The amplitude read on lhe oscilloscope can be 
altered lhrough lhe amplifications on the cbarge amplifier and oscilloscope or adjusting lhe force 
amplitude on the shaker. For the purposes of tWs test, the relation betweeo r.esponse displacement and 
excitation force is not useful and tberefore the force amplitude of excitation is not measured. The 
vertical force imposed on tbe vessel is lhe sufficient force to obtain a clear signal on the oscilloscope. 
A calibration of the two signals is necessary before lhe tests starts. For the sarne ampllfication on both 
charge amplifiers, the accelerometers are positioned oo lhe base of the vessel vibrating ata certain 
frequency and to obtain equal signals amplitudes on lhe oocilloscope screen, the sensitivity button of 
one of lhe charge amplifiers is adjusted. 

ln the ideotification test, at lhe top of tbe wall, one of the accelerometers (refered to as 
accelerometer 1) is positioned ata reference point O , aod accelerometer 2 ata position 6, ao ti clockwíse 
viewed from lhe top. A signal from one accelerometer can be used as a reference, oras a input sigoal 
on tbe phase meter. This sarne signal can be connected to channel 1 or 2 of the oscilloscope. 

Mode ldentification Results 

For specimen 0.6 and for severa! accelerometers position angles at differenl resonance frequencics, 
Table 2 present the amplitude ratios and the phases measured, followed by the identificatíon of the 
mode. The amplitude ratlo giveo by the amplítude Aml on channel 1 of the oscilloscope, divided by 
the amplitude Am2 on cbannel 2 , is represented in the table by Aml/Am2. 

Usually for eacb accelerometer position angle established, three frequencies are searched. lt means 
that wben a "suspect" frequency reveals good expected phase and amplitude ratio, two otber 
frequencles i o lhe vincinity are investigated to confirm lhe result. The lhird column of the tables contai o 
the resonance frequencies measured by the frequency meter. The values of these frequencies are often 
lower than tbose measured by tbe transient lests and these differences are dueto the smaller interference 
of the accelerometer mass at lower positions in lhe measurement carried out with the speclrum analyscr. 
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The values of the pbase measured are followed by the idenlifiers LE and LA which mean "lead" 
and "lag" of tbe input signal wítb respect to lhe reference signal. ln the last column of the table lhe 
identification of the mode at the correspooding frequency is giveo by tbe wave oumber. 

Some comments are oecessary to facilitate lhe lnlerpretation of lhe resulls given by Table 2. The 
expected amplitude ratio sbould be as closest to unity in ali cases, and tbe phase as closest to O or 180 
depending on tbe acceleromelers position angle. Very often at a certaln e, the results are obscured for 
various reasons. An illustration of tbis is given by 9,=45 in Table 2. Due to lhe proximity of the 
acceleromelers, in this case the circumferential mode 3 at frequency=353 Hz is distorted and reveals 
amplitude ratio aod phase expected for o=4. Tbe position angle is tbeo changed to 0,=90 where a closer 
agreemenl is found for tbe frequeocy=300 Hz. Oo lhe olber hand, for lhe sarne reason, when using 
0,=120 to ideotify n=3 lhe frequency=305 Hz gives Aml/Am2=1.1 and phase 5.0. The measurements 
are lhen repeated and reveal a bener and consistenl result for lhe frequency=344 Hz (353 Hz in lhe first 
measuremenl). ln the lable, (p) stands for "poor" result and (2) stands for "repeated measurements" 
ei ther wi th the same position angle or with other angle that allows lhe identification of lhe desired mode. 

Table 2. ldentlftcatlon of trequenclea through normal dlapl-nt amplltuciM anel ~ or 
apecfmen o.e. (p)- poor r .. ult, (2) - repeated meuutwment., M- hlgtMr arder longitudinal moda. 

o, FREQUENCY 
MEASURED 

Aml/Am2 PHASE IDENTIF. 

(degrees) (Hz) (degrees) 

90 389 0.38 130.4LE 
90 524 1.0 175.0LE 
90 583 1.0 170.4LE 
90 725 0.70 17.8 LA 
180 389 1.1 183.6LE 
180 524 1.0 2.9LA 
180 583 0.98 1.8LE 
120 305 1.1 S.OLE 
120 353 1.0 2.0LE 
120 387 0.74 169.5 LE 
120 (2) 304 1.3 0.0 
120 (2) 344 1.0 2.4 LE 
120 (2) 392 0.87 170.7 LE 
45(p) ~ 0.97 180.0LE 
45 (p) 535 1.0 184.0LE 
90 300 0.92 3.7LE 
90 351 1.2 201 .7LE 
90 390 1.1 119.5LE 
72 356 1.2 3.0LE 
72 387 0.99 1.3LE 
72 537 0.95 179.0LE 

Another interesti ng result is given by lhe meas.urements for 6,=90 in Table 2 . For two frequencies, 
524 Hz and 583 Hz, tbe results are very si miJar and dose to lhe expeoted Wben lhe measurements are 
repeated for 6,=180, a consistency is observed for botb frequencies. A furtber investigation shows tbal 
a higher longitudinal mode oocurs in combinalioo with lhe seoood circumfereotial mode at 524 Rz. 

Water Height Versus Frequencies and Longitudinal Displacements 
Measurements 

ln order to confiem lhe occurrence of the beam mode in combination wi lh lhe several circumferential 
mcxles identified, lhe results of lhe longitudinal displacements rneasurements for specimen 0.8 are 
shown in Fig. 9. These results are presented in terms of normalised values W and Y defined by W:Wb/ 
Wt and Z=Zb/L, where W=normal displacement ratio Z=distance from the base ratio, L=loogitudinal 
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lengtb of specimen, Zb:loogitudinal distanc:e from the base ratio, L=longitudinallenglh of speoimen, 
Zb=longitudinal distanc:e from lhe base, Wt=normal displacement measured at the rop of lhe specimen, 
Wb=normal displac:ement measured Bl lhe position Zb. 

Measurements were performed at every 25 mm starting from lhe top. Using 8 8~1erometer lhe 
excitatloo force at the investigated frequency was adjusted to give a wave signal which fills oompletely 
lhe oscillosoope screen for the displacement Wt The results shown ln Fig. 9 coofirm the expected 
longitudinal vibration mode. 
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Natural frequencies were plotted agalnst H wbicb is defioed by H=ZIL where H=water belght ratio, 
Z..height ofwater levei ln spedmeo. Fig. 10 shows. these results for specimens 1.0. A general observed 
behavior for al i investigated circumferential modes, is that there is 8 certain heigbt of water levei up 
to which the frequency remai os indiffereot. Further locreases of water beight from lhis point produces 
a decrease in frequency. For the studied geometries, the circumferential wave number 5 occur at higher 
frequencies tban wave numbers 2, 3 and 4. There seems to be no preferential circumferential wave 
oumber related with the lowest frequency altbough n=2, 3 and 4 dispute this position. For specimen 
0.6, the lowest frequeocy occurs for n=3 aod for specimens 1.0 and 1.2 the lowest frequencies are relatcd 
with n=2. 

An interesting evolutioo is observed for specimens 1.0, 1.2 aod 1.4. These specimens have 
practically lhe sarne longitudinal leogbt andare differeotiated only by lhe thickness. As the thiclroess 
ina-eases from specimeo 1.0 to 1.4, wave numbers 2 and 3 tend to swap positions. For specimen 1.0, 
n=2 bas the lowest frequency. For specimen 1.2 the frequeocy of n=2 tend to ina-ease and get closer 
to n=3 and finally for specimen 1.4, the measured experimental frequencies are practically coiocidenl 
for n=2 and n=3. 

Dlscusslon and Concluslons 

The vlbrational tests in this work had the objective of verifying the theorical model presented 
previously (Menezes aod Mistry, 1991 a, b, c). Theoretical natural frequencies were compared to the 
experimental values in 11 different cooditions with an average ratio(theoretical frequency/experimental 
frequency) ftlf=0.951 and a maximum deviation of 20% (Menezes and Mistry, 1991 b, c). These 
oomparisons represent the maio confirmatioo of tbe effectiveness of the theoretical model employed. 

Altinisik, Karadeniz and Servem (1981), reported two series of experimental tests: one on thin 
cylinders contalning water, and the other on an idealised aroh dam and reservoir. Comparisoo between 
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experimental and calculated frequencies resulted in 25-35% supe.riority oftbe theoretical frequencies 
for the ferrocement cyllndrical dam. Two of the reasons given to explain tbe differences were as 
follows: 1) It is difficult to produce built-in boundary oonditlons in the model, 2) The determination 
of the true effective thickness of lhe model is not easy for such a tbin section and small errors have major 
consequences. 

The theoretical model employed to oompare with tbe experimental tests disregards geometrical 
imperfections of the thickness variation and departure from circularity. 8oth of tbese are k:nown to lead 
to significant errors in buclding predictions of thin axisymmetrical shell structures (Kollar and 
Dulacska, 1984). The buclding and natural frequencies of these structures are in fact representation of 
their elastic stabllity. It is not surprlslng that results sbould show a certaln degree of sensitivity. 

The dimensions survey of the specimens reveals certain differences between the specified 
dimensions and the ones actually obtained after manufacture. Internal diameters were obtained within 
variable measored tolerances from a maximum of 1.55 mm for specimen 1.0 to a minimum of 0.45 mm 
for specimen 1.2 However, the maximum difference between the avemge measured diameter and the 
nominal diameter was 0.12 mm. This represents an error of ooly 0.061%, taking the nominal internal 
diameter as a reference. Greater deviations occurred for specimen 0.6 wbicb resulted whitb a average 
measured thickiness of 0-65 mm. The tolerance measured for this sarne specimen was the smallest and 
equal to 0.07 mm. The greatest difference between the maximum and minimum measured thicknesses 
was 0.27 mm for specimen 1.2 lt is apparent that the longer specimens are Liable to greater differences 
between the maximum and minimum thicknesses measured dueto the greater possibility of deflections 
and machine too! wear during lhe oonstruction process. 

The vertical excitation of the specimens constitutes a procedure wbich has the main advantage of 
avoiding lhe construction or possession of an horizontal shalàng table. This altemative is no doubt, a 
very economical one. On the otber hand, it also has proved efficient in tbe sense tbat aU circurnferential 
modes can be clearly excited. 

A procedure oUdentification of vibrational sbape modes using acceleromet.ers was introduced in 
lhe experiments. One can conclude lhat lhe major advantage of this technique is lhe simplicity of the 
equipment used and the exemption of auxillary support devices. ln the test of specimens made of steel, 
or any other rigid material, the main difficulty is tlle excitation of tbe displacements large enough to 
display a measurable vibrational mode profile. The use of plastic matecials and large excitation forces 
is probably the easiest way of overooming tbis problem. Experimental investigation of more rigid 
structures woold undoubtedly require an extremely accurate construction and supports for the sensors 
precise enough to mak.e the variation of the displacement perceptible. As discussed before, mass of the 
accelerometer works as a Stimulus of tbe anti-nodes, but perhaps due to intrinsic construction 
imperfections, circumferential mode configuratioos may in general cases remain constant along the 
circumferential direction, and therefore non-contacting sensor migbt be applicable. This is said 
because for a perfect circumferential geometry, the circumferenlial nodes or anti-nodes are likely to 
occur at any point and at any time. 1be logic of the use of non-contacting sensors would be that for two 
predictable positions, the measured amplitudes sbould be tbe sarne. 
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Abetrect 
The frequency responsc of • rotating machine can be signifiCADIIy affected by tbe dynamic behaviour of the 
supporting structure. This paper presents ao experimemtal verification of two identification metbods bued on tbe 
comparison between tbe experimental frequency response measured atthe journal bearlngs and tbe tbeoretical 
values obtained through a matbematical model of tbe system. ln tbis case, ao ioaccurate evaluation of tbe 
bearings stiffness and damping coefficients can significantly affect tbe theoretical frequency response of the 
rotor. So, tbe oil ti lm forces ai the bearings were measuredand comparedwith tbose obtained uslng the 
equivalent stiffness and damplng coefficients analytically evalu.ated aod tbe experimental displacement data at 
the bearings. 
Keywords: ldeutification, Foundation, Bearings, OiJ rum, Frequeocy respoose 

lntroduction 

The frequency response of a rotating macbine can be significantly affected by tbe dynamic 
bebaviour of tbe supporti ng structure. ln order to study the interactions betweeo rotating macbinery 
and supporting structures several mathematical cechniques based on the evaluation of tbe foundation 
mechanical impedance matrix cao be used (Diana et ai., 1985) and (Diana et al., 1~). Eacb term of 
lhe mech.anical impedance matrix can be described as a functioo of tbe foundatioo modal parameters as 
well as of the macbine rotational speed. However, only in a few cases tbe experimental frequency 
response of the foundatlon structure alone, due to a known exci ting force, can be measured. lberefore, 
usual modal analysis techniques are often unusable for these iovestigatioos. As rotor aod support 
vibration data can be easily collected by compute.rized monitoríng systems during run-ups and run
downs, a methodology for evaluating tbe foundation modal parameters by minimizing some objective 
functions based on tbe rotating macbine frequeocy response has becn developed. This approacb for 
identifying tbe foundatlon parameters as well as some matbematical models were illustrated by tbe 
authors in a previous paper (Diana et ai., 1988). 

Tbese tecbniques require lhe comparisoo between tbe experimental frequeocy responses measured 
at journal bearings aod the theoretical ones obtained wilh a mathematical model in wbícb lhe dynamic 
bebaviour or lhe rotor, the bearings and tbe foundation structure is investigated (Diana, 1986). 

ln a-der to prove the capability of the foundation modal parameters identificatioo tecbniques a case 
study was investigated. The dyoamic behaviour of a motor driven rotor supported on two lubricated 
bearings, whose bousing were assembled to a flexible foundation structure, was analysed (Lalunne et 
ai., 1990). 

As an inaccurate evaluation of the bearings stiffness and viscous damping terms can significantly 
affect tbe tbeoretical frequency response of the rotor, the oil-film forces at tbe joumal bearings were 
measured in lhe horizontal and vertical di rections. Experimental oil-film forces data were compared 
witb t!xx;e obtained using lhe bearing dynamic parameters and experimental vibratioo data of the rotor 
(Weber et al., 1992). 

Manuecrlpt receílled Mardl 1993. As&ociate Tec:hnical Editor: AgenOf da lóledo Aeury 
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The frequeocy response of the fouodation structure alone was measured aod a usual modal analysis 
of the system was carried out. Then, tbe foundation modal pararneters ideotification tecbniques herein 
described were applied using rotor and suppa1S vibration data measured during run-ups. A comparison 
betweeo analytical aod experimental frequency respoose of the rotor is shown. 

Frequency Response of the Rotor 

Let us consider the structure composed of the shaft and the bearings. The motion equatlons can be 
expressed ln tbe fonn: 

[M]_8: +[R)~+ (K)~ - _!' (1) 

where X is a vector that contai os the rotor displacement .& aod lhe support displacement &. The 
vector f contains tbe forces .f.. acting to the rotor and oil-film forces f'c acting at the connecting points 
between rotor and foundation. Equation (1) then becomes: 

[Mrr)~r + [Rrrl~r + (Rrcl~c + [Krrl~r + (KrcJ~c- Ér 

(2) 

The oil-film forces can be written in terms of relative vibra.tioos Xro between rotor and suppcrt as: 

(3) 

where the matrices [Ko] aod [R0 ] contai o the stiffness and viscous damping terms of the bearlngs 
calculated by a linear app-oach (Pinkus and Sternlicht, 1961; Orcutt and Arwas, 1%6). 

Tbe foundation structure frequency response can be described in terms of modal coordinates g 
which are related to the support displacement &, by the following expression: 

X - [A) q 
-c -

(4) 

The columns of the matríx (A] are composed of lhe components ot the foundation normal modes 
~· The motions equations of the supporting structure can be written in the form: 

(5) 

The matrices [mJ, [r) and (k) contaln the foundation modal parameter IL that are the generalized 
mass m;. the damplng factor r; and the generalized stiffness k1• Let us consider the independent 
variables Z:: 

Equation (1) can be written: 

[M* 1?-+ [R• ]~+ [~ ]~ • _!'• 

where: 

[M*] - [(Mr.J (OJl 
(oJ [mU 

(6) 

(7) 



( R• ] • r<>' 

[ 

(Rrr] (R 1 (A] J 
[A) T (Rc:J [r}+ [A) T (Rc:c:) [A] 

[K"' ] - [ [Kr.J 

(A] T [Kcr] 

t T • {fT,O} 

[Krc:] [A) l 
[k) + [A] T (Kc:c:] [A)J 

lo tbe case of harm.ooic fon:es f.. acting 10 lhe rotor we ootain: 

F - F eiQr 9 - a e101 X • X eiQr 
- r - ro J.o - r -r o 

Therefore eq. (7) beoomes: 

(Hrr) ~ro + (Hrcl 9o • !'ro 

where: 

[H,,) • - 0
2 

(Mrrl + iQ [RrJ + [~) 

[Hr,J - iQ (Rrcl [A] + [K.J [A) 

[Hc:r] • i O [A) T [Rcr] +(A) T (Kc.J 

(Hcc] • iQ (A) T [Rcc] (A) + [A) T (Kc,,) [A) 
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{8) 

(9) 

{lO) 

(11) 

Tbe matrlx [G(Q,,W] depends on both the macbine rotational speed Q and oo lhe foundatlon mcx1al 
parameters ~(Diana et ai., 1988). The mechanical impedance matrix [B) of tbe foundatlon structure 
can be expressed as: 

(12) 

lf the number of normal modes ~is equal to tbe oumber of degrees of freedom Xc, (A] is a square 
matrix anel tbe matrix [B] can be written in tbe form: 

(13) 

The foundation modal parameters can be calculated using parameter ldeotlfication techniques, if 
rotor and supports frequency responses have been measuted, Of using modal aoalysis algaithms, if the 
experimental transfer fuoctions of tbe supporting structure atone are available. Substituting the 
matrices [m], [r] and (lt] in the matrices [M), OU and [K], eq. (7) cao be solved. Therefore, the 
theoretical frequency respmse of both the rotor and the SUpplrts can be calculated, in the time domai o, 
for aoy system of externa! forces acting to the rotor. Moreover, using lhe foundation axx1al puameters, 
the ma1rix [G] can be calculated for aoy rotatiooal speed of interest. Tberefore, solving eq. (10) in tbe 
frequency dcmain, lhe response of lhe rotor due 10 harmonic forces cao be calculated. 
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Modal Parameter ldentiflcation Techniques 

The unknown terms of eq. (lO) are the supportiog structure modal parameters ~ contained in the 
matrices (m], (r] and [k] . They can be caJculated using numericaJ methods that minimize some 
objective functions oo both experimental and theoretical rotor and supports vibration data. 

Method I 

Let us indicate with fl 00 the forces transmitted from the rotor-.bearin&S system to the fooodation at 
the connecting points. Considering eqs. (10) and ( 4), tbe forces fl 00 can be written in tbe following 
fcrm: 

F0 
( Q, F , X ) - F1 (O, p, X ) -co -ro -co -eo - -co (14) 

Let us indicate witb f 1
00 tbe forces transmitted from lhe foundation to the rotor-bearings system. 

These forces can be writreo as: 

+ ((Hcr(O)] (Hrr(o)r'>!',o + ([Hec(Q)) [Arl)~eo (15) 

Moreover, tbe forces .f> 00 and f.100 must satisfy the foUowiog relationsbip: 

F1 
- -( (G(O, p)] [Ar1)X -co - -co (16) 

The forces f" 00 can be caJculated using tbe experimental vibrations Xco of the supports due to tbe 
extemal forces~ ro acting on the rotor. Therefore, it is possibleto calculate Euco<O. ~ro• X0eo) and 
E1

00(0. R. XO 00), as function of the unknown quantities R. using ao iterative method. The objective 
function that must be minimized is: 

f1 - }: }: (F~ok (0, !'ro' ~;0) - F~ok (0, p. ~;0)) 
2 

(17) 
g k 

where ~cole and F1co1c are the forces calculated at tbe k-tb support of the shaft at the machine 
rotationat speed Q. lt is important to undertíne that as the matrix [A] must be inverted, tbe number of 
normal modes of tbe supporting structure must be equat to tbe number of degrees of frecdom 
associated to tbe conoecting nodes of tbe model. 

Method 11 

Tbe oil-fllm forces, that is, tbe forces L at the connectlng nodes, can be calculated substituting lhe 
experimental vibration data Xro into eq. (3). ln the case of an harmonic excitation we have: 

(18) 

Tbe motion of the foundation structure can be expressed in terms of tbe modal cocrdinates Q in the 
following form: 

(-0
2

(m] +iO[r] + [k])9
0 

• - [A)T(iQ[RJ + [K0])~~co (19) 

A first estimate of ~is asslgned. Using eq. (1.9), lhe modal co-ordinates .Qo are calculated; then, 
substituting~ into eq. (4) tbe support displacement &o are evaluated. The objective function is the 
difference between tbe experimental displacement X0cclc(Q) and tbe theoretical ones X0 c<:Ac(0.X0 rco,W• 
both eva1uated at the k-th connecting point: 
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~"' o o o 2 fu • ~ ~ ( X cok (Q) - Xcok (Q, P· ~rco)) (20) 

Q k 

This metbod bas no restriction aboot the number of foundatioo normal modes to take into acc:ount 
and does not require tbe k:nowledge of tbe externa! forces fro applied to the rotor. 

Experimental Set-up 

The experimental set-up is composed of a motor driven rotor, suppated by two lubricated joumal 
bearings whicb are linked to a rigid base plate. On tbe rigid base plate tbere are vertical and horizontal 
uncoupled force transducers fixed at the connecting points between the base plate and tbe bearing 
housing in order to measure the oil film forces. Tbe wbole system can be connected to four springs or 
rigid spacers (Fig. 1). 

The relative displacement between the rotor and the bearings were measured by a couple of 
pwximity probes located at each bearing in venical and horizontal directioos, Furthermore, a couple of 
proximity probes were placed at the middle spao of the rotor. Tbe absolute vibrations at eacb support 
were measured by a couple of accelerometers placed lo vertical aod oorizontal directions. the rotational 
speed was evaluated by a prox:imity probe. The sketcb of tbe rotor and tbe probe positions is shown i o 
Fig. 2. 

I A 

~·-
! ,, 
~--

13 

Fig. 2 Finita alamant modal o1 the rotor and pmbM lo<:atlon 
(P: proldmlty probas, A: accelaromatera, F: force traneducara). 
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Experimental Resulta 

At flrst, the rotor foundation plate was supported (rom rigid spacers. A start-up was cacried out and 
the rotor was brought up to 3600 r/min. The Bode plot of the absolute vibrations of the rotor; 
synchronous with lhe rotational s~d (lX), measured at bearing 2 in the horizontal and vertical 
directioos, are shown in Figs. 3 and 4. This configuration CÍ the fouodatioo structure proved to !>e rigid 
over tbe whole speed range from 150 r!min to 3600 r/min. After replacing the spacers by springs, the 
rotor was started agaio. The IX absol ute vibrations of tbe rotor measured at bearing 2 in the horizontal 
and vertical directioffi are shown in Figs. 3 and 4 respectively. The comparison between the frequency 
response curves shown in Figs. 3 and 4 exhibits the dynamic effects due to the flexible foundation 
structure on the rotor vibrational behaviour. 
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Fig. 3 Experlmen,_l a~luta vtbratlona (1)() of1ha rotor at baarlng 21n tha horlmntal dlrectlon. 
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Fig. 4 Experimental abaolute vlbratlone (1)() oftha rotor at bearlng 2 ln the vertical dlractlon. 
Rlgld toundatlon (do1tad llna), nexlble foundation (aotld tine). 
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ln arder to evaluate the stiffness and the viscous damping coefficients of tbe oil-film., tluid-film 
forces ln the horizontal and vertical directions were evaluated substituting the experimental lX 
vibratlon data, collected during a rotor start-up, into eq. (3).1n Fig. 5, the Bode plot of the 1X harmooic 
component of tbe fluid-film vertical force calculated at bearing 2 is sbown. ln the sarne figure, the 
amplitude and pbase curves of the lX force vector measured at bearlng 2 ln tbe vertical dlrection is 
repated. ln Fig. 6, the theoretical and experimental rotor displacement locus inside bearing 2 ís shown. 
The comparlson between theoretical results and experimental data prove the effectíveness of tbe 
bearing mathematical model for evaluatlng the fluid-film forces. 

Ch-A : F2Y - 1 - rev 
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Fig. 5 Synehronoue eomponent of lhe di-111m force ln the vertteal dlreetlon at bearlng 2. 
Experimental data (eolld Une), theoretleel deta (datted llne). 
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Fig. O Theoretleeland e.~Cpertmentel rotor dleplec.ment loeue lnelde t..arlng 2. 
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fos. 

C1' 
300 
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Fig. 7 Bode plot af tha analytlcal and experimental tnlnaftr ~lon evaluated 
at bearlng 2 ln v.rtlcal dlrecllon. 
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Fig. 8 Thao,..tlcaland experimental (dott.d llna) 1X vlbrationa mNeu...cf at bearlng 21n vertical dlrectlon. 
Modal paramatare evahatad wlth modal anatyele technlquaa applled to experimental ••neftr funcfone. 
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Subsequently, a modal aoalysls of the rotor supporting structure was carried OU I. A harmonic force 
was applied at bearing 1 io the vertical direction. The foundation transfer functions at sixteen 
measurement locations, which included the rotor suppats, were colleted over a frequency range from 
2 Hz to 60 Hz- The maia! parameters are summnrized i o 1àble 1. ln order to evaluate the accuracy of 
the mode parameters evaluation, analytfcal transfer functions were geoerated uslng a synthesis 
operation. ln Fig. 1 the Bode plot of the analytical and experimental transfer functions evaluated at 
bearing 2 ln the vertical direction are sbown. 
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Fig. 11 Th.oretlcal (eolld Une) anel eJCperlmental (dottMIIlne) t X vlbrdone me .. urad at bearlng 2 ln the vertlul 
dlrectlon. Model pereme1ere evalue1ed wlth the ldentJftcatlon method I. 
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Fig. 10 Theoretlcal (eolld llne) and experimentei (dotted llne) tX vlbratlone me .. ured at beerlng 2 ln the 
vertical dlrectlon. Modal paremetere evaluated wlth the ldentlflcatlon method 11. 

The IX frequency response of lhe rotor dueto an imbalance mass applied to tbe disk fixed to lhe 
rotor was calculated. These vibration data were used to evaluate tbe foundation modal parameters by 
the above mentioned identificarion metbcx:ls. The results of these analyses are summarized i o Table 2 
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and 3. As the method I requires that the number of normal modes of the supporting structure to be 
equal to lhe number of degrees of freedom associated with the connecting nodes of the model, only 
four natural frequencies were identified. 

T1bl11 Rotor fall'ldltlon •truc1Lire modlll p1rametere 

Modal Parameters ModeNumber 

1 2 3 4 5 

Natural Frequency (Hz) 6.3 9.0 12.8 14.2 15.7 

Damplng Ratio 0.051 0.034 0.053 0.061 0.034 

Generalized Maas 1.743 1.245 1.663 2.266 1.472 

Generallzed Stiffness 2688 3981 10756 18197 14324 

Tlbl• 2 Rotl:lr foundatlon 1tructur1 modll paremetera • mlthod I 

Modal Parameters Mode Number 

1 2 3 4 

Natural Frequency (Hz) 6.5 8.9 ~ 16.0 17.0 

Oamplng Ratio 0.137 0.078 0.133 0 .089 

Generalized Mau 2.334 3.117 3.170 4.365 

Generdzed Stiln ... 3806 e1a1 35349 50068 

Tlbl•3 Ratar foundatlon atructwr• modal ,paramettra • method 11 

Modal Parameters ModeNumber 

1 2 3 4 5 

Natural Frequency (Hz) 7.8 9.0 14.3 •s.d 19.0 

Damping Ratio 0.194 0.040 0.163 0.026 0.061 

Generalized Mass 4.989 4.994 4 .950 4.069 9.140 

Generalized Stiffness 12108 12485 39934 40203 130084 

Then, the foundation modal parameters were used to calculate the rotor frequency response. At 
first, the modal parameters rep<>rted ln Table 1, evaluated with an usual modal analysis, carried out on 
foundation basis transfer functions, were considered.ln Fig. 8, the comparison between theorelical and 
experimental lX vibrations measured at bearing 2 ln the vertical direction is shown. The comparison 
between the experimental lX vibrations measured 111 bearing 2, in tbe vertical direction, and lhe 
theoretical ooe ootained using the modal parameters identified witb methods I andO is shown in Fig. 9 
and 10, respectively. Finally, a tini te element model of the foundation structure was developed. The 
comparison between the experimental IX vibrations measured at bearing 2, in the vertical dircclion, 
and the theoretical one ootained using these modal parameters is shown in Fig. 11. 
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Fig. 11 Theoretlul (.oUd llne) end eJqMrlm.mal (dotwd llne) 1X vlbretlone me .. ured 
et beanng 2 ln the vertical dlrectlon. Model ~remetere evelueted wflh model enelyele technlquee 

eppUed 1o enaly11eel 1ranefer 1unctlone. 

Concluslons 

Thc theorctical frequency responses obtained by using the modal parnmeters identified with the 
different techniques fit the experimental vibration data with suf6cient accuracy. ' · 

Thc para meter identification metbods describcd in this paper proved to be able to evaluate tbe 
modal parnmeters of rotating machinery foundatlons, using rotor and supports vibration data. These 
tcchniques can be very useful when only the frequency response o f the foundatioo structure is not 
available. The capability of the metbods is i nflueoced by the accuracy of the initial estima te of the 
foundation normal modes. 

Nomencleture 

(A) • modal matrix (mi • modal mass matrix of lhe system ln hybrid 
[B(Q,J2)) = meehanical impedanoe foundation cootdinates 

matrix of lhe foundation (M] .. mess matrix of the 
~ • coordinates of the 

.E,ç • forces transmitted system foundation at the 
between rotor and [Mil] • mass matrix of the conneeting points with 
foundation at the system in hybrid the rotor 
connecting points ooordinates 

E, .. extemal forces applied p .. vector of the modal & • coordinates ot the rotor 
on lhe rotor parameters of mass. ~c:. relativa coordínates at 

(k) modal stiffness matrix of stiffness anel damping the conneeting points 
the foundation q c modal coordinates with the rotor and the 

[K) = stiffness matrix of lhe [r) modal damping matrix of foundation 
system the foundation 

z" veetor of the hybrid [K"] stiffness matrix of the [R) ,. damping matrix of lhe 
system in hybrid system coordinates 

coordinates [R"] .. damping matrix of lhe o = excttation frequency 
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Mcthod II does not need lhe knowledge of the ex1crnal forces applied to the rotor and that the 
number of nccrnal modes be equal to the number of degrees of freedom associatcd wilh the connecting 
poinrs. 
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The present paper is concemed with tbe high temperature lifetime prediction in metallic materiais. li is proposed 
an elasto-visooplastic constituUve model, developed wllbin lhe frll1!1eworlc of Conlinuous Damage Mech.anica, 
that takes into accounttbe coupling between lhe creep and low-cycle fatigue mechanism. The baslc features of 
tbis model are shown by simulating a slainiC$5 steel bar subjected to cyclic loadings ai differenttemperalllres. 
The applicability and lhe usefulness ofthe theory are verified by means of e.xamples conceming lhe lifetime 
prediction of a stainless steel pipe at 6()()lC under complex pres.sure loadings. 
Keywords: High Temperature Lifetime Prediction, Continuous Damage Mecba.nics, Oeep, Fatipe, Mettalic 
Materiais 

lntroductJon 

Prediction of li fetimes under complex loadi ngs and environment constitutes an lmportant but 
difficult step ofthe design of rnetallic compooents workingat high temperature since it is necessary to 
take into account the viscoplastíc behaviour as well as crack inítiation under creep and fatigue 
condition. 

Low cycle fatigue, or plastic oligocyclic fatigue, is considered when lhe plastic strain involved is 
big enough to be measured. This oorrespoods to stresses higher than the yield stress and, in general, to 
less lhan 10000 cycles to failure. ln metals. the fatigue damage is mainly in the form or mícro-cracks 
whicb are transgranular. 

Creep damage occurs in metais mainly duríng tertiary creep at temperatures above 1/3 of the 
absol ute melting temperature. ln this case, viscoplasticity induces important time depende nt 
phenomena. Monotonic 01 cyclic loadings first induce lhe accumulat ion of dislocations at lhe points 
between crystals leading to microcavities and then intergranular micro-craclcs and micro-voids on 
grain boundaries or at the junction of severa! cristals. Tbese micro<avities may grow as a funclion of 
ti me even if lhe stress remai os constant. 

The prediction of the faiJure of a mechanical component is generally made througb parametric 
equations. relating lifetíme to some stabilized cyclic quantities sucb as elastic cr inelastlc strain ranges. 
As a complementary aprrouch, lhe contioous damage coocept adopted in this work (Kachaoov, 1986; 
l.emaitre and Cabocbe, 1990; l.emaitre and Dufailly, 1987; Lemaitre, 1984; Lemaitre, 1987; Hubscher, 
1992) leads to the development of a macroscopic description of the sucessive physical phenomena 
giving rise to the crack initiation. ln tbe theory, a damage internal variable describing the progressive 
deterioration of the material before tbe macroscopic crack initiation is introduced. A particular 
definition of this damage variable gives a macroscopic measured whicb constitutes a guideline to the 
development of differential darnage equations. Classically the damage varlable (called D) increases 
during lhe life from zero fcr a virgin state to one at failwe. 

Manuscript recelwd October 1992. Assodate Technical Ed~or. A,genorde Toledo Fleury 
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The main purpose of this paper is to use the Continuous Damage Mecbanics to analyse the 
cumulative damage io elevated temperature steam pipes. The ínterest in the area of remainiog Iife 
prediction arises from the need to avoid costly outages, safety coosideratioos and the necessi ty to 
extend lhe component operation life beyond lhe original design life. 

Some examples show the possibilities of this approach: Jnitially the low cycle fatigue of stainless 
steel bars subjected to cyclic loadings at 2()QC and 6()()0C is analyzed. The predicted lifes are compared 
to those obtained by coosidering lhe eN method, bascd on tbe Coffin-Manson law (Hubscher, 1992). 
Then, lhe creep damage analysis of the bars at 60Q9C is performed. FinaJiy, the theory is employed to 
estima te lhe life of elevated temperature steam pipes, considered as thin walled pressure vessels. Stcam 
pipes are typically used uncler high temperature operating conditioos. Because of the combination of a 
variable pressure loading and high temperature exposure, they are likely to be subjected to creep
fatigue damage. 

Constitutive Model 

The set of elasto-viscoplastic coostitutive equations used ín this work describes the mcchanical 
bebavior of metallic materiais submitted to non-monotonic loadings. These equations are an extenlion 
of the damage models proposed by L.emaitre and Chaboche (Lemaitre and Caboche, 1990; Lemaitre 
and Dufailly, 1987; Lemaitre, 1984; Lemaltre, 1987). Sucb kind of constitutive theory has a strong 
thermodynamic basis and a carefull presentatlon can be found in Hubscher, (1992); Pacheco, (I 992) 
and Costa Mattos, (1988). ln this paper, we will only summarize the main features and restril1 thé 
study to isothermal transformations. 

ln order to model tbe complex behavior of rnetallic materiais at high tempcratures, besides the 
stress o, the total strain e and lhe anelastic strain e.a, we will introduce a macra.copic internal variable 
O (Os O< 1 ), called Damage. Tbe variable O is a macroscopic quantity wbich can be interpreted as a 
local measure of the degradation (damage) of the material induced by the anelastic deformation. lf 
0=0, tbe material is virgin and when O-+ 1 the. materialloses locally its mechanical strenght. ln 
genera.l, for the sake of security, the rupture is supposed to take place when the variabie O reacbes a 
criticai value Der sucb that O< D < 1. For furtber details about tbe physical intcrpretation of D see 
Lemaitre and Dufailly (1987). cr 

The following set of constitutive equarions is proposed: 

o ii - ( 1 - O) Cijtd ( ekl - e~,) 

·a 3 F o(S;j-Xii) 

"ii- 2(1-D) ({1-D)k) J(S-X) 

2 ·n ~ l/2 
p • (3(E;j) j 

R • bd exp( -dp) p 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

where a, b, d, k, n, cp, r, Se and Sr are material constants; o .. are the components of the st·ress tensor u; 
Cijkl are tbe components of the clnssica.l symmetric four&-order tensor of elasticiiy C (in tbc next 
sections we will consider isotropicelastic materiatis whlch have only two indepcndent componcnts in 
the elastic tensor); p, X;1 and R are aux.lliary variables; Dr is the fatigue dnmage and De is the crccp 
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darnage. The maio differences between this constitutive model and tbe elasto-viscoplastic equations 
presented ln Lernaitre and Ctlboche (1990) are tbe evolution law (1.6) aod the definition of lhe yield 
functloo F which has the following forro: 

F - J ( S- X) - R- ( 1 - D) R0 (2) 

where J (S- X) - :. (Sij- XIJ) 112J . S;j=O;J . (1/3)okk are the components of tbe deviatoric ~ 
~112 

stress. ~ is a materia constant. 

lf F s O then i~- O, p• O, X;j• O, R- O and Dr- O, co nsequently, lhe only dissipative 
mecbanism will be lhe creep damage. 

Wben R=O and X;j=O, the condition F <O is nothing else tban the classical \bn-Mises criterion: 

J (S) - R0 <O (3) 

It can be verified that tbe elastic domai o presented in tbe equation ~e set of tbe stresses o
such that F(o•, R=O, X;j=O, 0=0)<0) defines a sphere of radlus ,j(213)R0 in the space of the 
principal components of the deviatoric stress S . Bxperimentally, it is ve.rified that the anelastlc 
deformation induces an evolution of tbe elastic domain - a translation (lcnowo as lcinematic hardening) 
anda dilatation or coot.ractioo (koown as isotropic hardeoing). 

Using the equations (1), it can be shown that if R=O and ~ro at time t=O, the evolution of the 
elastic dcmaln (the set of the stresses o• sucb tbat F(o• , R(t), X;J(t), D(t))< O) will be characterized by 
a dilatation or contraction (dueto tbe term R(t) + (1-D)Ro) and by a translation (dueto X(t)) of the 
initial elastíc domain (defined by the \bn-Mises aiterion) 

Equations (1.2) and (1.4) implie that tr(t~=O. This means that the anelastic deformation do not 
change the volume of tbe body. The equatioos (1) describe adequately lhe mechanical pbenomena of 
damage, elasticity, plasticity, creep and relaxation observed in many metallic materiais at hlgb 
temperatures. Experimental procedures to measure lhe variable D can be found in Lemaitre and 
DufaiUy (1987). 

A consistent constitutive theory based on tbe concept of internal varlables must not admit 
processes where lhe second law of tberroodynarnícs is not satisfied. lt can be shown (Costa Mattos, 
1988) tbat tbe equations (1 ) will always·verify tbe second law restriction independently of the 
geometry of lhe body, of lhe extemalloadings and of tbe boondary conditions. 

Slmulatlon ot Cycllc Unlaxlal Testa 

The analysis of uniaxial problems ís interesting since it allows the comprehension of the basic 
features of tbe theory. ln a tensile test, tbe stress component in the axial directioo is ou=(T/A). where 
Tis the axial force andA is the cross-section ares. Ali other components are equal to zero. 

The Fig. 2 shows the curve on versus e:x computed for a 316 L stainless steel bar under traction
compression (maxoxx=-rnínoJuu see Fig. 1). The stress range is Ó.Oxx = 660MPa (ó.oxx = maxoxx • 
minoxx). The material parameters are: E"'196000 MPa, Ro=l33 MPa, k..:::l51 MPa secClln). n=24, 
a =162000 MPa, b=60 MPa, d =8, cp=2800, Sr=2 .5 MPa·1, Sc=O. 11 is important to remark that the 
parameter Se is equaJ to zero, hence, tbere will only be fatigue damage in this case. The parameters E, 
So. k, n, a, b, d, cp are given in Lemaitre and Caboche {1990) and lhe parameter Sr was obtained frorn 
fatigue tests. The curve in Fig. 2 was obtained by solving numerically (using a fourth order predictor
corrector technique) the system of ordlnary equations formed by the constitutlve equations(l) and lhe 
following initial conditions: e•;j(t.=O) =O; p(t=O) = O; ~j(t=O) =O; R(t:O) = O; D(t"'O) "'O. Ali the 
results presented in the next secttons are obtained considermg tbe sarne set of initial condltions and tbe 
sarne kínd of numerical techique. IIS obvious that, dueto the particular forro .of lhe stress tensor iD the 
uni axial case, it is possible to do many simplificatJons in tbe system of equations (1). ln this case it can 
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be shown (Pacheco, 1992; Costa Mattos, 1988) thatthe anelasticstrain ea is such that-( e~x)/2 = E~z = 
e:zand that tbe kincmatic bardening variable X is such that -Xu/2 = Xyy = Xn (all otber components 
are equal to zero). 

l 
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- J.60E8 L....,......._.._._ ........................... ...._.........._ .......................... ~ ........................... 
-6.00(-J 9.31(-10 6.00[-J 1.20E-2 1.8()[-2 
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Fig. 2 C1xx verau. e: curve. 316 L atalnle .. ateei a120'C 

The evolution of e!x is shown in Fig. 3. The anelastic strain range (At:x = maxe~x·mine!x) per 
cycle initialy decreases to a minimum value and lben it increases untilthe rupture. Jn this kind of 
material, the criticai value Dcr=0.2 is taken as the limit to the macroscopic crack initiation. 
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The evàutlon of lhe damage variable D is presented ln Fig. 4. 
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Fig. 4 D wrsue t curve. rnaxOxx•oftlinOxx-330 MPa 

It can be verified that lhere is a cbange in lhe bebavior of tbe curve D versus t after the cycle Nr 
whcn it is assumed lhe initiatioo of a macrocrack. After lhe cycle Nr. tbe damage increment AD anel tbe 
cumulated anelastic sttain increment lip per cycte inaease very quicldy. This change in lhe response of 
lhe material cao be easily seen in tbe curve oxx versus Di o Fig. 5. 
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Fig. 5 Oxx vereu• D curve. maxoxx • -mlnoxx•330 MPa 

The predlcted Hfes for this stalnless steel bar under traction-compression using the t:N method and 
the proposed theory considering two values for Der are presented in Fig. 6. ln the tN method, the 
number of cycles Nr is computed from the following formula: 

(4) 

where CJ> Cz, kc, Mco Y1> and y2 are material constants. Fcr this stainless steel at 20'C we have (l.emaitre 
and C.aboche, 1990): c1=0.34, ez=3280 MPa, y1=2.07, Y2=5.70, kc=811 MPa, Mc=l0.5. 

At the temperature of 6002C, the material constants for this stainless steel are: E=l31000 MPa, 
Ro=6 MPa, k= 150 MPa secCI/n), n=l2, a=24800 MPa, b=80 MPa, d=lO, cp=300, Sr=2.5 MPa·1, 
Se=112.9 (MPa hourr1, r=6.5. 

It is impcrtant to remark that the parameter Se is different from zero. Hence, (n this case, there wilt 
also be a creep damage. The parameters E, R0, k, n, a, b, d, cp, are given in lemaitre and Caboche 
(1990), the parameter Se was obtained from fatigue tests, Se and r=6.5 were obtaioed from creep tests. 
ln Fig. 7 it is shown the number of cycles Ne necessary to reach a damage value Dcr=O.S (taken as a 
criticai value) for different values of óoxx· lt can be verified that there is a very small evolution of De; 
and, hence, the damage is mainly dueto fatigue. 
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Simulation of Creep Tests 

The system of equations and lhe initial conditions used 10 model a creep test is similar to those 
used 10 model cyclic uni axial tests cL the stainless steel at (J()()!'C. The only difference is lhat in this case 
lhe stress component Oxx is a constant value. The times te necessary to reach a criticai damage 0 =0.5 
for different stress values are: lc=535 years when oxx=80 MPa; tc=l25 years when Oxx=lOO MPa; 
tc=38 years when oxx= 120 MPa. lt can be verified that tbere is a very small evol ution cL Dr and, hence, 
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thc damage is mainly due to the creep mechanism. The evo.lution of e~x for an initial stres.s 
o,.x=80MPa is shown in Fig. 8. The proposed model allows an adequate modelling of tbe primary, 
secondary and tertiary creep observed ln metais and alloys. 
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Fig. 8 Evolution of t~x in a creep IHI 

The evolution of the damage variable in the sarne test is given in Fig. 9. 
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Steam Pipe Under Variable Pressure 

Denoting P the internal pressure, r the inner r.adius ande tbe wall tbickness and oonsidering that 
(lOe) < r, the stresses in a steam pipe subjected 10 apressure loading can be approximated by: 
aoo=(Pr)l(e), o.u=O, orr=O, ali other compooents are equal to zero. 

We wil l considera remperatureof 600°C, with the following pressurehistory 
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The times 1c necessary to reacb a criticai damage D=0.5 for different maximum pressures Po are: 
t.,=824 years when Po=2 MPa; lc=56.4 years wben Po=3 MPa. ln this case there is a small evolution of 
lhe fatigue damage, nevertheless, the cyclic loading shown in Fig. 10 leads to a mechanical response 
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whicb is very different from the response obtained if a constant pressure Po=3 MPa is considered 
(tc=48 years). Dueto the ratcheting phenomenon, tbe anelastic deformations are bigger in the case of 
cyclic loading than in the case of constant loadlog (see tbe evolution of lhe anelastic strain t~ for 
both cases ln Fig. 11). 

On the other hand, the damage rate in the constaot pressure case is bigger than in the variable 
pressure case, as it can be seen in Fig. 12 
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Concluslon 

The classical methods for lifetime prediction, altbough very effective in many practical situation.c;, 
are generally restricted to some simple geometries and cannot be geoeralized sistematically. Thc 
continuum damage models are more co~plex and difficult to apply in simple problems, neverthelcss, 
they a re valid for any kind of geometry, for any kind of loading and bave a very strong 
thermodynamical basis. Tbe model proposed in this paper to predict tbe creep/low-cycle fatigue 
damage of steam pipes allows the simulation of the elasto-viscoplastic t--.::: .. ,vior and can be uscd evcn 
if complex loading histories are considered. Tbis work is a first auempt to develop a general 
methodology for tbe prediction of the remaining Jife of meohanical components operating at elcvatcd 
temperatures. This is fundamental to extend tbe operation life beyond lhe original design life. A more 
complete version of the constitutive equations (1), including variable temperature effe.cts, can be found 
i n Pacheco ( 1992). 
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Abstract 
This paperpreseniS theresultsobtainedfrom asearchin thelíteratureabout theproblem ofminimum fuel consumption 
spacecraft orbit transfer. The problem and severa! of its models are presented to allow a non·exper1 reader to 
underst.and them. More than one hundred papers are dlscussed allowing the reader to have a lirst idea about their 
contents before a more detailed study. The majority ofthese papers are available in Brazilian libraries. 
Keywords: Orbit Transfer, Spacecraf1 Maneuvers, SateUite Orl>it Control. 

Resumo 
Este trabalho tem por objetivo aprel>entar os resultados obtidos de u.m estudo da bibliografia existente sobre o 
problema de transferências de órl>itas de um veículo el>pacial com consumo mínimo de combustfvel. O problema e 
as principais linhas de modelagem são definidos, de modo a permitir ao leitornáoespedalista no assunto um primeiro 
conta to com o problema, bem como a fácil localização de mais de uma centena de artigos, a maioria disponíveis em 
bibliotecas brasileiras. Os artigos são citados de acordo com as definições apresentadas, permitindo ao leitor um 
conhecimento prévio do contet1do dos mesmos, antes de estudá-los em detalhes. 
Palavras-chave: Transferência de Órl>ita, Manobras de Veículos Espaciais, Controle de Órbita de Sarélltes. 

Introdução 

O problema de transferir um veículo espacial (dotado de propulsores) de uma órbita para outra tem 
crescido de importância nos últimos anos. Aplicações podem ser encontradas em diversas atlvídades 
espaciais, tais como na colocação de um satélite em órbita geoestacionária, no deslocamento de uma 
estação espacial, na manutenção de órbita de um satélite, no envio de sonda interplanetária, etc. 
Localmente, em termos de Brasil, uma importante aplicação desse tópico é a lransferênda inicial (para 
a sua órbita final) e a manutenção dessa órbita, que serão requeridas pelo primeiro satélite brasíleiro 
de seosoriamento remoto, que faz parte da MECB (Missão Espacial Completa Brasileira). A MECB 
é inicialmente composta por um oonjunto de quatro satélites: os dois primeiros de coleta de dados e 
os dois últimos de sensoriamento remoto, e foi criada com o objetivo de dotar o Brasil de capacidade 
de produzir e lançar seus próprios satélites. Os dois últimos satélites, de .-.cnsoriamento remoto, são os 
que requerem esse tipo de manobra. 

Neste trabalho é apresentada a definição formal do problema e as principais linhas de modelagem. 
Mais de uma centena de referências são estudadas e apresentadas. O objetivo é proporcionar ao leitor 
com conhecimentos básicos de mecânica celeste e teoria de controle ótímo um rápido entendimento 
do problema, bem como servir como um "guia" para referências que estudem esse problema em 
maiores detalhes. O problema será sempre discutido em termos de transferência com mínimo consumo 
de combusúvel, embora outras variantes do problema existam na literatura, tais como: tempo mfnimo 
para transferência, velocidade final mínima, encontro com outro veículo espacial, problema de 
Lambert (Battin e Vaughan, 1984), etc. 

Esse artigo é baseado na dissertação de mestrado intitulada "Análise, Seleção e Implementação de 
Procedimentos que Visem ManobrasOtimasde Satélites Artificiais" (Prado, 1989), que foi desenvolvida 
e apresentada no Instituto Nacional de Pesquisas Espaciais (INPE). Maiores detalhes e testes numéricos 
podem ser encontrados nessa referênc.ia. 

Manuscript receilled September 1992. Associate Technlcat Editor: Agenor de Toledo Fleury 
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Definição do ProbJema 

Em termos conceituais, a transferência de um satélite com consumo mínimo de combustível 
consiste (Marec, 1979) em se alterar o estado (posição, velocidade e massa) de um veículo espacial das 
condiçõeseo. ~e mono instante lo. para It, ~em, no instante t,(t1:t:to) com o menor gasto de combustível 
(mo-mt) possível. A transferência pode ser completamente ~nculada (no caso de "rendezvous", como 
aparece, por exemplo, em Wolfsberger, Welb e Rangnitt (1983) e Yablon'ko (1982)) ou parcialmente 
livre (tempo livre, velocidade final livre, etc.). No caso mais geral, deve-se fazer a escolha da direçáo, 
sentido e magnitude do empuxo (o controle disponfvel) a ser aplicado, respeitando-se os limites dos 
equipamentos disponíveis. 

Em linguagem matemática, utilizando o ferramental de Controle Ótimo, tem-se a seguinte 
formulação: 

Deseja-se minimizar globalmente: 
m1 (massa final do satélite) 

Com relação a: 
.11(.), o controle procut'8do, pertencente a um domínio U 

Sujeito a: 
Equações dinA.micas do movimento; 
vrnculos devidos às órbitas inicial e final; 
Outros vfnculos desejados (regiões proibidas à propulsão, valores máximos e/oo mínimos 
das variáveis de controle, etc.). 

Dados: 
Todos os parâmetros necessários (gravitacionais, características do satélite, etc.). 

Opções para Modelagem da Dinâmica, do Atuador e do Método de 
Otlmlzação 

A literatura sobre o assunto apresenta diversas modelagens na abordagem desse problema. Essas 
diferenças em modelagens podem ser divididas em três partes: diferenças quanto aos vfnculos 
dinâmicos (equações de movimento), diferenças quanto ao controle aplicado (modo de atuação dos 
propulsores) e diferenças quanto ao método de otimização. 

a) Diferenças quanto aos Vínculos Dinâmicos (Equações de Movimento) 
Quanto as diferenças nas equações de movimento, a literatura pode ser dividida em 4 categorias 

básicas: 

i) Modelagem simples de dois corpos. É assumida a presença de um astro massivo (como a Terra, 
a Lua, etc.) e de um vefculo espacial de massa desprezível viajando nos arredores desse astro. Nenhuma 

Nomenclatura 

c = velocidade característica 
C = constantes 
O = dlreção do multipllcador 

de Lagrange 
f = equação de movimento 
F "' força do propulsor 
g = campogravltacional 
G = tensorgradientede 

gravidade 
H hamiltonlana 
m = massa 
N constante 
o "' órbita 
p = multiplicador de Lagrange 
r = posição 
s "' "range angle" 

t = tempo 
T = perfodoorbital 
u = con1Tole 
U = domfniodocontrole 
U = função definida pela 

equação(7) 
v,V = velocidade 
W .. velocidade de ejeçãode 

qases 
a = angulode*pitch" 
a' ,. constante 
p .. ângulo de "yaw" 
P' = constante 
r = aceleração do propulsor 
A "' variação 
14 = constantegravitaclonal 

Sub-escritos 
= vetor 

c .. valorrela1ivoavelocidade 
caracterlstica 

f = valor final 
i = valor intennediário 

MAX= valor máximo 
r = valor relativo à posição 
v = valorrelatlvoàvelocldade 
O = valorinicial 

Super-escritos 
• = valor ótimo 
, = denotam primeira e 

segunda derivadas 
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penurbação de outros corpos~ assumida, e os dois corpos envolvidos sAo assumidos como pontos de 
massa. Todas as fases sem propulsão são assumidas como órbitas Keplerianas. É de longe o modelo 
mais estudado, devido à sua simplicidade, rapidez no fornecimento de resultados, existência de 
soluções analfticas e boa precisão na maioria das situações. É sempre o ponto de partida de uma análise 
de missAo, independente da complexidade da mesma. 

li) Modelagem de dois-corpos perturbados. É o passo lógico seguinte. É adocado o modelo 
matemático do item anterior, acrescido de uma oo mais penurbações no sistema. Entre as perturbações 
mais comuns estão: não esfericidade do astro principal, atrito atmosférico, existência de presslio de 
radiação (quando. o Sol está presente no sistema), presença de outros corpos, etc., Raramente existem 
soluções analíticas para esta modelagem, e integração numérica é a ferramenta mais utilizada. 
Uneariz.ações em tomo de uma órbita de referencia para obtenção de resultados analíticos aproximados 
são também muito comuns. É um refinamento comum em análise de mlssOe~ após um estudo feito com 
a modelagem exposta no item i. 

ill) Modelagem com tris-corpos. É uma modelagem muito comum para o estudo de trajetórias 
lunares e interplaoetárias. É assumido a presença de apenas três corpos no sistema, que slio tratados 
como pontos de massa. Nenhuma outra perturbação é considerada. e muito comum o caso particular 
~nominado "Problema restrito de três corpos". bastante detalhado no livro "Tbeory of Orbits'' 
(Szebehely, 1967), onde o objetivo é descrever o movimento de um ponto de massa desprezível (por 
exemplo um vefculo espacial) influenciado pela atração gravitacional de dois corpos massivos (que são 
chamados primários, como por exemplo a Terra e a Lua) durante toda a trajetória. Essa modelagem nãc 
possui solução analítica e usualmente integrações numéricas são efetuadas. 

lv) Modelagem com N-corpos. Essa modelagem assume a presença de um número arbitrário N 
de corpos celestes. Outras perturbações geralmente não são incluídas e todos os N corpos são tratados 
como pontos de massa. Um exemplo para o caso N=4 pode ser encontrado em Pu e Edelbaum (1975). 
Importantes aplicações para esse tipo de modelagem ocorrem em miSSOes multi-planetárias (diversos 
planecas e/ou satélites visitados por um mesmo satélite) como por exemplo as missões Voyager I e II, 
Oaliloo, etc. Em geral essa modelagem é utilizada para refinar uma solução encontrada por uma 
modelagem mais simple~ como a de dois ou três corpos. 1ntegrsção numérica e linearizações em tomo 
de uma órbita nominal são recursos usados com frequência. É também muito comum o uso de manobras 
gravitacionalmente assistidas ("Swing-by") (Broucke, 1988, Szebehely, 1965 e Broucke e Prado, 
1993a), onde a passagem por um dos corpos celestes é utilizada para fornecer energia ao vefculo 
espacial para que ele complete a sua missão. 

b) Diferenças quanto ao Controle Aplicado (Modo de Atuaç6o doa Propulsores) 

Quanto a modelagem do atuador (empuxo a ser aplicado ao vefculo espacial) podemoo notar a 
presença de duas grandes categorias: 

I) Empux.o infinito: É assumido que o motor seja capaz de aplicar um empuxo instantâneo e de 
magnitude infinita. O efeito desse impulso é medido através de uma vari~ instantânea na velocidade 
do veículo espacial ( t.V), que é suposto ter um.a trajetória contínua. to modelo mais aplicado na 
literatura, devido a sua simplicidade e razoável precisão. 

U) Empox.o continuo: É assumido que o motor seja capaz de aplicar um empuxo finito por UJ)l 

tem pó di ferente de zero. O efeito desse empuxo é medido por integrações numéricas das equações de 
movimento ou linearizações válidas por um curto período de tempo. Diversas variantes podem ser 
encontradas na literatura quanto ao grau de liberdade do ernpuxo: magnitude constante ou variável, 
possibilidade de mudar a direção do empuxo livremente ou com restrições (restrito a um plano ou cone, 
etc.), possibilidade de desligar o motor e alternar arcos propulsados com arcos balísticos, etc. 

c) Diferenças quanto ao Método de Otlmlzeçio 

Quanto ao método de otimização, podemos agrupar a maioria da literatura existente em três grandes 
grupos: 

I) Método direto. O problema é reduzido à busca di reta de valores numéricos para um determinado 
número de parâmetrOS. Algorfrmos computacionais são empregados para gerarem métodos iterativos 
que encontrem os valores dos parâmetros que tomem um certo funcional mínimo. 
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ü) Método ind.ireto. Condições necessárias de primeira ordem (equações de Euler-Lagrange) são 
escritas e resolvidas analítica e numericamente. Essa solução nos fornece os dados necessários para 
encontrar a solução final procura~. 

iii) Método bibrido. Condições necessárias de primeira ordem (equações de Euler-Lagrange) são 
escritas e resolvidas através de uma busca di reta de parâmetros, a exemplo do método direro. Em outras 
palavras, as equações de Euler-Lagrange transformam o problema original num outro equivalente, que 
é entAo resolvido pelo método direto. 

Tlpoa de Manobraa 

O número de aplicações do problema de transferências orbitais 6 bastante grande. Em todo caso, 
é possível agrupá-las em duas categorias principais, quanto ao tipo de manobra$ envolvidas: 

i) Traoferincias de órbita. Manobras de grande amplitude, destinadas a alterar significativamente 
a órbita do veículo espacial. Bons exemplos são: transferência$ de um satélite em baixa órbita terrestre 
parn uma órbita alta (como a geoestacionária); transferências à Lua ou outros planetas, etc. 

ü) Co~ de órbita. Manobras de pequena amplitude, em geral feitas com o objeti vo de manter 
um veículo espacial em determinada órbita, ao invés de alterá-la. Essas manobras são necessárias para 
compensar efeitos perturbadores que tendem a alterar a órbita nominal do veículo espacial. Bons 
exemplos são: manutenção de uma estação espacial, manutenção de satélites geossíncronos e 
heliossíncromos, etc. 

Revisão da Literatura 

O problema da transferência ótima de um veículo espacial entre dois pontos teve em R. H. Goddard 
(1919) um. de seus primeiros estudiosos, que propôs soluções aproximadas para o problema de enviar 
um foguete a grandes altitudes, da forma mais econõrnica possível. É um problema intimamente 
relacionado ao tratado neste trabalho, embora não exatamente o mesmo. 

A Transferincla de Hohmann 
A seguir veio o trabalho de Hohmann (1925), que obteve a solução ótima do problema de 

transferência de um veículo espacial entre duas órbitas circulares e coplanares em um campo 
gravitacional Newtoniano (que atua com uma lei do inverso do quadrado da distância). Essa solução 
ainda é usada até hoje, sob certas circumstândas, e foi considerada como a solução final do problema 
até 1959. Ela estuda o caso de uma transferência bi-lmpulsiva entre duas órbitas circulares e coplanares 
com tempo livre. Os passos principais envolvidos nessa transferência estão resumidos abaixo. 

Na órbita inicial (01) aplica-se um impulso na direção do movimento e de magnitude dada por 
lN a=lf2(r;'r0}1[(r1/r0)+1]} an.lfV o. onde: r0 = raio da órbita inicial, r1=raioda órbita final, V0 = velocidade 
do veículo na órbita inicial, T0 = período da órbita inicial. Com isso o veículo entra numa órbita de 
transferência elfptica (0) com periápside r0 e apoápside r1• Então, espera-se que o veículo complete 
meia revolução e atinja o apoápside, quando é aplicado o segundo e último impulso, na direção do 
movimento e com magnitude dada por 6Vr:=(rrfr0}111f1-{2/(l+rJr0)}4Vo. que faz com que o veículo 
entre em uma órbita circular de raio r1• Com isso tem-se que o tempo de transferência é a metade do 
período orbital da órbita O, isto é t=(1(2){[1 +r,/r0]/2} lf2T o- Maiores detalhes na obtenç:io dos resultados 
acima podem ser obtidos em Marec (1979) e uma demonstração analitica de que a transferência de 
Hobmann é a verdadeira transferência ótima bi-impulsiva pode ser encontrada em Barrar (1963). 

A transferêocia de Hohmann obteria, com o passar do tempo, grandes contribuições de outros 
pesquisadores e seria estendida ao caso elfptico (transferência entre duas órbitas elípticas, com empuxo 
infinito apücado nos ápsides), como em Marchal (1965). Smith (1959) obteve soluções exatas e 
aproximadas para diversos casos de transferênci.as entre duas órbitas coplanares, tais como: órbitas 
com eixos alinhados ou quase alinhados; uma das órbitas quase circular; as duas órbitas quase 
circulares. Bender(1962)apresentaumamodelagemabrangente,capazderesolverqualquertransferênda 
entre órbitas coplanares. Posteriormente os casos de órbitas não.-coplanares também foram incluídos, 
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adicionando-se componentes de empuxo fora do pl:ano das órbitas inicial e final. McCue (1963) atacou 
o problema de uma transferência bi-impulsíva entre duas órbitas elípticas inclinadas, Incluindo a 
possibílidade de "rendezvous". Em Eck.el e Vinh (1984) encontra-se a solução ótima para o C$0 de 
transferências entre órbitas elfptícas nAo-coplanares com tempo ou combustível fixo em que, quando 
se faz o tempo tender a infinito, chega-se ao resultado de Hohmann. 

Outtas colaboraçOes vieram no sentido de obter a diferença entre o caso ideal (empuxo infinito) e 
o real (empuxo finito), como em Zee (1963) que, aproximando o empuxo aplicado como de direção 
perpendicular ao raio focal (raio vetor que vai do centro de atração ao veiculo) e magnitude constante, 
obteve expressões analftícas para o consumo extra de combustível (quanto combustível extra seria 
necessário para efetuar a manobra prevista), deficiência de energia (quanto de energia se teria a menos, 
caso a manobra fosse efetuada com o combustível previsto pelo caso ideal) e variação dos elementos 
orbitais (quanto cada elemento orbital da órbita finita seria diferente do nominal, caso a manobra fosse 
realizada com o combustível previsto pelo caso ideal) devido à situação não ideal do propulsor, para 
düerentes valores do empuxo real aplicado. 

Outra variante encontrada na literatura (Melton e Jin, 1991) consiste no estudo da transferência 
entre duas órbitas circulares com dois impulsos de magnitudes fixas, onde o objetivo é encontrar as 
di reções dos impulsos. 

A Traneterincla de Hoelker e Sllber (BI•elíptlca e Trl-lmpulalva) 
No final da década de 50, Hoelker e Silber (1959) mostraram que a solução de Hohmann era a 

solução ótima apenas quando a razão entre os raios das órbitas final e inicial é menor que 11,94. Nos 
outros casos a transferência bl-elfptica tri-impulsiva é mais econômica. Fssa transferência segue os 
seguintes passos: I) Aplica-se o primeiro impulso (AV0) na órbita inicial, na direção do movimento do 
veí<;:ulo, e com a magnitude tal que ele entre em uma órbita elfptica 0 1 com periápside r0 e apoápside 
r;. E preciso que r1>r,, caso contrário a transferência de Hohmann seria mais eficiente; li) Quando o 
veículo atinge o apoápside r1, aplica-se o segundo impulso (AV), também na direção do movimento, 
e com magnitude tal que faça com que o veículo entre em uma órbita elfptíca 0 2 com apoápside em 
r1 e periápside em r1; lli) Quando o veículo atinge o periápside aplica-se o terceiro impulso, agora 
contrário ao movimento, e com magnitude tal que faça com que o veículo entre em órbita circular de 
raio r,. 

É importante notar que a transferência é tanto mais eficiente, isto é, apresenta um menor valor na 
soma dos incrementos de velocidade necessários em cada etapa, quanto maior for o valor de r;, 
conforme demonstrado em detalhes em Marec (1979). Essa manobra é mais eficiente que a manobra 
de Hohmann devido ao fato do segundo impulso ser aplicado longe do centro de atração, o que diminui 
o combustível necessário, porque a força de atração é muito mais fraca nesse ponto (ela é inversamente 
proporcional ao quadrado da dlstância.entre os corpos). 

Essa linha tri-impulsiva também mereceria a atenção de outros pesquisadores, que a estenderam 
ao caso elfptico (órbitas inicial e final elfpricas), como em Tlng (1960) que também mostrou que a 
aplicação de mais de três impulsos não pode levar a uma solução mais económica (no caso ideal de 
empuxo infinito), e de Roth (1967) que obteve a solução de mínimo incremento de :velocidade para a 
transferência bi-elfptica com mudança de plano orbital. 

Uma interessante comparação de resultados, com relação ao tempo necessário para uma manobra 
de "rendezvous" (o problema de transferência completamente vinculado, em que um veículo espacial 
tem que encontrar um outro veículo espacial em órbita livre), aparece em Billik e Rom (1961) que 
mostrou que, na maioria dos casos, a transferência de Hohmann leva um tempo bem maior que a bi
elíptica. 

A Traneferincla Bt-Parabólica 

Uma vez que se sabe que, quanto maior o valor de r; (distância do veículo ao foco, no momento do 
5;0gundo impulso) mais eficiente é a transferência, é lógico se pensar no limite de r r tendendo aojnfioitQ. 
E justamente isso o que carac.teriza a transferência bi-parabólica, que segue os :;eguil)tes passos.: .i) Na 
órbita inicial (00) apliea-se um impulso, na direção do movimento e com a magnitude (AY0)' ial qu~ 
faça com que o vefcul.ó entre en:l uma ó.rbita parabólica Üti ii) Quando o vercuto atinge o jnfinito 
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(teoricamente, é claro) aplica-se um segundo impulso, infinitesimal, que faz com que o ve(cuJo passe 
da órbita 01; para outta órbita parabólica o l. Esse impulso não co.nsome combustível, devido 80 fato 
de r1 ser infinito; iii) Quando o veículo passa peJo periápside da órbita parabólica Oz aplica-se o terceiro 
impulso, na direção opa;ta ao movimento e com magnitude (.i V1) tal que faça com que o vefculo entre 
na órbita 0 1• É óbvio que essa transferência não pode ser realizada na prática, pois o tempo necessário 
seria infinito, devido ao passo ii. 

Em Marec(l979) pode-se enconttar gráficos comparando a eficiência dos três tipa; de uansferências 
citadas, para diferentes valores da razão r/ro-

Outru Manobras lmpulelvae 
Uma outra Linha de pesquisa, derivada da transferência de Hohmann, é aquela em que se parte do 

pressuposto de que a transferência será feita por uma série de impulsos no perigeu (em passagens 
consecutivas) seguida por uma série de impulsos no apogeu. Aqui a transferência leva várias órbitas 
para se concretizar, mas mantém-se o principio de que impulsos nos ápsides são mais eficientes. 
Spencer, Glidanan e Bercaw (1982) fornecem, através de gráficos e equaçOes, o impulso extra 
oecessário (em relação a manobra bi-impulsiva de Hohmann) em funçao dos raios das órbitas inicial 
e final e do número de revoluções usadas na transferência, para o caso de plano orbital fixo. 

Depois disso, Redding (1984) iria um pouco mais a fundo e obteria um método de cálculo para a 
manobra n.lio-impulsiva equivalente (uso de empuxo finito aplicado em arcos em tomo dos ápsldes), 
que forneceria a meJilor escolha possível do número de arcos com propulsão em torno do perigeu e do 
apogeu, em função do tempo limite da transferência, bem como da "gravity loss" associada (diferença 
entre o inaemento de velocidade real e o previsto pelo modelo impulsivo) e do valor do empuxo 
disponível. Os resultados foram obtidos para três casos distintos: empuxo constante, aceleração 
constante e aceleração constante por trechos. Matogawa (1983) também usou essa mesma idéia e 
deduziu expressões para o número e as extensões ótimas dos arcos com propulsão. 

Outros trabalhos que utilizam a aproximação impulsiva, que é de longe a mais explorada na 
literatura (Gobetz e Doll, 1969), podem ser encontrados em Eckel (1962), que encontra a melhor 
solução bi-impulsiva para o caso de órbitas elfptlcas nlio-coplanares, depois generalizada para o caso 
de N impulsos (porém com N dado a priori) em Eclcel (1963); em Prussing (1970) (dois ou três 
impulsos); Prussing (1969) (quatro impulsos); Moyer (1965), que estuda o caso de uma transferência 
entre uma órbita circular e urna elfptica; Pines (1964), que encontra e aplica constantes de movimento 
ao caso impulsivo; e Robbins (1966), que faz um estudo analítico da aproximação impulsiva. Uma 
abordagem analítica alternativa j)8t3 o problema de transferências coplanares com N impulsos é 
encontrada em Broucke e Prado (1993b), onde a vantagem das transferências que passam pelo infinito 
é discutida em detalhes. 

Mais modernamente quase todos os trabalhos buscam, de alguma forma, obter não só as magnitudes 
e direções dos impulsos, mas também o seu número, não mais se fazendo essa hipótese "a priori". 
Exemplos são os trabalhos de üon e Handelsman (1968), Jezewski e Rozendaal (1968), Gross e 
Pru5sing (1974). Eckel (1982) e Prussing e Cbiu (1986). 

Em Redding e Brealcwell (1984) encontra-se uma interessante abordagem sobre o caso de propulsAo 
quase-impulsiva, estudada a partir da impulsiva; e em Hazelrigg (1984) o teorema de Oreen foi 
utilizado para obter a solução ótima para a transferência entre órbitas coplanares e coaxiais sem 
restrição de tempo ou Angulo. 

ExemplO$ de abonlagens com uma mistura de duas aproximaçOcs (lincarizaçao c sistema de 
propulsAo impulsivo) podem ser encontrados em Marec (1968) e em Stern (1984). 

Um enfoque diferente, usando coosideraçOes de energia, pode ser encontrado em May (1986). 
Um problema similar, o da transferência bi·impulsiva de um corpo celeste para ele mesmo (algum 

tempo depois) ~ discutido em Prado e Broucte (1993). 

O C•ao com Empuxo Finito 
A consideração de hipóteses mais realistas de trabalho leva ao caso mais geral, o de propulsAo finita. 

Dentro dessa linha o trabalho de Tsien (1953) mostrou que um empuxo na direçlo do movimento 6 mais 
eficiente que na sua perpendicular, e o de Lawden (1955) buscou direçOes ótimas para a aplicaçAo do 
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empuxo (do ponto de vista de máxima transferência de energia por unidade de massa expelida) 
próximas à direção do movimento. 

Ainda nessa linha de busca, foram feitos outros trabalhos. Moskowlts(1963) publicou os resultados 
de dois tipa; de aproximação: a linear (tg[ a(t))=C 1+C2.t, onde a(t) é o ângulo entre a força de empuxo 
aplicada e uma linha adotada como referência, C1 e C2 são constantes e "t" é o tempo); e a bilinear 
(tg[a(t)]=(C1+t)/(C2+C3.t), onde C1, C2 e c, são constantes), ambas para o caso de pequenas 
transferências (correções) de órbitas, sem mudança do plano orbital. 

Uma outra aproximação linear foi desenvolvida por Bi ggs ( 1978), desta vez a • ao+a' .s e f3={30+W .s, 
onde a e ~são os ângulos de "pitc:b" e "yaw", respectivamente, ao. a', ~0 e ~·são constantes e "s" é 
o "range angle", que é o ângulo que o raio vetor do satélite faz com uma linha arbitrária pertencente 
ao plano da órbita. O método se aplica à transferências de grande ou pequena amplitude e o método de 
otimização é paramétrico. Logo depois, Biggs (1979) estenderia esse trabalho ao caso mais genérico 
( a(t) e f3(t) livres), utilizando o método hlbrido de Olimização. Esse mesmo método híbrido é utilizado 
em Prado (1990) para uma transferência ent.re a Terra e a Lua. Tratamento lúbrido análogo, com a 
diferença de que são usadas coordenadas polares ao invés de elementos Keplerianos, pode ser 
encontrado em Weib (J98.'i) ou Erno (19&3). Em Tomita e Feiring (198..'i) encontra-se a mesma 
abordagem hlbrida, mas com a proposta de um novo algorítmo numérico para a solução do problema 
de minimização; e em Denham e Bryson (1964) o algorftmo "Steepest-Ascent" é utilizado no mesmo 
problema. 

Em trabalhos independentes, usando abordagem com método direto, com parametrização da 
função de controle do problema de controle 61imo associado, Ceballos (1980) e Ceballos e Rjos-Neto 
(1981), usando programação linear, e Rios-Neto e Bambace (1981), usando estimação linear ótima de 
parâmetros, resolveram um problema de transferência em tempo mínimo da Terra a Marte, com baixo 
empuxo de direção variável. 

Um outro bom exemplo de resultados aoalíticas aproximados pode ser encontrado em Broucke 
(1991), oode é considerado o problema de uma transferência ótima com aplicação de um empuxo baixo 
e contínuo. 

A Teoria do "Prlmer-Vector" 
Durante as décadas de 50 e 60 muitos trabalhos surgiram tratando o problema oomo um problema 

de Mayer (Bell, 1968), e a obtenção das condições de otlmalidade foram feitas por muitos pesquisadores 
e para di versos casos. 

Nessa mesma época, em dois Importantes anigos, Lawden (1953 e 1954) introduziu a noção de 
"prime r vector", ou seja, o multiplicador de Lagrange associado ao vetor velocidade, que desempenha 
imponante papel nas teorias modernas de trajetórias ótimas. 

Essa abordagem foi muito explorada na literatura subsequente, e é empregada tanto na sua forma 
original como nas formas aproximadas (para o caso impulsivo e/ou entre órbitas próximas, usando 
linearizações em tomo de uma órbita intermediária). Exemplos desse tipo de abordagem (linearizações) 
podem ser encontrados em Carter (1984) e McCue (1967). É importante frisar que existem muitos 
outros trabalhos teóricos Importantes, como por exemplo Contensoo (1962) e Culp ( 1967), mas que não 
foram t.!lo explorados pela literatura subsequente. 

Nessa abordagem (''primer-vcctor") nenhuma hipótese é feita "a priori", nem de ausência de arcos 
balísticos, nem de parametrizações pnra o controle. A abordagem mostrada será para o sistema de 
propulsão do tipo "CEV" (velocidade de cjeção de gases constante) e cartlpo gravitacional central, 
variando com o inverso do quadrado da distância, embora qualquer outro caso possa ser estudado, como 
o de um campo da forma g=-J.I/r"' (Brookes, 1970) ou de um campo genérico da forma g=g(r,t) (Marec, 
1979). 

Para desenvolver essa teoria é preciso, inicialmente, definir o vetor estado que terá as sete 
componentes: vetor posição (t), com três componentes; vetor velocidade (Y), com três componentes; 
velocidade característica (c), com uma única componente que substitui a massa (c=fl""t: 
-J(W/m)dm=W.In(mJm), onde f=F/m 6 a aceleração devida ao empuxo, que é estritamente decrescente 
com a massa e W é a velocidade de ejeção de gases), e que mede o combustível gasto. Com essas 
definições, as equaÇ(>es de movimento ficam: 
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i=-~+I: 
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(1) 

(2) 

(3) 

e a bamiltonlana fica: 

(4) 

e, para que ela seja máxima (Princípio de Máximo de Pontryagin), deve-se escolher r: na direção de 
g. (que chamaremos D.). Assim, a Hamiltoniana fica: 

H=II,-Y+p....r-g.j.l{/r3+p.I' (5) 

e, novamente com o Princípio de Máximo de Pontryagin, o valor ótimo de r (P) é: 

r•= r ....(c).U(p,+p.) 
onde: 

U(x)=(l+l.sign(x))/2 
vale 1 se p.+p.>O e O se p.+p0<0. 

(6) 

(7) 

Tem-se, entAo, o controle do tipo "bang-bang"', isto é, arcos balísticos alternados com arcos de 
empuxo máximo, confonne o sinal de (p..+p.). No caso p.+p.=O, num intervalo finito, tem-se um arco 
singular. Nesse caso o Principio de Máximo de Pontryagln não pode determinar o móclulo de I: (a 
direçAo continua a ser O). Maiores detalhes desse eofoque podem ser enoontrados em Marec (1979) 
e Kopp e Moyer (1965) e enfoques alternativos em Lawden (1962) ou Robbins (1965). 

Assim sendo, é necessário estudar o comportamento d$ equaçOes adjuntas: 

g,=-aHia.t:-g...U (8) 

~=-away ... ~~, (9) 

p,=-aH!ac=-(PIW).(p..+p,) (10) 

onde Q. é o tensor gradiente de gravidade cawar.). 
Combinando as duas primeiras equações, tem-se a equação diferencial para 11. o chamado "primer

vector": 

(11) 
O problema agora fica resumido à integração das equações adjuntas, para obter-se os trechos com 

propuJsAo e os com arcos balísticos. Porém, para que isso seja efetuado, é necessária a obtenção de um 
número suficiente de condições de" contorno, já que existem elementos do estado final que podem não 
possuir valores fixos (a menos de uma manobra de "rendezvous"). As condições de contorno iniciais 
e algumas finais (relações e/Ou valores fixos) do estado slío dados pelo próprio enunciado do problema 
(órbita e massa iniciais e valores desejados para a órbita final). As demais condições de transversalidade 
(Brysoo e Ho, 1975), que variam de missAo para missão (interceptação, transferência, "rendezvous", 
etc.) Para o problema em questão (traosferência com tempo livre) elas slio: 

(12) 

(13) 

p.o.YJ>+~O (14) 

p.=-1 (15) 
axle io e it representam o campo gravitacional nos iostantes inicial e final , respectivamente. 

Porém, não é conhecido um conjunto canpleto de condições de contorno em um mesmo instante. 
F.<>sa particularidade impede que uma soiução anairtica geral seja encontrada para esse problema, mas ' 
existem soluções numéricas, como por exemplo em Subrahmanyam (1986). Esse problema é 
conhecido na literatura como "Two Point Boundary Value Problem" (TPBVP). 
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Na literatura podem ser encontrados trabalhos espeáficos sobre a integração dos multiplicadores 
de Lagrange, como os de Vinh (1972), Ecltenwiler (1%5) e Hempel (1966), que obtém soluções 
analíticas para os arcos balfsticos e comparações dos resultados com a solução numérica; ou o de 
Handelsmann (1966), que calcula estimativas dos valores iniciais dos multiplicadores de Lagrange a 
partir da solução bi-impulsiva ótima. 

Também surgiram trabalhos mais espeáficos, tratando com casos particulares, como Zondervan, 
Wood e Caughey ( 1984), que otimiza a solução com três aroos de em puxo contínuo e grandes mudanças 
de plano orbital. 

O caso impulsivo ~nmbém tem espaço dentro da aboroagem baseada no "primer-vector''. Basta 
fazer r.n-+QO e t-+0, assim: 

Ac(finito)=Jl ... dt (16) 

onde o integrando cresce ao infinito, mas o intervalo de Integração vai a zero. 
Para se evitar problemas matemáticos devidos à essa aproximação, é conveniente escolher "c" 

como variável independente, ao invés do tempo. Com isso obtem-se que L t, p., 12-n H* e p. são constantes 
durante o impulso (logo p.=l, pois .P.=O e em f.tp.=-1). Para g., sabe-se que 1!.-SJ>.=l, atingindo o valor 
1 (oom ~=0) nos instantes de aplicação de empuxo (Marec, 1979). 

Uma abordagem semelhante para o caso impulsivo, l)l8S levando em conta o efeito do achatamento 
da terra nas equações de movimento, pode ser encontrada em Fernandes (1986), Fernandes e Moraes 
(1989) (que estuda os casos não-singulares) e Fernandes (1989) (que estuda os casos singulares). Outra 
possibilidade estudada, por Fernandes e Sessin (1989), é essa mesma influência do achatamento da 
Terra em uma transferência de baixo e contínuoempuxo, através de uma expansão analítica e aplicação 
do método de Hori para sistemas canônicos. 

Uma outra opção, com mais restrições, aparece em Wiesel e AI fano (1985) e resolve o problema 
da otimização do ponto de vista de tempo mínimo (mas, como o empuxo é contínuo e de magnitude 
constante, isso também significa combustível mfnimo) de uma transferência entre duas órbitas 
circulares, em que se deseja apenas variação do semi-eixo maior e da inclinação do plano orbital. O 
autor faz a hipótese de baixo empuxo e começa com os resultados obtidos por Edelbaum (1961) para 
o problema de transferência em urna única revolução (com alcance limitado, em termos de semi-eixo 
maior e inclinação) e generaliza o caso de N revoluçôes (agora sem limites). A abordagem é a da 
utilização dos métodos convencionais de Controle Ótimo (Bryson e Ho, 1975 e Bryson, (1985), onde 
se busca a função ótima de controle (o ângulo entre a direção do empuxo aplicado e o plano orbital, 
e o momento de aplicação dos mesmos), pois os demais parâmetros são fixos. 

Um problema comum a todas essas abordagens é que elas fornecem como solução uma trajetória 
nominal, que nunca pode ser seguida com precisão infinita. Uma das maneiras de se resolver esse 
problema é acoplar ao método escolhido um algoritmo, em tempo real, de correção do controle em 
função do erro acumulado, como o desenvolvido por Tapley e Fowler (1966). 

O Problema de Três Corpos 
A grande maioria dos trabalhos apresentados até o momento trata do problema com o uso da 

modelagem de dois corpos. O primeiro a utilizar o modelo de três corpos é provavelmente o trabalho 
feito po D'Amario em sua dissertação de doutorado(D'Amarjo, 1973), ~teriormente transformado 
no artigo D' Amario e Edelbaum (1974). A teoria do "primer-vector" foi aplicada ao problema restrito 
de tres corpos para obter uma transferência impulsiva ólima. O número de impulsos não é dado "a 
priori'', mas sim encontrado pelas condições de otimalidade. O trabalho combina resultados ánalíti"cos 
com métodos numéricos. Essa mesma técnica foi ~teriormente utilizada em Hiday e Howell (1992) 
em um problema de transferência entre órbitas "Halo", que são órbitas existentes no problema restrito 
de três corpos, quando formulado em três dimensões, e que permanecem aproximadamente em um 
plano perpen<licular ao plano orbital dos dois primários. Maiores qetalhes sobre esse tipo de órbita 
podem ser encontrados em Breakwell e Brown (1979), Richardson (1980) e l:lowell (1983). Também 
podemsereoconrradasvariantestratandoespecificamentedetr.msferênciasentreospontosLagrangeanos 
do sistema Terra-Lua e a Lua (Brouck:e, 1979). 
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Uma outra possibil idade aberta pela modelagem de três corpos 6 o uso de órbitas de transferência 
cíclicas. Nesse caso é utilizada uma órbita que faz com que o ve(culo espacial faça sucessivas passagens 
pelos dois corpos envolvidos na transferência, de modo a manter um sistema de transporte contínuo 
(pequenos veículos fazem o transporte da superfrcie até o encontro com o veículo transportador). 
Exemplos dessa linha de pesquisa são: Aldrin (1985) que explica os conceitos básicos desse sistema 
para transfermclas entre Terra-Lua e Terra-Marte; Upboff e Crouch (1991) que estuda em mais 
detalhes o caso Terra-Lua; Sponaugle et. al. (1991) que estuda transferências cíclicas entre os pontos 
Lagrangeanos dos sistemas Terra-Lua e Terra-Marte. 

Outra variante interessante, aberta pela modelagem de três corpos, é a demonstrada em Bond et. 
ai. (1991) que utiliza o ponto Lagrangeano intermediário entre a Terra e a Lua como um nó 
intennediário de transferência. 

O Problema de N-Corpoa 
A modelagem de missões espaciais como um problema de N-corpos é uma inovação recente. A 

grande motivação surgiu com a possibilidade de uma missão completa a todos os planew dos sistema 
solar exterior com um único veículo explorador (como as missões Voyager I e II). Por essa razão, a 
maioria dos trabalhos foi desenvolvido nas duas últimas décadas e por um número reduzido de 
pesquisadores. Um dos primeiros trabalhos foi desenvolvido por Breakwell e Perko (1966), onde uma 
sucessão de côoicas heliocêntricas são combinadas para produzir uma trajetória completa. Mais tarde, 
D'Amario et al. (1979) desenvolveria um método para otim.izaçao de trajet6rias com passagens 
próximas por vários corpos, baseado numa aproximação analítica do problema de três córpos feita por 
Wilson (1970) e aplicada ao problema em questão por Bymes (1979). Esse mesmo método seria 
aperfeiçoado em o• Amaria, Bymes e Stanforo {1981) com o objetivo de reduzir o tempo necessário 
ao cálculo da solução através de eliminação de funções de penalidade e substituição de variáveis. 
Depois disso, o custo para o veículo escapar do planeta original e ser inserido no planeta final seria 
acrescentado ao modelo em D' Amaria, Bymes e Stanford (1982). Usando esses procedimentos, várias 
missões foram estudadas: uma missão Galileo visitando o cometa de Halley e Júpiter (Byrnes e 
D' Amaria, 1982); uma missao Galileo indo direto a Júpiter (D' Amaria e Byrnes, 1983); missões 
Gallleo lodo a vários asteróides e cometas (Byrnes e D'Amario, 1983). 

Conclusões 

O problema da transferência de órbitas para um vefculo espacial foi definido e as diversas 
modelagens de dinâmica, atuadores e métodos de otimização foram descritos. 

A literatura dispoofvel foi estudada, e mais de uma centena de referências foram apreseotad.&; com 
comentários. As transferências mais utilizadas foram descritas em maiores detalhes. 
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Sumário 
Neste trabalho apresenta-se um modelo de turbulência de três equações para a delerminaçãode grandeusturbuleotas, 
como as nu1uações de temperalura, energia cinélica de turbulência e sua taxa de dissipação. As equações de 
cooseJVaç.ão sãodiscretizadas pelo méiOdodos volumes finilos. O modelo é com parado com resultados experimentais 
de dois tipos deesooamentos turbulentos de ar a trás de gre.lha. O primeiro, turbulência homogênea isotérmica atrás 
degrelhas(Warbafte Lumley,l978), permitiuvalldaromodeloem configurações com tempera tura média constante. 
O segundo, com gradiente de temperalura (Si rival e Warluaft, 1982), permi1iu validar o modelo nas siluações onde 
o termo de produção das flutuações de temperalura, devido ao gradienle de temperatura,~ impor1an1e. 
Palavras-chave: Turbulência ·Escoamento atrb de Grelllas- Flutuação de Temperalura - Modelo k-E. 

Ab8tract 
lo order to predict lhe lemperature t1uctuatioos io lurbulelll t1ows, we have u.sed a lurbulence model wilh lhree 
transport equa1ions for mean square 1emperature variaooe, turbuleot kinetic eoergy and the rate of kínetic eoergy 
dissipatioo. Thegovemingfield equationsare lhe Navíer-Stokes, continuity andenergyequations. The finite volume 
method is employed to solve numerically theseequations. The results of calculations wilh lhis modelare comea_red 
with tbe measures of two experiments. The first one, ao homogeoeous hot turbulence below a grid (Warllllfi and 
Lumley, 1978), allows us to test the model in a cootiguration with a constant mean temperature. The second 
experimenl, a g.rid turbulence witbcross-stream tempc:Eture gradient (Si rival e Warhafl. !982), allows us to test tbe 
model in n situatlon where the generatioo rate term of 02 dueto mean temperatu re gradient plays an important part. 
Keywords: Turbulencc- Grid-generaled tlows- Tem peralure Fluctua1ions • k-e model. 

Introdução 

Afim de prever as flutuações de temperatura em esooamentos twbulentos, foi desenvolvido um 
rl]9delo de turbulência com três equações de transporte para a variância da flutuação de temperatura 
(6~. energia cinética de turbulência (k) e a taxa de dissipação de energia cinética (t). O fluido é 
considerado incompressível e Newtoniano. As propriedades viscosidade, condutividade térmica e 
calor especffico sAo consideradas constantes. Para a densidade, foi considerada a sua dependência com 
a temperatura utilizando a aproximaç.'\o de Boussinesq. Para tratar o escoamento turbulento, a 
velocidade, press!lo e temperatura são decompostas em partes médias e flutuantes nas equações de 
Navier-Stokes, continuidade e energia. O tensor de Reynolds é determinado, utilizando a viscosidade 
turbulenta com o modelo k-e. Os fluxos de calor turbulento, são detenninados usando uma difusividadc 
turbulenta com um valor constante para o número de Prandtl turbulento. A equação para a flutuação 
de temperatura é " fechada" com a lei do primeiro gradiente para os termos de difusão turbulenta. A 
relação entre as escalas de tempo da turbulência térmica e hidrodinâmica é empregada na determinação 
da taxa de dissipação das flutuações de temperatura. O método dos volumes finitas é utilizado para 
resolver numericamente esse sistema de equações di ferenciais. Todas as grandezas escalares são 
tratadas no centro dos volumes de controle e as velocidades são localizadas no centro das faces do 
volume de controle; esta escolha é o princípio da malha entrelaçada. As equações são discretizadas no 
tempo na forma semi-implícita. Este método é derivado do método SOLA desenvolvido por H irt, 
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Nichols e Romero (1975). O código usado é o TRIO:VF!CEA. e o computador foi um CRA Y-1. Os 
resultados desse modelo foram comparados com medidas de duas experiências. A primeira, turbulênáa 
homogênea atrás de grelhas (Warhaft e Lumley, 1978), permitiu testar o modelo numa configuraçAo 
de temperatura média constante. A segunda, escoamento atrás de grelha com gradiente de temperatura 
cruzado (Sirivat e Warhaft,l982). pennitiu testar o modelo numa situação onde os termos de produção 
de nutuação de temperatura são importantes. 

Equações de Transporte das Grandezas Médias 

O fluido é considerado incompressível e Newtoniano. No que concerne as propriedades ffsicas, 
considera-se a viscosidade, condutividade térmica e o calor espec(fico como constantes. Para a 
densidade prevê-se sua dependência da temperatura a partir da aproximação de Boussinesq: 

(1) 
oode p• representa a densidade na temperatura de referência ("!'-) e ~ o coeficiente de e~osão 

volumétrica. 

As variações da densidade são levadas em coosideração somente no termo de força de volume da 
equação da quantidade de movimento. 

A fim de tratar o escoamento turbulento usa-se .a decomposição de Reynolds, que iguala as variáveis 
instantâneas, velocidade (U), temperatura (1) e pressão (P) à sorna de um valor médio e um valor 
flutuante: 

U1=0 1H1; ; P=P+p ; T=1'+6 (2) 

O, P e T representam os valores médios das c:ompmentes insmnt.Aneas eu, p e e as componentes 
flutuantes. 

Aplicando-se essa decomposição para as variáveis em quesUio nas equações locais insmnt!neas, 
obtem-se as seguintes equações de conservação para as grandezas ~ias. 

Coneervaçlo da ma ... 

ao, =<l 
aXc 

Conaervaçlo da quantidade de movimento 

ao, a nrrr aP a aü, - D.rr -
- +-\v1vj}=- --+ -(v--u1UV+J!i(1·t'\•-T")) 
õt axj p0ax, ax, ax, 

Coneervaçlo de energia 

aT + .!..._ (U,l) =.!..._(a aT -~) 
at ax, a"' ax, 

(3) 

(4) 

(5) 

Esse sistema de equações apresenta du.as novas incógnitas, o tensor de Reynolds (u1UJ e o fluxo de 
calor turbulento (ii;D). O tensor de Reynolds será determinado com o modelo de turbulência 
lúdrodinlmico k-t. O modelo que emprega o conceito de número de Prandtl turbulento será utilizado 
na determín.ação do fluxo de calor turbulento. 

Modelo de Turbulência para a Hidrodinâmica 

Para a detenninaçlio do tensor de Reynolds foi utilizada a hipótese da viscosidade turbulenta (v,). 
Nessa modelagem postula-se a proporcionalidade e ntre o tensor de Reynolds e o tensor de deformaçlio 
média (D), com ajuda da viscosidade turbulenta: 
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u1u1=v,D-2/3kôij 

sendo 

aO; aOj 
0:-+-

éJX; ax1 
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(6) 

A viscosidade turbulenta é determinada a partir do modelo k-E, onde k. é a energia cinética de 
turbulência e e a sua taxa de dissipação: 

k.2 
v,:c. - ' onde c .. =0,09 

e 

Energia cinética de turbulência (k) 

(7) 

A equação da energia cinética de turbulência na forma diferencial modelada é escrita como (Rodi , 
1978) : 

(8) 

_ ao, _,.. 
P=-u1u1 - ; G=·flg,~~;u e Prt=l,O 

éJxi 

P representa a produção de energia cinética turbulenta devido aos gradientes de velocidade e G a 
produção de energia cinética devido às forças de volume_ 

Taxa de dleelpação de k (e) 

A equação da taxa de dissipação da energia cinética de turbulência é utilizada na seguinte forma 
(Rodi, 1978): 

De a v, ot 
- = -(--)+Fonte (E) 
Dt OXJ Pr, õxl 

(9) 

com Pr.=l,3 ; C.1=1,44 ; Ca=l,92 ; Cu=0,8 e R1 é o número de Richardson 

Nomenclatura 

B passo da grelha Prk constante da equação ü7l ftuxo de calor turbulento 
colocada no túnel de dek i• varlâncle das flutuações 
vento R razão entre as escalas 

c constantes dos modelos de tempo da turbulência 
de temperatura 

o tensor de deforma9ão térmica e da turbulência P, = produção de 62 
G produção de k devido hidrodinâmica E e dissipação de õ• 

aos efeitos de empuxo ~ = número de Richardson '{ = escala de tempo da 
k ener~ia cinética de turbulento, -G/(P+G) turbulência 

turbu êncla z = coordenada vertical hidrodinâmica 
p = produção da energia a," dituslvidade turbulenta 

cinética de turbulência E = dissipação de k 'te escala de tempo d~t 
Pr, = número de Prandtl v, " viscosidade turbulenta turbulência térmica 

1urbulento U/Ji = tensor de Reynolds 
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Modelo de Turbulência para a Parte Térmica 

Para a determinação do fluxo de calor turbulento, a hipótese da difusividade térmica turbulenta é 
empregada. Essa difusividade é determinada a partir de um número de Prandtl constante Pr,: 

-:-n a'f v, 
u;o=·a. - , onde o,= -

ax, Pr, 
(lO) 

Frequentemente, o valor 0,9 é utilizado para Pr,. 

Equeç6o de flutueçio de temperatura: 
A equação para a variância da flutuação de temperatura é obtida a partir da equação da energia, com 

a decomposição de Reynolds, pela diferença entre as formas instantânea e média: 

1 2 3 Pa E e 

Os termos acima pa;suem os seguintes s ignificados: 

1 Termo transiente e convectivo do campo de velocidade média 

2 Difusão molecular 

3 Difusão devida à convecção turbulenta 

P9 Produção pelo gradiente de temperatura média 

te Dissipação das flutuações de temperatura 

(11) 

Como estamos testando o modelo para escoamentos em regime turbulento, estamos trabalhando 
rom grandes números de Reynolds ( -10.000), enoo o termo de difusão molecular pode ser desprezado 
(Cruz, 1989). O termo de difusão devido a convecção turbulenta é modelado a partir da lei do primeiro 
gradiente: 

k2 a~ 
-ü;ãl=Ce--

E êJxl 

O valor aqui empregado para C9 é 0,13 (Spalding, 1971). 

(12) 

Com as hipóleses acima, a equação para a variância da flutuação de temperatura a ser resolvida é: 

D~ a k2 aiP - a'i' 
-= -(C9--)-2~9--2Eo 
Dt axl E axl axl 

(13) 

O termo de dissipação das flutuações de temperatura é aqui modelado a partir da relação entre o 
tempo de decaimento de turbulência térmica e o tempo de decaimento da turbulência hidrodinâmica. 
Por definição essa relação pode ser expressa corno: 

'te iji E 
R=-=--

't 2te lc 
(14) 

Vários trabalhos foram realizados no sentido de determinar o valor do fator R a partir de 
esooamentos atrás de grelhas. Em (Warhaft e Lumley, 1978) encontra-se uma revisão dos valores 
obtidos por diversos autores, em escoamentos atrás de grelha aquecida. Eles mostram q'ue os valores 
do fator R encontrados podem variar de 0,4 a 1,6 para os casos estudados. 

Nesse trabalho vamos mostrar uma análise de sensibjjjdade numérica do valor do fator R, dentre 
os valores utilizados usualmente, no nível da variância da flutuação de temperaturn. 



Simulação Numérica de Esooamentos Turbulentos atrás de Grelhas com o Modelo K·t 

Tratamento Numérico: 

Para a discretização espacial das equações de <:OnServação emprega-se o método dos ~olumes 
finitos. Essas equações são integradas sobre um volume de controle e aplica-se o teorema de Gauss para 
a transformação das integrais de volume em integrais de superfície. As grandezas escalares, 
temperatura, pressão, energia de turbulência (k) e a sua taxa de dissipação (e), são tratadas no centro 
dos volumes de controle. As grandezas vetorlais, velocidades e fluxo de calor turbulento, são 
localizadas no centro das faces dos volumes de controle. Essa escolha de localização das variáveis 
constitui o princípio da malha entrelaçada. Para a discretização temporal o método SOLA, (Hirt et ai ., 
1975) é empregado. Esse é um método de discretização semi-implícito para o termo de gradiente qe 
pressão na equação de conservação da quantidade de movimento. Para as equações da energia, de k e 
e, o esquema de discretização é explicíto. Esse método numérico está mostrado em detalhes em.(Cruz, 
1989). 

O código de cálculo usado foi o TRIONF do Centre d' Études Nucleaiies de Grenoble (CENG), 
e o computador foi um CRA Y -1. A malha utilizada para os cálculos é composta de 31 pontos na direção 
horizontal e 32 pontos na direção vertical. 

Resultados e Comentários: 

Esse modelo é aplicado para dois tipos de configurações: a) escoamento turbulento de ar isotérmico 
atrás de uma grelha, b) escoament0 de ar atrás de uma grelha com gradiente de temperatura. As 
comparações dos resultados, entre valores obtidos pelo modelo com as medidas experimentais, serão 
realizados para o regime permanente, apesar do modelo permitir a ~imutação do regime transiente. 

A primeira experiência (a) utiliza uma grelha com um passo 8=2,54 cm, colocada no int.erior de 
um tunel d~ vento vertical. A secçAo de teste tem um comprimento de 167B e uma área de 16Bxl6B. 
A velocidade média do ar 6 de 6,5 m/s. O número de Reynolds, baseado no passo da grelha, 6 de 10.000. 
A porosidade da grelha é 0,66, constitufda de barras quadradas de 0,476x0,476 cm. Os valores obtidos 
experimentalmente sAo fornecidos por Warhaft e Lumley (1978). Entre as várias medidas experimentais 
fornecidas por Warhaft e Lumley, dois casos foram selecionados para a comparação com o modelo. 
O primeiro caso com uma temperatura média do ar de 300 K e o segundo com uma temperatura de 308 
K. 

Para essas configurações foram utilizadas quatro tipos de condições li miles. Na entrada do domínio 
computadonal (ZIB=80), foram impostos os valores medidos experimentalmente para a velocidade, 
temperatura e grandezas turbulentas. No centro do tunel foi utilizada a condição 'de simetria. A direita 
foi imposta uma parede adiabática. Na saída do domínio foi fornecida a pressão atmosférica. A Fig. 
1 mostra essas posições: 

z 

ZB=167! 
~---------------

2 

3 OOMINIO 4 

Z.B=80 • 

I 
1 Velocidade e grandezas escalares impostas (T, k e e) 
2 Pressão atmosférica 
3 Simetria 
4 Parede adiabática 

Flg. 1 Po.içio d .. condlç6 .. llml1e• 
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Para essa experiência, os termos de produção P (devido aos gradientes de velocidade) e G (devido 
as forças de volume) são nulos. Então, os termos devido à convecção e a difusão apresentam um papel 
importante no balanço das equações de k (8) e de t (9). A ausência de gradiente de temperatura, permite 
validar o modelo para o caso onde somente os termos de transporte e dissipação são considerados na 
equação da flutuação de temperatura (13). Os valores utilizados para o fator R no modelo numérico são 
valores encontrados experimentalmente por Warhaft e Lumley (1978). 

Para a segunda experiência (b'), foram utilizados os valores obtidos experimentalmente por Sirivat 
eWarbaft (1982), que utilizaram a mesma geometria da experiência anterior. A única diferença, da 
segunda com a primeira, foi a imposição de um gradiente de temperatura na grelha. Esse gradiente foi 
obtido aqueoendo-se diferentemente as barras da grelha. Para efeito de compamção entre o cálculo e 
as medidas, foi selecionado o ensaio com velocidade do ar de 3,4 m/S (número de Reynolds de 5200) 
e o gradiente de temperatura de 8,1 K/m. 

A Fig. 2 fornece os resultados da comparação entre o modelo utilizado e as medidas experimentais 
para a flutuação de temperatura na primeira experiência. Essas curvas mostram o excelente acordo 
existente entre cálculo e medidas. O desvio máximo entre cálculo e medidas está em torno de 5% na 
região de saída do domínio (Z/8=165) para o caso de T=308 K. Pode-se salientar que o único 
inconveniente é a utilização de valores diferentes de R (obtidos experimentalmente) em função da 
temperatura, R:::{),95 para T:308 K e R=l,05 para T=300 K. 

A seguir apresentam-se os resultados obtidos para a segunda experiência. Nessa experiência todos 
os termos das equação (13) da flutuação de temperatura, convecção, difusão e produção devido ao 
gradiente de temperatura apresentam valores não desprezíveis. A Fig. 3 mostra os resultados obtidos 
com a equação (13), utilizando o fator R=0,8 e dois Yalores de número de Prandtl turbulento 0,35 e 0,9. 
Verifica-se que o valor usualmente utilizado de 0,9 em diversos modelos·de turbulência térmica produz 
valores subestimados de flutuação de temperatura. Os valores para R=0,8 e Prt:Q,35, utilizados aqui 
foram obtidos experimentalmente por Sirivat eWarb.aft (l982). Para esse caso o desvio máximo 
encontrado é de 15% para ZIB=lOO. 
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Fig. 2 Compuaçio entre cilculo e medld .. da evoluçio da varllncla de flutuaçio de 
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Fig. 3 Comparaçjo entre c61culo • medldae de ftutut~çjo de temperatura - grelha çom gradiente t•nnlco 

Os valores obtidos para a dissipação da flutuação de temperatura (Ee) foram comparados com os 
valores medidos, e esrão presentes oa Fig. 4. O desvio máximo encontrado para os valores da dissrpação 
da flutuação de temperatura é de 16% para ZIB=80. 

Nas Figs. 5 e 6 apresentam-se respectivamente as comparações entre cálculo e medida para a 
evolução da energia cinética de turbulência (k) e sua taxa de dissipação ( t). Os resultados mostram uma 
excelente previsão do modelo k-t, entre as cotas verticais ZJB=60 e Z/13=160. O desvio máximo 
verificado entre valores calculados e medidos de k e t é de 9% para os valores de k em Z(B=120 (Fig. 
5). 
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Flg. 4 Comparação entre c61culo e medld .. de evolução da d181lpação de flutuação de 
temperatura- grelha com gradiente t6rmlco 
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Conclusões 

O modelo de turbulência a três equações aqui empregado permitiu que fossem estimados os valores 
de grandezas turbulentas, como as flutuações de temperatura, energia cinética de turbulência e sua taxa 
de dissipação em escoamentos atrás de grelha com temperatura uniforme e com gradiente de 
temperatura. Os resultados obtidos com esse modelo mostram um bom acordo com valores obtidos 
experimentalmente, apresentando um desvio máximo da ordem de 16% para as grandezas turbulentas 
(o desvio máximo foi obtido no cálculo da dissipação das flutuações de temperatura). Constata-se que 
essa concordância depende fundamentalmente dos valores utilizados para as constantes presentes no 
modelo, como o fator R e o número de Prandtl turbulento. Nos casos estudados de turbulência atrás de 
grelhas, já largamente explorados experimentalmente, dispomos de valores medidos para essas 
constantes e de bons valores para as condições limites necessárias para o modelo numérico. Esse fato 
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possibilitou a validação do modelo para aplicaçoes em turbulência de grelha isotérmica e com gradiente 
de temperatura. 

Deve-se trabalhar ainda na construçllo de modela; finos para a descriçllo da turbulência. O 
conhecimento de valores medida; de grandezas turbulentas, para diversos tipos de escoamentos 
facilitará o ajustamento de constantes para as equações das escalas características e a validação desses 
modelos. 
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Tbe influenceofswfactantson lhe pool boiling bebaviorofaqueous polyacryla.m.idesolutioas hu been studied.. Tbe 
leSI section coosisted of an eleclrically healcd horizontal plaliDwn wire submerged lo a satumted pool o( liquidai 
atm06pberic pressure. Tbe polymer seleded for these studies was Separan AP-30, an an.ionic polyacrylamide. Two 
surfactanls were used in these studies, lhe an.ion.ic sodium buryl sulfate (SLS), a.nd the non-ionic polyoxyelhylene 
sorbitan monooleate (Tween-80). 
Various oom binalionsof pol yacrybm.ide andsurfactantdissolved ln deionized watcrwerestudied. Foreach solution 
thesteady shear visoosilyTJ, Ihe dynamic phaseshift angle (a measure of elasticity)lí, and lheaurface ten.sionowere 
measured. lo geoeml, lhe v alues of TJ a.od li are domlnated by the amouot of polymer additive, whereas the v alues 
of o are dominated by lhe surfactant ooncentration. Tbe preseoce ofsurfactants gcnerally re11ults ln a decrease ln 
elas ticity relatlve to lhe values fouod for the aqueous po~yacrylamide solutlon. 
Tbe surface te.nslon values of lhe aqueous solution ofSLS orTween-80weruignlficantly lower than the v alues for 
deioniz.ed water. Surprisingly tbe boiliog performanee of the aqueous s.urfaclaot solutioos did not differ from that 
found for water alone. For lhe 2SO wppm aqueous Separa o solution the boiling performanoe is Inferior to that found 
for deionized water alone. 
The presenoeofthesurfactant Tween-80in theaqueous polyacrylamide solution resulted ln a reduclioo i o thesurfaoe 
teruion but the boiling performance was oot affected.. lo oontrast, tbe preseDCC of Sl..S in tbe 250 wppm aqueous 
polyacrylamide solution resulted in a sigoifícaot iocrease in lhe heat transíer ooe,fficieot relative to the boiliog 
performaooe of deionized water. 
Oo lhe basis of tbese results, it can be ooncJuded thatlowering tbe s.urfaoe teosioo of an aqueous polymer solulion 
does oot guaraoteeenhancement oftheboiling beattransferperformance. Tberefore tbeenhancemenl in boiling beat 
transfer reported earlicr for aqueous. Nati06ol solutions is not dueto its lower surface tension value. 
Keywords: Non-Newtonian Fluids; Pool Boillng; Heat Transfer Enhanoemeot; Experimental Meihods 

lntrod uctl on 

Boiling heattransfer is aclalowledged to be a convenient means of transferring large amounts of 
heat witb relatively smalltemperature differences. Applications range from coolting to steel making, 
from evaporators to roclcet engines, and from the power industry to computer design. Westwater (1969) 
has pointed outlhattbe boiling prooess may involve as many as 42 variables: the physica.l properties 
of the liquid, theconditioos of tbe heating surface, tbe geometry and orientation of the heating surface, 
lhe levei of the superheat, etc. Given thls backgroond it is not surprising that boiling heat tnmsfer cannot 
be prediaed from first principies. However, witbin the last few decades a great number of empírica! 
or semi-empirical correlations have been proposed for predicting boillng behavior. Among these, the 
most popular are the correlations of Rohsenow (1952); Forster and luber (1955); Forster and Greif 
(1959); Kutateladze (1963); and Nisbikawa and Yamagata (1960). Recently, Nlshikawa and Fujita 
(1990) bave proposed a new corrélalion whicb is based on the tbermodynarnic sirnilarity of thermal 
properties, but a number of empirical factors are still reqoired. Recognizl.ng that the majority of 
traditional heat transfer fluids are Newteoian, most of tbe pool boiüng re.searcb ba<l concentrated on 
such fluids and the available boiling correlations. are restricted to Newtooian fluids. 

A noted exception is the piooeering worlt of KO(cbapbakdee and William (1970) wbo studied the 
nucleate pool boiling of aqueous polymet solutioos. They reponed tbat the heat transfer coefficie.nts 
of HEC (hydroxyethyl cellulcse) aod PAM (polyaaylamide) solutions were as mucb as 250% higber 
than tbose of water on an upward facing heated flat plate; tbey also concluded that surface tension is 

lnllited LedUre • 11 CEM • NN~- João PeMoa • P8- Brazil 



Pool Boifing o! Aqueous Polyacrylamide Solutions: lhe ln!luençe ol two Surfaçe Adíve Agents 89 

a minor variable. ln the intervening tweoty years, a limited number of studies of the nucleate boiling 
behavior of aqueous polymer solutions havê been reported. Some of these investigators, Ganoelt aod 
William (1971), Wagle (1972), Papaioannoo and Koumoutsos (1982), Wei and Maa (1982), reported 
findings whicb are consistent with tbose of Kotchaphakdee and William (19!70). However other 
researchers reported results that disagree with those of Kotchaphakee and Williams. On lhe basis of 
ali of these studies, it isdifficult todraw any definiteconclusions. Asystematicstudy ofthe pool boiling 
perfonnance of aqueous polymer solutions on varlous surfaces and surfaoe geometríes is still needed. 

The reoent studies of Hu (1989) of nucleate pool boiling from a horizontal wire in polyacrylamide 
(Separan AP-30) and bydroxyethyl oellulose (Natorsoi2SOHHR) aqueous solution_s representa step in 
that di rection. For a fixed heat flux q" tbe value of tbe heat transfer coefficients h for lhe Separan 
solutions were somcwbat lower tban lhe values found for water atone. ln contrast, the boiling heat 
transfer coefficients for the Natrosol solutions were found to be considerably higher than those found 
for water in the high beat flux regions, as Hlustrated in Fig. 1. 8oth of these aqueous polymer solutions 
are viscoelastic and their physical properties sucb as density, specific heat, and thermal conductivity 
are about the sarne. An exceprion is the surface tension values which for the Separan solutions were 
found to be equal to the values for water wbile the surface tension of the Natrosol solutions were found 
to be 10% lower as shown in Fig. 2. These measurernents raised the question of the influence of surface 
teosion on the pool boiling behavior of aqueous polymer solutions. 
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For pure Newtonian liquids, it bas been reported lhat lhe values of the boiling heat transfer 
coefficient b are proportional to d', Westwater (1969), where o vaties from -1.65 to -0.5. A number of 
studies bave been carried out with the goal of increasing lhe heat transfer coefficient of nucleate boiling 
by adding a surfactant to lhe worlcing fluid to depress the values of o. ln lhese iovestigations involving 
surfactaots tbe value of the expooeot n is reported to vary from -3.30 to 1.28, Yang and Maa (1983). 
ln fact Lowery and Westwater (1957) reported tbat it is possible to improve tbe beat transfer 
performance of a Newtonian fluid by adding special wetting agents wbich do not reduce tbe surface 
tension. 
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Against this backgrouod, it appears that tbe effects of surface tension on boillng heat transfer are 
not well understood for both Newtonian an noo-Newtonian Ouids. A study of tbe intluence of 
surfactants on tbe pool boiling behavior of aqueous polymer solutioos was initiated in lhe hope tbat it 
might provide some insight into tbe pool boiUng process. 

Experimental Methoct 

Deioniz.ed waler was used as tbe solvent for each solutíon studied ln thls investlgation. An anionic 
modified linear polyacrylamide with a very high molecular weight, Separan AP-30 (Dow Chemical 
Company, Midland, MI) was used in this study. The selected surfactants for tbis study were sodium 
lauryl sulfate, SLS (C1~aS04), and polyoxy!lthylene sorbitan monooleate, Tween-80 (C64H1-z,~026). 
Both surfactants are produced by Sigma Company (St. Louis, MO). The oombinations of AP-30 and 
SLS, and AP-30 and Tween-80 aqueous solutions Usted on Table 1 were investigated. Fig. 3 illustrates 
tbe chemical structures of Natrosol 250HHR, AP-30, SLS, and Tweeo-80. 
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Teble 1 Comblnettv• conc;entratlona of polymar and aurfactent uNd ln pool bolllng exp.rlmentl 

AP-30 (wppm) SLS(wppm) Tween-80 (wppm) 

o o o 
o 250 o 
o 1000 o 
o o 125 
o o 500 
250 o o 
250 250 o 
250 1000 o 
250 o 125 
250 o 500 

The surface tension and the steady shear apparent visoosity of each solution were measured before 
and after each boiling experiment. A Sensadyne 6000 tensiometer (CSC, Scientific, Fairfax, VA) was 
used for the surface tensioo measurements, Hu et aJ (1991). The apparent víscosity values were 
measured over a wide range of shear rates, requiring a Rheometrics Fluids Spectrometer Model 8400 
(RFS-4000) (Rheometery lnc., Piscataway, NJ, 1986), a Brookfield Visex>meter (Brookfield Engineering 
Laboratories Inc, Stoughton, MA, 198.'>) and a laboratory built capillary tube, Yoo (1974). 
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Fig. 3a. Polymer'• chemlcal•trvc1ure 

Natrosol 

Dynamic oscillatory viscometric measurements were carried out to obtain a quantitative measure 
of the fluid elasticity. Tbe pbase shlft between the input frequency of oscillation and the output response 
wben the testing liquid is subjected to an oscillatory motion provides this information. A 90° phase shi ft 
corresponds to a purely viscous fluid while a 0° phase shift corresponds to a purely elaslic material. 

The studies of lhe pool boiling beat transfer of' eacb solution were carried oul on an electrically 
heated platinum wire 0.0254 cm in diameter and 15.24 cm in lenght Tbe wíre atso served as the wirc 
temperature measuring device. The detailed experi.meru setup is described in Hu (1989). 
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Results and Dlscusslon - Property Measurements 

lt is reasooable to assume that lhe additioo of polyacrylamide and surfactant to deionized water bas 
little influence on properties such density, specific heat, thermal cooductivity, Yoo (1974). The major 
propenies influenced by the present additives are the apparent visc:a;ity, lhe surface tension, and lhe 
dynamic pbase shift. However, lhese lhree physícal properties - tbe surface tensíon, the apparenl 
viscosity, and lhe pbase shifl angle - are greally affected by the additive coocentrations. 

Separan AP-30 wlth SLS Solutlona 

Aqueous solutlons of AP-30 wilb and without SLS are first considered. Fig. 4 reveals that lhe 
presence of 250 wppm of SLS in deionized water results in a significant rcduction i o surface tension 
rela tive to the value for water alone. An increase i o the concentration of SLS to 1000 wppm results i o 
a funher decrease in lhe surface lension 10 values below 50 dyoes/cm. The additioo of 250 wppm of 
polyaaylamide to the SLS solutions makes very litlle differeoce in the surface tension values. 

The s teady shear viscosity measurernents sbown oo Fig. 5 reveal that lhe aqueous polymer solutioo 
bas tbe higbest steady shear viscosity values. The values of 'I deaeases as the concentration of SLS 
increases, especially in the low shear rate range. ln tbe absence ofthe polyrner, the value of the apparenl 
viscosity of lhe aqueous SLS solutions is equal10 tb.at for ionized water. Fínally, ii should be noted that 
the aqueous polymer solutioos containing the surfuctant sbow a large decrease in the low shear rate 
viscosity as a result of the boíling process, reflecting the fact that the Separan-SLS solutions are more 
susceptible to degradatioo. 

Theoscillntory phase shlft rneasurements presented oo Fig. 6 reveal tbat lhe 2.')0wppm polyacrylamide 
aqueous solutioo is the most elastic of the sol utions studied. The presence of SLS results in an increase 
of the pbase shift, refleting a deaease in elasticity, over the frequeocy range studied. 
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Tween-80 wlth Separan Solutlons 
Figs. 7 and 8 depict tbe results of tbe surface tension and steady apparent viscosity measurements, 

respectively. The values of surface tenslon for Tween-80 solution decrease witb an incresse ln 
concentration of Tween-80. 'The surface tension of these solutions are not affected by the presence of 
250 wppm of AP-30. Tbe surface tension measurements at room temperature taken after the boiling 
experiment are about lhe sarne as lhose found for lhe fresh solutions. 

The apparent viscosity for aqueous Tween-80 solutions indicates that these solutions behave as 
Newtonian fluids with the viscosity equal to the values for deionized water. The addition of250 wppm 
AP-30 to tbe Tween-80 solutions resulted in a dramatic increase in lhe low sbear rate viscosities. ln 
fact, tbe tbree aqueous solutions containing 250 wppm polyacrylamlde ali sbowed the sarne steady 
shear viscosity values (i.e. tbe viscosity was dependent on the concentration of polyacrytamlde and 
independent of the concentration of Tween-80). Finally it should be noted tbat tbe polymer solutions 
containing Tween-80 sbowed significant degradation as a result of boiling as compared to tbe Sepa.ran 
solution alone. 

The oscillatory viscometric measurements rev·ealed tbat the addirion of 125 wppm of Tween-80 to 
250 wppm of polyacrylamide resulted in a sligbt incresse in tbe phase sbift, ô, reflecting a slight 
decrease in elasticity as compared to the aqueous polymer solution. However, an incresse in lhe 
surfactant concentration to 500 wppm resulted in an aqueóus solution baving the sarne elasticity as the 
aqueous Separan solution. ln general, the fresh solutions witb Tween-80 sbowed a hlgher value of 
elasticity than the SLS solutions. However, the 1\veen-80 solutlons, after boiling showed a substantial 
increase in ô, reflecting a loss of elasticity due to degradation of lhe polymer-surfactant solution. 
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Pool Boillng Results and Olscussion 

The poo! boi!íng data for deionized wnter are portrayed in Fig. 10. Genera!!y, the measurements 
agree rcasonab!y we!! with the predictioos of Kutate!a~ (1963) and Nishikawa (1960), at higb heat 
fluxes and with Rohsenow (1952) at low heat Ouxes. 

The poo! boiling resu.!ts for the 250 wppm aqueous polyacrylamide solutions with and witbout 
sodium lauryl sulfate are given oo Fig. 11 . The s:haded area represents the range of values found for 
deionized water alone as given on Fig. 10. To begin with, it cao be seen that the lowest value of the 
boiling heat transfer coefficient is associated with lhe 250 wppm polyaaylamide solutioo and that the 
boiling performaoce of lhe polyaaylamide solutioo is generally inferior to that of deionized water. 
Witb the exception of a few experimental results ln the low beat flux region the addition of the surfactant 
SLS to dcionized wnter does not iofluencc the pool boiling bebavior, even tbough the surface tension 
values of the aqucous surfactant solutions are substantially reduced as oompared to water. Perha~ the 
~~ interesting results are tbose of aqueous polyacrylamide solulions witb tbe surfactant Sl.S. At tbe 
lower heating rates, the boiling performance of these solutions are in general agreement with tha;e 
found for deionized water. However at tbe higber heating rates tbe boiling beat transfer coefficient for 
tbe 250 wppm SLS • 250 wppm polyaay!amide solutioo yielded values which were higber tban tha;e 
found for water atone and dramatically higher tban that found for tbe aqueous polyacrylamide solution. 
loczeasing the SLS conceotratioo to 1000 wppm resu!ts io furtber heat transfer enhancernent and this 
behaviorbegins to approacb lhe results found for Natrosol asshown on Fig. 1. Atthis point it may appear 
tbat the blgher beat transfer results for Natr~l reported earlier are related to the lower surface tension 
of Natr~l as compared to water and to the polyacrylamide solution. 

Fig. 12 presents the pool boi!ing data for the polyacrylamide-Tweeo 80 aqucous solutions. As in 
the case of SLS, tbe Tween-$0 in deionized water .showed a substantial decrcasc in surface tension, but 
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the boiling performance was in lhe same range as found for deioni7.ed waler alone. For 1be Tween-80 
in the aqueous polyacrylamide solution, the measurcd boiliog he~Jt transfer coefficients were somewhat 
higher thao tbe values found for the aqueous polyacrylamide solutioo, but were on the low si de of the 
values found for deiooized water alone. ln contrasl to tbe enbanced beat transfer results found wi th SLS 
in the aqueous polyacrylamide solutioo, the results witb the surfactant Tween-80 gnve no evidence of 
beat transfer enhancemeot. Tbus tbese studies reveal tbat a reduction io tbe su.rface tension of an 
aqueous polymer solutiao does not guarantee an ioaease in the beat transfer perfonnance. 

On lhe basis of tbese measuremeots it is cood\Jded that the observed enbancement of tbe pool 
boiliog beat transfer coefficieot of aqueous Natro601 solutions is ool associaled with its lower surface 
tension value. 

10
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Abstract 
The principal objective of lhis paper is to investigare numerically tbe gas-liquid pbase separation in a vertical T
junction. A two-dimensional compute r code was used to solve tbe two-fluid model equations, using tbe finite 
volume metbod. Special attention is dir~ted to lhe modeling of the viscous diffusion term and the constitutive 
equalion for lhe interfac.ial friction term. 
Tbe pbase separation was simulatedconsidering twodiffereo t values of the brancb to inlet dia meter ratio, 0.5 and 
1.0, according to tbe reportedexperimental results. Tbe now conditions in the T-junction inlet were related to the 
chum-turbulent now pattern. 
Detailed dislributions of the void fraction, pressure and velocity ofboth pbases are presented. A good agreement 
was obtained between tb.e compu ter code results and the experimental data. For lhe mass spli t ratlos greater then 
0.3, the mean deviation was about 10%. However, for lower split ratios, a three-dimensional model would be 
more suitable. Tbis work iocludes also lhe iovestigatioo of lhe bouodary conditioos, gravity, viscosity and mesh 
size on lhe pbase separa tion phenomena. 
Keywords: Fioite \blume Melbod, Numerical Simulation,'IWo-pbase Flow, T-junction. 

lntroduction 

The two-phase gas-liquid flows in T-junction has severa! applications in petroleum produclion 
plants such as offshore production manifolds (Oliveira, 1989), steam injection process and o.ffshore 
phase separators. There are other applications in power and chemical plants. 

The petroleum engineers are often interested on the multiphase flow pressure drop and the flow 
configuralion in branching geomelries. It is well lcnow lhat lhe operation, maln1enance and the 
efficiency of many pelroleum processes depend on tbe flow dislribution in lhe branching pipes. 

Many investigations has been undertaken on T-junction two-phase flow during lhe pasl 10 years 
(Hwang, Soliman and Lahey Jr., 1988). 11 can be observed from these works thal lhe 1wo phases are 
distributed unequally among the T-junction oullet sections. However, tbe manner in witch tbe pbases 
are distributed is not yet well understood. 

The objective of the presenl work is to investigaled the abilily of lhe two-dimensional lwo-pbase 
flow computer code developed by Moura (1989) to predict tbe phase separation in vertical T-junclions. 

Theorettcal Modal 

The theoretical modeling of the tw<>-phase flow separation in T-junctions is very complex, because 
of the dynamic interaclion between the 1wo phases. The more suilable model for this flow 
configuration is the two-fluid model. This model is expressed in terms of two sets of conservalion 
equations governing the mass, momenlum and energy in each pbase. However, since the averaged 
fields of one phase are not independenl of the other phase, the interaction 1erms witcb couple the 
transporr of mass, momentum and energy across the interface appears in lhe conservation equa1ions as 
soun:e terms. 

The two-phase flow in T-junction region is suppa;ed to be isothermal with no mass transfer. "Inis 
simplification is acceptable because lhe small branching region, thus the heat and mass transfer in this 
region don'l have a significanl influence on lhe mass and momentum balances. ln addition, the 
turbulent diffusion processes are neglected. Then the two-dimensional formulation of lhe 1wo-fluid 
model conservation equations (lshii, 1975) becomes: 

Manuscript receilled January 1993. Assodate Technical Editor: Carlos A. C. Altemanl 
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Liquid mass balance: 

Gas mass balance: 

Liquid momentum balance ln tbe x dlrection: 

Gas momentum balance in the x directlon: 

a a 2 a 
at (agpgug) + ax (agpgug) + ay (agpgugvg) -

- -a a p + a p g + K ( u - u ) + f.1. r _a (a ~ u ) + ~ (a ~ u ). 
g ax g g X lg I g g Lãx 8()x g ay say g . 

Liquid momentum balance in tbe y direction: 

Gas momentum balance in the y direction: 

where: 

I = 
g 
p 

u 

v 

a 
p 
,... 
g 

Klg 

liquid 
gas 
pressure 
velocity in tbe x direction 
velocity in th.e y direction 
volumetric fractíon 
density 
viscosity 
gravity 
interfacial friction coefficient 

(1) 

(2) 

(3) 

(4) 

(5) 
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Th~ ter~ K18 (u
8

-: u1) and K18 (v 
8

- v1) representtbe interfacial momentum transfer in tbe x 
and y dll'-ecttons, respecttvely. 

The equations (1) to (6) constitute a system of six equations tbat represent tbe mass and 
momentum conservation for each pbase. However, there are njoe dependent variables. Tben, to 
complete the equation set, the following relatioos are used: 

(7) 

p
8 

• p
8 

(P) (8) 

(9) 

To solve this set of equatioos we need to specify a constitutive relation for the interfacial friction 
coefficient. 

For dispersed two-pbase flow the inter!acial friction coefficient can be modeled (lsbii and Ztber, 
1979) by tbe following equation: 

(10) 

where: 

a; interfacial area 

Co drag coefficienr 

Pc = continuous phase density 

V r rela tive velodty 

The drag coefficient has been modeled (lsbii and Misbima, 1984) for different flow patterns such 
as bubbly, slug and churn flow. The interfacial area has been sludied (Kataota, lshii and Serizawa, 
1984; De.Jesus and Kawaji, 1989) but until now no general model is available. 

The two-phase flow in a T-junclion exhibil a complex interfacial slructure with the phase 
dislribution quite different from the two-pbase flow ln a straighl tube. Moreover, two or more different 
flow patterns may exist in the branching regíon. ln order to overcome these limitations lhe interfacial 
friction expression (lO) was extended to a general form by using the mixture density: 

(11) 

where the mixture density is given by: 

(12) 

The interfacial area and the drag coefficient are supposed to a function of the volumetric fractions. 
The interfacial area must vanish when the volumetric fraction of one phase goes to zero. Then, lhe 
ínterfacial friction coefficient may be given by: 

(13) 



104 Numerical Slmulatlon of lWo-phue Flow Separellon ln a T·jundlon 

ln lbis expressioo lhe conslant C bas the dimension of the interfacial area (#) and lakes into 
account the mean value of the drag coefficient (about one). Equalion (13) was used to predict some 
experimental phase separation data (Davis and Fungtamasan, 1990). Different values for lhe coostant 
C were used ranging from 200 to 800 m·1 and tbe more appropriate value 10 predict the experimental 
data was: 

C= 400m' 1 

Numerical Mõdel 

The model equations (1) to (9) are discretized following the linite volume melhod witb staggered 
grid proposed by Patankar (1900). The numerical algcrilhm used to solve lhe discretized equalions is 
described elsewhere (Moura, 1991) and only the principal steps are presented below. 

The momenlum equations are rewritten in a noo-conservative form. The liquid mass conservation 
equation (1) is multiplied by the liquid veloci ty in the x and y directions and the resulting equations are 
subtracted from tbe liquid momentum equations i n the x and y directions, respectively. Tbe non· 
conservative gas m001enlurn equarions are obtained fo!Jowing the sarne procedure. 

The liquid and the gas mass conservotion equations are integrated over lhe volume centered on the 
scaJar variables. The value of the scalar variables oo the volume faces are calculated by using the full 
donorcell scheme. 

Thc liquid and tbe gas non-conservative momentum equations in both directions are integrated 
ove r the volumes centered oo the velocities. lbe convective and thc viscous diffusion tcrrns calculation 
are explicit, that is, from the variables values obtained at the previous time step. 

The momentum discretized equations are rewrínen in order to explicit the pbase velocity. ln each 
of these equations appears the velocity of the other phase. Then the liquid (gas) velocity is eliminated 
in the gas (liquid) momcntum equation. 

Finally, the liquid mass conserva1ion equation is combined with tbe liquid momentum equation, 
resulting in an equation 10 the pressure and the liquid volumetric fraction. The sarne procedure is 
applied to the gas mass and momentum equations. The resulting equations may be solved by the 
Newton iterative method. Tbe difference pressure equation for cach phase are combined in order to 
elirninate the volumetric fractions. 

The final sys1em of ~essure equation represem a set of linear equatioos where lhe ~essure of each 
nade is related to the pressure of tbe neigbbouring nodes. This system of equations may be solved by 
the Tri-Diagonal Matrix Algorilhm ilerative method. 

Results 

Some of 1be available experimental data (Hooan anel Lahey, 1981; Davis and Fungtarnasan, 1990) 
about tbe two-phase flow separation in a vertical T-junction was used to verify the numerical 
simulation performance. 

A diagram of the vertical T-junction with the notalion for inlet and outlet sections is presented 
below. 

-? 
3 
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Davis and Fungtamasan (1990) studied the now separation for low values of tbe mass ratio 
(0,1 < W3/W1 < 0,5). The tube diameter was 0.050 m and the branch to the maio outlet diameter ratio 
(D3/Dl) was equal to one. 

Honnn and Lnbey ( 1981) studied tbe flow sepa rati on for bigber mass s plit rntios 
(0,3 < W3/W1 < 0,7). Tbey worked witb a 0 .038m diameter T-junctions witb D3/D1=1 and 
D3/D1==0,5 . 

There are 69 experimental data points for D3/Dl= 1 and 32 data (K>ints fot D3/Dl=0,5 . Each data 
p<lnt is cbaracterized by lhe inlet mass flow rate aod quality, tbe mass split ratio and pbase separation 
or the brancb to tbe maio outlet quality ratio ( x3/ x 1 ). 

The two numerical grids used fot lhe flow simulation in a T-juoction witb D3/D1==1 presented in 
Figure 1. 

•> 12x18 b) 24X38 

Fig. 1 Numerlc•l grld• for 03/Dh1 

The inlet boondary conditions for lhe numerical simulation were lhe gas and lhe liquíd velocities 
and lhe gas volumetric fraction (void fraction). These valucs are calculated from the homogeneous 
model. 

The outlet boundary condítions werc tbe brancb and lhe maio outlet pressures. Thc pressure 
differcnce between both outlets was adjusted to provide lhe measured mass split ratio. 

The initial conditions for ali flow domain were choseo as a constant pressure (lOOkPa) and lhe 
sarne void fraction and velocity as the iolet boondary conditions. 

The numerícaJ simulations were carried out untilthe steady state flow conditions were reached. 

Figure 2 shows the experimental (Davis and Fungtamasan, 1990) and lhe numcrical values of the 
phase separation ratio for D3/Dl=1, using lhe coarse and the fioer grids. The flow conditions are 
summarized in Table I. for the coarse grid (12x 18) tbe meao deviation betweeo predicted and 
measured phase separation is about 25%, witb a tendency to over predict the experimental data. 
Howevcr, for lhe finner grid (24x36) lhe mean deviation to 17%. 

A bettcr agreement is Obtained for tbe experimental data of Honan and Lahey (1981). The phase 
separation ratio was predicted using the coarse grld with a mean devíation of less then 9%. Figure 3 
shows lhe comparison between numerical and experimentAl resulrs. 

Finally, lhe Figure 4 shows the predicted and the experimental (Davis and Fungtamasan, 1990) 
values of the phase separation ratio for D3/D1=0,5, usiog a coarse grid (12x15) anda fioer grid 
(14x30). The mean deviation for lhe coarse and the finer grids are 23 and 20%, respectively. 

A typical numerical rcsult of the two-phase flow distribution in a vertical T-junction is show in 
Figure 5 for 03101~1 . The rnass flux, Lhe air-water quality and lhe rnass split ratio were 1356 ks'm'-s, 
0.1% and 0.32, respectively. lt can be observed io the Figure 5 that lhe gas tums 10 lhe branch more 
easy then the liquid (Figure 5.a and S.b), certainly because the negative pressure gradient (Figure 5.d) 
in Lhe branch. The gas acccleration ocar the juoction. produces a high void fraction region (Figure 5.c) 
in the lower half of the branch. 
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Tbe two-pbase flow numerical codes are very helpfuJ in the analysis of the influence of some 
parameters on the phase separation phenomena. ln this work the parameters investigated were the 
viscous and gravitational forces, and the inJet boundary conditions. 

Tbe influence of tbe gravitational field oo the phase separation is onJy signHicant for low values of 
tbe mass split ratio. The fluid visca>ities also have a very small influence, and onJy wlth a 500 higher 
viscosity the phase separation results showed a significant cbange. 

Tbe inJet boundary condition has ao important influence on the phase separation. The specification 
of the fully developed velocitles and void fraction profiles instead of the constant bomogeneous 
boundary condilions improves the numerical predictions. 
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Concluslons 

A tw<Hiimensional two-phase flow computer code was used to investigate tbe pbase separatioo of 
dispersed gas-liquid flows in a vertical T-junction. 

A general constitutive equation for tbe interfacial frictioo coefficient was developed i o tbis work. 
The obtained numerical results for the phase separation ratio are in good agreement with the 
experimental data. The rneao deviation was aboot 10% for mass spllt ratios greater tben 0.3. However, 
for low values of the mass split ratlo the experimental data are under predicted, aod tbe mean deviatioo 
was about 25%. 

The influeoce of the viscous and tbe gravitational forces on the pbase separatioo was lnsignificaot, 
sbowing that the dorninant forces are the inertial and the ioterfacial forces. ln the other band, lhe inlet 
boundary conditions have a signiflcant influence oo tbe pbase separation and the numerical result can 
be improved witb the specificatioo of tbe fully developed profiles. 
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Let D C R3 be a simply connected bouodeddomaio with smooth boundary iJD. Wc assume that iJD is a 
perfeclly cooductlog surface. ln tbls paper we presenl a DUmerical metbod to reconstruct iJD from tbe 
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Theoretical investlgations employing a Finite Element solution of the dynamic behavior of a cylindrical vessel 
fiUed with liquid bave been publisbed previously by the autbors. This paper describes lhe experimental 
procedure utilised lo tbe verification of the tbeorelical predicdons of tbe coupled problem. Five steel specimeos 
were prepared from thick tubes using a numerically controlled latbe. The base of tbe cylindrical specimens was 
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instance to determine and identify tbeir natural frequencies. Tb.e cylinders were then filled to differeDI heigbts 
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The frequency response of a rotating machine can be signi.ficantly affected by lhe dynam i c behaviour of lhe 
supportingstructure. This paper presents ao experimental verification oftwo identifica tio o methods based on th.e 
comparison between the experimental frequency response measured at lhe journal bearíngs and the theoretical 
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The present paper is conceroed with lhe higb temperature lifetime prediction in metallic materials.lt is proposed 
an elasto-viscoplastic constilutive model, developed withi n the framework of Continuous Oamage Mechanics, 
that takes i o to account the c~upling betweeo lhe creep aod low-cycle fatigue mechMism. The basic features of 
this modelare shown by simulating a stainless steel bar subjected to cyclic loadings at different temperatures. 
The applicability and the usefulness of the tbeory are vcri:fied by means of exam pies conceming lhe lifetime 
predictio n of a siJl inless steel pipe at 600°C unde r complex pressure loadings. 
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Portuguesa), RBCM- J . of the Braz. Soe. Mechanlcal Sclencea, Vol15, n. 1, pp. 65-78. 
This paper prc:sents lhe results obtained from a search lo tbe üterature about lhe problem oC minimu:m fuel 
consumptioo spacecrafl omittransfeJ. Thc problem and several of its models are presentcd to allow a non-expert 
reader to understaod lhem. More than one bundred pape~ are discussed allowing lhe reader to have a first idea 
aboul their contents before a more delllilcd s tudy. Thc majority of lhese papers are available in Brazilian 
libraries. 
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Cruz, G. M. M., 1993, "Numerlcal Slmulatlon ln Grld-Generated Turbulent Flowa wlth 
the K-E Model and one Equetlon for the Temperature Fluctua11one" (ln Portugueae), 
RBCM- J. of the Braz. Soe. Mechanlcal Sclencea, Vol15, n. 1, pp. 79-87. 
ln order lo predict tbe temperature flucllations in tumulenl llows, we have used a tumulence model wilh three 
transpor! equations for mean square temperature variance, tumulent kinctic energy and the rate o f kinetic energy 
dissipation. The goveming field equations are the Navier-Stokes, continuity and energy equations. The finite 
volume melhod is employed lo solve numerically these cquations. The results of calculations with this modelare 
com pared with lhe measures of two experiments. Thc firs I one, an homogeneous boi tumulence below a grid 
(Warhafl 11nd Lumley, 1978), allows us lo test thc modelln a conflguration with a constant mean temperature. 
The sooond experiment, a gr id turbulence with cross-strea m tempcrature gradlent (Si rival e Warbaft, 1982), 
allows us to testthe model in a s ituation Where the genera tion rate term of (;)2 dueto mean temperature gradienl 
plays an important part. 
Keywords: Turbulence, Grid-geoerated flows, Temperature Flucluations, k-e modcl. 

Wang, A. T. A. and Hartnett, J. P., 1993, "Pool Bolllng of Aqueoua Polyacrytamlde 
Solutlons: The lnfluence of Two Surfece Active Agenta", RBCM - J . of the Braz. Soe. 
Mechenlcal Sclencea, Vol15, n. 1, pp. 88-100. 
The lnfluence of surf.actaots on the pool bolliog behavior of aqueous polyacrylamide aolutions has been studied. 
The test sectioo consisted of an electrically heated horizontal platinum wire submcrged in a saturated pool of 
liquid at atmospheric pres.sure. The polymer selccted for these studies was Separ1n AP-30, an anlonic 
polyacrylamide.1wo surfacta.nts were used ln these studies, lhe anionic sodiom lauryl sulfate (SLS), and lhe 
non-ionic polyoxyethylene somitan monoolea te (JWeen-80). 
Vario11s combioations of polyacrylamide and surfactant dissolved ln deionized watcr wcru tudicd, For eacb 
solution the steady shear viscosity h, the dynamic phue shifl angle (a measure of e.lasti city) d, and lhe surface 
tension s were measured. ln general, tbe v alues of h and dare dominaled by lhe amount of polymer addilive, 
whereas the values of sare dominated by lhe surfactant concentration. The preseoce of surfactanl$ generally 
results in a decreasc in elasticity relative lo thc values found for lhe aqueous polyacrylamide solution. 
The surface tension values of lhe aqueous solution of SLS or 1\veen-80 were sigoificantly lower than lhe values 
for deionized water. Surprisingly the boiling performance of lhe aqueous surfactut aolutions did not differ from 
that found for water alone. For lhe 250 wppm aqueous Separa o solution lhe boiling performance is inferior to 
that found for deionized water atone. 
The presence of the surfactant Tween-80 in tbe aqueous polyacrylamide solution resulted in a reduction in lhe 
surface tenslon but lhe boiling performance was not alfected ln contras!, lhe presence of SLS in the 250 wppm 
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aqueous polyacrybmide solution resulted in a significanl increaso in tbe hcat transfcr coefficient relative to the 
boiling performance of deionized warer. 
On lhe basis of these results, it can be concluded that lowering lhe surface rension of an aqueous polymer 
solutioo does not guarantcc enhancemeol of lhe boiliog heat transfer performaoce. Therefore lhe enhancement in 
boiling beat transfer reported earlier for aqueous Natrosol solutions is nol dueto its lower surface lension value. 
Keywords: Non- Newtonian Fluids, Pool Doiliog, Heat Transfer Enbaocemeot, Experimental Melhods 

Moura, L F. M. and Carneiro, F. A. S., 1993, "Numerlcal Slmulatlon of Two-Phase Flow 
Separatlon ln a T-junctlon" , RBCM- J . ofthe Braz. Soe. Mechanlcal Sclences, Vol 15, n. 
1' pp. 101-108. 
The principal objective of this paper is to inv<.'Stigate ou.merically lhe gas-liquid phase separation i o a vertical T
junction. A two-dimensional compute r cede was used to solve thc two-Ouid model equalions, using the finite 
volume metbod. Special attention is directed to lhe modeling of lhe viscous dilfusion term and tbe coostitutive 
equation for the ioterfacial friction term. 
Tbe phase separation was simulated coosidering rwodilferenr values of tbe branch lo iolct diamelcr raiio, 0.5 and 
1.0, according to the reported experimental results. Th.e now condilions i o the T-juoctioo inlct were related lo the 
chum-turbuleot Oow pattern. 
Detailcd dislribulions of lhe void fracrion, pressure and velocity of boi h phases are presented. 11. good agreemcnl 
was obtained between lhe compu ler code results and tbe experimental data. For the mass splil ratios greater then 
03, the mean deviation was aboul 10%. Howcver, for lower split ratios, a rhrec-dimcnsional model would be 
more suilable. This work includes also lhe investigation of tbe boundary condi'tions, gravily, viscosity and mesh 
size on the phase separation phenomena. 
Keywords: Numerical Simulation, lWo-Phase Flow, T-junclion 
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