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Abstract 
This work aims to invesligate the principal wear mechanisms involved when tuming AIS/ E53JOO bearinf( s/eel 
hardened to 60-62HRC using two grades ofpolycrystalline cubic bomn nitride (PCBN) and three grades ofceramic 
tool materiais (mixed alwnina, whisker reinforced alwnina and silicor~ nitride-bused). In addition to the tool l{fe 
data. scarming electronic micrographs of the culting edge and the projile of the rake and clearance faces are 
presenteei. The result.ç suggest that the mixed alrunina tool presented higfres/ flank wear resistance when cutting 
un.der finishing conditions. wherea.\' lhe low contem PCBN compact was superior wlten rough cuuing. DijJusiou, 
abrasion and plastic deformation were lhe 11WÍJ1 cau.,·e t~f'toolfailure. . 
Keywords: Hem/ Tuming. Bearing Steel. PCBN and Ceramic Tools. 

lntroduction 
Thc advent of cubic boron nitride in lhe 70's and further developmcnts on oxide and non-oxide 

ceramic tool materiais allowed cutting of some difficull to machine materiais, particularly hardened 
steels, hard cast irons and nickel-based alloys. However, due to differences in composition and 
properties, the performance of these tool materials wiU obviously vary accord.ing to the cutting 
parameters and workpiece matetial. This papcr compares the performance of tive tool materiais when 
turning bearing steel hardened to 62 HRC with regard to tool life and wear resistance. 

Gradual wear of advanced ceramic tool materiais when machining hardened steels is a complex 
process which involves several concurrent mechanisms. The relevance of each of these mechanisms to 
the tool life will vary according to the composition, and consequently the hardness, of the workpiece 
and tool malerials and lhe opcrating parameters being used. According to Hooper el ai. ( 1989) lhree 
main processes are involved in the wear of polycrystalline cubic boron nitride (PCBN) cutting tools: 
chemical wear caused by interactions , with the environment (including aunospheric oxidation), the 
formation of a protective layer on the surface of the tool at high tempcrature and the removal of this 
layer by the swarf at lower cutting speeds (lower temperature) leading to altriLion wear and further 
chemical wear. When comparing the wear of a high content PCBN compact (Amborite) with a low 
content tool (DBC50) during finish cutting, Hooper and Brookes (1984) found that higher cutting 
temperatures were generated when using DBC50 dueto its lower thermal conductivity, leading to the 
formation of the protective layer on lhe rake face of lhe tool and consequently, lowcr wear rates than 
when using Amborite. Klimenko et al. (1992) also found signs of a liquid phase between the tool­
workpiece and the tool-chip interfaces when turning bearing steel (60-62 HRC) using PCBN compacts. 
However, it was not clear bow the presence of this Jayer affected lhe wear behaviour of PCBN tool 
materials. Such layer was not observcd wben using alumina-based ceramic cutting tooJs. Other 
rcsearchers (Chen , 1993 and Xin, 1980) have identified the formation of this protective layer on PCBN 
tools. 

Abrasion caused by hard particles present in the workpiece material, togethcr with dislodged tool 
material grains, are likcly to play a part. Wear of PCBN and both white and mixed alumina tools when 
turning cold work die steel (JIS SKDll, 60 HRC) is reported by Ohtani and Yokogawa (1988) as the 
result of abrasion caused by hard alloy carbide particlcs present in the workpiece. 

Diffusion wear is probably of more significance, especially when considering the high temperatures 
that can be achieved at the tool-chip-workpiece interface. !t is believed tbal lhe prescnce of titanium 
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carbide (Ti C) in the composition of the cutting tool can lead to lhe formation of the above mentioncd 
protective layer on PCBN tools under a spccifi c range of cutting tempcratures and thatthis fLim can act 
to prevcnt diffusion wcar. Although there is some evidence for sucb a laycr, it has not bccn explained 
bow it can inbibit tool wear or wby it is not observed on A110 ,-TiC product~. Sucb tools possess lower 
thermal conductivity than PCBN compacts conlaining TiC and thereforc are capablc of generating 
similar o r even bigber tcmperatures in Lhe cutting zone. Narutaki and Yamanc ( 1979) considered remotc 
Lhe possibility of di(fusion wear of PCBN tools wbcn machining hardened stccls owing to the low 
affinity of Lhe CBN grain with iroo and to the lower tempcratures gencrated at tbe culling zone 
compared witb cememed carbide tool materiais. 

Static diffusion tests between PCBN tools of diffcrent compositions anel DIN 100Cr6 bearing steel 
(60 HRC) have indicated that recrystallisalion of the secondary phase occurs at bigh tcmperaturc 
leading to the weakcning of the binder material and hence contributing to the wear of lhe tool material 
(Kõnig and Neises, 1993). In addition, subsequent abrasion lCSts carried out by tbe authors using a 
diamond indcnter showed that tbe amount of wear increased with temperature rise, tbc wear scars on the 
low conccotration PCBN Lools being slightly deepcr than on the high concentralion products, although 
lhe weight loss caused by abrasion was nol signiticant. Cutting tests, however, sbowed opposite results. 
One reason for lhis could bc lhe massive loss of CBN grains whcn Lhe bindcr phase surrounding the 
grain is eroded. The presence of TiC in lhe binder phase of DBC50 incrcased its etcbing resistance 
tbereby minimising chemical wear. Sliding tcsts using single CBN anel AI:O, grits against hardened M-
50 tOol steel (62 HRC) indicated that CBN grains presented approximately half of Lhe friction 
coefficient of lhe alurnina, thcreby producing a more unifonn track and less ridgcs and rnicrocracks 
(Calabrese and Murray, 1989). 

With rcgard to attrition wear, wclding of workpiece fragmcnts is reportcd to protect Lhe cutting 
edge. however wben this material is rcmoved, particles o f lhe cutting tool may also be affecled. Takatsu 
ct ai. ( 1983) reponcd Lhe welding of lhe workpiece material on lhe cutting edge after cutling differcnt 
lypes of hardcncd steels using cutting tools with various CBN conccntrations. The amount of wclding 
apparenlly increased with a decrease in thc CBN contcnt and protected Lhe cutting edge from wear. 
Work by Oishi and Nishida (1992) involving PCBN and severa! conventional ccramic lool materiais 
when machining hardcned llS SUJ2 bearing steel (66 HRC) indicatcd thal under dry finisbing 
conditions, there was a criticai cutting speed below which tool fracture did not take place. This criticai 
cutting speed was higher for thc PCBN than for a núxed alumina cutting tool. Surprisingly, the use of 
t:ulling fluid had a positivc cffect on thc tool life of tbc mixed alumina tool material. Similar results 
have bccn rcported whcn tuming hardcned low alloy steel (En2), where abovc 50 m/min cutting speed 
lhe zirconia toughened aJumina tool was ourperformcd by the PCBN, failing by chipping of tbe cutting 
edge (Nakai et ai., 1988). 

Gane anel Stephcns ( 1983) reported tests involving turning o f hardened alloy steel En26 (550HV) 
using Amboritc anel mixed alumina (A/10 3 + 20% TiC) cutting tools. At low cutting specds (50 mlmin) 
lhe llank wcar of lhe PCBN tool was thrce times grcater tban that of tbe mixed alumjna, but wbcn Lhe 
cutting spccd was incrcased to 75 m/min rhe life of Lhe alumina tool was limited by cracking and 
cbipping of lhe cutting edge, wbercas lhe PCBN insert showcd relatively low wear. It was suggested 
that thc poor performance of tbe mixed alumina tool at the higher cutting spced was due lo its lower 
thcrmal conductivity anel inferior lhermal shock rcsistance. 

When machining hardened cold work die stecl AISJ 02 using Amborile inscrts, it has becn reported 
by Nottcr and Heath (1988) that wear occurs almost immediately, afler which lhe cutting edgc stabilises 
and further wear takes place at a much reduced rate. Machining the same workpiece material with BZN-
6000, Bhattacbaryya et al. (1978) assened that in general, a uniform flank wear occurred as a 
combination of bigh cutting speeds and relatively higb fecd rales. Tbe crater wear dcpth increased with 
an increase in lhe cutting spced. The cratcr width was dependent only on the feed rale (increasing the 
feed rate causcd a decrease in lhe crater width). Wben face milling hardcned steels using PCBN tools, 
tbe tool can also fail due to flaking/spalling anel tcaring of Lhe flank face anel also flaking of the rake 
face as a consequencc of thermal fatigue in addition to lhe gradual wear mcchanisms, Xiangning anel 
Guangmin (1994). 

Enomoto et al. ( 1988) suggcsl that tbe wcar o f PCBN tool when culling low aUoy steel (TIS 
SCM435H) of various bardnesses is caused by abrasion and adhcsion. Minimum flank wear was 
obtained using cutting tools with 60% CBN contem and small CBN grain sizc (2 J.LID). It was suggested 
that reducing the grain si te increascd Lhe contact area between the CBN grains and Lhe bonding material 
leading to a greater bonding force. 

Built-up edge is nol a criticai problem whcn machining hardened steels owing to tbc fac! lhat tbc 
tcmperatures generated in tbc cutting zone are above tbc rccrystallisation temperature. Wben macbining 



A. M. Abrão et ai.: Tool Wear of Polycrystalline Cubic ... 3 

hardened Mccls with rnixed alumina ceramic tools, the formation of built-up edgc was reported by 
Vandcr Voort and Lesher (1994) to be dependent only on the hardness of the workpiece. Whcn thc 
bardness exccedcd a criticai value, lhe buih-up edge disappeared irrespective of thc cutting speed used. 

Finally, plastic deformation leading to sudden fracture of thc cutting edge seems to affect mixcd 
alumina tools to a grcatcr extent lhan PCBN tools beca use o f the lower hot hardness o f lhe conventional 
ceramic material. As with cemented carbide tool materials, the occurrence of sliding wear, and 
consequently notching of tbe leading and truiling edgcs of ceramic tools, especially when machining 
hardcncd tool steels, is not well undcrstood and requires further investigation. 

Experimental Procedure 
Bars of AISI E52100 bearing steel approximatcly 150 mm in diameter and 750 mm long were used 

as workpiece material. The hardness of lhe workpicce was monitored with a portable hardness tcster 
and it was found wilhin lhe range 60-62 HRC. Two grades of PCBN cuttiog tools (De Beers Amborite 
and OBC50) wcre tested in additioo to convcnrional cerarnic tooling (Sandvik CC650-mixed alumina, 
CC670-whiskcr reinforced alumina and CC690-silicon nitride based cerarnic). The PCBN indexable 
inserts conformcd to SNGN 090316 and werc cmployed in a top clamp tool holdcr whicb provided lhe 
following geomctry: cutting edge angle Xr=45°, nonnal rakc angle y,:-6° and cutting edge inclination 
anglc J..,=-7•. They incorporatcd a T-land chamfer of 0.2 mm x 20•. The ceramic tools conformed to 
SNON 120416 and were similarly locatcd, but the normal rake anglc was y,, :-7• due to differences 
between thc two toolholders used to accorrunodated different siz:e inserts. In this case lhe T-land 
chamfer was 0.25 mm x 20" for CC650 and CC690 and 0.1 mm x 20• for CC670. 

Conlinuous dry turning tests were conducted on a high stiffness luming centre (30 kW, 3000rpm 
maximum rotational speed) equipped with a CNC unit. Tests were perfom1ed in accordancc to ISO 
3685-1977 using lhe following cutting parameters: culting spccds (vc) of 70, 140 and 200 m/min, feed 
rales (f) of 0.06 and 0.25 mm/rev and depths of cul (a,) of 0.5 and 2.0 rum. A full factorial experiment 
was dcsigoed resulting in 12 cutting conditions for each tool material. 

lnitially, a toollife criterion bru;ed on a avcrage flank wear VB=0.3 mm was cstablished. However, 
tests were slopped aftcr 30 minutes i f lhis valuc had not been reached. In severa.! instances Lhis was thc 
case and thereforc Lhe v-T result.~ are presenled using VB:0.2 mm to avoid the use o f exlrapolated data. 
flank wear was measurcd using a toolmaker's microscope cquipped with digital micrometers. 
Workpiccc surface roughness was monitored using a Milutoyo Surftest 201 unit sct with a 0.8 mm cut­
offlength. 

The proftle of the rake and 11ank face wcrc obtained with a Talysurf 5 system after etching sample 
culting tools in a 50% HCl solution. Pholographs of worn cutting tools were taken using a scanning 
electron microscopc and due to differences in lhe clcctrical conductivity of the tool materiais used, all 
inscrts were gold coated beforc examination. 

Results 
Toollife curves obtained from the flank wear data for a depth of cut of 0.5 rum and feed rale of 0.06 

mm/rev are shown in Fig. 1, whereas Fig. 2 shows the results wben feed rate was increased to 0.25 
mm/rev. The rnixcd alumina tool (CC650) providcd bcst results ata feed rate o f 0.06 mm/rev. but failed 
wben both feed rale and cutting speed were incrcascd, whereas the low contenl PCBN tool (DBC50) 
gave good resulls undcr both 0.06 and 0.25 mm/rev. At the lower feed rale CC670 produced a negative 
slope much steeper than the rest of thc toolmaterials, however, withoullhe loollifc values at 70 m/min 
for OBC50, CC650 and CC670 (wbich did not reach the tool life crilerion, and thcrefore, are not 
presentcd) it is difficult to establisb prcciscly thc tendencies for these lool materiais. 

The whiskcr rcinforced alumina (CC670) also failcd suddenly wben cutting speed increased to 200 
m/min. Oue to its high hardness and toughoess. the high conlent PCBN tool (Amborite) was expected to 
perform better at higb feed rates, but this was not the ca~e. Finally, the silicon nitride-based cutting tool 
presented lhe worst results for all cutting conditions. 

Figures 3 and 4 show lhe v-T curves obtained for feed rates of 0.06 and 0.25 mm/rcv, respectively. 
and a depth of cut of 2.0 rum. In general, it can bc seen that for a feed rate of 0.06mm/rev lhe same 
trend observcd previously was maintained, where CC650 gave longer tool life, however, a sligbt 
reduclion in tool lifc was reported in comparison to iip=Ü.5 mm. Additionally, only CC670 and CC690 
reached VB0=0.3 mm before 30 minutes of cutting. 
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Fig. 1 v-T curves for hardened bearing steel at f=0.06 mmlrev and ap=O.S mm. 
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Fig. 3 v-T curves for hardened bearing steel using a 1=0.06 mmlrev and a.,=2.0 mm. 

A further diminishing in tool life was noticed when t11c feed rate incrcased to 0.25 nuu/rev. Undcr 
this circumstancc lhe mixcd alumina material could not withstand cutting even at lhe lowest culling 
speed. For thc mo~t severc opcrating condition Amborite provided lhe best result, lasting Iess than one 
minute. 



A M. Abrão et ai.. Tool Woar of Polycrystalllne Cubic ... 

H' I 

~I 
; 
.,: 

U,l 

'I I 

100 
Cunm~ "JlCCd 1 ruluun 1 

- A ...... ~r1 -=1-lm(.'~() 

6 t.t.'tt.~l 

-n'6~t 
_.CC~ 

HKXI 

Fig. 4 v-T curves for hardened bearlng steel uslng a f=0.25 mm/rev and a.=2.0 mm. 

5 

Figure 5 shows samples of tool wear generatcd after reaching the tool life criterion under various 
cutting conditlons for those material~ which presented superior performance. i.e., CC650, DBC50 and 
Amborite. 

When rinish turning with CC650 an increase Íll cutting speed from 70 to 200 m/min (Fig. 5a and 5b, 
respcctively) led to chipping of lhe eulling edge and accelerated tlank and crater wear. Rough tuming 
parameters caused the fracture of the culling edge. The same trend was observed whcn culling with 
DBC50 tools (Figs. Se and 5d). When cutting with Amborite (Figs. 5e and 51) thc tool wear appeared lo 
be more severe when finishing than whcn roughing. Increasing lhe cutting speed and feed rale led to the 
appearancc of grooves on lhe cratcr surfaee near the rake face. The discontinuous tüm shown in Fig. 5f 
was dueto poor adhesion o f the gold coating applied prior to lhe SEM analysis. 

The profile of the clearance and rake faces after reacbing the tool lifc criterion whcn fmishing and 
rougbing can be 1>een in Figs. 6 and 7, respectivcly, where lhe cutting limeis shown betwecn bracketl>. 

a) mm b)CC650 

mm 

e) Amborite v.=200 m/mln, f=0.06 mm/rev end a0=0.5 mm f) Amborite v.=200 f=0.25 mm/rev a 

Flg. 5 Tool wear when turnlng hardened AISI E52100 bearlng steel. 
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a) Amborite (4 mín) 

c) CC650 (26 mln) 

e) CC690 (2 mln) 
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b) DBC50 (16 mln) 

d) CC670 (2 mín) 

Scalc: H 
0.2mm 

I 0.05mm 

Fíg. 6 Profíle of lhe rake and tlank faces after finlsh turning (vc=.200 m/min, f::0.06 mmlrev and a.,:0.5 mm) 
hardened AISI E52100 steel wlth: a) Amborlte, b) DBC50, c) CC650, d) CC670 and CC690. 

When finish 1urning , CC650 showed the bcsl crater wcar resistance followcd by DBC50 and 
Amborite. CC670 showed a rapid loss of the cutting edge and excessive wear was observe<! on CC690. 
When rough turning Amboritc gave the bcst resuh. Both CC670 and CC690 presentcd insuflicient 
crater wear resistance and thc profile of DBC50 and CC650 tools afler roughing are not shown due to 
tool fracture. 

a) Amborite {8 mln) 

c) CC690 (2 mln) 

b) CC670 (4 mln) 

Sale: H 
0.2mm 

I 0.05mm 

Flg. 7 Profile of the rake and flank faces after rough tuming (v.=70 m/mín, 1::0.25 mm/rev and ap=2.0 mm) 
hardened AISI E52100 steel wlth: a) Amborite, b) CC670 and c) CC690. 
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Discussion 
Whcn cuning wilh a dcpth o f cut o f 0.5 rum and a fccd rate of 0.()6 mm/rev (Fig. I ), CC650 and 

DBC50 gave comparable results, followed by CC670 (at lower cutting speeds). Amborite tool life was 
shorter and CC690 shortest of ali. When thc fced rate was increased to 0.25 nunlrev, howcver, lhe tool 
life of thc m.ixed alumina cutting tool showcd a draslic rcduction ending in catastrophic failure. The v-T 
curves for f=0.25 mm/rev (Fig. 2) shows that DBC50 provided the bcst flank wear resistance, followed 
by Amborite in~tcad of CC650. Th.is is an indication lhat when machining materiais within this levei of 
hardness, lhe mechanical propcrties of the tool, particularly hot hardness and fracrure toughness, are 
crucial for a satisfactory performance. The fracturc toughness of Amborite is approxirnately tive times 
highcr than reported values for CC650. 

When the deplh of cut was inereascd to 2.0 mm (Fig. 3) the samc trend observed previously was 
maintained. however, as the cutting spccd increased, the flank wear rate increased considerably, even so 
CC650 exhibited superior tool wear resistance. Neverthelcss, wilh an incrcase in feed rate to 0.25 
IDJnlrev none of lhe tool materiais was able to produce a satisfactory performance. DBC50 gave lhe 
longest toollife results at 70 and 140 m/min but was outperfonned by Amborite at 200 m/min. lt would 
appcar that when rough turning at cutting spccds as high as 200m/min, the mcchanical and thermal 
stre:.ses irnposed are too high for most of the tool materials. Failure occurred within a short period of 
time eilher due to lack of toughness or as a consequence of accentuatcd diffusion wear caused by the 
high tempera111res generated at lhe tooVclúp interface. Tbc overall poor performance of Amborite 
compared to DBC50 when rough cutting was a surprise since the former product is partieularly 
recorumended for hcavy/rough cutting operations. In spite of its high hot hardness, the inferior wear 
resistance of Amborite eould bc explained in terms of grain siz.c. According to Enomoto (1988). 
reducing the CBN grain size the contact arca betwcen the CBN crystals and lhe binder phase is 
increased leading to a grcater bonding force. This would bc an advantage in favour of DBC50 whose 
grain size is approximately one tenth of lh<tt o f Amborite. Furthermore, lhe presence o f titruúum carbide 
increased lhe wear resistance of DBC50 due to its lower solubility in stecl compareci to CBN (Kramer, 
1987) and also bccause of i L~> good atmospheric ctching resistance (Hooper el ai., 1989). 

The micrographs of wom cutting tools (Fig. 5} together wilh lhe profile of lhe rake and clearance 
faces after finish and rough tuming (Figs. 6 and 7) give ao insight into the possible wear mechanisms 
acting when machining such high hardncss workpiece materiais. Whcn fuúsh tuming with Amborite, 
the smooth appearanee of lhe crater was onc possible indicatioo that diffusioo had occurrcd and lhe 
grooves oo thc clearance face suggested that abrasioo was also a factor. Since thcse grooves wcre notas 
distinctive wbcn usiog lhe olhcr tool materials, it would scem logical to assume that lhey were not 
caused by hard carbide particlcs present in Lhe workpiece, but by loose CBN grains which rubbed 
against the clearancc face. They werc also noticed, to a much lesscr cxteot, when tuming at v"=l40 
m/min, f=0.25 mm/rev and a,.=0.5 mm but were noL observed wilh DBC50 tools. Therefore their 
appearance was associated with a combination of high cutting speed and feed rate. Tbey could be a 
result of chenúcal wear when high temperalurcs are reached in the tool/ehip interface, which did not 
occur with DBC50 because of lhe presence of titanium carbide and the lower thermal conductivity of 
lhe low CBN content product. Tbis form of localised wear may also bc associated with the 
manufacturing routc of the compact. It has been reported by llooper et al. ( 1989) lhat during the 
synthesis of lhe tool blank.s, the CBN grains in DBC50 are subjected to much less plastic dcformation 
than in Amborite. As a result, DBCSO will possess higher resistance to wear caused by the devclopment 
of structural defects in lhe CBN grains. 

Similar wear pattems were observed in DBC50 and CC650. When rurning al v<=70 m/min, f=0.06 
mm/rcv and <~v=0.5 rum minimal wear was observed after 30 minutcs, but when thc cuning speed was 
increased to 200 m/min signs of chipping of the cutting edge were evideot. The texl11re of Lhe crater 
produccd in CC650, particularly in Fig. 5a. and of lhe crater and rake faces of DBC50 (Fig. Sd) 
indicated lhe occurrence of diffusion wcar. Tbe profile of the cutting edge when finish turning 
suggested that lhe mixed alumina product had a higher eraLer wear resistance tban DBC50. ln contrasr, 
thc gross fracture observed when rough tuming using both materiais indicatcd insufficient fraciUre 
toughness (k,,=3.7 MPa.mM for DBC50 and typically k1c=2.9 MPam''' for AJ,O, + 30% TiC according 
to De Becrs, 1990}. Certa.inly. this difference accountcd for the fact lhat the CC650 fa.ilcd after 30 
seconds of cutting whereas the DBC50 laSted for 4 minutcs. 

During lhe cutting tests on the hardened bcaring steel lhe whisker reinforced alumina suffcrcd from 
crateriog and spalling on Lhe rake face. Accentuated loss of the cutting edge was also observed 
suggesting that despite the smaller cootacl area, lhe greater hardncss of the beariog steel and assoeiated 
higher forces rcsulted in highcr chip/tool interface temperatures and consequently accelerated wear of 
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CC670. The wear of lhe silicon nüride-based product when finishing was characterised by spalling and 
fracturc, possibly caused by lhe weakening of lhe culling edgc due to rbc high diffusion wear ratcs 
evident from rapid crarering. 

Conclusions 
When continuous tuming hardened bearing steel using PCBN and ceramic cutting tools, the 

following conclusions can be drawu: 
• Superior wear resistance was obtained by the mixed alurnina tool and by tbe low coutcnt 

PCBN at low feed rate (f=<l.06 mm/rev); 

• Wbcn lhe feed rate was incrcased to 0.25 mm/rev, lhe low and high contcnt PCBN compacts 
gave bcst results, in this order; 

• Tool wcar micrograph~ and prolile samples suggest lhat diffusion and abrasion (causcd by 
dislodgcd CBN grains) wcrc the principal reasons for tool wcar of thc high contcnt PCBN 

compact. whereas thc low contcnt compacl and tbe mixed alumina tool failcd due to diffusion 
al low fecd rates and plastic deformation followed by catastropbic failure at lligb feed rates. 
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Abstract 
l'olvethylene.\, usecl to coat teleplwne cabln anel "ires, are the nwleria/.1 1/wt lwl'e s/UJ\1'11 the be.vl behm•ior ll'hen 
.111bmined to the acrion uftlw em·iromnent; in many cti.Ie.• they last m·er '" enty .vears. Amnng them, ,..e highlightlou·­
clemity polw•thylene (WPE). tluu. however, Jw.1 /ou re.1·i.vtance to abrasion: thi.\ muJ.es impossible it.\' use in 
lif'/1\'0rÁ.!. that um/erga a gretll incidem·e of /..ires and culling materiais. An allemotil•e for this muteriul is tlll! high­
deiiSity po/yethylel/e ( IJDPE). Dewi/ed studies hm·e .1 /11111'11 thm both. in lhe labomtrny 11.1 in the .field. hal'e sim i lu r 
l>eiw1•wr as 10 resrstance to severe wemher ('{mditirms. with The adtlitional advantuge tlwt 1/D/'F, hus u nwclt higher 
mechanical re,,·ivtunce. This work pre.\'l!tUS 1m asst's,,.,,,em of lhe belwvior of these materiais and demonstra/i' wlty 
they have an e.lcellenl resistam·e to ,\'t'l'ere wemher mmlitions. 
1\.eywords: \Vire and Cahle CIHI/tnf:, Pohethylmes. Agmg 

lntroduction 
The presence of polymeric materiais in the lelephone network has been increasing along the years 

due to the high costlbenefit ratio these materiais deliver to telecommunications products: low costs, 
good mcchanical properties. high performance and long life. provided they are used adequately. Among 
tbose most used, one can mention polyethylenes, wbich can be: Higb-Density Polyethylene (HDPE). 
Low-Density Polyethylene (LDPE), Low Linear Density Polyethylenc (LLDPE), etc. 

These polymeric materiais are rated as "commodities" anel are widely used in coating of telephone 
cables anel wires, with some applications also in Optical Splicc Closures, Sub-Ducts, lnsulation of 
Telephone Cable Coneluctors. etc, anel have exccllent performance, when submitted lo severc weather 
conditions: heat, raio, polluunts aod, abovc ali, UV radiation from the sunlight. Althougb thcy belong 
to thc same family of materiais, polyethylcnes have significant differences in their propertics due to 
minor differenccs in their structurcs. Figures l(a), l(b) and I (c), bclow, illustrate Lhe structures o f Higb­
Density, Low-Dcnsity anel Low Linear Density Polyethylenes: 

---(a) 

I 
(b) 

I I 
I I I 

(c) 

Flg. 1 Schema of the molecular structure of: (a)-LDPE; (b) • HDPE and (c)-LLDPE 

Manuscript recetved: April 1998: revlsion received: August 1998. Technica/ Editor: Leonardo Goldstein Jr. 
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These struclure clifferences determine different physical and mechanical properties, and have a 
direct inOuence on thc bchavior of these materiais in telecommunication products, mainly with respect 
to dimensional stability and resistancc to abrasion, and, at times, resistance to being cut. 

LDPE's low cutting and abrasion resistances have beco observed in telephone wires installed in 
arcas with great incidence o f kitcs preparcd with cutting strings, as illustrated in Figs. 2 and 3. 

Fig. 2 Telephone wlres and cables involved with kite strings. 

Flg. 3 Detail of a cut in a telephone wlre 

Nevertheless. LDPE has been used in shcath of wires and cablcs. and has shown an cxccllent 
bebavior and performance in sevcrc weather conditions. Currently there are reports of cables that have 
been installed for over 20 years in thc Brazilian Telecommunication Company telcphone network, with 
no problems of degradation o f thcir polymeric <>heathing. 
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As HDPE has a more uniform molecular structure, that is, more crystalline, its rcsi~lance to cuLS or 
abrasion is higber than LDPE, and this feature is even more evident in Lhe prcseoce o f heat. because the 
LDPE hardening and softening points are very low. Our studies, have shown that HDPE has thc same 
behavior as LDPE when submítled to scvere weathcr conditions. both in laboratory and in the field, and 
these resulLS will bc presented ncxl. 

Materiais and Methodology 

Thc materiais used in dcvcloping this work werc: 
• Purc LDPE: 
• PureHDPE; 
• LDPE with 2.5% carbon black, plus chemical stabilizcrs, and 
• HDPE with 2.5% carbon black plus chemical stabilizers. 

where 
• Low-Density Polyethylene: 

Density: 0.92-0.94 g/cm~ 
Melt Flow lndex: 0.6 gJ 1 Omin. 

• High-Density Polyclhylene: 
Density: 0,95-0,97 g/em' 
Melt Flow Index : 0.8 g/lOmin. 

• Carbon Blaek N 220 
From these fonnulations, standard specimens were prepared for tensile strength tcsls. They werc 

submitted to naluraJ and aecelerated aging tests, so lhat thcir meehanieal propertics eould be assessed 
before and after agiog. 

Thc purpose of lhe addition of earbon blaek and chemieal stabilizers to polyethylenc was to 
ioerease stability of lhe material lo severc wealher eooditions, particularly to ultraviolet radiation from 
sunlighl, and hcat. Carbon blaek is an absorber of ultraviolet rays and, in order to detiver an effective 
protection to the polymer, its grain size should be smaller lhan 25l1fl1 (N220 carbon black ) and the 
concentration should bc 2 lO 3 percent of the polyrneric matrix mass. Above 3%, no significant 
protection improvcment was noticed, doe to lhe difficulty of incorporating and dispcrsing carbon black 
particlcs in Lhe polymer matrix. 

Aging 

To study lhe bebavior o f the polyelhylenes when submiued lo severe weather conditions, two lypes 
of aging procedurcs were used: natural aging in resl fields and accelerated aging in laboratory. 

Thc acceleratcd aging test is usually conducted on an apparatus named "Weather-Ometer ®", which 
supplies weather conditions as close as possible to those found in nature. It simulates sunlight radiation 
with a xenon are lamp; it also simulates lemperalUrc, humidity and rain. The tese parameters uscd were 
thc following, in aecordance with ASTM G-26: 

• Xcnon are lamp 6500 W with borosilicate filters 
• Two-hours cycles (I 02 minutes of light + 18 minutes of ligbl and watcr spray) 
• Black pancltemperature = 63 ± 5 °C 
• Relative humidity = 65 ± 5% 
• Radiation at 340 nm = 0.35 W/m2 

In the natural aging test, samplcs were exposed directly to the samc conditions of product use, but 
the responsc time was very long. ln this work, materiais were installcd in differcnt locations of the 
country, including climates that are very aggressivc to polymers. The thrce cities chosen were: 
Campinas- SP. Fortaleza- CE and Belém- PA. 

Laboratory Tests 

Many physical aod chemical tests have been applied to prcdicl Lhe performance of plastics 
submittcd to sevcrc weather. Visual aspcct, changc in color, mccbanical rcsislanee, mclt flow index, 
cbangc in weight and spectroscopic mcthods are some of the most importaot parametcrs and proccdures 
used to charactcrize degradaled polymcrs. Ln this work, due to application of polyetltylcnes as shcathing 
for telcphone wires and cables, three propertics were choscn to foUow up lhe dcgradation of these 
materiais: tensilc strength, clongation at break and rcsistancc to cutting. 
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In general, when polymers are submiltcd to degradation. they tend tn reduce their tensile strength 
and their resistance to abrasion and bccome more briulc; therefore they rcduce their elongalion at break. 

Tcnsile strength and clongation at break are parameters measured in standard tcst specimens, in 
accordance to the ASTM D-638 norm. To measure resistance to culling, there is a specific tcst which 
simulatcs a real situation. where a standard "cerol"(kite string with little fragments of glass and glue) 
cutting küe string is placcd in contact wilh lhe telephone wire, and the number of cyclcs required to cut 
the string is measured wilh a frequency of 1 .5 Hz. A schcmatic drawing o f thc test assembly is shown in 
Fig. 4. 

Telephone wire (transversal) 

"Cerol"outting string 

--------
M =400g 

Fig. 4 Resistance to cuttlng test assembly 

In addltion to the prcviously described tests to foltow degradation, anolher widely used test lO 
assess lhe performance of polyethylenes, before aging. is the measurement of lhe coefficient of carbon 
black absorption in ultraviolet. The purpose of this spectroscopic tcchnique is to evaluatc lhe degree o f 
dispersion of carbon black particlcs in the polyrneric matrix, since lhis property is direclly linkcd to lhe 
stability o f the material to wealher, particulady to ultra violei radiation. 

Another lechniquc to evaluale carbon black dispersion ls optical microscopy, where onc can check 
qualitarively i f lhe carbon black particlcs are well disperscd in the polymeric mau·ix. 

Results and Díscussíon 

lnitiably the carbon black (C.B.) formulation was characterií'.ed by measuring its absorption 
cocfficiem in the ultraviolet: 

LDPE 2.5% carbon black ~ 3607 :t 64 abs/cm 
HDPE 2.5% carbon black ~ 4084 :t 110 abs/cm 

and dispersion by optical microscopy. These results are shown in Fig. 5. 

LDPE HDPE 
Flg. 5 Micrographles showing carbon black dlspersion in LDPE and HDPE. 

The analysis of these results. showcd that bolh fonnulations with carbon black had good dispcrsion 
(lhcrc are no parliclc clusters - Fig. 5). Also, they have a high absorption coefficient in lhe ultraviolct, 
above 3,500 abslcm. Thcrcfore, both fonnulaúons have good stability against severe wcather conditions 
and this ensures standardizaúon for comparing between LDPE and HDPE after aging. 
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Thc mechanical properties after acccleratcd aging in lhe Weather-Omctcr are shown in Figs. 6 and 
7. where small differcnce bctween pure polyethylene and with addition of carbon black can be 
obscrwed. Bcfore 1,000 hours of uging the same bchavior wus maintained, howevcr. aftcr that, one can 
see a sharp decrcase in the mechanical propcnies of the pure material. As to lhe p<1lymers with additive, 
both preserved their mechanical propcrties up to lhe end of the test, i.e., approximately 3,500 bours. 
N01e that the values for thc HDPE tensilc strength are greater than for LDPE. 

In thc case of natural aging, despite thc short time exposurc (two years), Figs. 8, 9 and 10 show that 
no differcnces were found among polyetJ1ylencs as to their tensilc strength during thc period a•~:•lyz:ed. 

ACCELERATED AGING IN THE WEATHER-OMETER 
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Fig. 6 Results of lhe elongation at break after aging in the Wealher-Omeler 
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Flg. 8 Tenslle strength after natural aging in Belém 

NATURAL AGING IN FORTALEZA 
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Flg. 9 Tenslle strength after natural aging in Fortaleza 
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Thc resistancc to cuuing tcsts, conductcd on telcphone wircs with Lhe same configuration, but wilh 
diffcrcnt coating materiais gavc: 

Wirc coaled with LDPE: 34±2 cycles 
Wirc coated witb HDPE: 125:1:7 cydes 

Which shows that HDPE's rcsistance lo culting with cerol string was much higher lhan LDPE's. 

Conclusions 

After up to 3,500 hours aging in lhe Weather-Ometcr, and aftcr two years of natural aging in tbrcc 
test fields, thc analysis of the mechanical propcrties showcd that HDPE and LDPE have tbc same 
performance undcr severe wcalher condiüons. HDPE also has greater rcsistance to cutting and abrasion, 
a criticai propcrty for which tbc sheathing o f lelephonc wires anel cables is applied. 

Acknowledgement 
Thc authors thank TELEPARÁ anel TELECEARÁ for the installation of Lhe tcst specin1cns in tbeir 

test ficlds. 

Reference.s 

Allen. ~.S .. 1983 . .. Dcgradation and Stabil i1ation of Polyolefins", Applied Science Publishers. F.10sex. p.384. 
Amcric;m Sociery for Tesling and .Ylaterial~. 1995. ASTM G-26/95 - Standard Practice for Opcrating Light Exposure 

Apparatus (Xenon 1\rc Type) witb and without wmer for Exposure or Nonmetallic Materiais, p.l O. 
American Society for Testing nnd Materiais, 1996. ASTM D-638/96 - St;mdard Tcst Methnd for Tensilc Properti es 

of Pla~Lics. p.l3. 
Ragarolli. A .. Silva . .Yt.C. and Lopes. S.J.C. 1995. Technica.l Report PD.I 2.AT.CST.OOOSA/RT-01-AA: CPqD 

TELEBRÁS. p.52 (internai communicmive). 
Brydson, J.A .. 1975. "Pia.stics Matcrials", Ncwncs Butherwortbs, p. 182-2 16. 
Davis. A. and Davis, S., 1986. "Weathering of Polymer". Applied Scicncc Publi,hcrs L1d., I cd. New York, 289p. 
Gilmy. H.M. and Chan. M.G .. 1984, ~Polymer Scicoce and Techoology ... v.26 . p. 2D-287. 
Gugumu~. F .. IY!!9. Polymer Dcgradation nnd Stabüity, v.24. p.289-301. 
Uugumus, F., 1Y93, Polymcr DcgradaLion and Stability, v.39, p.ll?- 135. 
Ognrkiewicz. R.M .. 1974 ... Thermoplaslics - Propcrties and Dcsign", John Wiley & Sons, New York, p. 155- 160. 
Parris. D.R. and Gao. Z .. 1997. "lntemational Wire & Cable Symposium Procecdings··. p.l22-125. 
Sahão Junior. S .. 1996. Report of Rcsearch Projcct Applicated in Special Polymer~- Tclcbrá'- S/ A P .A. PER 

PD.33.PE.004.C>OO!NRT-04-AA. p.29 (internai cornmuoicativc) . 
Sahüo Junior. S .. 1996. Rcport on Field Operatlonal Test -Tclcbrás- S/A- P.A. PER - PD.24.1A.OOI.0001A/RT- 12-

AA. p.48 (intcmal comrnunicative). 
Schnabel. W .. 1982. "Polyrner degmdation principies and pmctical applicmion~. Macmillan, New York. p.227. 
Verdu. J.. 1993, Trncrnalional Polymer Science and Technology. v.20. p. T64-T70. 
Verdu. J .• Langloi ~. V. and Auclouin. L., 1995. "Dic Angewandtc Makrnmolckulare Chcnúc .. , v. 232, p.l - 12. 



RBCM • J. of lhe Braz. Soe. Mechanical Sciences 
V oi. XXI- No.1 - 1999- pp. 17-28 

ISSN 0100-7386 
Printed in Brazil 

Theoretical and Experimental Study of a CPL 
Using Freon 11 as the Working Fluid 
Edson Bario 
Sergio Colle 
UFSC - Federal University oi Santa Catarina 
Department of Mechanical Engineering 
88040-900 Florianópolis, SC Brazil 
ebazzo@emc.ufsc.br 

Manfred Groll 
IKE- lnstitute for Nuclear Technology and Energy Systems 
University of Stuttgart 
70550 Stuttgart, Germany 

Abstract 
Theorerical and exrJerimenlul unu~ysis ure presenled }i1r u Capillwy Pumped Loop (CPL). using Freon li os rhe 
working jluíd. ti mathematical modelto predicl the hydrodynamic behavior and lhe hem mmsporl wpabilily on the 
basis o.f capilúuy Limítalíon ü presenled. CircW1!ferentially grooved heat pipes are considered to be used as rhe 
capil/ary pumps. 17ze capillary pwnps consísl of 19 mm O.D. alwninum tubes. with fine ôrt·umferential gmoves 
madlined along their imzer swj'aces. Srar/-up. he01 transporr limirs ond repriming after dryout were invesligmed. 
Experimental results up 10 1.7 W!c:nl were found. ti good agreement between measured volues and those computed 
hy using rhe th.eoretical model has betm observed. 
Keywords: CPL, Capillary Pumped Lnop, Hear Pipe. Two-Phase Hear Transfer Loot>. 

lntroduction 
Hcat pipes have found wide acceptance in the thermal managemenl of currcnt spacecraft and in 

many industrial applications. As conventional two-phase loops, with a common tine for the vapor and 
liquid nows, hcat pi.pes are ablc to transfer a Jarge amount of thermal energy, at small temperature drop, 
and without need of a noisy mcchanicaUy driven pump to circulate tbe working fluid. Typical 
applications of hcat pipes in the range of LOO to 200 W bavc bcen identified to the need to transport 
waste heat from electronic components of communicalion satcllitcs over radiator areas. Tbe most 
cornmon heat pipes for space application have been made o f axially grooved aluminum tube. However, 
due to new rcquirements related to the increased heat loads and reduction in weight, high composite 
heat pipe configurations (Schlitt, 1995; Dubois et al., 1997), loop beat pipes (Goncharov et al., 1995; 
Maidanik et ai., 1997) and capillary pumpcd loops (Ku, 1993; Hoang, 1997) are being developed. 

Tbe performance of Capillary Pumped Loops (CPL) bave been satisfactory in most ground tests in 
order to attend the heat transport capability or temperature control as rcquired for space applications. 
Up to date, several ground tests and also flight tests have been already carried out using different types 
of capillary pumps. Most capillary pumps bave been built using tubular porous material as the capiUary 
structure. Porous material currently used in thc capillary pumps are made of bigh density polyethylene 
or sintered nickel powder. Porous material has the advantage to produce bigber capillary pumping 
pressure, when compared with axially or circumferentially grooved surfaces. However, some 
opcrational problems related to the startup and to the repriming ability in case of dryout must still to be 
cffectivcly solved. Also, porous material is more sensitive to non-condensable gases or to vapor bubbles 
formation inside of its structure. 

Circumfcrcntially grooved heat pipes are also proposed as capillary pumps to be used in two-phase 
heat transfer loops. Theoretical and experimental results are presenteei here for capillary pumps made of 
aluminum tubes assembled as the evaporator plate mounted in a two-phase heat transfcr loop. Tbe 
capillary structure consists of circumferential grooves with slightly different geometry. Tbe 
corresponding capillary pumping pressure was calculated in the range of 1.3 kPa to 2.0 kPa. First 
resulls regarding ground tests were reported (Bazzo et al., 1997). As an extension of this work, 
additional information regarding the tests, a mathematical model and theoretical results are now 
presented. The experimental results have dcmonstrated its ability to transfer heat fluxes up to 1.7 
W/cm2

, for an effective inlemal heat transfer surface of tb.e capiUary pump cqual to 0.0166 m2
, using 

Freon 11 as the working fluid. Success in startup and success in repriming a capillary pump in case of 
dryout have been observed. The corresponding values for ammonia was found to be up to ll W/cm2

• 

Manuscript received: July 1998; revised: September 1998. Technical Editor: Ange/a Ourívio Níeckele. 
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Despite the low capillary pumpiog pressure, a circumferentially grooved capiiJary pump is a rcliable 
candidate to be used in smaJI CPLs, or in those cases whcre the prcssure drops through the vapor and 
liquid lines are not high enough to lead Lhe systcm to lhe dryout condition. 

The Capillary Pump Design 

Thc capillary pump consist.s of a 19 mm O.D. aluminum tube with fine circumfercntial grooves 
machined oo its inncr ~urface. An insert is used to separatc the inlet liquid channel from two outlet 
vapor channcls. Thc interna! structure of the capillary pump is schematically shown in Fig. 1. 1-leat is 
applicd, along the vapor scction, ont() the outcr surfacc of lhe capillary pump. The circumferential 
grooves create Lhe requircd surface lension forces to move thc working fluid from lhe liquid tine, 
througb lhe groovcd surface, from wherc the hcat is removed by phase chaoging. The actíve length is 
considered to be equal to the leogth of the inseri. The internai surface is equal to 2. rr. r1• L= 0.025 rn2, 

where r;= 7.93 mm is lhe internai radius and L = 500 mm is lhe activc Jength of the lubc. Dueto thc 
positioo of the insert~ the effective interna] heat transfer surface of lhe capillary pump is considered to 
be equaJ to 0.0166 m· (213 of thc total value). The gcometrical charactcrislics o f thc capillary pump are 
also schcmatically showo in Fig. 2. 
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Fig. 1 The internai conflguration oi the capillary pump. 
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Fig. 2 Cross-sectlon of lhe grooved wall. 
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According to lhe scheme of Fig. 2, w il> lhe groove widlh, o is lhe groove depth, 2 ~ is the groovc 
opening angle. a ís the groove pitch, r, is lhe internai radius of the tube, R1 is lhe smaller meniscus 
radius and e ilo the conLact anglc. Thc second meniscos R2 is relatively large and its intluencc is 
neglected in this study (R1 > r1 >> R1 ). To mcasurc thc parameters o f the capillary strucLure, severa! 
samples were preparcd in lhe laboratory, cuning lhe capillary pumps afler lhe tcsts. 

A microphotograph rclated to one sample is shown in Fíg. 3, where one sees in cross-section lhe 
aluminum tube. lt was found thaL Lhe groove structure of lhe capillary pump is not uniform. According 
to the microphoLograph analysis o f I O samples from 5 differcnt capillary pumps, lhe following 
parameters were measured a:, avcragc valucs: 

• IV= 33.0 ± 6.7 J.lffi 
• o= 309.7 ± 59.2 ~ 
• a=214.7±9.7~-.tm 

• ~ = 0.57 ± 0.4 degrce 

Flg. 3 Mlcrophotograph of the grooved wall. 

Theoretical Analysis 
A computer program was devcloped to observe the capillary pump behavior and to estimate the 

maximum hcat transport capability o f the CPL. A nonlinear equation system was derived accounting for 
the geomctrical cbaracteristics of the capillary pump. The maximum heal inpul is found when 

(I) 

where p,.,. is the maximum capillary pumping pressure, ~ce is the pressure drop inside the capillary 
pump and .1p1"''" is the pressure drop along the loop. The maxtmum capillary pumping prcssurc is 

2a 
Pcm=-

r,. 
(2) 

where ais the surface tension o f Lhe working Ouid and rc is the effcctive capillary radius of thc groove. 
The pbysical meaning and the corresponding values for rc of some of the more common wicking 
stroctures can be found in Lhe literaLure for heaL pipes (see Faghri. 1995 or Pcterson, 1994). For 
circurnferential grooves. 
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2 COS {J ( IV 10 {J ) r,.= --ucan 
1-sin{J 2 

(3) 

Equalions (2) and (3) should bc uscd i f the circumferentiaJ grooves are the only connection between 
thc liquid channel and vapor channcl. That means. therc is no gaps at the interface along the insert and 
the groovcd wall. Existing gaps are strongly a.ssociated to the capillary action o f lhe capillary pump. In 
reality, an cffective capillary pumping pres~ure related to thc gaps. so called Prms• must bc also 
calculate. or even mcasured in lhe laboratory. The larger the gaps, thc smallcr p,.,,8 • lt is expected that 
the system works only while PrmR > t1p'"''l" 

Thc term óph"'l' is easily calculatcd applying existing correlations available in thc literature of nuid 
mcchanics. On lhe other hand, to calculate óp<P• one should consider lhe changes of the mass flow rale, 
m. liquid velocity, v, liquid cross scction, A, meniscus contact angle, 9, meniscus radius, R1 and lhe 
meniscus position from tbe inner surfacc of thc tube, y, along a groove lcngth of the capiUary pump (scc 
Fig. 4). The pressure drop along the liquid cbannel and vapor channcls is relatively small and can bc 
ncglecled. The pressurc drop along one singlc groove of the capillary pump is calculated taking into 
account the gcometricaJ characteristics of the capillary structure and thc momentum equation. 

(4) 

subjcctcd to the foJJowing boundary condition 

(5) 

where p, is assumed to be equal to thc saturation pressure as a function of tbe loop opcration 
temperature. sct through the reservoir. ln Figure 4, p , is the vapor pressure inside the capillary pump 
and p,(ljl) is the liquid pressurc along the groove as a function of the angle VI (see also Fig. 5). 
Conccrning the right hand sidc of Eq. 4, the tirst tcrm represents the graviry cffcct, the second term 
rcprcscnts lhe viscous forces, and the third term rcpresents the inertial cffccts. The third term is 
rclativcly small and can bc neglected. 

X 

Liquid: P. ( 

I r. 
f 

Flg. 4 Cross-sectlon of one half groove and its geometrlcal characteristics. 
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Flg. 5 Cross-section of lhe caplllary pump. 
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The problcm is easily solvcd dividing the groove in n cqual elements (i = 1,2, ... ,n), making 
!Jp,1, = L/Jp; so that ali these variables can be considered constant along every element, withoul 
significant effecl.\i on the evaluation o f the pressure drop. Thus, neglecting thc inerlial effects, onc find~: 

where 

- 1C V·=v·( --111 . ) 
I I 2 T' I 

rit/ 
tPn = c os VI dljl 

I!' i 

A;=( Ô-y; ){R li cos( {3+8; ~ tan{J ]-RiJ(; {3-8; >-fsin2( {3+8; )f 

(6) 

(7) 

(8) 

(9) 

( lO) 

(11) 

( 12) 
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4A;cos {J dh;=-- --..:.,____:. __ _ 
WCOS {3+2( 8-y1-si11{3) 

( 13) 

2Rrcos {3-w w 
Y; ' {J /8( l+sin/3 )--:-cos /31 

rccos -w 2 
(14) 

w 
9; =ar c os(-- )-{J 

2Rii 
(15) 

where Q, is the total heat input, p1 is thc liquid density, g is Lhe gravitatiooal acceleraLion, fi is the 
fri cLion facLOr of thc ith element. dh, is thc hydraulic diametcr of lhe ith element and v, is Lhe liquid 
velocity of thc ith c1ement. Addiúooal information about lhe mathematical modc1 de~cribed bere werc 
rcportcd for Buzo ( 1996). At such conditions. for a desired heaL input applied onto the capillary pump. 
assuming the above boundary condition. lhe problem is solved itcratively, step by stcp. for every 
clement along the groovc. 

Despite the evident non-uniformity of lhe grooves, in tJ1 is work Lhe geometrical vulues obtained 
from the microphotograph analysis are used to estimate the maximum heat input capabi lity and to 
determine the characteristic curve of lhe capillary pump. Freon 11 is assumed to be the working fluid at 
an operation tempcrature equal to 300 K. The characterisúc curve of lhe capillary pump is plotted in 
Fig. 6. The innuence of lhe groove width and the ioner radius is shown in Figs. 7 and 8. 

12r---~~-~---T====~~ 

1.0 

.f 0.8 . 

i 0,6 

~ ... o.• ... 
0.2 

Puwer input. W 

Fig. 6 Characterlstlc curves for the caplllary pump. Comparison wllh pressure fosses along the loop. 

The pressure tosse~ concerning two different pipes for lhe CPL are also plotted in Fig. 6, for a 
lenglh of 10m of liquid and vapor tines. Curve 1 is plotted taking into account obtained results for O. 
D. 20 mm. Curve 2 is plotted taking into account obtained resuhs for O. D. 10 mm. The values found 
for Curve l are equivalcnt to lhe pressure los~e~ found for lhe CPL set-up showo in Fig. 9. In case of 
curve I , and aceording to the characteristic curve shown in Fig. 6, it is expected to ftnd a power input of 
approximately 250 W a~, lhe maximum hcat inputto the transported by lhe CPL. In case o f curve 2, this 
value falls to 170 W. 

Despitc thcir low capillary pumping pressure, circumfcrentially grooved capi llary pumps could be 
also tlpplied in large two-phasc heat transfer loops. Onc could select liqui.d !ines and vapor tines of 
largcr diameters, oncc tbc increase in weight of the 1oop is not so high. So, Lhe pressurc losses to be 
overcome can bc as ~mall as desirable, or poss ible. In fact, there is no reason to dismiss 
circumfereotially grooved capillary pumps as possible candidates in two-phase heat transport loops for 
space applicaúons. However. special care about lheir manufacture must be takeo. The manufactnre of a 
circumfcrcotially grooved capillary pump is not so easy as the manufacturc of tubular porous material 
capillary pumps. Spccial tools are required to machioe fi ne circumfcrcntial grooves along the inner 
surface of small tubcs. Also, special care must bc taken in fi tting thc insert inside lhe tube in order to 
avoid any damage or any gap atthe interface with the grooved wall. 

The influcncc of the inner radius over the capiUary limit is shown in Fig. 7, for constant values of 
w, õ. J3 anda. lt was also found that the maximum be.at ioput dccreases asymptotically with iocrcasiog 
inoer radius of the capillary pump. The largcr lhe radius. lhe smaller lhe capillary limit. 
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Flg. 7 Capillary limitas a function of the inner radius of the caplllary pump. 
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The groove width and tbe groove opening angle also have a strong influcncc ovcr the capillary 
limitation o f the pump. Thc üúluence of the groove width is shown in Fig. 8 for two diffcrcnt values of 
groove opening angles ({J = 0.57" and {3 = 3°). The value () = 0.57n represents the average gwove 
opcning angle of the capitlary pumps testcd in the laboratory. The remaining parameters related to ô, a 
and r were kept constant and also equal to the average values found from the microphotograph analysis. 
For {3 = 0.57°, one can see a maximum heat input of about 34 W/cm at groove width near to 130 IJ.ID. 
But it is also shown in Fig. 8 that the maximum capillary pumping pressure decreases steeply for higher 
values of groovc widths. Therefore, it stands to reason that the best choice does not mean tinding the 
point where the heat input is maximum. A small value for lhe groove width is preferable because of its 
higher capillary pumping pressure. So, by comparing the two curves, rectangular grooves ({J = 0") look 
bel ter than trapezoidal grooves ({J > 0"). 
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Flg. 8 Capillary limitas a function of the groove width and groove opening angle. 
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Due to iL~ smallcr effectívc capillary radius. one should expect bígher capíll i>ry pumpíng prcssure 
for a trapezoidal groovc than for a reclangular groovc. Howcvcr. for lligh inputs applied to a CPL, 
trapezoidal grooves are not ablc lo mainlaín the capíllary pumping pressure as rectangular groovcs. In 
fact. good performance i~> possible only for very small hea1 input applied on1o the evaporator. H was 
dcmonstrated that lhe higher thc ~ angle, the higher the infiucnce of the loop prcssure drop over the 
meniscus radius o f thc !,'l'Oovcs (see Bazzo et al., 1994). So, it ís possíble to transpot1 higher heat inputs 
and lo overcome higher pressure losscs with rcctangular groovcs. Anyway, to overcome any additional 
pressure drop during lhe startup. or even during the normal operation of the loop, onc should make the 
option for capillary pumps with narrow grooves. 

Experimental Set-up 
Ali the lests wcre carried out al IKE (lnslitut für Kernencrgetik und Energícsystemc) of lhe 

Univcrsity of Stuttgart. Thc se1-up consisted bac;ically of one cvaporator wilh scvcn capillary pumps. 
one condcnser and one reservoir (see Fig. 9). Ali lhe capillary pumps have similar groove structure. Thc 
rescrvoir is uscd lo conlrol lhe liquid inventory in the loop. ll was designcd to contain enough liquid to 
cnsure a good performance of lhe loop. A nearly blockcd condcn:,cr section must occur whcn a 
minimum hcal input is applicd to lhe cvaporator al lhe mi.nimum condenser sink temperature. On lhe 
other hand, lhe condcn:.er musl be fully actíve whcn a maximum heat input is applied to lhe evaporalor 
at lhe maximum condcnser tcmperaturc. 

TIS 

Detaii: Capillary pump 
(Evaporawr) 

Fig. 9 Schematlc of the CPL set-up. 

The CPL was instrumented wilh 27 thermocouples, two differential pressure sensors (DPS). one 
absolute prcssure sensor (APS), one digital voltmcler, onc digital amperemctcr and onc water-cooling 
t1owmeter. Two cryostals and one DC-power supply werc used opcrale thc CPL. A firsl cryoslat was 
uscd to control the tcmperaturc o f the rc~>ervoir. The second cryostal was uscd lo remove heat from the 
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condenser. During lhe tests. the temperature and the pressure signall. were mcasured and saved at every 
3 seconds, by using a data aequisiúoo system connccted to a computer. Heat was supplied to each 
capillary pump through a pair of aluminum blocks with cartrldge beaters (!.ee detail on the right side of 
Fig. 9). T1 and T8 correspond to the lhermocouples uscd to measure tbe outer surface temperatures of 
the eapillary pump number 7. T1;; represents the wall temperature of the liquid chaonel. Tu, and T17 
represents tbc inlct and outlet temperatures of thc capillary pump. Finally, T1 and T. correspond to the 
inlet and outlet tempcraturcs of tbe evaporator. 

Performance Testing 
Various tcsts were perforroed in order to determine the performance of the loop. The tests 

comprised individual heating of each pump and uoiform heatiog of two or more capillary pumps. The 
start-up, heat transpor! llmits and repriming after dry out were invesúgated using Freon ll as the 
working fluid . The reservoir temperature was fixed around 300 K. In Figure 10 one can see the 
temperaturc profiles obtained with individual heating of lhe capillary pump numbcr 7, for stepwise 
incrcasing power inputs of 200, 260 and 280 W. After 300 minutes of opcration, the sysrem deprimed 
when lhe heat input was increased to 280 W. At this point, TM increased stecply and indicatcd no more 
capillary action in thc grooves of the capillary pump. Individual tests carried out wilh ali other capillary 
pumps also indicatcd beat transpor! capabilities about 280 W. For an effective intemal heatlransfer arca 
of the capillary pump equal to 0.0166 m2, the corrcsponding heat tlux is calculated to be about 1.7 
W/cm2

• For ammonia as working fluid, the equivalent valuc is estimated to be approximately equal lo 
11 W/cm2

• As expeclcd, uniforro heating of two or more capillary pumps in parallel indicated higher 
values for the evaporator, bul substantially lower values for each pump whcn compared with testing o f 
individual capillary pumps. The bigher thc heat input. the higher the mass 11ow rate. In eonsequence. 
the higher is the prcssure drop along the loop. As alrcady dlscussed, the inerease in pressure drop along 
the loop reduccs thc heat input capabilily of lhe capillary pump (see Fig. 6). 

Ali star-up were successful. The lhermal bchavior of the start-up relaled to lhe capillary pump ~ 7. 
is shown in Fig. 11 . At thc bcginning, the wbole loop was nooctcd by liquid. Then, after 33 minutes a 
power input of 200 W was applied to thc capillary pump to Slart lhe system. In lhe ncxt 10 minutes all 
temperature changed. A flfst and larger pcak is observed in T" somewbat about 47°C, at least Isoc 
above lhe pcak observed in T •. Larger or smallcr peaks are associaled to lhe requircd forces to displace 
llquid back lo thc rcservoir. That is. lhe corresponding saturation pressure musl be sufficient lo partially 
displace lhe cold liquid from the vapor ehannel and vapor tine, through the condenser, and back to lhe 
reservoir. Smaller peaks are cxpected in lhe cases of smallcr volumes of liquid inside lhe vapor 
channels of the capillary pump. 
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Fig. 10 Thermal behavlor oi the capillary pump number 7. 
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Fig. 11 Start-up of the capillary pump N~ 7 (200 W). 

As can bc seen in Fig. 11, Lhe internai pressure is not constant. lt is observed a substanlial incrcase 
in the internai prcssure al lhe moment when T1 is maximum. The internai pressure was measured by 
mcans an absolute pressure sensor (APS) installed before lhe evaporalor (sec Fig. 9). Al steady state 
condition, is has been observcd lhat the corresponding values of the saturation lemperature are 
approJtimaLely equallo T,. The prcssure oscillations observed afler thc start-up are frequently observed 
in two-phase systcms. Further investigations are still requircd to bctter understand Lhese oscillations. 
After the peak in lhe pressure, one sccs that T1 falls to a minimum and then increase again, slightJy to 
reach lhe steady slate condilion. This indicares lhat cold liquid from the liquid line~> is being pumped by 
capillary action along the groovcd wall. During thc start-up, the tempcrature T1 and T8 are 
approximatcly the samc, which means a uniform behaviour of the capillary pump. 

A strong increasc in 1'15• the wall temperaturc of the liquid channel, is also observed. Allhough 
undesirable, lhe increase in T15 is inevitable because of thc high thermal conductivity of thc aJuminum 
tubc. Also, at stcady state condition, T15 has thc lendency to be highcr than T, .. In conscquence, it is 
rc<L~onable to suppose that there also is evaporaüon inside the liquid channcl. Nevertheless. existing 
vapor bubblcs in the liquid channcl may bc a minor problem, because these tubes bubbles tcnd to 
recondense in Lhe sub-cooled liquid that fl.ows from thc condenser section. The relatively sharp angle 
betwccn Lhe insert and lhe grooved wall providcs a conlinuous evaporator feeding, even in presence of 
thc vapor bubblcs. In fact, it was observed that the loop still worked, even in case of liquid inlcl 
temperature, T1q. equal to the vapor outlet tempcrature, T,. 

Other start-ups at Jower or higher heat input leveis were also successful. but always for condcnser 
elevations slightly above the evaporator section. 1n 1his work, loop operations with lhe condenser 
position bclow the evaporator seclion werc not possible because of thc cxisting gaps between the insen 
and tJ1e grooved wall of the capillary pumps. In Figure 3 is sbown a microphotograph of thc capillary 
structure. wherc it is clear that the surface wall is not smoolh. As a consequence, there are gaps betwecn 
thc insert and lhe surfacc wall connecting lhe vapor channels to the liquid channel of lhe capillary 
pump. In fact, according 10 tbe measuremcnts, diffcrcntial pressures of about 200 Pa across Lhe 
cvaporator wcre sufficicnt to lead Lhe system lo dry oul. lmprovemenLs in d1e capillary pumps are sti ll 
in course in order to minimize this problem. Sincc ali externa] pressurc drops couJd be compcosated by 
an adjustable vertical condenser position, the performance limits of thc capillary pumps wcre evaluatcd 
approximately at zero available capillary pumping prcs~ure (sec Fig. 6). A comparison betwccn 
prcdicLed and measured values is shown in Fig. 12, whcre good agrcement is observed. The solid linc 
rcpresents thc theoretical values and the dark symbols represent the mcasured values. The thcoretical 
values werc found taking into account thc mathematical model presented bere and the average values 
obtained from lhe rnicrophotograph analysis of tbe capillary structure. The two dotted lincd represem 
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thc uncertaínty range of the predicted values. The measured values of power inpul were plotted 
considering lhe corrcsponding average groove wídth for each capillary pump. 

500 
CapillaryPumps: ·s = 369!lm 
• No. I :" .· ~400 • No.2 

. . 

• No.4 
..... .... No.6 ;::l 
o.. 300 • No.7 .... .. . s .. .... ··\ ~ 
t:l: 200 

. . 
o . Õ=25l flffi 

A.. 

10020 25 30 35 40 45 50 

Groove width (u.m) 

Fig. 12 Comparison between predlcted and measured values. 

Finally, from thc experimental results, the foHowíng points have been observcd: 
• Tbe loop temperature was successfuily controlled by the reservoir. The vapor temperalure was 

maintained approximately constant under changing evaporalor heat inputs and even under 
changing sink temperature, by compensating lhe liquid inventory in lhe loop. 

• Tbe loop was able to recover from a depriming wíthout the need to tum the equipment off. 
There wa~ no need cithcr to inject subcooled Liquid into the evaporator. By reducing the heat 

input by about 20% from its maximum heat input capability, is was found that it is possible to 
rcstart the loop and resume steady state operation. 

• Tbe Joop was able to work even in case of liquid inlet temperature equaJ to the vapor outlel 

temperature. Hcat transfer occurs aJso in tbe liquid channel. Vapor bubbles may form in the 
liquid channel. But it was not considered a great problcm because these bubbles tend to 
recondense in the presence of the subcooled liquid that comes from the condenser section. 

Also, the relativcly sharp augle between the insert and the grooved wall may providc a 
continuous cvaporator fe.eding, even in presence of vapor bubbles. Anyway. furthcr studies are 
rccommended to minimize this problem. 

• The capillary pumps were unable to suck cold tluid from the liquid line for differentiaJ 
pressures bctwcen the evaporator inlet and outlet above 200 Pa. After the tests, existing gaps 
were detected between the insert aud the grooved wall o f the capillary pump. The existing gaps 
are associated with a very weak capillary action. To minimize this problem, special care must 
be laken during thc manufacture of the capillary pump. 

• Higber heat inputs were possible for operation of capiUary pumps in parallel. In that case, the 
increase in mass tlow rate leads to an Lllcreasc of tbe liquid velocity and vapor aJong tbe loop. 
Also, more suboooled liquid was displaced from the condenser to the reservoir. Thus, the liquid 

levei in the condenser was reduced and the total pressure drop aJoog tbe loop was no longer 
compensated. So, the maximu.m heal input for each capillary pump was found to be smaller 
than that obtained from testing of an individual capillary pump. 

Conclusions 
Theoretical a.nd experimental results have demoustrated that the CPL is able to achieve high heat 

transpor! capabilities. Using Freon 11 as thc working t1uid. heat t1uxes up to 1.7 W/cm2 have been 
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measured for an effective internai heat transfer surface of thc capilJary pump equal to 0.0166 m2
. The 

severa! ground tests performed up to now have demonstrated success in ·startup and success in 
repriming a capillary pump in case of dry-out. As expected" Lhe best performance of lhe capillary pump 
is obtained using smaJI values of groove width and small values of_ the tube inner radius. Theoretical 
results have demonstrated somcwhat beller performance for rectangular grooves than trapezoidal 
grooves. Capillary pumping pressures up to 1500 kPa are expected for groove widths of about 30 f..lm 
and groove opening angle of about ] 0

• Further experimental work is still needed to establish this point 
Special care related to the manufacturing of the capillary pump and its corresponding pumping capacity 
has to be taken. 
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Abstract 
Tlw nutin purpose of this arlicle is lhe numerical simulation of the heat transfer in an incompressible vi.scoelastic 
jlow via a stab/e .finite e/emetll method. The chosen nonlinear model wa.,· the dijferential Oldroyd-B liquid with 
constam viscoelastic properties. The pmposed numerical scheme i.\ based up011 a .f(mr~(ield .finite clemelll 
Jormulation wlwse main.feaJures are the optimal representa/Íon of rhe stre.1·s tensor in the Stokes contexl and the use 
o.f upwind strcuegies in order to stabilize both stre.,s tmd temperamre .field.~ in advective-dominated situations. Some 
IWo-dimensional .vimulations illuslrate the stable and accurate per.fomwnce oftlwfini.te element method employed. 
K.eywords: Viscoelastic Flows. HeaT Convection. Fi11ite Elements. Buhhle Function.v. Swhilized Methods. 

lntroduction 
A characteristic of some solids is that they rcspond to externa! slress by deforming and retuming to 

their original shape when externai solicitation vanishcs - such k.ii.1d of response is called elastic. Under 
the influence of defonnation, st:rctching of intermolecular bonds occurs in the solid material and the 
resulting internai stress balances Lhe externai stress; lhus, an equilíbrium deformation is established. In 
Lhe simplest case there is a direct proportionality between the stress and thc deformation. The 
rheolo&rical properties of such a material may be described by Hooke's law (Billigton et ai., 1981). 
There are also elastic materiais, however, which do not obcy Hooke's Jaw and which exhibit a non­
linear dependencc betwcen slress a.nd defonnation. 

A characteristic of fluids is that, if an externai stress is applied, they defonn and continue to deform 
as long as thc shcar stress is presenl. Moreover, remova] of Lhe stress wiU not result in a return of the 
fluid lo lhe undefonned state - such a response is called viscous. The fluid deforms undcr an stress, 
however small, because of the great mobility of molecules, but internai frictional forces retard lhe rate 
of deformation and cause an equilibrium state, in which a constant externa] stress resulls in a constant 
rate of deformation. In the sin1plest case thcrc is a proportiona.lity between lhe stress anel the rate of 
deformation. Thc rhcological properties of such a fluid may be described by Newton's law (Billigton et 
ai., 1981). There also are lhe so-called viscous lluids, however, which do not obey Newton's law and 
exhibit a non-linear dependence between stress and rate of defonnation. We call such fluids non­
Newtonian (Bird et ai. 1987), pure viscous fluids - as in the power-law and Carreau rheological models 
(Baranger et ai., 1996). 

Viscoelastic Behavior 
Thc clastic and viscous behavior represent two extremes of response to externai stress between 

which thcrc can be an infinite number o f intennediate ones. An especiàlly important field of rescarch of 
modem rheology, however, is concemed wilh more complex materiais which exhibit some clastic and 
viscous simultaneously andare called viscoelastic substances (Bird et ai. 1987). Su·ictly spcak.ing, lhese 
subslances may be either viscoelastic solids - i.e. elastic solids which during deformation exhibil some 
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viscous effects resulting from energy dissipation - or elasticovi~cous fluids - viscous fluids which 
exhibi t some elastic effccts - giving rise lo more complex phenomcna such as non-nuU normal slresses 
and recoil (Bird ct al. 1987). As classicaJ examples of viscoclastic fluids , wc can cite lhe Maxwell and 
0/droyd liquids (Barangcr et ai., 1996) and, as lheir industrial applications, we can mention some oils, 
paints, polymeric solutions under cngineering llow processes such as mcchanical extrusion. 

Numerical Approximation 

NumericaJ simulaüons of incompressible viscoelastic flows (Karan Filho et al., 1996. Soares et al., 
1997) suffer from two major difficulties. lnitially, the need of satisfying two mathematical inf-sup 
conditions: one relating strcss and velocity linilc subspaces and lhe weU-known Babuska-Brezzi 
condilion involving pressurc and velocity subspaccs (Babuska, 1973 and Brezzi, 1974 anel Ruas el ai., 
1993). As a sccond shortcoming. we shaJJ yel considcr the instabilily inhcrcnt to Galerkin formu lations 
in thc presence of high aclvcctive situations (Brooks et ai.. 1982). when flows are subjected to very high 
Péclct and Reynolds numbers. 

In the present work. stable finite elcmcnt simulations of thermaJ incompressible viscoelastic flows 
have beco performed. Thc adopted mechanical model was ao 0/droyd-B liquid with constant 
viscoelastic properlies. This kind of fluid is charactcrized by three parameters, namely a rclaxation time 
of stress, a retardation time of strain and a Ouid dynamic viscosily (Baranger et ai., 1996). The finite 
clcmcnt method cmployed consists of a fottr-lield bubble formu lation in tcrms of extra-slrcss, velocity, 
prcssure and tempcraltlrc, whose maio cbaracteristic is thc optimal stablc rcpresentation of lhe extra­
stress tensor in lhe linear contexl of thc Stokes problem (Ruas et ai. , 1992 and Ruas et a i.. 1993 and 
Silva Ramos el ai.. 1997). In order to generate stablc finite elemenl approximations evcn for high 
advectivc situations. thc mcthod use~, a non-consistent streamlinc upwind schemc (Brooks et ai., 1982 
and Marchai ct al .. 1987) to approximate lhe advcctive term of thc stress constitutivc law and a 
Galerkinlleast-squares philosophy (Hughes et al., 1987 and Hughes ct ai. , 1986 and Macedo et aJ. , 1997 
and Sampaio, 1991) for lhe tcmperature convcction in the energy cquation. The non linear system 
a~sociated was solved by an incrememal Ncwton's method (Silva Ramos, 1993). Some two-dimcosional 
computational experimcntation of thenual incompressible l1ows of an 0/droyd-B liquid illusu·ate the 
good performance of lhe numcrical procedurc cmployed. 

Preliminaries and Some Notation 
The problems considered herein are defined on a bounded doma in Q c R·. with a boundary r. 

(I) 

where r is the region o f thc boundary r on which essenlial (Dirichlet) conditions are imposed and r.. 
is subjected to lhe natural (Ncumman) ones. A partiúon Ch of ii into clements con:.isting of convex 
quadrilaterals is pcrformed in lhe usual way (CiarlcL. 1978). 

(2) 

ln what follows U(Q) stands for the spacc of square-integrablc fuoctions in n. ~( !l ) is the space 
of square-integrable functions with zero mean-valuc in .Q, H'(!l) is thc Sobolev space of functions with 
squarc-integrable valuc and I" derivativcs in Q. 

(3) 

I 
l 
• 
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(4) 

(5) 

Finally, (-.·) denotes thc L' -inner product in {2 and (-, ·}K thc L'-inner product in the element domain 
K. 

Conservative Principies 

The widc scope and great success of variational principies in classical dynamics have stimulated 
many efforts to formulate the laws of continuum mechanics in a simjlar way. Thc variational principie 
appropriate to a given dissipativc syslem is little more than a reformulation of the cquations of motion; 
it may, however, provide mcthodl. for handling constraints othcrwise beyond thc scope of thc original 
cquations. In the particular case of fluid dynamics. the Virtual Power Principie (VPP) establishes an 
altcmalive way to enunciate Euler axioms for momentum conservation in fluids. This major principie 
may be summarizcd a.s: the expended power on a jluid volume n by the surface and body forces is 
equal to the rate of clzange of its kinetic energy plus the stress power (Gurtin, 1981 ). 

Let v be a virtual velocity of the fluid particles from thcir instantaneous position. The vcctor 
function " is assumed to be fmitc valued and continuously differentiable; moreovcr, it should conform 
to any restriction placed on thc nuid position. Thcn, the VPP may be rnathematically expressed by the 
followi ng theorem, 

Theorem (VPP) Let (tj) be a system of forces in a flow (v,p,T), with t denoting the surface force 
dcnsity,J Lhe body force per mass unit. T the symmetric Cauchy tensor and p the fluicl clensity. Then a 
necessary and sufficient condition thallhe mechanical conservation in Lhe nuid bc satisfied is that given 
any fluid volume n and time instanl t, 

(6) 

with 11 standing for the outward normal vector Lo r and e(v) lhe symmetric parl of the gradicnt of 
vclocity tensor, 

• 
(7) 

(The lheorcm proof can be found, for instance, in (Gurtin, 1981) or (Truesdell et al., 1960).) 

Remarks: 
L Wc can extract the cquation of motion from VPP intcgrating-by-parts Eq. (6), exploiting lhe 

symmetry of thc stress tensor T and employing Rcynolds and cljvergence theorems (Billigtoo et 
ai. , 1981 ), 

(7) 

where the symbol o 1 Dt stands for the material clcrivative of a vcctor field (Gurtin, 1981 ). Now, 
applying Cauchy (Truesdell et ai., 1960) and localization (Gurtin, 1981) lheorems, we will achievc the 
differential equation of conservatio11 of the mechanical energy, 

Dv 
p-· -=V·T+pf 

Dt 
(8) 
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2. The alternative way of VPP to postulatc lhe conservation of mechanical energy bas the great 
\'Utuc of integrating the kinematics and dynauúcs of fluid motion. In the VPP. the concept of 
forces naturally emerges from the power expended by virtual velocities. According to 
(Sampaio, 1985). wc may consider the spaee of ali forces acting on the nuid as the dual space of 
virtual velocities. From thc numcrical point-of-view. the VPP carries lhe advantage of 
formulating mecbanical problcms in a variational contcxt, introducing in a natural way 
vnriational methods in Mechanics, in particular the f inite elemenl method. 

First Law of Thermodynamics 

Energy can have many diffcrcnt forms such as nuclear, potential and thermal. As these fo1ms can ali 
be converted from one into othcr, it is desirable to have a balance cquation to include ali forms of 
energy. Such an equation, which is takcn as a fundamental postulatc, is callcd thc I~ Law of 
Thermodynauúcs. which takcs thc form 

!!...K( n ~( n )=H( n }+P( n > 
dt dt 

(9) 

whcre K(fl) is thc k.inctic energy of the fluid volume !2, U(fl) its internai energy, H(fl) the rate at wbich 
thcrmal cncrgy is transferred lo n and 

( 10) 

is thc ratc that work is being done on n, i.e .. lhe mechanical power P(fl). From VPP (Eq. (6)), wc have 
that thc kinctic cnergy K( fl) may be expressed by 

(li) 

Then. substituting Eq. (11) into Eq. (9), we will obtain the so-callcd equation of conservation of 
thermal energy, 

d 
-U( n )=H( n >+f.aT·t:( v )dfl 
til 

(12) 

Using that thc internai energy U(fl) is an additive set function (Billigton et ai., 1981) like mass (i.e., 
that exists a scalar ficld E such that U( fl) = la pedfl) and applying Reynolds theorem (Truesdell ct al., 
1960). we may writc Eq. (12) as 

(13) 

wherc r denote~ a heat source per mass unit and 1t tbe heat llux on lhe boundary r. Now, supposing the 
cxistcncc of a heat flux vector q such thal h = q · n (similar to concept of thc stress vector t(n) 
(Truesdell et ai.. 1960)), we will havc 

Jn [ p De pr-T-e( v )Jdil-Jr q·ncfr=(J 
Dt 

(14) 

with q dircctcd opposite to lhe heat nux. Then. using lhe divergence (Billigton et al., 1981) and 
localization (Gurtin, 1981) theorems. wc cventually achieved the differential equation of the 
conservation of thennal energy, 

... . 
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DE 
p Dt -"il·q+pr+TE(v) (15) 

Constitutive Hypothesis 

For a given tluid there must exist some relation between the dynamical and kinematical states o f the 
tluid at some instant and possibly the kinematical state of the fluid at ali instants of lhe fluid's past 
history. The equations which express lhe relation between lhe kinematical and dynarnical variables are 
callcd conslitutive equations. Continuum pbysics is concerned witb establishing the equation of state for 
a given material and with showing how values can be assigned to the material coefficients appearing i.n 
lhe cquation of state. In general, tbese coefficients are functions of tbermodynamic variables sucb as 
pressure or temperature, and tbereforc tbe constitutivc cquation of a fluid is influenccd by its 
thermodynamic state. 

Assuming in Eqs. (8) and ( 15) steady stale and low Reynolds regime, the system describing an 
incompressible viscoelastic thermal now may be written as, 

- "il·Cf+"ilp=f 

Y'·v=O 

pc(v·"i18 )+Y'·q=r 

(16) 

wberc v, f, p, p, q and r are defined as above, a is the extra-stress tensor, e tbe temperature field and c 
lhe specific heat. This system shall be yct supplemcntcd with constitutivc laws rclating a to v and q to 
e. 

Viscoelastic Models 

Differential constirutive models for viscoelastic nuids are capable of describing most of the 
sophisticatcd mechanical behaviors of non-newtonian tluids. Tbese models may be accommodated into 
lhe following set of constitutive equations, 

(j=(j I + (1 2' 

(j 2 =2T/zE( v ). 

(1 I+},_ Da (1 1 + {3( E( v ),(1 1 )=211JE( v) 
Dt 

( 17) 

with o; v and E(v ) defmed as above, 17" 1], are fluid viscositics, À a rclaxation time, f3 (E (v), (11) is a 
tensor function subrnitted to restrictions due to objectivity (Baranger el ai. , L996), DJDt an objective 
derivative of a symmetric tensor (Marchai et ai., 1987), 

D () 
~· )=-;-( )+(v·V X·)+( )W ( v )-W(v X· }-a( e( v X · )+( )E( v)) 
Dt oi 

(18) 

with the parameter - /~a~ 1 and W(v) is the anti-symmetric vorticity tensor, 

1 T 
W ( v )=7(V'v-Vv ) 

2 

Remark: 
Tbe tensor cr2 corresponds to a Newtonian contribution or to a fast relaxation mode; models with 
Th =O will bc called of Maxwell type, those with 1lz >O will be called of Jeffreys type. 
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Taking advantage of a wise selection ofthe ~-functions, most of ali viscoelastic differenlial models 
can bc written in the form of system (17). Following (Baranger et ai., 1996), taking, for instance, ~;;:;O 
in Eq. ( 17) we will obtain a version o f an Oldroyd fluid; in addition, i f fl, = O, lhe parameter a = -I, O, 
and 1 correspond, respectively, to the lower-convected, Jaumann and upper-convected Maxwel/ models. 
On lhe other hand, i f we select in Eq. (17), 

fJ( E( v ).<I ~2tr( CTE( v ))a( trCT X CT+l ); a= I 

we will get the LArson modcls, with a (trC1) representing a scalar function of trCT. Finally, cboosing in 
Eq. ( 17) f3 = O and Â., 171 being functions of the second invariant of E( v), lleto; we will have lhe White-

n-1 

Metzner models. In particular, 171 =TJo (I+( Ã.o n e( . J lu) 2ii, n > O corresponds to the classical 

Carretw law. 
1n the prcsent articlc, we have selected an 0/droyd-B fluid whose constitutive law may be 

constructcd from Eqs. ( 17) and (18) taking ~=O anda= 1, 

CT=<! 1 +CTz • 

CT:z =2TJzE( v), 

C1 1+Â[ v·VCT1- VuCT1- a /Vu7 }= 2TJ1E( v) 

( 19) 

In addition, in ordcr to characterize lhe thermal behavior of lhe nuid, wc musL stiU impose lhe 
Fourier constitlllive law on the heat flux. vector q, 

(20) 

wilh k V represeming lhe classical lhermal conductivity. 

Finite element approximation 

Employing constitutive relations defined by Eqs. (19) and (20) imo conservation equations (8) and 
(15), respectivcly. wc can state a boundary-value problem for tbcrmal incompressible viscoelastic flows 
as follows, 

-V<T1- 2ry2V·e( u }+Vp=f in !2 

CT1+À{(u·V )a1- VuCTr-<J1Vu 7 }- 2ry1e(u)=O in !2 
V·u=() in !2 

pc( u·V9 )-IG19=r in !2 

ll= U g 011 r11 

e1 1 =<111 0 11 r8-

0=911 0 11 r:~ 

{al - pi+2TJ:zE( u)}11=0'Jr on rh 
q·r~=q, on r, 

(2 1) 

where p. CT,. E( v),/. 17,. 172, Â., K; 9. p, c, r, q, n, Tg and r,, are described in the previous sections, " is the 
admissiblc velociry (i.e., a velocity field with lhe same rcgularity as lhe vi rtual velocity v satisfying lhe 
esscntial boundary condition u = u, on f'.) and boundary r

8
- is defined by 
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Remark: 

One may set system (21) in dimcnsionless forro by introducing lhe Deborah number De, which 
represents lhe viscoelastic nature of the flow (Bird et ai. 1987) and the Péclct numbcr Pc, which 
establish a relationship bctwcen advcctive and diffusive fluxes of thermal energy. These numbers can 
be expressed by 

and Pe=uL 
I( 

(22) 

where À, u, K are defined as abovc, u; the cartesian i-compotent of velocity field, L a charactcristic 
length for lhe lhennal pbenomenon and wilh lhe characteristic shear rate computed at a chosen wall 
boundary point. 

A Stable Method 
In this subscction wc prcscnt a fmitc clement method employing a four-fi eld ((h u, p, 9) bubble 

fortnulation to approximatc Eqs. (21 ). ln a partition ch of Q defined by quadrilateral elements, velocity 
and temperaturc fields are approximated by continuous piecewise biquadratic e lements and the pressure 
field by discontinuous piecewise linear ones. The extra-stress tensor is approx.imated by continuous 
piecewise isoparametric bilinear clements in direct sum with twelve bubble tensors in each element as 
defined in (Ruas et al., 1992 and Ruas et ai. . 1993). 

The finite elements subspaccs for extra-stress L,, velocity V., pressure P. and temperature W, are 
defined by, 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 
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where Q,(K) denotes lhe spacc of polynomials of dcgree two in each onc of thc indepcndent variables 
oo K, P,{K) the spacc o f polynomials of degree ooe over K. U(Q), ~~ n J and H•(Q) lhe functional 

spaccs described by Eqs. (3)-(5) and B(K) is a family of bubble tcnsors on K delined as: Let K be a 

quadrilateral and FK be lhe bilinear mapping from a reference unit squarc i = {-1.1] X {-1,1] in lhe 
refcrence plane ÔX\· onto K. Delining ~ x.5• I=( l-i2 I( 1- 5·2 J/4 (lhe bubble function of i ) lhe twelve 

tensors Ç; are lhe reciproca! images through mapping Fx. o f twelve tensors ~; defined in K . where 

~ {~ o] . {X~ o ] . {y~ o ] . {o ~] 
ç, o -~ ; Ç2 o -x~ ; ÇJ o -y~ ; ç-1 ~ o 

. {o x~] {o y~] . {jj~ o] . =[ o ij~] 
Ç5 x~ O ; ~6 y~ o ; ç7 o o ; Ç8- zy~ o (30) 

e9=[·~ :~l • [o o J Ç/0 = o ij~ ; 
. {y2~ o ] 
ç// o x2~ ; 

A {y~ ç,2 o .o.] 
yq> 

Based upon Lhe approximated sets described by Eqs. (23)-(30), a st.able finitc clement method to 

approximate systcm (2'1) can be written as: Find (a11., " "· p1.8h) e"f.~xv1: xPhxWl such that 

wilh 

and 

B( a 
1

,u ,p.O;-r.v,q,ip) = ( a 1 ,e( v ))+{ 21]2E( u ),e( v))-{ p,V·v )+{V·u,q) 

+ (I& (J,V 4J) + ( pc( u·V 8 ),ip )+(a 1 ,-r) 

-+{À.( u ·V )a 1 ,-r)-( lVua 1 ,-r H ?..a1 Vu
7 

,'C) 

-{211 1 E ( u );t )+ I,( pc( u·VB ) 
KeC11 

- K'Ll8 ,a,( pc( v·V tP )-K'Llip ))K +(À.( u·V )a 1 ,ar( u·V )r) 

(31) 

(32) 

F(-r,v.q,ip )=( j.v )+(a 11 ,v Jq, +( r ,IP )+( qh·tP Jq, + L,< r,a'P( p c( v·Vip )-K'Llip ))K (33) 
KECIJ 

whcre lhe stability parruneters a<' and a, are defmed as follows: 

hK 
a'l: =-.,..-.:.:.....,-

2lu( x Ji
1
, 

I 11
K I Ç( PeK ( x )) a, 2 u( x ) , 

morlu( x Jl ,hK 
Ped x)= 

1 

2K' 

(34) 

(35) 

(36) 
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Ç={PeK( x ),0 SPeK( x )<I 

1 ,Ped X ?-J 

iu( X Jl fi = "-'i=l U;( X) .JS p<oo l(""N I lp )~ 
maxiu;(x)l ,p=oo 
i=I.N 

37 

(37) 

(38) 

in which ml denoting a positive constant introduced in (Franca et ai., 1992) dependent of the thermal 
fmitc elcment interpolation adopted. 

Remarks 

l.lt is wcll known that lhe classical Galerk.in method applied to hyperbolic equations results in spurious 
oscillations in the linite element approximation. In fonnulation (31)-(33), we have employed a non­
consistent streamline upwind strategy (Marcha] et al., 1987) to treat the advective tenn of the stress 
material law of system (21) and a Galerkin./least-squares one (Franca ct al., 1992 and Franca et 
ai., 1992) for lhe convective tcnn o f its energy equation. 

2. The usual detinition of the element Péclet number PeK was modificd by including the constant rnk, 
which takes into account lhe effect of the degree of the interpolation uscd. This definition rnay be 
vicwcd as a rescaling of the usual element Péclet number, such that, for ali interpolations employed, 
the locally advective dominated Lhermal nows are given by PcK (x) > I and the locally diffusive 
dominated lhermal nows are given by PeK(X) < 1. 

Numerical Results 
In lhis scction we present some two-dimensional simulations of lhe incompressible viscoelastie 

thermal problcm defined by Eqs. (21 ), ernploying a stable fi.nitc clerncnt method introduced in Eqs. 
(31)-(33). Ali cornputations were perforrned in rnicrocomputers equipped with the P200 Intel chip, 
using thc finite element code FEM and graphks post-processor VTEW, both codes undcr devclopment 
at lhe Laboratory of Theoretical and Applied Mechanics (LMTA) of lhe Universidade Federal 
Fluminense. 

Flow Through an Abrupt Contraction Channel 

The gcometry and boundary conditions o f thc problcm are sketched in Fig.l: t11e domain is a plane 
channcl with a sudden 4: I contraction. The boundary conditions for velocity and cxtra-stress tensor at 
lhe channel entrance are fully developcd proftles and, at its exit, a fully developcd profile was 
considered only for lhe velocity field - taking into account the mass conscrvaüon. For the temperature 
field. we havc imposcd at channel entrance a flat profile 9,; upstrcarn contraction, a greater constam 
valuc 9,; and, aftcr the contraction, a maximum value 9, was prcscribcd (These conditions intend to 
simulatc the hcating generated by a mechanicai extrusion process.). 

(0,1) 

(36,0.25) 

u =o y 

-

Fig. 1 Flow lnto a sudden contraction: Problem statement. 

u 
·'· 
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The computational domain n was discretized by a non-uniform mesh consisting of 472 
quadrilateral elements with 4110 degrees-of-frecdom for veloci.ty, 2055 for temperature, 1416 for 
pressurc and 7332 for the extra-stress tensor- see Fig.2 for a detail of the mesh near the eontraetion. In 
the numerical tests, we have selected a viscosity ratio Tj 2 / (T\, + Th) = 0.11 in Lhe Eqs. (2 1) - as usual in 
Oldroyd-8 simulations (Marchai el ai. , 1987 and Silva Ramos, 1993) - and lhe Deborah and Péclet 
numbcrs (Eq. (22)) were have measured at downstream fully developed region. The non-linear strategy 
lo solve the set of non-linea.r equations resulting from the discretization of system (21) was ao 
incrementai Newton's method (Silva Ramos et al., 1997) wilh a continuation strategy on lhe stress 
relaxation time À (Eq. 19). Wc used, for its first step, thc velocity and prcssure lields for the Stokes 
Oow (laking À= O in Eq. (21)) and employed as Newton's increment a Deborah number De equal to 1.0 
(Eq. (22)). 

Fig. 2 The llnite element mesh: 472 quadrilateral elements. 

Figorcl> 3-5 show a detail of the flow strcamlines near the contraction. The numerical simulations 
havc indicated a similar strcamlinc pattcrn for Deborah numbers from O to I 5 and, for this reason, we 
will only present lhe flows for De = 1.2, 9 and 15, respectively. As it can be seen in the Figures, the 
finite clement formulation detlned by Eqs. (31)-(33) was able to capture a wcll-defined back-flow 
region nearby Lhe channel contraction. 

Flg. 3 Flow lnto a sudden contractlon: streamllnes for De = 1.2. 

Fig. 4 Flow lnto a sudden contraction: streamlines for De = 9. 

Flg. 5 Flow lnto a sudden contraction: streamllnes for De = 15. 

ln Figures 6-8 tempcrature contow·s were shown for Deboral1 numbcr equal to 15. These pictures 
illustrate three distinct thermal regimes. First. in Fig.6, a classical diffusive dominated tlow has been 
found : the tempcraturc distribution is duc almosl to heat conduction with no signiticant contribution of 
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convectivc heat t.ransport (low Péclet flow, Pe = Jd). Atlhe channel centerline, we may observe lhat 
the computed natural (Neumman) boundary conditions were able to gcnerate accurate maximum points 
for lhe temperature transversal proftlcs (rcmcmbering lhat, according to the finitc clemeot methology, 
these boundary values are unknown degrees-of-freedorns to be calculated, instead of prescribed nodal 
values to be imposed). Secondly, in Fig.7, Lhe Péclet value Pe = Jd was sufficicot to crcate a moderate 
advective-diffusive pattem: two thermal boundary layers close to the walls with thc second layer 
thinner than thc first one. Eventually, in Fig.8 we already have a vcry high lhermal Oow. IL can be 
noticcd thaL Lhe fluid beating was confined to vcry thin boundary-Jayers, as expected from the high 
value of Péclct numbcr (Pe = .10•). Besides, the back-flow zooe disturbs lhe bounda.ry layer diffusive 
mechanism on thc vertical wall of the contractioo. These results were expected and are qualitatively in 
accordance with experimental visualizations introduced in (Evans. 1986). 

~--
Flg. 6 Flow into a sudden contractlon: temperatura contours for Pe = 102 and De = 15. 

Fig. 7 Flow into a sudden contractlon: temperatura contours for Pe = 10' and De = 15. 

Flg. 8 Flow lnto a sudden contraclion: temperatura contours for Pe = to• and De = 15. 

Conclusions 

In this paper, stable finite element simulations of thermal incompressible viscoelastic t1ows have 
been performed. The adopted mechanical model was the Oldroyd-B liquid with constant viscoelastic 
properties. The finite element method cmploycd consists of a four-field bubblc formulation in lerrns of 
(cYJ, u, p, 9), with velocity and temperature fields approximated by continuous biquadratic elements 
(Q2) and prcssure by discontinuous linear ones (Pl). The extra-stress tensor is approximated by 
continuous bilinear elements in direct sum witl1 twclvc bubble tensors in each element K (Ql 67 B (K)). 

ln order to generate stable and aecuraLc approximations for high advective situations, the method 
makes use o f upwind stabilízation strategics. To discreli7..e lhe advective term of t11c strcss material law 
o f Lhe system (21 ), it was used a non consistem Streamline Upwind schcmc and. for the temperature 
convective term of the energy cquation, a Galerkin!Least-squares methodology has been employed. 
Some two-dimcnsional simulations in a plane channel subjected to a sudden contraction indicate that 
thc numcrical scbcmc introduced was able to produce stable fi.nite element approxirnations even in 
those situations in which it is known a priori that the Galerkin formulation with standard Lagrangean 
elements will generate unstable result~. 
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Abstract 
In this work the steady-state heat lmn'ifer process in an opaque plate with a nonuniform temperature-deperulent 
source is modelled as.nu11ing !lzat there exis/s a lu>at trans,fàfromlto tire plate following Newton.'s law of cooling. lt i .1· 
presented a quadratic jimctional wlwse minimization correspond.v to the solution of lhe heat transfer problem. A 
.fin.ite elemef!/ approximation is proposed for carryin!l ou/ numerical simullllions throug/r the minimilJltion of the 
.fim.clional. Some particular problems are simulated. 
Keywords: Conduction lielll Tran~f'er. Minimum Principie, Plate Approximation, Finise Elements. 

lntroduction 
Let us considera body represenled by the bounded opcn set Q given by 

Q = { ( x,y,z) € 9f such that (x,y) € í c 9f, -L <z<L} 

in which ris a bounded open set of 9f and Lisa positive constant. 
The sel Q is called a plate. lf L is small it seems to be convenient to describe lhe heat transfer 

process in Q taking into account its geomeu·ical features. ln other words, fonn small L, the heat transfer 
phcnomenon in Q may be, in a certain sense, described in tbe set í(Saldanha da Gama, 1997). 

At tbis point a question arises naturally: Why lo study lhe heat transfer in a thin platc? A possible 
answcr is: Because there exist bodies that may be regarded as thin plates and, in sucb cases, the plate 
approximation in thc most convenient mathematical approach for describing the healtransfer process in 
these bodies, avoiding a threc-dimensional description or some inaccurate approximation. 

The main subjecl of this work in the mathematical description and the numerical simulation of lhe 
heat transfer process in a thin plate that, originarily, is rcpresented by (three-dimensional) 

_{__( k dT ~(k dT )+.2._( /)T }q=O in Q 
Jxl dx )'Jy dy J z l J z 

k -,-.- nar=O for(x,yf=.J r (
dT dT dT) 
axêJy()z 

-k -,-,- e, =h+(1 -T+ ) for z =+L 
(

dT JT iJT) , 
ax a y (} z ' 

k(~:.~: .~:}~=h_(T-T_) forz=-L 

( I) 

in wbich ar is the boundary of r (a plane curve); n,;,· the unit outward normal defined on JT', e, is the 
vector (0,0,1); k is a known funclions of x and y (k = k (x,y)); h., h., T. and T. are known functions of x 
and y (h.= h • (x,y ), h.= ,; _ (x,y ), T. = f • (x,y) and T. = f . (x,y ); q is a linear function of T given by 

q=a-f3T, a=â(x,y)andf3=~(x,y)'?:.O (2) 

and Tis the unknown of problem (1). 

Manuscript received: November 1996: revision received: January 1998. Technical Editor: Angela Ourivio Nieckele. 
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The abovc linear rclationship (bctween q and T) is malhcmatically intcresting whcn employcd wilh 
lhe plale approxirnalion, sincc the sourcc q will behave like the boundary conditions on z = +L and 
z = -L gtving rise to a convenient description. 

In problem (1) k represents thc thermal conductivity (always positive), h , and h. the convection heat 
transfcr coefficients (always positivc), T~ and T. the tempcratures of rcference, q energy supply (per 
unit time and volume) and T the tcmperature. 

The platc (in general a thin plate) is assumed lO bc insulatcd on êJr. l.n Othcr words. lhe beal transfcr 
from/to Lhe plate lakes place on lhe surfaces;: = +L and z = -L 

Despite of its large range of application, the plate approximation is not an usual approach for 
engineering heat tran~>fer problems. In general, even for describing the heat transfer process in a thin 
plate, cngineers employ standard three-dimcnsional heat transfer approaches in ordcr to ensurc the 
availability of the neccssary mathcmatical tools, widely found in the current literature of numerical heat 
transfer (c.g.: Dan-ping, 1992: Ciarlct. 1978; and Cranck and Nicholson, 1947) or reprc·ents the plate 
as a fin (Kem and Kraus, 1985) giving rise to ordinary differential equation~. 

The Plate Approximation 
Inregrating the first cquation o f ( I) over the thickness 2L we have 

so. taking into account lhe boundary conditions o f (I), the followiog can bc written 

(
()T i)T (}T} 

k - .-,- tt ,Jr=O 
dx dy (}z 

for( X, y /=d r 

(3) 

(4) 

Let us deftnc thc following mean temperature (evaluated o ver tbc thickness of the plate) 

1 i[. T=- Td-:. 
2L - L 

(5) 

Whcn cj belongs lo L 2 ( Q) and Q has thc cone property (Maz'ja, 1985), T is a continuous and 
bounded function as wcll as f. So. for a tbin platc (very small L), the following approximation may be 
con~>idercd 

T : T for ( x,y)erandze( - L, L) 

and. lhcrefore, problcm (4) gives risc 10 

3_(k éJT 'L_i_(k ()T} q--1 ~~+ (f' -T-t ~lt_ (f -1' )]=0 for( X , Y )::[' ax ax )'ay dy 2L 

k(af _J f )n a r =O for( x,y /=d r a:.: a .v 

in which the unknown is f (this function dcpcnds only on x and y). 
Taking into account (2). problem (7) may be cxpressed as 

(6) 

(7) 
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~ k af}_i_{ k af}À-Jif=O for( x,y ;:r 
axl ax <i.Yl a y 

k( ~:.~:)"a r =O for( x, y ;:a r 

in which À. (À =Â( x, y ))and J1 ( J1 ={1( x. y )) are the known functions defined as 

Variational Formulatlon 

43 

(8) 

(9) 

(lO) 

Problem (8) has an equivalem minimum principie. The function T which satisfies (8) is lhe one 
that minimizes lhe functional/[WJ defined below 

l 
2 2 12 

k aw k aw 2 
f{wJ=J ~-) +~-) -À=I~W dJ:dy 

r 2l ax 2l a y 2 ( li ) 

in which w is any admissible field (wE H' <nJ. 
The functional llwJ is quadratic, convex and coercive (Berger, 1977 and Saldanha da Gama, 1992). 

since k and ).1. are positive valued functions. In other words this functional admits onc, and only onc, 
minimum which is reached when W.Ell, being u the solution of the following problem (Euler-Lagrangc 
equation and natural bounda.ry condition) 

~kau ~kau}À-pu=O for(x,y):T 
axl ax )' riyl riy 

k(au ,!!..!!_),a r =O for( x, y ;:a r 
ax ()y 

which is exactly problem (8). 

(12) 

An Application - Numerlcal Simulatlon of a Heat Transfer Problem 
Now, the variational formu lation prescntcd in this work will be employed for simulaling the heat 

transfer process in a rcctangular platc by means of a finile element approximation. 
Let us suppose that the set ris given by (rectangular plate) 

r= { (x.y) E 'lf such that O<X<L, and O<y<Ly} 

that k and J1 are constants and that À is picccwise constant. 
Tn this case problem (8) yiclds 
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(
a2f a2f} _ 

k --2-~ À-J1T= O for O<x<Lx, O<y<Ly 
ax ()y 

a f 
-=O forx=O, O<y< L.,. andfor x= Lx, 0< y<L.,, 
dx 

a f 
JY=Ofory=O, O<x<Lx andfory=Ly , O<x<L.x 

(13) 

lt will be considered the following finite element approximation for the admissiblc fields w (w = 
íií (x,y )) 

~.~w; (f-r l frs }wi+{ f+r I f+s }wi+M (f-r I f-s }wi+M+{ f-r r f+s} (14) 

for .i=/,2 ..... ,( M - I X N - I ),xr tlx/2~ X ~ xj+ Llx 12 wul'y rtly I 2~ y ~ Y; +tly I 2 

in wbich w1 reprcsents tbc approximation for w at lhe node i, i andj related by ("int" denotes the integer 
part of) 

i= j + int [ (j-1) I(M-1)] 

y-y· 
s~ 

.1y 

xj={(j -/I 2 )-(M-/ )im((j -1}'(-1)]}.1x 

( 15) 

(16) 

(17) 

(18) 

(19) 

In Lhe above equations M represenlS the number o f nodes in tbe x directíon whiJe N is lhe number o f 
nodes in the y direction. 

lt isto be noticed that (r i .y j) represents thc position of the ccnter of thc clementj. The position of 
Lhe node i ÍS given by (X;. Y;) where 

X;= {(i· /) . M int I (i-1)1 Mj} ÁT (20) 

y; = {(N-1)- in! [(i-1) IM]} ..1y (21) 

Inserting the approximation ( 14) into functional I[w], defined by (11). we obtain the following 
function 

(22) 
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01 02 03 04 os 06 
I 01 I 02 I 03 I 04 I os I 06 

08 09 10 11 12 13 
I 07 I 08 I 09 I 10 I 11 I 12 

15 16 17 18 19 20 
I 13 I 14 I 15 I 16 I 17 I 1 8 

22 23 24 25 26 27 
I 19 I 20 I 21 I 22 I 23 I 24 

29 30 31 32 33 34 
I 25 I 26 I 27 I 28 I 29 I 30 

36 37 38 39 40 41 
I 31 I 32 I 33 I 34 I 35 I 36 

43 44 45 46 47 48 

Flg. 1 The consldered flnlte element approximation for the particular case in whlch 
M=7 and N=7 {1SjS36 and 1SI549). 
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Assuming that Â. is constanl over cach considered elemenl and dcnoting by Àj lhe vaJuc of Â. at the 
elementj we havc 

A j-~ Íwi+l- W; Y +(wi+M 1 , - WJ+M )
2 

+ (wi+l- w; Xwi4 M +I- wi+M )}~ I 

~Íw;- ~~'i IM )
2

+ (wi+l- wi+M+i f+(w;- W;+M Xwi+l - wi+M+I )~ 
6 ~ 

1 1 { } J1 2 2 2 2 (23) 
--A1 w1+w1+1+wi+M +whM+I L\xL1y+-'-(2w1 +2w1+1+2wi+M + 2wi+M+I+ 

4 36 

+2w; IV;+ f +2wi +lwi+M+I + 2wi+M Wi+M +I +2w; Wi+M +w; wi+M +l+wi+lwi+M }L1xL1y 

i= j+ int(( j - I )I( M - 1 )} 

Thc minimum o f g is reachcd whcn 

íJg- o 
aw; 

fori=l.2 , ... , NM (24) 

The solution of Lhe abovc linear system of NM equations represem the approximation for f at each 
node i. 

Some sclccted results are shown in Figs. 2 to 8 in whkh thc (modified) temperaturc () dcfmcd as 

e=y( .!5:._1-' )z •l Jl Lx 
(25) 

is representcd as a function o f thc indcpcndcnt dimensionless variablcs X and Y given by 

(26) 

In Hgurcs 2 and 3 a comparison among four different approximations (M=N=l 1, M=N=21, 
M=N=31 and M=N=41) for the samc problcm is presented. lt is rcmarkable that lhe upper and lower 
bounds for 8 havc not a strong dependcncc on M and N. 
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Figures 4, 5, 6, 7 and 8 prescnt e as a fu nction of x and y for some particular cases. H is to be 
noliced that e= e (x,y) depends only on the ratios íll p. and L,/ L,. 

The effect of thc ratio À I ,u can be illustrated from the integ.ration of (8) over lhe set r. This 
intcgration leads us Lo 

(27) 

So, since J.l does nol dcpcndenl on the position , we can conclude that the ratio I I J.1 (where I is 
thc mcan value o f À in n represents the mean temperaturc over lhe plate. 

The (geometric) ratio L,. ILx determines the upper bound for the dirnensionless variable 
Y (0:5YSL,,/L,. while 09<~1 ). Since the boundary Jr is insul.ated, this pararneter affects directly thc 
dcrivatives Jf IJX and Jf ldY. 

ln ali lhe considered situations a Gauss-Scidcl iterative scheme (Todd, 1962) was used for solving 
systcm (24). 

33.32<e<54.90 

e 

33.30<e<55.06 

e 

M=ll 
N:ll 

M=31 
N=31 

33.31<e<54.84 

e 

33.30<e<55.09 

e 

M=21 
N=2l 

Fig. 2 The modified temperature a as a function of X and V, obtained with four dlfferent approximations, 
for L/L.= 1.0 and fJ~t= 1000.0 for 0.10 <lk0.50 and 0.80<Y<0.90 {fJJl = 0.0 otherwlse). 
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35. 50<0<50. 39 35.49<6<50. 16 

6 

35. 49<6<50 .15 

9 

Fig. 3 lhe modified temperatura e as a function of X and Y, obtained with four different approxlmations, 
for L,IL, = 1.0 and :V11 = 1000.0 for 0.60<X<0.80 and 0.40<Y<0.60 (:VIl= 0.0 otharwise). 

H:SJ 
1\':JJ 

Fig. 4 The modifled temperatura e as a function of X and Y, obtained with M=51 and N=31, for L,IL. = 0.6 
and :V11 = 5000.0 for 0.40<X<0.52 and 0.18<Y<0.20 (:VIl = 0.0 otherwise). Here 18.62<9<24.37 

47 



48 

• 

J . of tha Braz. Soe. Mechanicaf Sciancas • Vol. 21 , March 1999 

8 

27 01<0<41. 63 

Fig. 5 The modified temperatura a as a function of X and Y, obtained with M=51 and N=51, for l.y'L, = 1.0 
and ÀiiJ. = 15000.0 for 0.40<X<0.50 and 0.51kY<0.60 (ÀiiJ.: 0.0 otherwfse). Here 27.07<9<41.63 

27. 07<9<4l. 63 H= 51 
N=SI 

Fig. 6 The modified temperatura a as a function of X and Y, obtained wlth M:51 and N=31 , for L,llx: 1.0 
and ÀiiJ. = 5000.0 for 0.92<X<0.96 and 0.92<Y<0.98 and for 0.04<X<0.08 and 0.02<Y<0.08 (ÀiiJ. = 0.0 
otherwlse). Here 21 .56<9<36.36 . 
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... 1J. 68<9<5. '' 

Flg. 7 The modlfled temperatura 9 as a function o f X and V, obtalned with M=51 and N=51 , for L../1-. = 1.0 
and ÃIJ.l = 5000.0 for 0.4!l<lC<0.52 and 0.58<V<0.60 and ÃIJ.I = -5000.0 for 0.84<X<0.90 and 0.04<V<{).08 
(ÃIJ.l = 0.0 otherwlse). Hera -11.68<9<5.53. 

9 

·14 .011<9<~0. 44 1<=5J 
N.a5J 

Fig. 8 The modllied temperatura e as a function oi X and V, obtained with M=51 and N=51, for L/L.= 1.0 
and ÃIIJ = 100000.0 for 0.40<X<0.42 and 0.58<V<0.60 and ÃIIJ = -100000.0 for 0.58<X<0.60 and 
0.50<Y<0.52 (ÃIJ.I = 0.0 otherwise). Here -24.08<9<50.44. 
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Conclusions 
In lhis work a powerful tool for solving a large class of linear cooduction heat transfer problem in 

plates was presented. 
The energy transfer from/to lhe platc (by convection) and the liner temperature-dependent source 

term q plays the samc (mathematical) role giving rise to an interesting and simple description with a 
convenient variational formulation. 
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The.frictionfactor fur turbu/eut.fully det·e/oped jlow of ai r at steady state conditiom through an amwlar condttit with 
mhular flns haJ beeu determined. The tu/miar fins consisted o.f tuhes inserted in lhe annular sap to increme/11 heat 
tran:ifer. The .finned an11ular section lt'cls built to .t·imulate tl!e heat exdumgers (cooler anti heater) of a Stirling 
engine. Te.1·ts were carried 0 111 in an amwlar section with a radius ratio t~l 1.()83, covering Reyrwlds nwnbers 
berween 1000 tmd 60(X). The results lwve .~lwwn that the wilization o.f cmmcfar fins increased the pres.l'llre loss by 
friction by afactor o.f7to 12. >vilhinthe ra11ge studied. 
Keywords: Annular Pipe. Stirli11g Engine,ç, Friction Factor. 

lntroduction 

Finned annular sections has bcen studied previously by other authors. Flat fins placed along the 
internal pipe diameter of the annular conduit, longitudinal to the flow direction, are well investigated 
(Patankar et al., 1979, Braga, 1987). However, a work considering annular conduil wilh tubular fins 
has not been found in lhe litcrature. Tubular frns consist of circular pipes placed along lhe perimeter of 
the annular scction, which externai diameter coincide with the annular gap (Fig. 1). This type of fin has 
been used in the cooler and hcater of the Stirling engine described by Bartolini and Naso (1984), to 
increment heat cxchange. 

Flg. 1 Annular section wlth tubular fins. 

In lhis work, the friction faclor has been sn1died for turbulent fuJ iy developed flow of air in an 
annular conduil with tubular fins. Experiments have been earried out in a test seclion built to simulare 
the heat exchangers of a Slirling engine (heater and cooler), lo determine the pressure loss along the 
fmned region. The resulls are. thus, expected lo be of direct application to the mentioned engine, and to 
furnish information for fulure analysis on lhe performance of this type o f fin. 

Experiments 

The tesl scction used in lhe cxpcrimcnts, built 10 simulatc the heat exchangers (cooler and heater) 
and the regenerator of a Slirling engine, was connected to an air circult. sbown sehematically in Fig. 2. 

Manuscript received: September 1997. Technical Editor: Angela Ourívio Niecke/e. 
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The air circuit comprised an air filter, a silenccr, a compressor, two valves for flow control, an orifice 
platc, plenum chambcrs, dampening chamber and straighteners. Air was blown by a Roots compressor, 
driven by an clectric motor. The flow amount was controlled by two butterfly valves, onc of lhem 
rcstricting Lhe Oow to by-pass. and lhe other, to the test section. The flow amount to the test section was 
measured by an orifice plate, installed according to specitications of ASME (1971). The prcssure drop 
in lhe orific.e plate was reacl by a Dwyer well-typc inclined manometcr or by a Dwyer U-lubc water 
column manometer, with rcsolutions of 0.5 mm anel 2 mm, respcctivcly. The inclined manomeler was 
used for low flows. Tbc tube used in lhe air circuit had a diametcr of 106.75mm ± 0.05mm TD. A 
silenccr was installed bctween the filtcr and lhe compressor, to reduce noise. A plenum chamber and a 
dampcning cbamber wcrc located aftcr lhe compressor, to clirninate pulsation cffccts. A flow 
straightener was used after lhe flow control valvc, before lhe developing length to the orifice plate. 
Another straightener was uscd between a second plcnum chamber and thc test section. 

7_
50

, ~ TS Enlarged straightener cross-section 
Tubes dlameter: 0/8 --. 1.:~H:m sT2 -

OP ST1 

I 
PL2 I Tlil-o~ 106.7mm r~m 

- 40 t 1 80 ~ 20 ~ 

Orifice to pipa dlameter ratio: 0.28 

Upstream tap distance: o 
Oownstream tap distance: 012 

AF - alr filter 
SL - silencer 
BL - blower 

PL 1 - plenum chamber 1 
DP - dampening chamber 
V1 - bu«erfly valve 1 
BP- by-pass 

V2 - butlerfly valve 2 
ST1 - stralghtener 1 

· OP - orlfice pia te 

PL2 - plenum chamber 2 
ST2 - stralghtener 2 
TS - test sect1on llL:J]lJl] AF 

Fíg. 2 Schematic of the aír circult 

Copper~constantan A TP/1-1-TEK T type thermocouples were used to measure the temperature of the 
air 1lowing in lhe orifice plate and in the test scction. The readings from the thermocouples wcre 
rcgistcred by a voltrneter, with resolution of 0.0 I mV. Ambient air temperaturc was read by a mercu.ry­
in-glass lncotherm thermometer, wilh resolution of 0.1 °C. At.mospberic pressure was taken by a Fisber 
Scientific mcrcury column barometer, with resolution of 0.1 mmHg. Room air humidity was measured 
by a Henni-René Graf thermobygrometer, with rcsolution of 2 %. 

The test section bad a single internai pipe and cxtemal pipes wilh differcnt diameters for lhe cooler, 
regcncrator and beatcr locations (Fig. 3). That was done to reproduce the radius ratios of lhe heat 
exchangers and regcnerator of lhe Stirling engine, as quoted by Bartolini and Naso (1984). The cooler 
and lhe heater were locatcd in lhe extremes of the test section, wilh lhe regenerator in the middle. That 

Fig. 3 Longitudinal vlew of the test sectlon. 
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was in accordancc with lhe project of lhe Stirling engine. Tbe internai pipe of lhe test scction had a 
diameter of 71.21 mm ± 0.0 I mm OD, lhe diameter of the externa] pipe of the beater was 76.63 mm ± 
0.03 mm ID, and lhe externai pipc diameter of lhe cooler was 77.56 rum± 0.02 mm ID . With these 
pipes. radios ratios of J.076 and J.089 were obtained for Lhe heater and cooler, respectivcly, 
reproducing the Stirling engine described by Bartolini and Naso (1984). The section of lhe heater had a 
totallengtb of 180 mm, and seven locations of pressurc reading were spaced in imervals of 30 mm ± 0.3 
mm. The length of the cooler was 21 O mm, with eight pressurc rcading locations spaced as in the heater. 
To obtain an averaged pressure, each location of reading had four taps, distant 90 degrccs from each 
other along thc perimeter (Fig. 4). Thc prcssure laps wcrc built with boles of 0.8 mm. A multi-poim 
valve was used to select lhe location o f reading. 

-- TO 
MANOMETEA 

Flg. 4 Pressure taps dlstribution in a sect ion oi reading. 

The pressure drop along lhe test seclion was measured with one Owycr well-lype inclined 
manometer, one Owyer U-lubc watcr column manometer, and onc Dwyer U-tubc mercury column 
manometer. The instruments had rcsolutions of 0.2 mm, 1 mm, and 1 mm, respectively. For the tcsts 
without fins. the readings frorn the first tap in the entrancc of Lhe cooler and the healer wcre neglected 
in the evaluation of lhe prcssure drop, to assure that Lhe readings considered were not affccted by thc 
changes in thc flowing arca. The changes in the flowing area are charactcrized by the liny annular area 
o f the cooler and the heater, to lhe larger cross-scctional area in the regenerator, and the curved rcgions 
in thc extremes of lhe section (see Fig. 3). The fully developed condition was quickly reached, as 
demonstrated by thc uuiform pressurc distribution in Figs. 5 and 6. 
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Fig. 5 Pressure distrlbutlon in the bare annular region. 
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Fig. 6 Pressure distribution in lhe bare annular reglon. 

For the tests with fi.J.med region, pressure readings were made in thrcc locations at tbe inlel and in 
two locations in tbe outlet, as shown in Fig. 7. It can be scen the intensity of drop in prcssure after lhe 
flow enters tbe fi.J.med region, and tbe rise in pressure at tbc cxit of the rcgion, due lo an abrupt 
expansiou. The pressure drop was determined from the readings of the second lap before and the second 
tap after the fumed region. The taps located right at the entrance and at lhe exit of tbe fmned regions 
were under effects of Oow contraction and expansion, respeclively. 
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Fig. 7 Pressure distribution in the finned annular region. 
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The fins were plastic tubes (nylon) of externai diamctcr 3.00 mrn ± 0.05 mrn, and internai diameler 
2.00 mrn ± 0.05 mrn. Tbe fins werc fitted Ü1 the cooler only, as the gap of lhe healer were too small 
(2.71 mm). Thc original gap in lhe cooler was 3.175 nun, and had lo be reduced to tbe diameter of the 
fins (3.00 mm). To solve il, lhe externai diarneter of the internai pipe of the annular section was 
augmented, by sticking two layers of adhesive tape on it, which thickness was 0.1 rnm. It was verified 
tbat the inclusion of tbe tape did oot alter tbe friction factor of tbe bare section. Seventy eight tubular 
fms were fitted in the section. 

The apparatus was constructed in the laboratories of PUC-Rio, whcre ali the experirnents were 
performed. For the tests witbout fins, the cstimated uncertaintics associated to thc determination of the 
mass flow rate and Rcynolds number wcre ± 1.4 % and ± 1.9 %, for lhe cooler and heater, respectively. 
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Thc uncertainty associated to the fri.ction factor for the cooler was ± 5.0 %, and for the heater. ± 4.5 %. 
The total uncertainty related to the determination of the friction factor from Eq. (1) was esti.mated in± 
9.3 % and ± 7.6 %, for the coolcr and healer. rcspectively. Thc uncertainties for the mass flow rate, 
Rcynolds numbcr and friction factor for the flDDcd section werc ± 1.4 %, ± 5.2 % and ± 7.3 %. The total 
uncertainty associated to thc dete rmination of the friction factor through Eq. (lO) was cstimated in± 
11 .3 %. The unccrtainties were calculated according to the method proposed by Kline and McClintock 
( 1953). 

The procedurc adopted in thc cxecution of thc cxperimenls involved a regular check of thc ambient 
air condition for each test run. Atmospheric pressurc, room air tcmpcrature and humiclity were always 
registered. Soon afler a new tlow was set though lhe butterfly valves, the steady stalc condition was 
obtained. The readings from the instruments were takcn manually, and cach test run took approximatcly 
5 min. Both flow directions, cooler-rcgenerator-heatcr and heater-rcgcncrator-cooler, wcre tested. 

The mcasured quantities during lhe experiments were: atmospheric pressure, ambient air 
lcmperature, room air humidity. air temperature at the orifice p.latc inlet, air tcmperature al thc test 
scction entrancc, pressure diffcrcnce across lhe orifice platc. pressure diffcrence between lhe test 
scction exit and the atmosphcrc. pressure diffcrence through the test section, pressure difference 
between the orifice plate inlel and lhe test section entrance, and pressure diffcrcnce between thc 
compressor outlet and lhe test section cntrance. Thc preliminary data were convcrted by a data 
reduclion computer program, wrillen in BASIC languagc. The outpul from lhe program included thc 
corresponding mass now rate. Rcynolds numbcr and friction factor. 

Data Reduction 
Ln lhe analysis applied for data rcduction, the nuid is considered to be at a steady state flow regime, 

and the boundary layer is fully developcd. Spatial depcndence of Ouid properties in lhe radial direction 
is not taken into account. Ali nuid properlies are written as an averagc value in time and space, exccpt 
when indicatcd. 

Bare Section 

The pressurc drop due to friction of the flowing fluid wilh thc walls of lhe annular conduit along a 
lcngth L, tJ\, is given by the cxpression from Darcy-Weissbach. 

(1) 

whcrc p is the Ouid density. 

Thc hydraulic diameter of lhe annular section, D,, is so describcd. 

(2) 

where D. and D, are lhe cxtcmal and internai diameters of the annular section, respcctively. Thc 
avcrage velocity o f approach, ii , isso given, 

(3) 

where ú1 is the total mass flow rate, and Ab is the cross-scctional arca of the annular conduit. Thc 
friction factor for the bare section, f,, can be writtcn from Eq. (1), 

(4) 
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and can bc rcpresented in terms of Reynolds number, 

(5) 

wherc a, and b, are constanl coefficicnts dctcrmined experimentally. Tbc Rcynolds number, Re, is so 
writtcn, 

Re = pvD, 
Ji 

(6) 

where )J is Lhe viscosity of Lhe Ouid. 
Therc are additional pressure losses which arise from the flow and test section characteristics. 

According to Kays and London ( 1964). allcrations in lhe fluid density duc to varíalions of pressure and 
remperaturc along the section generate a prcs1.ure drop. L1PJ, which is lhus calculated, 

(7) 

whcrc p, and p, are the respectivc fluid densities calculated at tbe entrance and at the exit of thc lcnglh 
considcrcd. 

I f Lhe flow is upwards on the vertical, tl1erc is apressure drop dueto lhe clcvation, L1P. (Kays and 
London. 1964 ). 

L1P,, = pgL (8) 

whcrc g is lhe free-fall acceleration. 
So, for lhe bare section, lhe total pressure drop, L1Pr. is so given, 

(9) 

Rc-writing Eq. (9), tbe pressure drop duc to friction in lhe bare annular scction is expressed, 

(10) 

L1P, is Lhe measured pressure; /!P" and L1P. are evaluated from Eqs. (7) and (8). Witb lhe value of 
L1P. from Eq. (10). f • is obtained in Eq. (4) and is plotted against Reynolds numbcr, determining lhe 
values of cocfficients a, and b, [Eq. (5)]. The densily and the viscosity of lhe fluid are calcuJated as 
funclion of prcssure, temperature and humidity. 

Finned Section 

The prcscocc of fins generates an additional pressure drop, L1P1, wbich is thus calculated, 

-2 
AD -V 
=-r = nKr p-

2 
(l i ) 

where n is tlle numbcr of fins, and K1 is Lhe prcssure Ioss coefficient associatcd lo a row of fins. 
Thc total pressure drop by friction through lhe finned annuJar region, L1P 11• is Lhe sum of tbe pressurc 

drop duc to friction witll the walls of lhe annular conduit, plus tbe additional pressure drop duc to the 
prcscncc of fios. 

(12) 
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tJP1, can also be expressed by Da.rcy-Weissbach equation, 

L -2 _ v 
M ft =ft-P­

D, 2 

where / 1 is the friction faclor for thc finncd rcgion, defined by the sum, 

Thc friction factor f 1 can be explicit from Eq.(l3), 

f - ilP.ft 
f - L -2 _v 

- p v, 2 

and can also be represcntcd in tcrms of Reynolds number, 

where a ) and b1 are coostant coefficients determi.ned cxperimentally. 
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(13) 

(14) 

(15) 

(16) 

The thickness of lhe fins rcduccs the free-flow cross sectional area and, as a coosequeoce, the flow 
is contracted at Lhe enLrance of Lhe finned rcgion and cxpanded at thc cxit, gencratiug additional losses. 
If the pressure taps are loca1ed a1 lhe entrance and at lhe exit of the finned region, these additional 
prcssure drops must be considered. According to Kays and London ( 1964), the pressure drop duc to 
contraction of the flow, tJP,. isso described, 

(17) 

A1 is the minimum Oow area in lhe finned region, given by, 

(18) 

where d, and d, are lhe respeclivc tubular fin externai and internai diamctcrs. 
Tew (1978) proposed the following expression for the contraclion coefficient K,, tested against lhe 

experimental data on different geometry by Kays and London (1964), 

(19) 

The pressure drop due to expansion of the flow is calculated in a similar way (Kays and Londoo. 
1964). 

(20) 
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The expansion ~:oefficicnt, K. is given by the following expression (Tew, 1978), 

(21) 

Thus, effecls of flow entrance and exit in the finned region are taken into account by M , and M •. 
These effects should not influence the friction factor fr, as it is based on L1P1, only. 

The overall pressurc drop measured between the entrance anel the exil o f lhe fmncd region, tU' r. is 
given by the parcels, 

(22) 

Re-writing Eq. (22) to express AP1, results, 

(23) 

M r is rneasured experirnentally; LlP,, LlP,., LlP, and M , are calculated through Eqs. (7), (8), (17) and 
(20). From the v alue determined for L1Pp by Eq. (23), f 1 is evaluatcd from Eq. (15) and is plotted against 
Reynolds number in Eq. (16), establishing tbe constants a1 and bJ. As for thc bare section, Reynolds 
number is also based on the velocity of approach to the finned region [Eq. (6)]. 

Results and Discussion 

The friction factor for the bare sections of thc cooler and beater are displayed in Figs. 8 and 9. The 
data shown werc obtained for tests made with both now dircctions, cooler-regenerator-heater and 
heater-regenerator-cooler. Covering Reynolds numbers between 4000 and 27000, the application of 
linear regression to the data rcsulted in tbe following curves: 

Coolcr: fb =0.190Re-0·181 (24) 

Heater: fb = 0.234 R e - O. Z0-1 (25) 

6 

5 
COOLE;R 

4 

3 ~ ; . ··- ···-·························· ... 
--' - :tb= 0.196Re0 1B3 

- - :- - !Araújo (1989) 
---r-- Jones and Leung (1981) 

i !Malák et ai (1975) 

2 I i 
3 4 5 6 7 8 9 2 3 4 

10000 
R e 

Fig. 8 Friction factor in the bare annular region. 
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Chauvenet's criterion has been uscd to eliminate inconsistent data (Holman, 1994). Though the 
coefficients are not the same, the maximum difference between the curves in the range is 3.5 %, for 
Reynolds equal to 4000. 

Although numcrous empirical works on annular sections are found in the literaturc, Jarger radius 
ratios than the oncs dealt with in thc present work were always used. Thus. comparisons have been 
made with authors who treated thc problem analytically, proposing methods to cover any radius rario. 
Friction factor expressions for flow through annulus proposed by Malák et al. (1975), Jones and Lcung 
(1981) and Araújo ( 1989) are ploued in Figs. 8 and 9. Good agreement is found throughoul lhe range 
studied betwecn the present work and the oncs from the other authors. A maximum discrepancy of 14.8 
% is found in the lower li mil of Rcynolds, near the transition region. 

Figure I O shows the friction factor for the frnned cooler. Again, the data was obtained for now in 
both directions, covcring Reynolds numbers betwccn 4000 and 20000. Linear regression applied to thc 
data yielded the exprcssion below, 
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1 
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Flg. 10 Friction factor In lhe finnect annular reglon. 
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Chauvenct's criterion has also beco applied to eliminate inconsistent data. Comparisons with results 
by othcr authors have not been made, as studies on suniJar finned sections have not been found in the 
lileralure. The friction factor in the finned annulus is about 7 to 12 times largcr than in the bare section. 

Conclusion 

Experiments carried out in an annular section, simulating the heat exchangers (cooler and healer) of 
a Stirling engine, have shown that the inlroduction of tubular fins increases the pressure loss by friction 
by a factor of seven to twelve times. The results were obtained for an annular section of radius ratio 
1.083. ratio of the fin thickness to the hydraulic dlarneter of the annular section of 0.084, and Reynolds 
numbers betwcen 4000 and 20000. 
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This flllfJer pre.wmls a nwtlwdology for design of a:âal~flow 111rbomachinery usiug lhe casmde .flow model and lhe 
homuiary-layer lheory. The invisciclca.\r·atleflow is lrealed by means ofa pand method wi!/1 Wl empirical correclion 
10 wke in accOtmllhe viscou.~ effects. IJy applying lhe momemum equation 1111.' drag roejjiciem of lhe cascade aitfoil-' 
is related lo the loss coefficiem. the dejleclirm mefficiem. Lhe injlmv angle. anti ali 1he cascade geometric 
poramners. The applicabiliry of lhe de.\Í/(11 rrileriOII mul1he validiry of the predit'fion metlwtl are ana/yzed by u.1ing 
I!J. perime11tal data f rnmtuial-jlowfan rig tesls. 
Keywords: Axiai-Fimv T11rbomachinery. Cascade. IJoundary-Layer, Pau. 

lntroduction 
Recent developments in computatiooal tluid dynamics (CFD) allow the trealment of most of the 

complex tlow structures found in turbomachinery (Kcck et ai., 1996; R.iedelbauch et ai., 1996). 
However, at the initial step of a turbomachinery dcsign, there is a lack of infonnation about the 
necessary geometrical dcfi.Il.Ítion for advanced CFD code application. At this step the designcr needs to 
employ some design cri teria in order to attend certain performance requirements, such as optimal 
operational parametcrs. aerodynamic loading, cavitation, shock effects, srall lim.its, etc. Tt is de~irablc 
that these criteria have good characteristics of sclcctivity and flexibility. In a very large universe of 
design options, they must be capable of selecting thc eligible ones at a relatively low computational 
cost. In view of thesc aspects, it is natural to implement the design cri teria by means of simpli.ficd CFD 
tools. 

A good comparativc review of various aerodynamic performance criteria for axial flow cascades 
was conductcd by De La Fuentc (1982). By employing the experimental data o f Herrig et ai. ( 1957) for 
NACA 65-series-airfoil cascades, De La Fuente ( 1982) concludcd that the criterion based on the 
minimum suction pressure coefficient was the more adequate for selecting the minimum aerodynamic 
loss eascades. This criterion was initially proposed by Sholz (1965) for isolatcd airfoils, and was tested 
in axial-flow pump design by Fernandes (1973). Howevcr more studies are necessary in order to 
evaluate its real applicability in axial-flow turbomachinery design (Amarante Mesquita et al, 1996). 

Aftcr the initial geometry definition, the advanced CFD codes can be employed in order to cstimate 
the machine losses, and to determine the final geometry through an itcrative process (designer's criteria 
versus losses minimization). Finally, its is necessary to preview the eharacteristic curves of the machine 
in order to evaluate its operational performance. This ean be achievcd by applying the CFD codes to 
severa] working conditions in the ovcrall machine operational range. This procedure, howevcr, requires 
a largc amount of computer time. Jf thc initial inve~tment to purchase the full-version of advanced CFD 
codcs is tak.en into account. the design costs can becomc too high for small size turbomacllinery 
companies. In view of these aspects, the use of alternative methods with a low computational cosi can 
be attractive. 

The principal aim of this papcr is to analyze in details a methodology for axial-flow turbomachinery 
design based on the minimum l>UCtion pressure coefficient criterion. Thc pressure distribution around 
the impeller blades is computed by using a cascade pancl method (Manzanares Filho, 1994; Amorim, 

Manuscript received: September 1997; revision received: October 1998. Technical Editor: Angela Ourfvio Nieckele. 
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1986). In this inviscid method, a correction is applied for accounting the boundary Jayer effect on the 
cascade deflection angle, following the Gostelow procedure (Gostclow,l974). The cascade tosses are 
accessed by applying a two-dimcnsional incompressible boundary-Jayer model (Cebeci and Bradshaw, 
1977). 

In order to verify the applicability of thc methodology under consideration, experimental data from 
axial-flow fan rig tests werc utilized. The fans were designed with five different values of the rcquired 
minimum pressure coefficient at the impeller hub. The results ind.icated the validity of this present 
methodology as an useful tool for axial-t1ow turbomachincry dcsign. · · 

Cascade Geometry and Aerodynamic Coefficients 

Figure I presents the cascade geometry, which performs the required Uow deflection, and the 
corresponding velocity diagrams, where c is the absolute velocity, w is the relative velocity, and u is the 
cascade speed. Tbe cascade det1ection angle is defined as 

(1) 

where 131= l3 + a 1 is the inlet flow angle, 13 is the stagger anglc, a 1 is the angle of altack, and 132 is Lhe 
outlet flow angle. This effect can be also characterized by tbc dimensionless cascade deflection 
coeflicient, Ôu 

" Liwu {3 {3 ou = --=tg 1 - tg 2 (2) 
Wa 

wherc 6w" is the difference between the tangential velocity components and w.,is thc axial vclocity 
component (see Fig. 1). 

T 
t 

1 
T 
ó\Vu 

_L 

w. 

Cascade Velodty Diagrams 

Fig. 1 The cascade geometry 
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The Oow is considered as two-dimensional, incompressiblc, isotbermal. and in stcady-state 
condition. By applyiog Lhe rnomentum cquation in both axial and tangcntial directions one can obtain 
the following expressions (Gostclow, 1984) 

(3) 

(4) 

ln Eqs.(3) and (4), the lift coefficient, cL, and the drag coefficient, c0 , are defincd by 

L 
(5) CL = ? 

1/ 2 pw;. fh 

D 
(6) 

1/2 pw~ eh 

where w .. is the modulus of Lhe mcan velocity vector, w_ = (w1 + w1)/2; j),. is the <ll1gle bctwccn the 
vector w_ and the axial dircction: e and h are the blade chord and blade length; L aod O are lhe lift and 
drag forces; a= e;t is lhe cascade solidity, and !;vis lhe dimensiooless loss coefficient of the cascadc, 
defined by 

Çv = l&, + 1/ 2 pwf }--~} + 1/2 pw~ )j 
1/ 2 pwf, 

(7) 

where p 1 and p 2 are thc inlct and outlet staúc pressures. For inviscid flow. c 0 =O. and Eq. (3) 
reduces to 

(8) 

Equations (3-4) relate lhe loss cocfficient, tbe deflection coefficicnt. the angle of inflow, and ali 
geornelric paramclcrs of lhe cascadc (i.c., solidity, stagger angle, and profile geometry). Eq. (8) is lhe 
classical relation cmployed in turbomachinery design, which can be also derived from the Kutta­
Joukowsky theorcm (Gostelow, 1984). 

-- Nomenclature 
distance between the airfoil Ó.Wu= difference between lhe 

c absoluta veloclty (m/s) cascade (m) tangential veloclty components 
Co drag coefficienl. related to lhe u cascade s~eed (m/s} (m/s) 

mean velocily (dimenslonless) w relativa ve ocity (m/s) õ, cascade deflectlon coefflclent 
Co, dra~ coeffícient, relaled to the w. axial velocity component (m/s) (dimenslonless) 

inle velocíty (dimenslonless) Wmax = maximum surface velocity on <jl pressure coefflcient 
CL = lift coefficient (dimensionless) the suction profile side (m/s) (dlmensionless) 
Co:-.mln =minimum suction pressure w, inlet velocity (m/s~ '1 efficiency (dimensionless) 

coefficient !dimens1onless) w2 outlet velocJty \m s~ v diameter ratlo (di~ensionless) D drag force N); outlet fan w. mean velocity m/s p fluid densily (kg/m ) diameter (m) y specific enerw (J/kg) o cascade solidi~ d hub fan diameter (m) Y, design speci 1C energy (dlmensíonless h blade len~h (m) (dimensionless) e,, wake momentum thickness L lift force ( ) a, angle of a«ack (degree) {dimensionless) 
f chord length (m) 

~ 
stagger angle (degree) ~ ... cascade loss coeHicient 

n rotational speed (rps) 
inlet flow angle (degree) (dimensionless) 

Oq specific speed (d•mensio91ess) outlet flow angle (degree) 
'V pressure coefficient 

angle of lhe vector w. (degree) (dimensionless) p , inlet static pressure (Nim ) t.P cascade deflection angle P2 outlet static pressure (l';//m2
) 

a volumetric flow rata (m /s) (degree) 
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The drag coefficient can be a.lso defined by using the inlet vclocity instead of the mean velocity. In 
lhis form it is denoted c"1 and can be related to thc c0 coefficient by 

(9) 

The Minimum Suction Pressure Coefficient Criterion 
The pressure coefficient is an imponant paramcter, and give information on the acrodynamic 

loading o f lhe cascade bladcs. ll is defined as 

C _ p- Po 

" 1/ 2 pw~ 

whcrc p is Lhe static pressure on lhe airfoil, and p0 is a refercnce pressure. 

(lO) 

The mini.mum suction prcssure coefficient, Cpsmin• is defined as thc minimum v alue of the pressure 
cocfficient on lhe airfoil suction sidc. Normally, 1-'Q is the upstream static pressure, and this gives a 
negative value for Cp, min. This coefficient can be used as ao aerodynamic loading criterion, allowing the 
sclcction of cascades with relatively low profile tosses. Fig. 2 illustrates this concept. There is a Cpsmin 

intcrvallimited by an inferior value. C.,.;, and a superior value. C~"-'' which corresponds to a cascade 
with a low loss coefficient. h is importanl lo note that both C.,., and Cp... have negative values. For 
Cp,mon > Cp,. a slightly loaded blade is obtained, and the danger o f boundary layer separation is reduced, 
but comparatively large area is exposed lo lhe now, i.e., the friction tosses are augmentcd. In contrast, 
for a cascade with CP'""''< Cp,;, the frictional arca is rclatively small but a comparatively high pressure 
loading is observed, incrcasing Lhe danger of separation. So, in order to apply this criterion it is 
esscntial to determine with confidence lhe intcrval Cpsi < Cpsmin < Cps~. A properly way to accomplish 
this task is to testa series of turbomachines especiaUy designed for this purpose. 

Cpsmin > Cpss Cpss > Cpsmin > Cpsi 

/ 

I 

/

/"- Pressure 
Distribulion 

Cpsmin < Cpsi 

Fig. 2 The minimum suction pressure coetficient crlterlon concept. 
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lnviscid Method and Boundary-Layer Calculation 
Tbe minimum suction pressure coefficient crilerion is established by potential flow calculation. 

The inviscid tlow is calcnJated by a pane! method (Manzanares Filho, 1994; Amorim, 1986). The 
numericaJ stralegy involves the representation of lhe Oow by a distributed vorticity l>heel clothing the 
whole airfoil. The resulting boundary integral equation is solved through a computational sebeme 
proposed by Lewis (1991). 

Jn order to furnish an acceptable value for thc dcflection anglc, an empiricaJ correction is employcd 
to take into account Lhe viscous effects. Tbis correction was proposed by Gostelow (1974) and consists 
in fairing-in thc pressure distributions to avoid non-natural strong pressure gradienL~ al thc trailing edge 
region. Goslelow proposes thal thc fairing-in be done by extrapolating tangentially lhe pressurc curves 
on both airfoil sidcs, from 85% chord location. 

In the prescnt paper, the Gostclow's procedurc is generalized and tbe fairing-in chord location is 
trealed as a funclion of a suitable loading coefficient. Fig. 3 shows some results obt.ained for lhe 
defleclion angle of a typical cascade. The lhcoretical resulls corresponding to lhe inviscid tlow with lhe 
Kuua condition (polential theory) and those obtained with thc Gostelow correction procedure (corrcctcd 
theory) are confronled wit:b t:be experimental data obtained by Herrig et ai. ( 1957). A good agreement is 
observed betwccn the experiments and the Go:.telow method. Thi1> kind of result was systematically 
obscrved in a serics of comput.ations made for various caseades with NACA 65-series airfoils. Furthers 
dctaiJs can be found in Manzanares Filho (1994). 

0 EXP. HERRAIG et DI ,' 
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Flg. 3 Results for lhe deflection angle. 

The two componenls of the drag force (shear stress and pressure distribution) are caJcuJaled 
scparately. The contribution of the shear stress at the airfoil surfacc is obtained using t:be boundary­
laycr formulation, which also furnishes the location of tbe separation point. The component duc the 
pressure distribulion is obtained assuming tbat the pressure is constant in the separated region, with lhe 
same value compu1ed at the separation point. Thc resultant force is then performed integrating lhe 
pressure distribution over the suction and pressure side of the airfoil. The tot.al drag force is given by 
tbe sum of the both components. 

The boundary- layer caJculation is performcd by applying thc model reported by Cebeci and 
Bradshaw (1977) with an empiricaJ correlation for lhe laminar-lurbulcnt transition (Michel, 1952). The 
turbuJent modeling is achieved by using the method proposed by Cebeci ( 1970). 

An approximatc forro to compute the drag coefficient in cascades was proposed by Schlichting 
( 1959) 

cos2 {31 c1>1 =2fJbf--3-cosf3~ cos {32 
( l i ) 
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with 

8 
- 0,004 

~>.r- ( I ) l,J7ln wma< w2 
( 12) 

wherc ebr ís thc dimcnsionlcss wakc momentum thickncss (Licblcin, 1959) and Wmax is the maximum 
local free-stream velocity outsidc thc boundary layer on thc suction profile side. 

Figure 4 shows some results for the drag coefficient calculated by the present methodology in 
comparison with experimental data available in the literature (Herri.g et al., 1957), and those obtained 
from lhe empirical method of Schlichting (1959). H is observed lhat lhe results from lhe present method 
and lhe experimental data have a similar behavior, and a.lso that lhe Schlichting's metbod fails in thís 
prediction. Tn spite of lhe good qualilative resull found for Lhe present mcthod, the maximum rclative 
deviation from the experimental data was about 30 %, with a mean value of ll %, which allows, alleast 
for engineering design purposcs. an estimate of thc airfoil drag and then the energy loss of the cascade. 
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Fig. 4 Results for the drag coefficient. 

Axial Fan Design and Testing 
ln order to evaluate the oplimal C psmio interval, five axial tlow fans were designed, employing 

NACA 65-series airfoil for the blade geornetry. Tab. 1 presents the main dimensionless fan coefficients: 
mass-flow coefficient, <J>, pressure coefficient, IJI, specific speed, nq, and diameter ratio, v, defined by 

2Y 
IJf =-2 

u 

(13) 

(14) 

( 15) 
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d 
v = -

D 
( 16) 

wherc u is the cascade tangential velocity, defined as the product of lhe rotor angular velocity by the the 
blade radius for the eascacle considered; Y is the specific energy, definccl as the ratio of thc rotor power 
by the mass flow rate: Q is the volumetric llow rate; n is the rotaúonal spced; d is the hub diameter; and 
D is lhe outlet fan diameter. 

Table 1 Dimenslonless fan coefficients. 

nq 111 ~ v 

0,60 0,299 o, 293 0,50 

Thc adopled proccdure was to impose a diJfcrent Cp•mm value for the impeller hub eascade for cach 
designed fan. Tab. 2 shows the maio aerodynamic and geometrieal parameters of the impeller hub 
cascadc at the design opcration point. The C"""'" values were computed by using the inviscid method 
already described. In this tablc. lhe value o f lhe product CL.a was evaluated by Eq.(8). with lhe nominal 
values for lhe flow rale ( 1.2 m3/s) and specific energy (360 Jlkg). The inner and ouler fan diameters of 
thc fans are, respectively, 195 mm and 390 mm. respectively. The cascade design for the olhcr radial 
stations was made by assuming the free-vortcx radial equilibrium, which involves the neglecting of the 
curvature term in lhe radial momentum cquaLion. This flow distribution rcsults in a conslanl axial 
velocity component anel also in an uniform radial distribution of the specific energy, and, consequenlly, 
in highly twisted blades. 

Table 2 Designed fan data for lhe lmpeller hub cascades. 

Oesign c_ Ct. e la e a cl (l p 
req. mm comp. deg. deg. 

A ·6.84 1.2 1.32 65 0.85 1.55 12.4 38.2 

B -6.01 0.8 1.31 88 1.15 1.14 12.3 38.0 

c -3.90 1.2 1.31 83 1.09 1.21 9.7 40.6 

o ·3.11 0.8 1.29 125 1.63 0.79 11 .0 38.4 

E ·2.32 1.2 1.31 90 1.17 1 11 9.2 40.9 

The fans were built and tested in a spccific test rig, constructed in accordance to AMCA 210-74 
standard ( 1975). The systcmmic experimental unccrtainties were evaluatcd as ±1% for the specific 
encrgy, ±I% for lhe mass tlow rate and ± 1.5% for the maximum efficiency valucs. Table 3 presents the 
fan lcst rcsults obtained for lhe maximum efficiency. ''1mcL<, and the corresponding nominal specific 
energy related to the design valuc, Y, (Yr = I at design). lt is clcarly observed that lhe specific energy 
approximatcs the design poinl of operation and a best efficiency is attained as Cp,ruiu incrcascs. These 
rcsults indicate thc validity o f lhe C~"m'" as a criterion for axial-tlow turbomachinery design. 

Table 3 Fan testing results. 

Deslgn Y, 11auu 

A 0.45 0.22 

B 0.60 0.32 

c 0 .70 0.33 

o 0.80 0.36 

E 090 0.55 

Based on theses resulL~, on experimental data of Lhe NACA 65-scries-blades (De La Fuentc, 1982), 
and on pump testing data (Fernandes, 1973), it was possible to evaluatc wilh confidence Lhe intcrval-2 
$ Cp,mu1 $ -1.6 for tJ1c application of the minimum suction pressure coeflicient critcrion. This range will 
bc uscd as a basis for thc prcscnt study. It is important to note that these Cp,min valucs are rclated to the 
prcssure distribution from thc inviscid f low calculation. 
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Analysis of the Minimum Pressure Coefficient Criterion 

lt is possible to fmd a set of cascadc that can sarisfy both the minimum suclion pressure coefficient 
criterion and the required aerodynarnic condilions (Manz.anares Filho, 1994). By adopting a specific 
airfoil, thc cascade geometrical parametcrs (~. o) are computed in order to satisfy both the cinemalic 
condition (for iostance the design defection angle, .1/J ) and a required value for Cp,min· Nevertheless, it 
is poss ible to adopt a ncw profLie and then determine a new sct of paramcters (p, o) which satisfics thc 
same requisites for óp and Cpslllin· Tbus, one obtains a fami.ly of dcsign solutions, and, for this reason, 
the C1""''" critcrion can not be employed alone, but in conjunction with a loss prediction method. The 
design must be refined in arder to sclcct the optimal cascade in this family. This is achieved by 
minimizing the loss energy resulling from a viscous actioo, which, in lhe prcscnt study, is calculated by 
tbc boundary-layer model. as presentcd in the previous section. 

Thc criterion analysis is carried out by using the same fan coefficicnts shown in Tab. 1. With thcsc 
data, and using thc NACA 65-CbO lO protile!>. (Ch is the camber coefficiem). five cascade wcrc selected 
with the minimum suction prcssure coefficient, senled equal to -2,0, for the application of the critcrion. 
The paramctcrs of theses cascades are shown in Tablc 4. To maintain the same anglc of deviation, the 
cascade solidity decreases to compensate the raise in the profile curvaturc. The corresponding prcssurc 
distribution for ali ca<>cades are shown in Fig. 5, and the lift coefliciem was obtained by imegration of 
these curves. 

-c:: 
a. 
(.) 

2.0 

0.0 

-2.0 

-4 .0 

Table 4 Cascades Parameters 

C.:"'"""= -2.0 e LI~ = 25,3°. ~~ = 59.6°. fL =50. L". 

f3 c. o 

38,6 08 2,5 

39,4 10 2,0 

39,9 12 1,5 

40,5 15 1,0 

41 ,4 18 0,9 

0.0 0.2 

a, i.\ ~l-r 

21.0 25,3 

20,2 25,5 

19,7 25,7 

19.05 25,8 

18,2 25,4 

I' 
0.4 0.6 

X/C 

c.,, 
0,32 

0,43 

0,56 

0,75 

0,89 

NACI. 611·1:113 

NACH5•151' 

NACI\ U•I II Q 

0.8 1.0 1.2 

Flg. 5 Pressure dlstrlbution for cascades wlth same Cpomln value. 
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Thc boundary-layer calculation was then performed for Lhesc cascades in order to calculate lhe drag 
coefficient. Using lhe momentum balance, Eq. (4), and Lhe relation between c0 and c0 ., Eq. (9), onc can 
obtain thc cascade loss coefficient. Thcsc rcsults are shown in Tab. 5. For a small camber coefficient, 
Lhe airfoil has a low lift coefficient, but thc product c0 .cr is large since Lhe solidily prcscnts a extremely 
greal valuc. For a large camber coefficicnt thc solidity is small and Lhe lift cocfficient is large. In this 
case lhe product c0 .cr is large again sincc thc c0 value is large. Thus, onc observes that the loss 
coefficient prescnts a t:ninimum, which corrcsponds to the optimum cascade for thc required 
acrodynamic conditions. In this particular example, l11is minimum corresponds to a cascade with 
solidity equal to L, stagger angle 40.5° and NACA 65-1510 airfoils (the cambcr cocfficicnl cquals to 
1.5). An important fact, observed from lhe boundary-Jayer rcsults, is that part of the flow around the 
optimum cascade airfoils is separatcd on thc suction side. This means that the optimum cascade 
problem is closely related to the staiJ phenomena. 

Table 5 Casca de Loss Coefficient Behavior. 

cb Co, ç. 

08 0,0125 0,234 

10 0,010 0,150 

12 0,011 0,129 

15 0,015 0,116 

18 0 ,025 0,166 

Conclusion 
A simplificd methodology for axial-flow turbomachinery design was presented. lt is based on the 

minimum suction pressure coefficient, C1"m"'' at lhe impeller hub cascade. Thc cascade geometric 
parameters are detemuncd in order to obtam a C.,..m .. valuc that furnish the required flow condition with 
a minimum aerodynamic flow loss. Five axial fans were designed and tcstcd in order to access lhe 
mclhodology capability. The fan lesting resull~ have shown lhe validity of lhe prcsented methodology 
as an useful design guide for axiaJ-flow rurbomachinery. Nevertheless, lhe cstablishment of lhe 
optimum cascade geometry requires lhe dctcrmination of the loss through lhe cascadc, due to lhe fact 
lhat íl is possiblc to find a set of cascades that satisfics both the minimum suction pressure coeftieient 
cri terion anel lhe rcquired aerodynamie conditions. 

A boundary-layer method was employed to calculate lhe cascadc loss coefficient, and good results 
were found in compalisons with the experimental data availab]e in the litcrature. By applying this 
mcthod. it was possible to conclude that the loss coefficiem attains a minimum. allowing to define an 
optimum cascade for a given nominal condilion. lt was also observed lhat lhe flow thcough this 
opLimum ca~>cade is partly stalled. 

The proposed melhodology furnishes a chcap procedure to obtain a good indication of the design 
geometric configuration of ao axial-flow turbomachinc, but in order to develop a better dcsign 
mcthodology, otber influences must bc considcred, as tbe secondary flows and tip clearance effecL~, not 
considercd in a pure cascade model. 
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Abstract 
Te.1·ting of mirro devices, especially micro mecluwica/ .~ystem.~ with movable parts. seems to be an essentia/ step 
prior ro inlroductirm imo rhe marker. The acceptance o.f the micro device and irs market .1hare strongly depend on 
re/iability which require.1· advaru:ed tesring mellwds. 
In this paper. a tesring equipm<ml for visualizing and recording o.f highly dynmnical phenomena of very short time 
durations in micro strw:wre.1· is presemed. The cinematographic image seque11ces al/ow rhe exrraction of position, 
velocity and acceleratio11 ofmoving parrs in micro device.~. 
In a ftrsl application. results .for lhermal ink jel (Jrint healb with emplw.~is on the .fluid dynamical processes in the 
ink chamber were presen.ted ai DINAME 95 by HoJe r, Patzer tmd Beurer ( 1995). For rhis microactuaror - most sold 
world wide - rhe who/e life cycle af droplet generation can be shown. a.~ il appears in real time. In addi1ion to 
experimental testing, analytical and numerica/ studies have been carried out .for a beller understanding of the 
goveming physical phenomena in themwl inkjel printing. As a consequence, valuable information abow the design 
of ink jer prin.t lu'ads, wear of i/.1· healing element, printing ar very high .frequencies and the existence t~/' .wtellite 
droplets during priming could be exrracted. 
The secmul applicarian. whiclr is presenteti in rhis paper, studie.ç lhe dynamit:s of an electromagnetic micro relay in 
der ai!. The dynamical behavior of lhe free nnd hmmded oscillarions o.f lhe switching o.f lhe relay has been •·i.Hutlhed 
in order to identify material parameters which are inclutled in a state .~pace nwdel. Thi.1· example clearly 
demonstrales 1ile capability of a combined opproach using cinemarographic visua/ization togelher with systems 
rheorelic methods.for lhe developmenl t!/' high per:fr1mw1rce micro devices. 
An outlook towards .fwure research within tire framework of hiti/t speed cinemaiOfirGf7hy of dynamica/ processes in 
micro devices wirh emphasis on gaining more iruight in lrrmsiem behaviors concludes rhis research work 
Keywords: High-Speed-Photomicrography, CiJZematogmphy, f-lighly Dynamir.al Plumomena, Parameter ldentification, 
Microacrumors 

lntroduction 
In recent years, the techuology progress of miniatuúzati.on and integration made it possible to 

massproduce systems with very small dimensions. The combi.nation of integrated circuits and 
micromechanical sensors and actuators lcads to powerfuJ microsystems for signal processing, 
measurcment, and automation technology. 

However, micromechanical components are - in comparison with microelectwnic circuitry - at the 
very beginning of their history of development. The production technology for mecbani.cal 
rnicrodevices is widely investigatcd but thcrc are fcw suitable means of verifying lhe quality of lhe 
prototypes yet (Egelhaaf and Mayer, L996). 

This gap, especially the dynamic behavior of such micromechanical devices, can be filled by 
cincmatographlc visualization technique. This technique has bccn successfully applied for the ftrst time 
to study ink chambers of thermal ink jet print heads. Experimental and numcrical results are 
summarized in Fig. 1. These non-destructive measuring technologies are applicable to a widc variety of 
dynamical processes in microdcvices. The processes can be observed directly without manipulating thc 
1nicrosystem. 

Therefore we have developed two experimental setups to study high speed proce-sses in micro 
dcviccs. From cinematographic image sequences discrete motion data are available. One image 
fumishcs information about the position of an object, two images provide velocity data. 

By identifying thc system parameters of a state space model of lhe i1westigated micro dcvicc thc 
corresponding physical properties can be determined. This is a very impottant aspcct in developing 
micro devices. Bccausc of thc very smaU d.imensions of lhe microsystem, the measurcment of material 

Presented at DINAME 97 -1" lnternational Conference on Dynamic Problems in Mechanics, 3- 7 March 1997, Angra 
dos Reis. RJ, Brazil. Technical Editor: Agenor de Toledo Fleury. 
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properties is difficull or, in some cases, impossible. The major problem is that most sensors are larger 
lhan the object to be measured. 

In this paper, the investigarion of thc dynamic bchavior of an electromagnetic micro switch using 
cinematographic data is presented in delail. 

(i) 

Fig. 1a Visualization of bubble nucleation, growth, and collapse (i) and droplet ejectlon (li) in thermal ink 
jet printing. For both visuallzations the interframe time ls 1 llS and the exposure time is 250 ns. 

bubb!e 

l 

~ ~ o ~ 
r~ -l r 
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Fig. 1b Numerical simulatlon of droplet ejection. 

Nomenclatura 
Õo Width of air gap in steady Au = Cross-~ectional area of air ÍFe Effective length of magnetic 

state position [m) 8ap[m ' core [m~ 
Magnetic field constant [ ~ ] AFe = ross-sectional ~pa ot M Mass o the micro relay lever 

~to magnetic core [m ~8~ber of coil windings (1] Am N 
llr Magnetic permeability [1] IV 

Cg Spring constant [..:.... ) 
Friction constant [ kg ] 'I)(J=2~tfu-2" =Natural frequency of m 

To d Attenuation of levar s 
oscillation [1] T, Time constant [s) 

undamped oscillation [!.] F r. = Frictional force !NJ z Deviation of micro relay levar 
Fmag= Magnetic force N from steady state posit1on [m] 

wd =21t fd.2!!. =Natural frequency of F.., = Spnng force [N] z Measured deviation values 
I c Exciting current through coil [m] 1, [A] 

damped oscillation [ !.. ) i Measured current values [m] 
,f 



E P. Hofer et ai. . High Speed Cinematography of Dynamical Processes ... 73 

Cinematographic Visualization Methods 
The visualization technology is suiled to measure position, velocity and acceleration. There are two 

diffcrent visualization methods, the pseudocinematographic and the realcinematographic visualization. 
Pseudocinematographic visualization cnn be applied to reproduciblc transient processes. During the 

mcasurement, the reproducible process is repeatcd severa! times and visualized at different points of 
time. respectively. This method is based on the stroboscopic principie. The delay time between second 
shooting and the reference point of tirst shooting (Fig. 2a) corrcsponds to lhe interframe time. This 
procedure results in a series of sequential images. 

O) 

{D) 

1rne Wlndow ar \IISuCllz01Ion -reJ)IodUdble Pf1\'SICOI J)locess rflP!Qduced proceas 

lime 

Fig. 2 (a) Pseudocinematographic and (b) realcinematographic vlsuallzation 

Non-reproducible transicnt processes must be observed using realeinematographic visualization 
technology. This method allows registration of severa! frames of onc single proccss. For extremely fast 
processes high spccd framing cameras must be utilized to obtain sufficient frame rates and exposure 
times. Fig. 2b shows the principie of realeinematographic visualization. 

Pseudocinematographic Setup 

The experimental setup shown in Fig. 3 enables automatic registration of a scries of images based 
on lhe pseudocinematographie vísualization principie (Beurer, Hofer and Patzer, 1994). A slroboscope 

Flg. 3 Experimental setup for pseudocinematographlc visuallzatlon 
light attached to a rnícroscopc allows data registration wíth a lime rcsolution of 250 ns and a spatial 
resolutíon beuer lhan 660 nm depending on thc resolulion of diffraction and the pixel size of the CCD-
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sensor of thc camera. The stroboscope light source has peak intensity in the blue wavelength area (400 
nm <À < 500 nm). Using a microscope lens with numeric aperture NA=0.75 the minimum distancc 
between two objects to be separatcly pcrceptible is calculated (Hecht, 1990) as 

À 
d==0.61~07nm 

NA 

lmages are recorded using a standard color CCD-camera with a pixel size of 11 J.lm. This is another 
limiting factor for the spatial resolution. 

The microscope lcns has a magnification factor of n = 50, which augments the resolution of the 
CCD-sensor to 220 um. Hence, the image of an cdgc which is blurrcd by diffraction is imaged on two 
or three pixels. Therefore, the error for cach mcasurcd position is smaller than 660 nm. 

The microactuator is supplied with driving pulses by a fuoction generator. A delay generalor 
produccs trigger signals for either the flash tube and lhe function generator such thal an event of intcrcst 
can be frozcn and visualized at a selected time. A frame grabber board buill in a personal computcr 
(PC) digitizes the video images for further processing. After receiving lhe vídeo imagc, thc PC changes 
the settings o f thc dclay generator in order to increase the lime between lhe starting point o f thc process 
and lhe flash. The visualization process is IJ.iggered by the vertical synchronization pulse extracted from 
the analog video signal. Thus, lhe driving frequency of thc microactuator equals to 25 Hz. To observe 
processes of longer duralion a programmable frequency divider is used to rcducc the driving frequency 
by a user-defmed factor. 

The computer cootains a GPIB-interface which allows the user to set the paramctcrs of 
measurement - e.g., interframe delay or the number of pictures to regisler - remotely by software. This 
software also providcs various opúons for viewing, measuring, and saving a co!leclion of images. The 
input signals for the microacluator are also dealt wilb comfonably by a signal editor. 

Realcinematographic Setup 

Visualizing shorl non-reproduciblc transicnt processes requires a very high temporal resolution of 
the imaging device. In our experimental setup wc havc attachcd the commercially avaílable high speed 
camera IMACON 468. manufactured by Hadland Pholonics, lo a microscope. Tbe principie of the setup 
is described as follows: The microscope images lhe object. The camera, including a beamsplitter 
composcd of eight lenses and a prism, is adjusted to record lhe image. The beamsplitter parcels the 
imagc iuto cighl images which, at most, can be detected by e ight microchannel plate (MCP) sensors. 
Our setup includes six channels so that we can shoot a maximum of six frames of one transienl process. 
The spatial resolution of this setup is also lim.ited by the resolution of diffraction and the pixel size o f 
the MCP-sensors and results in d=550 nm. Thc crror of position measurement is higher because lhe 
complex bean1 path in the can1era leads to distorlion of the images. This crror can be corrected by 
digital imagc processing. Exposure and interframe times are selectable wílh a resolution of 10 os. 

This results in a maximum fran1e rate of LOO million frames per second. 
Anolher important part of our setup is a powerful flashlight source (Krehl et. al. , 1996) which 

produces a Light pulse of very high constant intcnsity (approx. 50 Mcd) over a period of 100 J.l.S. This 
light source ensures a satisfactory image quality even at shortesl exposure times. For longer and slower 
processes like the oscillation of the micro re lay lever, a commercial pcrmanent light source is used 
(Xenon High-Prcssure Lamp XBO 75 W, Carl Zeiss Jena GmbH). 

The principie o f tbc sctup is dcpictcd in Fig. 4. 

Oqt 

Fig. 4 Principie of the high speed camera IMACON 468 
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Experimental Results 
As an example for the investigation o f dynamic processes in microsystems, a micro relay (Rogge et 

ai. , 1995) developed at lhe lnstitute of Microstructure Technology - a joint institution of Rescarch 
Centre Karlsruhe and thc University of Karlsruhe - was analyzed. The outline of this micro relay is 
shown in Fig. 5. The dimensions of the rnicroactuator are 4 mm x 2.3 mm x 100 J.Ull. The gap width 

C0018C1· 
block 

(l6!!11alloy CO<e 

O movable pans 
EJ hxed pans 

Fig. 5 Outllne of the micro relay 

bctween the contact block and the lever is approx. 30 J..l.m. A current applied to lhe coil results in a 
magnetic field in the permalJoy core. Thc resulting magnetic force moves the lever towards Lhe contact 
block and closes the contact. When tbe correm is switched off. tbe springs force tbe lever back into it.s 
steady statc position. 

In a ftrst experiment, a 2 ms current pulse of 60 mA was chosen as input signal. Using 
pseudocincmatographic visualiz.ation tbe process was repeated witb a frequency of 6.25 Hz (vertical 
vidco-sync clock dividcd by 4). Figure 6 shows an image sequence recordcd witb an interframe dclay of 
50 J.lS. lt is obvious lhal the micro relay lever pcrforms an almost undarnped oscillation. The lcvcr 
touchcs thc contact block severa! times after switching off the current - lhis is an undesirable effecl, of 
course. Thc images show, that the switching proccss of the micro relay is reproducible for low 
frequency input signals. Whcn applying currenl pulses with higher frequency to tbc coil, non­
reproduciblc pbenomena occur. In this case pseudocinernatographic visualiz.ation fails and the lever 
sccms to flutter. 

Fig. 6 Pseudoclnematographic image sequence showing the oscillatlon of the lever. The interlrame 
time is 50 115, lhe exposure time is 250 ns. 

Therefore, realcincmatographic visualiz.ation is the appropriate means to investigate lhesc non­
reproducible processes. Fig. 7 shows two serics of images taken wilh thc IMACON 468 camera. Thc 
intcrframe delay is 200 J.lS. Thc input signal was a rcctangular burst wilh three pulses and a delay time 
of 2 ros. The images show Lhe first closing of lhe contact after tbe third pulse of the burst. The 
comparison shows different lcvcr positions at corresponding poinls of time. Consequcntly, the 
dynamical process is not reproduciblc any more. 
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The presented images show the contact area of the micro relay which give an idea of the 
functionality of the micro system. However, to obtain motion data for ~ystem identification lhe air gap 
width has to be measured bccause it has a dircct intlucncc on the magnctic force. 

Fig. 7 Realcinemalographic image sequences showing lhe oscillation of lhe lever. The inlerframe time 
is 200 J.lS, the exposure time is 1 J.lS. 

Characterization of a Micro Relay 

Modelling of System Dynamics 

The dynamical behavior of lhe contact lever is described by a spring-mass-damper-system (Rogge 
I 996). The magnetic coi l produces an exciting force in posilive z-direction meawred from lhe steady 
state (Fig. 5). The 

spring force counteracts lcvcr dcviation and is calculated using Hooke's law. Depending on the 
Iever velocity frictional effccls cause a damping force. Newton's Iaw dcscribes the systcm's dynanúcs 

(1) 
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where M is lhe mass of the lever. By 

i ]2 

F (I NJ1oJ1,lc(l) Ac 
"'"8 A 

~I +28( t )J1 Jlo A Ft! r 
F~ 

the maJ:,'lletic force is denoted. The effective length of the magnetic core is representcd by 1,., 
Õ(t) = õ.- 7-(t) denotes thc widlh of the air gap between Jever and core. N represents lhe number of coil 
windiogs. llt• tbe magnctic field constam, A , Lhe cross-sectional area of the air gap and A.. thc cross­
sectional area of thc pennalloy core. The exciting current is denoted by L(l), 11r is the pcrmcability of 
the core material. The velocity dependent frictional force can be written as 

1n this cquation, r is lhe friction constant. The parallel springs with spring constant c8 produce lhe 
force 

i f Lhe deviation z is sufticiently small. 
The natural [requcocy w. of a damped harmonic oscillator differs from Lhe natural frequcncy ~ in 

the undamped case. Thc cquation 

describes lhe relation bctween this frequency shift and the damping coefiicient d. Cincmatographic 
image sequenccs of unbounded oscillations of lhe micro relay lever clearly showed that thc system's 
damping coeffi cient is very small (d << I). Therefore. the frequency shift is negligible and thc 
approximation 

(2) 

wilh T. as time duration of Lhe oscillation can bc used to replace the lever mass M and the friction 
constanl r by paramcters which are identiliable by evaluating cinematographic data. With 

r.2 
M=c,~ 

4
; 2 andr=2d~c11M 

the cquation of motion (I) results in 

Th.is dynamic equation can bc rewritten as a nonlinear state space representation with two statc 
variables, deviation x1(1) = z(t) and velocity x,(t) = i (1). Due to self-induction lhe exciting currcnt 
through the co i I is lhe step rcsponsc o f the inpm signal u{t) = u. cr (t) and can be modelled as 
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with the time constant T,. Tbe inpul signal u(t) results from a voltage controlled current supply and u. 

denotes l co= tim le r, J=co11st . • Thereforc, the third state variable x.,(t) = l,(t) is introduced. The resulting 
t-'t~ 

nonlincar state space equations read as 

.r,(t) x2(t) 

- a0x1(f )-a1x2( 1 }tb( x 1( 1 ))x_f( t) 

1 1 
-x3(t ~u(r) r, r, 

(3) .iz(t) 

y( t )=x 1(t) 

with the parameters 

The system has only one outpul, tbe lever deviation y(t) = x1(t). 

ldentification of System Parameters 

Damping coefficient d and Natural Frequency fo of the Micro Relay Lever 

The auenuation of the micro relay can be calculated using lhe decay coefficient of the oscillation, 

lnqmd . Z; 
L1~---wtthq=--

2n zi+l 
(4) 

whcrc q denotes the guo6enl of two successive max.ima of thc harmoníc osciUal.íon. The parameter .6 
can also be exprcssed as 

(5) 

wilh the nan1ral frequency roo of tbc undamped oscillation. Assuming tbat d is very small the 
approximation (2) 

can bc used; thus equalions (4) and (5) result in 

d- lnq 
27r 

To detennine the parameter d the max.imum amplitudes o f ten successive periods of tbe osciUation 
were measured. The average damping coefficicnl of lhe investigated relay equals to 

d :4J. o JJ 8 ±0. 002 
r 
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The time points corresponding to thc maxima and minima of lhe oscillations were used to measure 
the frequency f,. The mcasurcmcnt crror consists of two components: thc limited spatial resolution of 
the sctup leads to a frequency error 6f,, = 0.73 Hz. The approximation f, -= f. cause& an addilional 
relative error o f 6f, I f. = 7 . I o·· . The average v alue of thc natural frequency of the micro relay lcvcr 
oscillation and lhe approximation error rcsuJt in 

! 0 =829. 7±0. 79Hz 

Spring Constant c9 and Magnetlc Permeability ).lr 

The stationary values of lhe micro relay levcr deviation can be calculated from equation (3) by 
setting lhe derivative of thc statc vcctor to zero. This resuiL~ in 

(6) 

with thc two unknown parameters spring constant cg and magnetic permeability ).L,. 1t is obvious, that 
lhe exciting currcnt Ic is time independent in the characteristlc tine z(l0). Equation (6) is a Lhird ordcr 
equation in z and can bc solvcd numerically or analytically by Cardano's formula. Here the numerical 
technique was utiliz.ed. 

Therefore, Lhe paramcters can be identified by minimizing a cost function J().l.,cg) - lo th is case, the 
cost function is lhe sum of squared crrors of the calcuJated deviations z and measured data tf n j . n = 
I ... N. Thus, 

J( J.J.T'c 11 )=I~[ n1-z( Jt, ,c g .lt nJ)]. 
n:/ 

wbere i [ 11 1 , n = I ... N, are lhe valucs o f thc input current corresponding to lhe i/ n 1 . 
The minimization J().l, Cg) was performed by a Nelder-Mead simplex algorithrn (Nelder and Mead, 

1964) implemented in thc numerical mathematic software MATLAB from The Math Works, 
Inc. Fig. 8 shows lhe measured dcviations from steady state (circles) and the solution of Eq. (6) after 

10 
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Flg. 8 ldentifícatlon of the parameters ll, and c9 

minimizing J(J.4.c1). The results o f this idcntification are 
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N 
Jlr=é97 andei: =5.3-

m 

ln this case, a discussion of errors is difficult, because lhe errar is innuenced by lhe quality of lhe 
model. 

Time Constant T1 of the Exciting Current lc 

The identificalion of thc parametcr T 1 was carricd out by investigating lhe dynarnicaJ behavior of 
lhe micro relay aftcr upplying a currenl pulse of constant amplitude to lhe coil. The resulting slep 
responsc was visualizcd and the lcvcr trajectory was extractcd for diffcrcnl input signal amplitudes. The 
circles in Fig. 9 represcnt lhe measurcd lever positions plottcd over thc time t. The amplitudes of thc 
input pul~e were 55 mA. 60 mA, 70 mA. 80 mA and 90 mA. 

Using the differentiaJ equation systcm (3), thc dynamical bcbavior can bc caJculatcd numerically, 
e.g. using a Rungc-Kutla algorilhm. Again, mininuzing Lhe sum of squarcd crrors betwccn measured 
and calculated data relative to T 1 results in an optimaJ cstimate for tbe lime constant 

T1=20ps 

Thc graphs in Fig. 9 depict thc culculated slcp responscs o f lhe fully identified state space modcl for 
the microrelay. 

1000 
li .. lnp$ 

Fig. 9 Dynamical behavlor of the micro relay lever, simulatlon versus measured data 

Obviously. the model output shows a very good correspondence to the reaJ data obtained by 
pseudocinematographic visualizatioo. 

Conclusion and Outlook 
In this paper, thc applicability of cinematographic visualization methods to detenninc material 

propcrtics in microsy::.tems has bcen demonstrated. Two experimental serups were described wbich 
allow aulomatic PC-based registration of cinematographic motion data. 

The pseudocinem;:llographic serup was used to identify thc parameters o f a state spacc model of an 
clcctromagnctic microactuator. H has bcen proved by numericaJ simuJations of the dynamic behavior of 
the system that the modcl represems lhe system dynamics vcry accurately. 

In a sccond expcrimen4 non-rcproduciblc phenomena whicb occurcd when tbc microactuator was 
operatcd with high frequency driving pulses were visualizcd using thc realcinematographic 
visualization method. 
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Future research is directed towards studying more micro devices. Next step is the real high speed 
framing photomicrography of the non-reproduciblc transient phenomena in a microturbinc. The turbine 
rotatcs with approximately 200000 revolutions per minute. 
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In rhis r1aper a study ./iH:using rhe zero., of frequency re.,·ponse .funcrions (FRFs) o.f linear mechanical sys1em.1· i.1· 
presmted. T..-o major aspect.1 are j(Jcttsed: lhe rmderfyinf: theory. indudin8 a physical interpretation of the zero.v of 
hoth transfer mui tlril'ing poim FRF.1 in rerms ofstructural modiflcatimrs. multhe po.vsibiliry of pracsical explorntion 
nf rhe FRF in some strucwral clyrwmics applicatirm.<, name/y: finile e/ement uptlating. strucwra/ cltmrage 
idemification wul 1·ibrarion auemwtwn rrsürg d}'llamic 1•ibrmion ab.mrhl'rs. After presentarion of the tltenry, some 
re.wlts o.f applicatrons f1erfonned on bmlr numerically simulared and experimemal meclranical .<ysrems are presented 
o il/usrrate rhe pracrical use of rlw zern.1. 
Keywords: Antiresonanr·es. System lllent[ficmion, Moda/ Analysis, Structural Modification.v. Oall?a/il! Loca/izcrtirm 

lntroduction 
The dynamic bchavior of linear mcchanicaJ systems can be modeled, in the frequency domain, by a 

sct of frequency response functions (FRFs) which, in turn, can be expressed in terms of their pofes and 
zeros, relatcd to lhe resonance frequencies and antiresonance .frequencies, respcctively. The largc 
majority of modal-based analysis and identification techniqucs are founded on the uti li :~.ation of nan1ral 
frequencies and modc shapes assocíatcd wilh the poles of lhe FRFs, while much lcss attention has bcen 
paid to the FRF zeros. One of lhe rcasons for t.hls is lhe belief that an accurate identification of the 
antiresonances from experimentally measured FRFs is bard to bc achieved. In fact, due to their 
dependence on spatial input and output measurement locations and their typically low signal to noise 
ratio, FRF zeros are more lik.eJy to be affected by experimental errors than are the poles. Neverlheless, 
it must be remcmbered lhat thc incessant improvements of the vibration testing equipment and 
procedures as well as of the digital signal proccssing and experin1ental techniqucs have been making it 
possible to obtain experimental vibration data with an ever increasing accuracy. So, lhe use of the 
antiresonances seems to be a very attractive altemative in lhe rcalm of various structural dynamies 
problems. 

lmportant contributions to clàrifying Lhe physical and mathematical nature of lhe antiresonances 
wcrc made by Flannely (1971) and Miu (1991). The authors of this paper have been investigating thc 
potcntia1 usefulncss of the antircsonances in praclical structuraJ dynamics applications (Rade, 1994), 
(Silva, 1996), (Radc, Lallement and Silva, 1996). In this paper, lwo major aspects concerning lhe zeros 
o f FRFs are examined namely: I st) some key propcrties and physical interpretation of FRF zeros and, 
2nd) some practical applications for which lhe antiresooances can be convenicntly used. Thesc 
applications are illustrated through numerical resuiLS recentJy obtained by the authors. 

Basic Definitions and Properties of Poles and Zeros of FRFS 

Consider a self-adjoint undamped structure, modcled with mass matrix [M} e R"-" (syounetric. 
positive definite) and stiffness matrix [K} e R"' (symmctric. positive scmidefinite), for which Lhe 
equalions of molion in the time domain are writtcn: 

r M J{x(t )}+r K J{x(t )}= {f(t )} (l ) 

where {f(r )} and {x(t )}are lhe vectors of forcing functions and displacement time responses, 
rcspectively. For a set of harmonic externa! forces given by: 
Presented at 0/NAME 97- 1" lntemational Conference on Dynamic Problems in Mechanics, 3-7 March 1997. Angra 
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{f~)}= {F~ )}eiwt E CN.J . (2) 

lhe steady state solution to (1) takes the form: 

(3) 

Tntroducing Eqs. (2) and (3) into Eq. (I), the following relalion between the amplitudes o f thc 
responsc and lhe amplitudes of the cxcítation forces is obtained: 

{X~)}= (z~ )j' {F~)}= (H ~ )]{F~)} , (4) 

where [z~)]=QK]-w 2 [M]kRN.N is Lhe dynamic stiffness matrix and [H~))= [Z(w)J' is the 
receptance matrix, dymunic fl;xibility matrix or FRF malrix. From lhe properties of matrix inversion, it 
foUows that: 

[H (w )] = [z~ )j' = det[~~ )D AdjUZ(w )D (5) 

From (5), a single FRF H ij (w), which rcpresents Lhe amplitude of the response at eoordlnate i, for 
a singlc force of unltary amplitude applied ai coordlnate j is given by lhe expression: 

(6) 

wherc lMij Jand [xiJ]e RN-I.N- J are non symmetric matrices, obtained by cancellng the j-th lines 
<md i-lh columns of matrices [M) and [K]. Developmcnt of lhe dctcrminants indicated above leads to: 

N- 1{ ) n ~- _ij,, r ,._, 
= IX ij -'-':'N':----

OQ, - À,) 
(7) 

r~ I 

2 z .. 
where /,r =wr, À =w . In Equation (7), À r. r= / ,2, ... are Lhe poles, and '1Àr, r = 1,2, ... are lhe 
zeros of Hv (À). As it can be seco in Eq. (6), the poles are ali real and non negative, since they 
correspond to the eigenvalues of lhe undampcd, self-adjoint, positive definite (or positive scrnldefinitc) 
structure. As for the zeros, tbey can be either real or cornplex, slnce lhey are the roots of a characteristic 
polynomial associated wilh matrices [M,,) and [K,.]. which are generally non symmetric. In tbe 
particular case of a driving point FRF (i=j), both rnatriccs [MJ and [K.J are symmetric, positive defmite 
(or positive semidelinite) and a li the zeros are then real, non negative. Physically, the poles are 
associated with the resonance frequencies, for wbich thc amplitude of the rcsponse tends to become 
infinite, while lhe real zeros are related to the antiresonance frequencics, i.e., the frequencies for whicb 
the harmonic response at lhe i-th coordlnate vanishes. Anotbcr importam feature, whicb can be deduced 
from Eq. (6) is lhat lhe poles are global propenies, i.c, they do not depend upon lhe particular FRF 
considered, while lhe zeros are local propcnies, wbich depend on the cboice of coordinates i and j 
whcre the rcsponse is observed and the excitation force is appüed. respectively. 
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Physical lnterpretation of FRF Zeros in Terms of Structural 
Modifications 

[n this section, a novel physical interpretation of the real zeros of transfer FRFs is presented, in 
terms of structural modifications. Consider a structure whlch is acted upon by a single control force 
applied at coordinate j, given by: f1 = -k,;X;, wbere x, is the displacement at coordinate i. The pertaining 
dynamic stiffness relation is written: 

(8) 

where {l}denotes tbe i-tb column of the identity matrix of order N. This last relation can be re-written 
undcr thc form: 

(9) 

Equation (9) can be interpreted as an c igcnvaluc problem, associated witb a modified structural 
configuration, obtained by a fictive addition of a stiffness k.;. connecting eoordinates i and j, represented 
by [ôKl = k;;{I1}{l)T. Furtber development of (9) leads to the followiog frequency equation (whose 
root$ correspond to the eigenva.lucs o f the modi fied configuration), exprcssed in terms of the receptance 
matrix: 

(10) 

This last equation can be interpreted with the aid o f Fig. 1. 

Solutions to ( L O) 

Fig. 1 Graphlcallnterpretatlon of lhe characteristic Equatlon (10). 

When ku .__. oo, Eq. (10) becomes: 

(11) 

whose solutions are precisely the zeros of the FRF }\(À.) 
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1t can tbus be concludcd that the real zeros of a transfcr FRF H1;(À) correspond to the 

cigcnfrequcncies of a modified structural configuration obtained by a fictive stiffncss addition given by 

[ôK] = lim k.;n} {l}T. In the particular case whcrc i=j, this stiffness addltion corresponds to the 
~~ . 
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pbysical groundmg of coorcHnatc i to the fixed space, the zeros of a driving poiot FRF H11(!..) correspond 
to lhe natural frequencies o f lhe structure with coordinate i grounded. 

Antiresonance Eigenvalues and Eigenvectors 

In this paragraph, it is forrnally demoostrated that lhe antiresonanccs of transfer FRFs are the 
eigenso1utions of noo self-adjoint systems. 

For a single barmonic force applied at coordioate i. the dynamic stiffness aod flcxibility relations 
can be partitioned as follows: 

[~~li ~(i. I ' I Z~~~ .. --~ l { '!.~ )-}= 1!-~-~ 
Zji(À) j {ZjJfÃ)/ (q~. )J /j 

(12) 

(13) 

Imposing thc relation [Z(!..)][H(!..)] = nl under the condition Â. = 'lÃ,., r= I ,2, ... (such that H,,(•i!..,,) = 0), 
it follows that: 

From the detinition of the dynamic flexibility matri.x, this last equation can be written as: 

(14) 

wbere matrices IKvl and [M11] were already detined in Eq. (6). 
Equatioo ( 14) represents a non self-adjoint eigenvaluc problem whose eigeovalues are lhe zeros o f 

Lhe FRF, H,1 (Â.), '1À,., r =1,2, ... and the correspondiog eigenvectors, designated as { •ix, }= {H., (À), "À.}, are 
collinear to the vectors of the amplitudes of tbe forced response evaluated at the antiresonance 
frequencies. 

Tbe adjoiot eigenvalue problem associated witb (14) is written: 

(15) 

It can be shown that the following propertics ho1d: 

ij, * =ii) r.. r .. r (16) 

(17) 

J;j • r [ wi }- ij ij L X r Kij J\: Xs - Õ rs lJ s À r (18) 

where ô r• is the Kronecker is delta and ijlJ ·' are arbitrarily choseo scaling factors. 
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Antiresonance Sensitivities 
Similarly to lhe system global cigenvalues, analytical expressions can be dcrived for lhe derivativcs 

(or scnsitivities) of Lhe antiresonance eigcnvalucs, wilh respect to scalar stiffness and mass parameters, 
dcnotcd by K and m. rcspectively. This is achieved by dcriving Eqs. ( 14), (17) and (18) with respect to 
lhcsc parameters. Thc Equations obtaincd this way are (Murthy and Haftka, 1988): 

a iJ;.. r =-1 rij ·ra[Kijk } :\ .. L x,. t x, 
ok ''11 r k 

aii"A,. =- ih,.Ju .· ll·alMulru } .. L J:rf L x,. 
dm IJl'Jr m 

Exploring Antiresonances in Practical Applications 

Analysis of Modified Structures Subjected to Changes in Boundary 
Conditions 

(19) 

(20) 

As was seen in Paragraph 3, the antiresonancc frequencies of a driving point FRF H,.(Â.) of a given 
structuraJ configuration and lhe corresponding displacemeot shapes are equivaJent to the natural 
frcqucncies and modc shapes of a modificd configuration, obtained by groundiog of the i-lh coordinate. 
This propeny can be directly used for idcntifying the eigenfrequencies and eigcnvcctors of more 
constrained configurations, given lhe FRFs of less constraincd configurations, without any physicaJ 
grounding of coordinates during vibration tests. This way. technical drawbacks and incrcasc in the test 
costs can be avoidcd. Figure 2 illustrates this methodology when applicd to an experimental bcam-like 
structure. Anotber application to a rcaJ-world industrial structure is prcscntcd by Rade and Lallcment 
( 1996). 
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Flg. 2 Equivalence between the antiresonance frequencies of H ií ~ ) and the natural frequencies of the 

structure wlth coordinate i grounded. 

The dynamic vibration absorber 

A vibration absorber is cssentially a spring-mass appendage (scc Fig. 3) which is added 10 the 
original structurc with the aim of rcducing, for a givcn forcing frequcncy, the vibration levei a! the 
coordinate to whicb it is attached. l ts undcrlying principie can be interpreted in terms of antiresonances 
as follows. The vibration at coordinate i, duc to a harmonic force applied at coordinate j. can bc 
suppresscd by choosing a sct of absorber parameter vaJues - mass and stiffness - so that a zero of lhe 
FRF H..(À) is made lo coincide with the forcing frequency. Using coupling lechniqucs based on 
dynamic flcxibilities, it can be shown lhatthc FRF A ..(À) for the coupled system structurc+absorber is 
given. in terms of lhe corrcsponding FRF or thc originaJ struclurc, Hu(À ) and, by thc following 
cxprcss ion: 
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k À. =- (21) 
111 

This last equation shows lhat lhe addition of lhe dynamic absorber enablcs the crcation of an 
antircsonance with frequcncy. c.o* = .Jkj;;i which corresponds to lhe natural frequency o f lhe appendage 
whcn groundcd at its base. It should be notecl that this antiresonacc frequency is created not only in lhe 
FRF Hii(Â). but in each FRF H,u(Â.), n=l,2, ... A simple numerical application to a fmite element model 
of a uniform simply-supported beam is illuslratcd in Fig. 3. Appending mulliple absorbers to a given 
coordinate of the original structurc leads to crcating multi pie antiresonances to its FRFs. This situalion 
is illustratecl in Fig. 4 for lhe case of appending two absorbers simullaneousJy . 
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Flg. 3 lllustratlon of antiresonance generation as a consequenc·e of adding a vlbration absorber 
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Flg. 4 lllustratlon of multi pie antiresonances generated by varlous dynamic absorbers 
_ : without absorbers _ : with absorbers 

Finite element model updating and structural failure detection 

The use of antiresonances in tcchniques addressing lhesc problems was adoptecl by Sheppard and 
Milani ( 1990), Lallemcnt and Cogan ( 1992), Rade (1994), Rade, LaJJement and Silva ( 1996), 
Silva(1996). A classical parameter idcntification mcthod, based on lhe sensitivity of eigcnvalues and 
eigenvcctor.s was extended to explore simultaneously lhe natural frequencies and the antircsonance 
frequcncics (Raele, 1994). Thc Iatter werc treated m; cigcnvalues of non self-adjoint structures, using 
Eqs. likc ( 19) anel (20). Severa! numericat applications to the problcms of fmite elcmcnt model updating 
anel structural damagc localitation, formulated as a parameter idcntification, dcmonstrated tbe 
possibility of achieving additional informalion and improving thc calculation rcsults, with respectto thc 
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classical melhodolvgy bnsed on thc sole exploitation of natural frequcncics. Some important 
observations rcgarding lhe i mprovemenL~ lhe antiresonances can provi de are: 

• It is well k:nown Lhat a sufficientJy high degrce of sensitiveness of lhe dynamic responses witb 
rcspcet to physical pararneter variations is required for achieving meaningful modcl updating 
and damage Jocalization from noisy experimental data. IL was demonslratcd (Rade, Lallemcnl 
and Silva, 1996) that lhe anliresonance frcquencies can be, in cerlain cases, much more 
sensitive to physical pararneter variations lhan the natural frequencics. Thus, their utilizatioo 
can lcad to improvcd observability of lhe innuencc of tbe physical parameters on Lhe dynamic 
responses. 

• Most model updaling and damage localizalion mcthods exploring cigenvalues cxperience 
difficultics whcn applied to symmetric strucrures. In this case. symmetric distributions of 
modal energics make it impossible, for tbc identification mcthods, lo distinguish between the 
effects of the "coupled" physical parameters. This ean lead to erroneous model eorreetions or 
damage localiwtions. Sinee, as it was previously seen, tl1e antiresonanccs can bc associated 
with lhe natural frcquencies of structures with modificd boundary conditions, lhey can be used 
to rcduee the degree of symmctry of the suucturc, thus avoiding the problem of non uniquc 
paramcter identification solutions owing to lhe symmctry (Silva, 1996). 

In tbe following, tbe main results of a experimental study of damage localization and quamifieation, 
performcd on a free-free bcam, using a pararneter idcntification mctbod based on tbc inverse sensitivity 
of poles and zeros are prcscnted. Tbc FRFs explored were obtained from in1pact han101er exeitation. A 
complete dcscription of lhis study is givcn by Silva ( 1996). 

Figure 5 dcpicts the test struclure, where tl1e damage was simulated by making a saw-cul whosc 
dimensions b and t were varied to account for different da111age severities. Tt is also indicated lhe 
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Fig. 5 Charactertslics of the test structure 

po~itions o f tl1e sensors used to acquire the experimental FRFs. Figure 6 shows the characte risties of the 
finite clement model uscd for localization. Figure 7 shows a FRF of lhe undamaged structure. 
superimposcd to lhe corrcsponding FRF o f the damagcd structurc. for the less se vere damage sccnario. 

I 9 11 o I I I 112,13,14,15 ,16 ,17 , 18 ,19 ,20 I 
damage location J J I E= 2.1e6 N/m

2
, 1 = 5.3e-4 m2
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1 

Fig. 6 Characteristics of lhe finite element model used for damage ldentification 
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Fig. 7 Comparison between FRFs of the undamaged and damaged structures 
...... : undamaged structure __ : damaged structure 

Table I presents some damage identification results. In this table, paramercrs k, are understood as 
dimensionless damage indicators associated with the bendlng stiffness of the i-th finite element of lhe 
model shown in Fig. 6. This parameters are defined sue h as k, =1 indicares no damage, k, <I indicates a 
stiffne!>~ reduction and k, >1 represents an increase in stiffness. It can be seen lhat, while lhe 
identification of the damage using sole the natural frequencies led to erroneous results (due to lhe 
symmetry of lhe structure) lhe use of poles and zeros simultaneou!>ly enabled 10 achieve a correct 
damage localization. Furthermore, 1he technique was able to indicate the degree of severity of damage. 

Table 1 Dsmage ldentificatíon resulta 

Explored data 

Poles of FRF H67 G.) 
Potes and zeros of FRF H67~· ) 

Conclusions 

Damage indicators 

k,. 
k1 =0.91 (less severa damage) 
k1 =0 .65 (more severa damage) 

Some aspectS concerning lhe zero of FRFs were examined. Theorelical developmentS were 
presen1ed 10 clarify lheir basic properties and physical imerpretatioo. Ba~ed on these properties. lhe 
practical use o f the zeros in lhe realm of some structural dynaroics applications was investigated. Many 
oumerical re~ult!> obtained by lhe authors led to the conclusion tbat the practical exploration of the FRF 
zeros is not only possible but also very convenient in appl ications such as: analysis of modified 
structures and structural damage identification. Moreover, a clear interpretation of the basic principie o f 
single and multiple dynamic vibration nbsorbers was presented in terms of antiresonances. It was also 
verified that. as long as enough cüre is take during tests (conceming frequency spectra resolution, 
experimental noise, etc.) antiresonances can be experimentally idenúfied with enough accuracy soas to 
provide meaningful results. 1\evertheless, further investigations nave still to be conducted aiming at 
quantifying the uncertainties affecting experimentally identified antiresonances. 
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Abstract 
An ele1·tromagnetic ond o mechanical model jin· a bearingless electric motor ore presented. Based on tlwse models, a 
comroller structure is proposed and simulcllions presellled. A luborutory prototype ~~r this motor was constructed an.d 
experimental results validated the model. The pmposed apprnach ca11 a/so be used .fór the design of beller 
t'tmlrollers. 
Keywords: Mawretic Bearing. Beari11gless Motor. Modeli11g. 

lntroduction 
The use of magnctic bearings has been investigated for more lhan 50 ycars (Haberman, 1979, 

Schweitzer et ai., 1994). Its characteristics of no mechanical friction, absence of lubrication and 
capacity of working at high rotating speed have application in light and heavy induslries, whcn thc use 
of conventional mechanical bearings is unacceptablc. 

Thc conventional magnetic bearing system has the basic structurc shown in Fig. !(a). It consists of 
[our blocks. The proposed system, shown in Fig. l(b), has just three blocks, since the electric motor 
works also as a bcaring (Ortiz and Stephan, 1993). This means that thc proposcd solution requires Iess 
space and fewer components. 

Ortiz and Stephan (1993) have already described this proposal. In lhe present paper, a better 
formulation for the mechanical and clcctromagnetic models is presented. 

The structure used for the analysis is shown in Pig. l(c). The axis is in the vertical positíon to avoid 
lhe gravitational force and to allow any direction of externai radial force to bc applied for testing. 
Mechanical bcarings are presenl at both ends of Lhe rotor. Howcvcr, thc one at the top is normally not in 
contacl. The bottom bearing is used for experimental purposes to simplify this ftrst prototype. In a 
practical system it will be necessary to use two motors in a dumbbeU arrangement on Lhe same shaft to 
provide the necessary positioning action. This is shown in Fig. l(b). 

Thc machine used has a 4-pole, 2-phase configuration. The first phase is split lnto four winctings, 
each one supplicd with sinusoidal currents. These currents have their amplitude givcn by a closed Joop 
conLrol of lhe shaft position, which is measured through Hall-effecl sensors. 

1st radial 
rotlgneUc 
l>earing 

elct lrkal 
macbine 

(a) 

2nd ntdial axial 
magnetic mn.gnetic 
bcaring beadn~ 

1st 2nd axial Bearingl(<ss 
hearingle~toi bearingless magnclic 

motor motor bt'ari~ 
Murhint Auxiliar 

~1echouical 

(b) (c) 

Flg. 1 a) Conventional Magnetic Bearing. b) Proposed system. c) Laboratory prototype. 

Presented ai DINAME 97- fi' /nternational Conference on Dynamic Problems in Mechanics, 3-7 March 1997, Angra dos 

Reis, RJ, Brazil. Technical Editor: Agenor de To/edo Fleury. 
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Electromagnetic Model 

An equi valenl magnetic scheme for phase A is shown in Fig. 2 and its equivaJent magnetic circuit in 
Fig. 3. 

Fig. 2. Equivalent magnetic scheme Fig. 3. Magnetic circuit 

The linked fluxes are related to the currents as given by Eq. (1). The magnetic circuit equations are 
given in Eq. (2). The componeuts of the inductance matrix [L(h)] are a function of the radial rotor 
displacement. whcre each rcluctance is caJculated as: R= 11 h/ A , with "A" being the mean area of eacb 

magnctic pole, "h" the correspondent airgap (x I ,x2,y l,y2) and -
1- = _ I_+ _I_ + _1_ + _1_. 
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Then, the radial forces (F.-) are calculated from the detivatives of the stored magnetic energy (W.) 
as cxplained in Eqs. (3), (4) and (5). 

dW, 
F= -,, dh 

(3) 

(4) 

(5) 
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With the new variables "x" and "y" sue h that: y I= y = h0 + .1y ; y 2 = ( 2 * h
0 

- y) = 11
0 

- .1y ; 
x1 = x = h0 + .1x; x2 = ( 2 • h11 - x) = fr0 - .1x , where h0 is the nominal airgap in thc centered 
coodüion, lhe ftrst term o f the inductancc matrix L 11(h) will be: 

2 I 1 
L11 = JJAN -- ----,------=----~ 

y 211 r yz + y ) 
11 

x(2h0 -x) (21r
0
-y) 

(6) 

Aoalogously, the other lcrms can be calculated and, witb some sim.plifications, the derivative of 
{L(h)] with rcspect lo lhe displacement y 1 will be: 

1 o 1 1 - -
2 2 

o - f 
1 1 

()f L( h )] 1 z A +- + -
=-- N JJ - 2 2 

() y I 2 l f I o o + -
2 2 
I 1 o o + -
2 2 

Using Eq. (5), the equivalenl force along direction y I will be: 

F I N 1 A f. 2 . 2 . (. . ) . ( . . J] 
)i =-4 jl -2 ~ \'/ - l y2 - 1.11 ' " +l.r] +ly] ' .ri + l.r] . 

y 

(7) 

(8) 

d/ L( h )/ 
Analogously, can be calculatcd and then Fy2 , the equivalent force along directioo y2: 

iJy2 

F 1 N 2 A f. 2 . 2 . (. . ) . (. . J] ,.2 =-- J.l - 2 h 2 - l l' f - 1v2 1.rl +1.r2 + ryl l.rl +rxz · 4 y . . . 

In lhe sam.e way, the forces along Lhe "x" axis can also be obtained. 

(9) 

On lhe other hand, givcn that the AC machine has 4 poles, the in1posed sinusoídal currents onlo 
phase A havc lhe following cxpressions: 

i y2 =V o- .1i>' )coscor 

i x 2 = (i" - .1ix )coswt 

where 10 is a mean value, which dctcrmi.nes a particular stiffness for the magnetic bearing, and !:li is 
lhe incrementai value supplicd by the position control. Ortiz and Stephan (1993) havc shown thal thesc 
curreots ímposed on lhe coils of a convehtiooal motor produce both torque and radial positioning 
forces. Unlike othcr methods, which use scparate windi.ngs for positioning and torque (Bichscl, 1991 ; 
Chiba et ai.. 1990, 199 1: lscly, 1986; Studer, 1987; Wehde, 1974), lhis technique modulates the 
magnitude o f the windiog currcnts. 

With this, Eqs. (8) and (9) will bc: 
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F 1 N2 A fn. '" 1 2 
r/=-- jl-2 (õlo = r fOS OX . 4 y . 

(lO) 

(11) 

As expcctcd thcy have opposed sign, but any onc of them represents the force along the "y" axis: 

(12) 

This force is non linear, but for small displacement~ (t.y < y) it dcpcnds basically on t..i~- As cos2 wt 
= ( 112)11 +cos 2 wt] this force can be split in two tenns: a conlinuous force and a harmonié component. 
As long as the natural frequencies of lhe rotor are kcpt rcasonably Iower than this harmonic valuc, the 
oscillatory tenn should produce a negligible effecl on the dynamic behavior o f the system. 

Mechanical Model 
A schematic drawing of the vertical rotor is shown in Fig. 4. Tbe lower bati bearing does not rcstrict 

angular displacements. Sincc thc rotor is considered to be pivotcd at thc lower bearing, only lhe 
magnetic bcaring forces acting at an axial distance "b" from "O" contributc to thc dynamical behavior 
o f the rotor. 

--) ______ ... {} ___ . 
..-------· . ' 

~1Ü~\~ 
- X ~-------li.itiJDJ \ 

\ . 
\ \ \ \ . 

\ 

o 

~ position 
/ sensor 

c;;-ry-~ 
< .. ~t· 
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b 
,<3 

( 
-+-- ,:;..y 

v. 

Flg. 4 Mechanlcal model 

The systcm is a two degrees of freedom onc, lcading to the following equation: 

(13) 

wherc l o is lhe transverse momcnt o f inenia at point ''0", IP is tbe polar moment o f inenia of lhe rotor 
and n its spin velocity. 

lt is convcnient to represent Eq. (13) in tcnns of the linear radial displacement coordinates "x" and 
"'y" fumishcd by rhe feedback displacemcnt scnsors positioned at an axial distancc "d" from the pivot 
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point "0". Considering tbat the angular displacements a.= -y/d and ~=xld are small, eq(l3) in tenns of 
"x'~ and üy" is: 

(14) 

This malrix equation may bc written as a system of two coupled differcntial equatioos: 

( 15a) 

.. Jp n:. bd F 
y=--~""' +- .1' 

l o I" . 
(15b) 

The moments of inertia I 0 and lp of lhe prototype were measured and round to be: 

10 = 0.134078 kg-m2 I p = 0.003996 kg-m2 
, 

while the heights "b" and "d": 

b = 0.195 m. d = 0.345 m. 

Taking these valucs in to account, Eq. ( 15) lcads to the following block diagram 

Flg. 5 Block diagram oi the mechanical model. 

Controller Structure, Simulation and Experimental Results 
Thc above proposcd model takcs into accoum gyroscopic coupling. However for Jow speeds it may 

be considered decoupled. Based on this assumption. two independcnt PD controllcrs have been 
designed as shown in Fig. 6 and implcmcnted as shown in Fig. 7. 
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NDy 
X 

w (rad/s) 
XY Graph 

Fy 

Fig. 6 81ock diagram of the control system. 

h a 

X 

Fig. 7 Actual control structure 

Símulatíon results showing the effecr of the speed over thc transient responses of the posítion 
control, for the same initial condition, are presented in Fig. 8. 
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The experimental orbital path of lhe rotor with and without control is compared in Fig. 9. The 
controUed system shows a small crror that is explained by lhe residual unbalance. The outcr circular 
path represcnts lhe rcstraint of the auxiliar mechanical bearing. The central dots rcprcsent Lhe closed 
loop control responsc while thc rotor is rotating at 1800 rpm. 

r~ ~-~ 
: 7-~ 
. / --i 

-~ --
-. ' . . .... . ... 
(a) 

:_J 
• 

Cb) (c) 

Fig.B Simulated translent responses (initial condition x::O.Smm, y.:O.Smm): a) 180rpm, b) 1800rpm, c) 3600rpm. 

Flg. 9 Experimental orbital path wlth and without po.sition control. (1 dlv = 0.5 mm) 

Conclusion 

New electromagnetic and mechanical models for a previously designed bearingless machine have 
been described. 

These more accurate modcls allows for: 
a) lhe realization o f numerical simulation o f the dynarnical behavior o f the prototypc. either at low 

or at high ~peeds, 
b) lhe dcsign of more sophisticated controllers (e.g .. multivariable, robust, fu:ay), taking into 

account the variables coupling. 
Experimental <md simulation rcsults validatc this approach. 
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Abstract 
!11 tlris article. an imp/ementario11 of stnwltll"fll llealtil monitoring procrss automnrio11 based on vibratirm 
mea.,·urf'me/1/S is pmposed. The work prese111.1 on allenwtive approach whiclt i11tent i.1· to e.~ploir lhe capabilily 1~( 
111odd updati1111 leclmiques associaletl to neural nerworks 10 bt• used in a process o.f fliiiiJin(rtirm of fim/r detecrion. 
Tlu.' updllling prm·edure supplies a re/iaiJ/e model " ·hich permils to simulare any domage coadition in order ro 
e.11ablült rilrec1 carrelmion between faulrs mui de1•iarirm in the respo11.1e of lhe mmlel. The ahility of the neural 
networ~s 10 ret·o~:nise. ar know11 signalure. dlllfl[les in the acuw/ data of a model iu reol time are explored 10 

iiii'I!JiiJ:ale clumxes of the actual operation coruliliOfl.l of the .vystem. The /eaminxof the llelll'flrk is performed using 
a compre.\ 1ed .rpectrum signal createtl for each ·'11t!cific rype of fault. Different fault cotulititms for a frame strncmre 
are el·aluatetfll,ing .1imulated data as ll't'li t1.1 memured experimental data. 
Keywords: Neural Nerwork, Fault Detecttnfl, Model UptlatinK, Predictil'e Maimenance 

lntroduction 
The entire lifc cyclc of a product involves an itcrative engineering effort. 1l1c initial design concept 

is likcly to give rise lo a variety of design options cach of which will bc cvaluated against the 
requiremcnts of the product spccification. At lhis stage, usually, is constructed a prototypc and their 
properties are evaluated and compareci with the design rcquirement. The Structural Dynamic 
Modification (SDM) is a term usually uscd in rnodal analysis anel implies the incorporation, into an 
ex.isting rnodcl, of design modification or ncw information gained either from experimental testing or 
othcr source. in order to cvaluate the accuracy of Lhe model. 

Thc SDM algorilhm is uscful for solving the forward variational problems for structurcs. i.e., for a 
given variation into the mass, stiffness or damping propert:ies. it leads to lhe corrcsponding changes in 
the moda] propcrties of Lhe model. Howcvcr, to access a high performance against lhe requirements of 
thc product specification demands a safety and reliable monitoring of lhe opcration conditions and 
failure diagnostic of the model. This involvcs a solution of an inversc problcm. or moda! sensitivily 
problem. Thal is, for a given variation in lhe moda) properties of the structure, which corresponding 
changcs in its mass, sliffuess and damping properlies have taken place. Application as fault detection 
requircs solutions of this kind of inverse problcm. Unlike the forward variational problem, faull 
detectioo applications can oot bc solved in a straighlforward manner. Its solution, for most practical 
cases, requircs the inversion of a mnk dcficient matrix, which crcatcs numerical difficullies lo ideotify 
the correct changes of the structural propcrtics Lha L have to taken placc into thc model. 

Numerous rescarches have proposed solutions using moda! sensitivity problcm to damage detection 
of structures through vibration change&. A~ moda I tcsting has become more widcsprcad, frnite element 
modcl updating using mcasured modal test data has also become popular in Lhe ficld of damage 
detection. The relative succcss and the potentiality demonstrated by these techniques, mainly, those 
ba-;ed on vibration propert:ies havc showo that they are promising tools for damage detection purpose 
(Pereira, 1994: Heme:z, 1993; Zimmennan, 1995). However, for purposc of monitoring, they are still 
under investigalion (farto be consolidated). The recent literature has been shown some attempts to use 
pennanenlly working monitoring system, bascd on natural excitation source actuating in the system to 
evaluate its health condition (Rohrmann and Rucker. 1994) but the resulls are slill linúted. 
Presented at DINAME 97- f" lnternational Conference on Dynamic Problems in Mechan/cs. 3-7 March 1997. Angra 
dos Reis, RJ. Brasil. Technical Editor: Agenor de Toledo Fleury. 
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Artificial Neural Nctworks (ANN) have recently cmerged as a good tool for pattcrn recognition 
tuming thcir application in promising tools for monitoring and fault classitication of macbines and 
cquipments. The techniquc offcrs promise for solving inverse varalional problem in thc contcxt of 
monitoring and fault detection because of lhcir pattern recognition and interpolation capabiJüies. ln 
order to identify the fault in the model, it must be trained using a set of solutions lo its corresponding 
forward variational problem. In this case, the neural networks shouJd be designed lo classify tbc input 
patterns in prc-dcfmcd classes orlo creale calcgorics of group patlerns uccording to their similarily. An 
importanl fcalurc of tbe neural networks, in this context. is their inherenl abi lity to operate on noisy, 
incompletc or sparse data and lo model process from actual sys1em paramctcrs (Uhl, 1994). The neural 
nelwork could rcspond in real time to tl1e changes in the system stnte, providcd by continuous sensor 
inputs. Hence this techniquc should facilitate fault identification in real time, providing a good Non­
Destructive Evaluation (NDE) tool to investigale tl1e slate of operation and health condition of a system 
based on measured vibration data. Nevertheless, scveral attempts to use neural networks faced 
difficulties to generate reliable set of information to train tl1e net. It dcmands a wide range of 
experimental tests to cover tl1e wholc possibility of damages of lhe modcl. which makes its use 
proh.ibitivc. 

This work presents an alternative proposal to cxploit the capability o f neural network associating it 
witb model updating teclmique to investigate lhe statc of operation and health condition of tbe system. 
It creates a very reliabJe updatcd finite element model, using a FRF-based model updating approach 
(Larsou, 1992; Lammens, 1994; Pereira, 1996) and uses SDM to generate tl1e paltems faults to feed the 
ANN during the training phasc. Tbc approach initially adjusts tbc finitc clernent model and vatidates its 
responsc properties in terms of tbc dynamic measured data of the real systcm. Following, it simulares 
diffcrcnt types of damage conditions to train the network. 

Thc proposed approach is addresscd to fault derection on tl1e frequcncy analysis domain, where 
each machine dcfcct generally produces a set of vibration components that allows tbe recognition of 
different faults. Howcvcr, its application is similar for others kind of signal since t11crc are many otl1ers 
parameters that can bc measured to evaluate tl1e operation condition of a machine sucb as pressure, 
temperature. sound, oi I particlcs. etc. 

Methodology 

An Artificial Neural Network approuch associated with a Finite Elcment Model Updaling 
Procedure (MUP) has been used to operalc lhe monitoring and failure diagnosis of machines and 
equipmenls. The updating approach performs an improvement of the FB-Model in order to define a 
rcprcsentative malhematical model of the actual system. The improvcd model permits to create thc 
various damage conditions required to define the reliable set of information data conceming euch kind 
of failure liable to occur in lhe life cyclc of thc system. The network is dcsigncd to classify tl1e input 
patterns of thc model in pre-defined classe~> of inputs or to create categories o f group patterns according 
to their similarity, by a training process phase. In tbc monitoring phase, it compares tbe actual 
measured data with tbe input patters aiming at recognising the existence of fault in the system. The 
updated FE-model pcrmits to generate t11e various damage cond.itions necessary for t11e training of tbe 
network. So. the ANN may lead to diagnose of the system in real lime, facilitating the identification of 
faults in thc operating system. 

Thc approacb comprehends a delinition of a reliable FE-Model, the generation of whole expected 
failure condilions, d1e traioing of the ANN and finally, tbe recognition and location of each kind of 
fault. The ANN lcarns by example and lhe pallern of damaged signal used to feed the training of the 
network, frcquency response functions, is created in a straight forward manner by applying SDM. Once 
thc network is trained, it can execute any pauer recognition task. 

The classification of Lhe vibratioo signal. generated from lhe improved tinite element model, 
comprehend a separation of the vibratioo data in signals of compooents opcrating normally, signals of 
componcots operating with fault; a comprcssion of tl1e signals and linally, classification of lhe 
compresscd pattems using a backpropagation algoritiun_ The compression of tl1c pattern data is 
importam bccausc it transforrns a large set of data in an equivalem reduced set containing tbe same 
information provided by the original signal. This reduction dccrcascs significantly the time spent to 
traio the network as well as thc rcduction of the instability in t11e recognition process (Lopes Jr. and 
Turra. 1996). The compression process consists in the compression of the spcctrum size of the signal in 
a reduced number of points. lt constructs a new equivalenl signalurc for the system based on the 
maximum amplitude and corresponding frcq uencies poinls of the original signal. The algorithm 
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searchcs the maximum amplitude points in the original signal at an earlicr specified frequcncy range 
and considcrs a band width of 3.0% around each frequency point related with maximum amplitude 
points. 

Background of the Neural Network 

ANN is made by a number of processing elements which are connected to fom1 layers of neurons. 
Each neuron is a simple malhcmatical processing unit that, when it is interconnectcd, produces a 
complex structure with different architectures, which can be trained to recognise defined pattcrs. ll is 
common to specify lhe architccture of lhe nctwork by referring to the nurnber of hidden layers; layers 
that are ncither inputs nor ourputs. Thc topologies and size of the network dcpend on lhe spccific 
application. and the dcfinition of an optimal choice is case dependent (Bernicri, 1994; Wordcn and 
Tomlinson, 1994; Yuedong and Du, 1996). Figure 1 shows the architecture used, in Lhis approach, il 
has one hidden Jaycr with 500 neurons for an outpul1ayers with 31 neurons. 

input hidden layer outpul 

Fig. 1 Architecture of the neural network with one hldden layer 

The input x's are weighted by w~; and by the bias b~ , and the output results feed the hidden 

layer. Tbe output o f lhe /h hidden unit can be described by: 

(I) 

where the superscript (h) mcans that lhe quantities pertain to the hidden unit and F1( • ) is a sigmoid 
nonlinear function. The output o f the net is biased and weighted by sum of the hidden laycr outputs: 

l= I, 2, ... , k (2) 

where the superscript (o) refers to Lhe output unit. H is tbc number of units in thc hidden layer and F2(.) 

is a linear activation transfcr function. Thc net is trained starring with a random set of weights and 
biascs and calculating thc output for every input set. Then, lhe crror E is computed from thc output 
layer backwards, which has his torically been called the backpropagated error, and lhe learning 
algorithm the backpropagation. Several publications (Hecht and Nielsen, 1990; Wasserman, 1989; 
Hush and Home, 1993) havc prcsented details of this algorithm. 
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E = sumsqr( {T}- {y}) (3) 

where sumsqr is the sum of square of the elements, and T is the desired output. The error E is 
formulated as a function of the weights and biascs and lhen, Lhe minimisation is performed by means of 
thc usual stcepest algorithm. The error E is denoted by {a;} , where the index: j aking on as many 
valaes as Lhere are weights and biases. When the parameter aJ changes by Õaj. the error E changcs by 

ÔE = - 0- (E) ôt:t.j 
êJa -

·' 
(4) 

where Õ/Õa, is evalualed using the currenl values of the parameter. To ensure that changes in C( j 

results in a decrease in E, it selects 

() 
ôa =-17-(E) 

J ocx . 
J 

(5) 

where 11 is a positive constant. Thc parameter l1 detem1ines how Large a step is made in the direction 
of the steepest descent and therefore how quickly lhe oplimum parameters are obtained. For this reason 
l1 is called the learning coefficient. 

The training of the network uses a set of inputs for which a specified output is known and in this 
case, the process finishes when the error E is smaller than a desired value or it reaches a maximum 
specified number of iterations. In the ]ater case, thc training set is considered unsatisfactory. The error 
E considcrcd hcrc, is thc sum of thc squared error between the output value provided by Lhe trained 
nelwork and the v alue obtained for a specific input. The outputs are combination of zeros and oncs for 
each state of operation of the machine, for the intact structure the outputs are equal one for the firsl 
component and zero for the others. 

Model Updating Procedure 
The MUP used to improve the original Cinite elemenl model is based on the measured frequency 

response functioos (FRF(~)). A detailed discussion can be found in Lammens, 1995 and Pereira, 1996. 
The procedure operates al an element levei and the model changes are directly related to the variation of 
the parameters of each element. It describes the discrepancy betwcen analytical and experimental 
models as a force residue written in terms of the analyticaJ dynamic stiffness matrix [Z,.;], and the 
experimental FRF matrix [H' ]. 

(6) 

This discrepancy of the models is used to define the updating set of equations and the solution of 
the updating problem consists in fmding m analytical parameter changes that minimises the difference 
between lhe two models. The p-parameters can represent any physical or geometrical property of the 
model, they can be a parameter of an element in the case of the elements being adjusted indepcndently 
or a parameter of a set of elements when some elcments are adjusted proportionally. The L\p's are 
parameters correction of the p-parameters that minimise lhe discrepancy between the two models. The 
formulatiou of an approximated solution of the problem, through a first order linearization of the 
expression (6) in lhe p-paramelers, leads an overdetermined set of linear equations: 

~ }= [s ]{L1p }- {s} (7) 

where the elements of the sensilivity matrix rsJ and these of the difference vector {B} are known 
elements. They are oblained fTom the analytical dynamic stiffness matrix and the experimental 
measured frequency response functions at each selected measured frcquency points respectively. The 
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elements of thc vcctor {6p} are unknown pa.ramctcr corrections to be estimated. Thc solution of this 
system of lincariscd equations system providcs an improved anaJytical model. l f lhe discrepancy 
betwccn thc models is not yet sufficiently small, the procedure is iteratively rcpcated. 

Experimental Test 

To demonstratc the applicability of the proposcd methodology, a la.bora.tory spatial frame structure, 
Fig. 3, has been investigated. An anaJyticaJ modelling by finite elements and a modal test of the 
structurc wcrc carried out and compa.rcd aiming at defining a representative analytical-numcrical model 
able to predict thc real behaviour of Lhe structure. The initial comparison of modal parameters from 
bolh, analytical and experimental models, showed a deviation of lhe prcdicted data from the 
experimental onc, Table 1 and Fig. 4.a. The adjustment of the analytical finite element model and tbe 
consequent improvement of thc correlation of the models was performcd by a FRF based model 
updating proccdure (Pereira, 1996). The spatial pararneters of lhe finite elemcnt model were 
succcssfu!Jy updated by using the FRF bascd model updating and, lhe correlalion of tbe models was 
irnprovcd satisfactory, table I. Thc elemcnts selected to be adjusted during the updating process wcrc 
lhose elemcnts cvolved into lhe welding conncctions. Figure 4.b shows the superposition of lhe 
FRF(s) in lhe drivc point for the experimental test and the corrcsponding ncw rcliable finite element 
model. The updating process, as shown in Table I and Fig. 4, allowcd lhe definition of a 
representative mathematical model of lhe actual system. 

" 
... . 

20 

.I 
,21 .. : . ... , .. 

• 2 

Fig.3 Frame structure - Detail of the cut bar 

Table 1 Experimental, Analytlcal and Updated models correlatlon 

Experimental Analytical Updated lnitial correlation Final correlation 
model model model (iteration 5) 

moda freq. mode freq . mode freq. [Hz] AI [%] MAC· l\f[%) MAC·val. 
vai. 

(Hz] [Hz] 

17.06 1 17.26 16.98 1.17 0.994 ·0.43 0.995 

2 22.10 2 25.30 2 22.38 14.47 0.991 1.26 0.991 

3 42.44 3 43.86 3 42.73 3.34 0.990 0.68 0.990 

4 97.54 4 102.06 4 97.04 5.71 0.978 ·0.02 0.985 

5 112.86 5 121 .63 5 112.91 8.73 0.975 0 .66 0.974 

6 142.36 6 144.93 6 141 .60 2.73 0.834 -o.53 0.881 

7 153.83 7 155.03 7 153.71 0 .78 0.954 ·0.07 0.953 

8 171.13 8 176.21 8 172.56 2.96 0 .978 0.83 0.982 
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Fig. 4 Experimental (fullline) and analytical (dashed line) receptances ( point 1, x-direclion) 

Diffcrcnt damage conditions of the structure were obtained numerically by using lhe updated FE­
model of the structurc. Each fault introdueed to the structure consisted of a reduction of 50% of Lhe 
sectional arca of U1e associated element. A frcquency range covering the fir~t eleven mode shapes of 
the structure was analysed. For each damaged element a set of FRF(s) was created which contai.ns the 
wholc informations used to fccd Lhe training of lhe network. The training was based on the comprcssed 
sel of data obtained from Lhe original one. 

Compression of the Signal 
A compression method bascd on the maximum amplitudes of the spectrum signal bas bcen used to 

reducc Lhe number of points of lhe signal and to construcl a new equivalem signature for Lhe system. 
The method localises Lhe frequcncy points related with Lhe maximum amplitudes and creatcs a masked 
signal with a band width of 3% of the frequency points of maximum amplitude.-.. This permits to 
comprise small deviations of the measured FRF(s) since, in practical cases, it is almost impossible to 
calculate FRF(s) lhat matches exactly the measured ones, due to problems related with the modelling 
approach as well as the experimental test. Once lhe rcduction is effective, the procedure trics to 
associate the compressed signal response with a sel of spccific faults. Figures 5.a-b show an original 
measured FRF (5 12 points) and the corresponding compressed or maskcd curve (57 points) respeclively 
for the inlacl frame structure and U1c damaged struclure (elemenl 13). Thc numbcr of points of lhe 
compressed signal depends on lhe numbcr of frcquencies point related with lhe maximum amplitude 
peaks or lhe signal. 

a) intact \lructure 
1& r---~--~------------~----, 

10'6L------~--~-~-~----' 
o 50 100 150 200 250 300 

Frettnency [Hz 1 

b) faull in lhe I J'' clcmcnt 

10·61__~-~-----~--~-.1 

o 50 100 150 200 250 300 

Frequency [117. 1 

Fig. 5 Original (fullllne) and compressed (dotted line) signal 

Numerical Results 

Machincs faiJure is a phenomcnon liable to occur during the service lifc of most machines and 
equipaments. However, in some cases, lhe analyst may have previous informalion of lhe region more 
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susceptiblc to failure and should takc it into account to search the failurc. Nevertheless, to evaluate the 
robustness of thc approach it is assumed that ali e lcmcnts of the slructurc are likely lo fai lure anel lhe 
proccdure tries to idcntify the fault in thc elcmenl wilhout any prcvious infonnation. In this case, lhe 
framc structure was divided in 30 elcmcnts and the procedurc was trained to identify fault in any 
element. Ali condi tions of failure were investigated, elements of low probability to fail ure (elemcnts in 
the mid of bars), elemcnts more Liable lo failure (elements in the wclding connections) and elements of 
very low sensitivity to the damagc. Table 2 shows the error obtaincd when each spccific curve is 
submitted to the trained network anel compared with the pallems curves usecl for lhe training of lhe 
network. 

Tabte2 Error value oi lhe recognltlon oi lhe laulls. 

Fault Condition 
Undamaged Fault Element1 Fault Element 2 Fault Element 30 

Curves 

input 1 (intact struct.) 9.6063e-006 4.86418+000 3.79708+000 1. 16968+001 

input 2 (lault el8m. 1) 6.74136+000 9.7144e-006 9.7573e·001 4.0104e+001 

ínput 3 {lault 818m 2) 1.72716+001 2.52628+000 9.67769-006 2.0471e+001 

input 4 (lault elem. 3) 3.2935e+001 3.2589e+001 3.36656+001 5.4743e+001 

lnput5 {fault elem. 4) 1.68346+001 1.7251 e+001 1.5313et001 1.3523e+001 

lnput 6(fault alem. 5) 1. 77136+001 2.0244e+001 2.0787e+001 9.6019etOOO 

input 7 (lault elem. 6} 2.9976e+001 3.0634e+001 3.05796+001 1.8342e+001 

input 8 (lault elem. 7) 3.9097e+001 4.7494et001 4.5525e+001 1.3870e+001 

input 9 (lault alem. 8) 2.0037e+001 1.6979e+001 1.5710e+001 1.3138e+001 

ínput 10 (lault alem. 9) 1.5272et00 1 2.6424et001 2.2509e+001 1.1539e+001 

lnput 11 (lault alem. 10) 1.3199e+001 1.7504e+001 1.3277e+001 2.5670et001 

lnput 12 (lault alem. 11) 3 .9884e·002 1.7489e+001 1. 7140e+001 2.6266e+001 

input 13 {lault elem. 12) 3 .4204e+001 3.0950e+001 3.0608e+001 3.4119et001 

lnput 14 (laull atem. 13) 9 8143e+OOO 1.1770e+001 1.2617e+001 1 5352e+001 

input 15 (lault elem. 14) 4.54876+000 5.7721e+OOO 6.3547e+OOO 1.7717e+001 

input 16 (lault alem. 15) 1.9961et001 1.9895e+001 1.6745et001 2.6779e+001 

input 17 (lault alem. 16) 3.1467et001 2.1154e+001 2.1000e+001 4.4202e+001 

input 18 (lault alem. 17) 3.10316+001 5.4119e+001 5.4335e+001 6.8628e+001 

lnput 19 (lault atem. 18) 1.5390e+001 7.2700e+OOO 5.9768e+OOO 1.7626e+001 

input 20 (lault elem. 19) 4.0137et000 2.7592e+000 4.02916+000 2.50866+001 

input 21 (lault atem. 20) 3.20596·002 9.42836+000 5.1077e+OOO 2.2617e+001 

lnput 22 (fault atem. 21) 1.78996+001 1.7955e+001 1.6803et001 4.1428e+001 

input 23 (fault atem. 22 5.5282e+000 6.6056e+OOO 6.21686+000 1.7987e+001 

input 24 {fault atem. 23) 2.0025e+000 2.1 186e+OOO 2.33638+000 5.8111e+001 

input 25 {lault alem. 24) 4.13226+001 2.7704et001 2.4730e+001 4.8111e+001 

input 26 (fault alem. 25) 3.2059e·002 9.4283e+000 5.1077et000 2.2617e+001 

lnput 27 (fautt atem. 26) 1.7899e+001 1 7955e+001 1.6803e+001 4.1428e+001 

input 28 {fault etem. 27 5.5282e+OOO 6.6056e+000 6.2168e+OOO 3.7987e+001 

input 29 (fautt etem. 28 2.0025e+OOO 2.1186e+OOO 2.3363e+OOO 4.8111 e+001 

input 30 (fault etem. 29) 2.0025e+OOO 2.1186e+OOO 2.3363e+OOO 4.7111 e+001 

input 31 (faull atem. 30) 4.1322e+001 2.7704e+001 2.47306+001 9.1 06!Jé.,006 

Figures 6.a·6.s give an overview of the normalised errors for some investigated failure conditions. 
The plots show the errors. normali?.ed in relaúon to the minor component, obtained through a 
··comparison·· of each specific "measured" curve with ali others curves used for thc training of lhe 
oetwork. 
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Fig. 6 ldentification of the fault in the trame structure 
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The lower errors show tbe similarities of lhe curves and consequently lhe searched fault. As 
ex.pected in lhis case, all faults as well as the intact condition of lhe structurc were clearly identified 
since lhe training of network was based on lhese curves. The identification of lhe damaged element in 
Fig. 6.m is not very clear since lhe error for element 20 is very low too. 1t happcns because elements 1 I 
and 20, duc their position in lhe structurc, have few infiuences in tbc dynamic behaviour of the model, 
and even a vcry large damage in tbese elcmcnts does not affect thc dynamic properties of the model. 
The same effcct is verified in Fig. 6.0. Thereforc, recognition fau lts in lhese c lcments, based on lhe 
cbanges o f the dynamic properties of the model, is a difficult task 

Experimental Results 

In the above investigated case. lhe data of lhe damaged structure was created through lhe same 
numcrical model used to traio tbe network. Thus, the simulated data used in lhe training of the net and 
lhe "experimental" data of lhe damagcd structure are identical. Howcvcp, for a real case lhe 
experimental measurement data prescnt a light difference in relation to the simulated data used to traio 
the network, tuming more difficult the comparison of lhe data and the rccognition of lhe fault. Hence 
tbe eompression of the measured data is pcrfonned in two stages aiming to comprise this light 
difference. lnilially, thc measured FRF curve is compared wilh the simulated compressed curves 
utilised lo train the nelwork aiming to define i f the frcquency band of the simulatcd compressed data 
includes tl1e l'requency points of max.imum amplitude of tbe mc.asured curve. lf the points are witbin 
lhe frcqucncy band of the simulatcd curve, thc procedure uses thc same points of fTequency used in 
training phase ro compress the measured signal. [n sequencc, lhe signal is eompared witb the curves 
used in thc training phase in ordcr to dctect the probable fault. Figure 7 shows lhe mcasured 
experimental curve of the damaged structurc (element 21) and the masked onc utilised to train lhe 
network. The mask was derived, from the improvcd FE-model. during lhe simulation of tbe failure 
condition o f lhe modcl. Figure 8 shows lhe normalised error when lhe measurcd experimental curve is 
compared wilh ali curves used to traiu lhe net. As it can be seen, lhe smallest error oceurs for curve 
number21. lhat means lhe real darnaged element (element nr. 21). 
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Fig. 8 ldentlfied error among the curves 

A fault delection metbodology using neural networks and model updating for identifying the 
presence of struclural damage has been presenLcd and demonstrated wilh an application to a frame 
structure. The feasibility of tbc approaeh is evalualed for simulated numerical data and experimental 
test. As discussed, the approach compares the current characteristic response of lhe model witb 
previous pattcm of lhe state of opcr.ttion which were defmed by applying SOM in the representative 
FE-model. 

A compression method has been uscd to reduce lhe number of point of lhe signal lhat will feed the 
ANN. ll creatcs an equivalenl signaturc for tllc sysrem based on the maximum amplitudes of lhe 
original spectrum signal. Considering a frequency range of 3% around of lhe points of maximum 
amplitudes is salisfactory in tbis study case. lt secms to suppress lhe effects of small oscillation 
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(variations) in experimental measurements. The architecture of lhe network has been defined by tests 
sinee it does not eomply a criterion to define lhe oplimum arehitecture. However, the results seem to be 
better when the neurons number in the hidden layer inerease. ParalleJ issues such as fault into elements 
of low sensitivity and robustncss when the measured data comprise small deviation of previous pattem 
due mcasurement diffieullies have been addresscd. 

In general for condition monitoring such issues are extremcly importanl since it is essential to 
recognise a fault in time to permit action to be taken in order to avoid failure of tbe component. The 
prclirninary results show that the proposcd methodology can be applied to classify an unknown signal 
in panems fixed bcforehand. Although the approach has successfuUy identified lhe damaged element 
for ali simulated test cases as well as for the experimental test, its success is not unconditional. In order 
to explore in depth the potcntial for application of such propose to monitoring health condition and 
failurc Jocation in reaJ strucmres, further rcscarch addressing more complex case studies musl tO be 
clone. 
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Abstract 
Tlus paper presems tire m•ailability analyJ·is af a compommt by means of supplementory \'ariables raking wearout 
imo acmunt. An Erlangian fai/ure moclel i.f adopted, .m a.ç r o allow comrlllrisrm of the result.\ with those obtained 
from riu: del'ice of swxe.v. which., for this failure model, theoreticully gives e.xact re.mlts. The component C/Vailabilities 
nhwinrd from Im/h metlwds are we/1 in ogreemenl, although. the result.~ ohtainedfrom lhe .wpph,mentwy variahles 
metlwd are less conseri'Cttive. A poiru worth mentioning is that rhe solwions lwve been obtained jtJr the transiellt 
period. a femure not commanly approaclsetl in the /itera/1/re. The supplemenUit)' variables metllod is more general, 
altlumgh it may presellltmmerica/ instabiliry problem.• if pmper care i:. 110t wke11 »'hen discreLiwrion of the system is 
ma de. In this paper. the intlirect method o f Lax is s/1011'11 r o be .\/Uh/e for the problem modeled. 
Keywords: A l'ai/abilif) Analysis, \Vearout. Non-Markovia11 Models, De vice o f Stages, Supplementary Variabl~ 

lntroduction 
Por those compooents which are no longer in their usefuJ life period, the use of expooential failure 

models implying constant failure rates is not adequate as long as it results in an overestimation of lhe 
reliabili ty figure of interest (Billinton and Aliao, 1983). 

The hypothesis of a constao! failure rate is quite convenient bccause it is then possible to use a 
time-homogencous Markovian model for evaluating reliabili ly figures of interesL By means of a time­
bomogeneous Markovian model, we may obtain both time-depcndent reliabi lity characteristics and 
Lreatmcnt o f failure dependencies and interactions; for example, common cause failures and shared-load 
components. 

Thc consideration o f the component wearout imp1ics the use of an increasing failure rate model, for 
cxample, as in the Weibull or the lognonnal distributions (Kecccioglu, 1991 ). 

To model the problem under discussion, two approaches are available (Singh aod Billinton, 1977). 
The first approach consists of introducing supplementary variables in the model (Cox, 1955, Cox 

and Miller, 1965. Singh and Billinton, 1977), taking imo account lhe ugc of components which do not 
have constant fai Jure rates. This is duc to the fact thal lhe operational records of each compoocnt must 
be taken into account since the Markovian lack o f memory property is no longer valid. 

Thcoretically, the supplementary variables tcchnique allows consideration for any wearout model. 
However, to obtain the reliability figures of intcrcst. one has to solve a system of coupled differenlial 
equations whcrc both ordinary and partia! equations appear, as well as the additional difficulty of lime­
dcpendenl boundary conditions. GeneraUy, the solution of these equations is performcd by finile 
difference melhods. 

Some recent applications of lhe supplementary variables method can be found in Dhillon (1992), 
DhiiJon and Anude ( 1993), Dhillon and Yang (1993a). Dhillon and Yang (1993b), and Dhillon and 
Anudc (1994). In general. only asymptotic solutions are obtaincd. 

Manuscript received: November 1997; revised: September 1998. Technicel Editor: Paulo Eigi Mlyagi. An abridged 
verslon of this paper has been presented at COTEQ'96 - Conferência sobre Tecnologia de Equipamentos, Rio de 
Janeiro. RJ, November 1996. 
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lt is uncommon to find general solutions for this problem in reliability litcrature. We havc found a 
fcw references whcre analytical solutions for Lhe transient phase are approachcd. 

Analytical solutions considering thc cransienl phase may be found in Kumar et ai (1988), Singh 
( 1989), and Singh and Murari ( 1984). ln all of them, exponential failure times and general repair times 
are taken into accounl. 

On the other hand, general solutions for the transient case considering arbitrary failure time 
distributions have not been found . 

For the second approach mcmioned above, which is termed the device of stages (Cox. and Miller, 
1965, Singh and Billinton, 1977). fictitious states, called stages. are taken into account. lo this respect, 
lhe Non-Markovian model is cast into a Markovian one. A limitation of lhis device is that it is not as 
general as the supplemcntary variables method (Singh and Billinton, 1977). 

The purpose o f this paper is to present the application o f lhe supplementary variables technique to a 
component which undergoes wcarout, in ordcr to obtain its time-dependent availability. 8oth lhe 
transient behavior and lhe asymptotic availability were invcstigated. Our aim is to present general 
numerical solutions by means of the iodircct method of Lax, which is shown to be stable for the 
problem modclcd. 

The problem faced bere is not new [lhi ~> may be confinned by lhe fact that the first published 
referencc on thi!> subject matter is Cox (1955)1. llowever, lhe employment of appropriate numerical 
methods for solving the resulting systcm of couplcd differential equations has not as yet been found in 
lhe literaturc, so as to our knowledge, the analysis o f thc transient phasc has not been pcrformed. 

The hypothcscs undertakcn for calculating the results are discu.o;sed, and the numerical features of 
relcvance are also presented. 

This paper is organized as follows. The next section discusses lhe cmployed melhodology. both 
from the point of vicw of supplcmcmary variablcs. and also from lhe device of stages. Next. spccific 
analyzed cases are displayed. Finally focused are lhe generated rcsults allowing conclusions and 
rccommendations for further research. 

Methodology 

The cases to be analyzed in this paper will make use of the Erlangian distribution for the failure 
times. This di!ttribution has a probability density given by: 

(1) 

for wbich r ~ O. À. ~ O and p is a positive integer. Figure I displays the density function for this 
distribution for different valucs of its paramctcr p. lt should be noted that for p = I, onc bas the 
exponential distribution. 

The failure rale for the Erlangian distribution may be wdttcn as: 

I p-1 
h(t)= I 

I I. 

( p- 1 )! -'-
kf1 p-~ 

k.,() ./\. 

- - Nomenclature 

!ri, 1 = 

M 
P(~ 

h(~ 
P.(oo) 

lailure times probability 
density 
state transition matrix 
state vector, 

IPj (l)./~llt.l',ltJ{ 
failure rata (year"'] 
asymptotic probability of a 
component being in state i 

P,((J 

/I f( X.l) = 

probability of a 
component beíng in a 
state (considers a 
constant transitíon rata 
out of the state) 
probability density of a 
component beíng in a 
state (consíders a hme­
dependent transitioo 
rata oul of lhe state) 
[year') 

Jl 
p 

(2) 

Laplace transform 
time [year] 
component age (year) 
scale parameter for 
lhe Erlangían 
distribution (year"1

) 

repaír rale (year"1
) 

shape parameter for 
the Erlangian 
dístributíon 
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Figure 2 presents lhe failure rate bebavior considering different values for p. lt may be seen that the 
failure rate approaches similar asymptotic values for longer time periods (over 80 years). 

The Erlangian dislribution is a spccitic gamma distribution case wben p is an integer (McCormick, 
1981, Soong, 1981). 

t.O 

11.8 

ntJ 

Fig. 1 

0.8 

0.6 
h(t) 

0.4 

0.2 

o o 

nrne(ycn~ 

Erlanglan Densities for Dlfferent Values of p 

20 40 
Time (years) 

60 80 

Flg. 2 Erlangian Failure Rates dor Different ps 

It is convcnient to consider thc Erlangian distribution as the ftrst failure model because, i f a random 
variable follows this distribution, it can be wrillen as the sum of p, independcnt and identically 
distributed exponential random variables with parameter Â. (Soong, 1981 ). This fact makes it 
theorctically possiblc to obtain exact rcsults by the device of stages (Singh and Billinton, 1977). In this 
sense, one has the exact solution to compare to that wbich was obtained from the supplcmcntary 
variables method. 

SpecificaJiy, let T = Y + W and let Y and W be independent and continuous random variables. Then, 
the probability density function o f Tis the convolution of the densities associated with Y and W: that is, 

fr( t )= J /y (t -w)Jw( w )dw = J fw(t- y )/y( y )dy (3) 
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lt is easy to generalize Eq. (3) for the cal.c whcre lhe sum is composed of p independem random 
variables. 

Now consider lhat both Y and W follow an exponent:ial distribution wilh parameter À [by putting p = 
I in Eq. (1)1. Then, by applyingEq. (3) one has: 

I 

fr(t ) = J À 2e-À(I-w)e-À""dw = À 1te ;.. 1,t "2:.0 (4) 

() 

Thi~ is thc Erlangian distribution. Notice that since t-w "2:. O, the integration on w is from O to t. 
Repcatcd application of Eq. (3) gives as a result Eq. (1). For example, consider that Y foJiows lhe 

Erlangian distribution displayed in Eq. (4). and W again follows an exponential distribution with 
parameter À. One then has, 

I 

f r( r )= J À 2( t- w )e-Ã.I 1-wJÀe-À"'dw = frze-i.l 
o 

(5) 

Recall thm Eq. (5) may bc obtained from Eq. ( I) when using p = 3. 
Finally, consider that Y fo.llows thc Erlangian distribution displayed in Eq. (5), and W still follows 

the cxponcntial distribution. One has, 

(6) 

which is the Erlangian distribution obtained by putting p = 4 in Eq. (1). 
Whcn the situation of interest in this paper occurs in which fai.lurc times follow an Erlangian 

distribution and, consequently, wearout is prcsent, lhe lack of memory propcrty of Markovian models 
(Ross, 1993) is no Jonger valid. To solve this problem, a supplementary variablc, x, is introduced in 
order to account for the component age (Cox and Miller, 1965, Singh and Billinlon, 1977). 

The statc transition diagram for lhe component problem is displaycd in Figure 3. State I (which is 
the funclioning statc) is rnodeled by mea.ns of a probability density, termed p ,( x, t), which is 
interprelcd as follows: p 1 ( x, t )L1 x is lhe probability lhat lhe component is in state 1 at time t, and its 
age is bctwecn x and x+Lix. In this sensc, the probability that the componcnt is in state 1 at time t, 
P1( t). is given by: 

.. 
P1(t) = Jp1(x,t)dx 

o 
(7) 

Tn Figure 3, h(x) is lhe component age-dcpcndent failure rate and J.1 is its constant rcpair rate. P;(t) is 
the probability that thc component is in stnte i at time t. 

h(x) 

J.1 

Fig. 3 State Transltlon Olagram for the Supplementary Varlables Method 
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The solution of tbc equations for the supplcmentary variables metbod will be discussed in the next 
section. where the analyzcd cases wi!J be presentcd. 

The device of stages (Cox and Miller, 1965. Sing and Billinton, 1977, Nunes, 1995) has been Lhe 
result of a simple fact: transitions whlch occur witb time-dependent rales (corresponding to 
nonexponcntiaJ failure time distributions) can, in ccrtain cases, be cast into combinations of fictitious 
states with constant transilion rales. ln thls sense. a Markovian modeJ resuhs. 

The model for thls case. particularly, in tcrms of states, will always be a series of p stages. In this 
scnse. an exacl solution will be obtained (in fact, numericaJ metbods must be used if one has many 
coupled equations, since analytical solutions may become tedious; therefore, the mcaning of the exact 
word should be taken only on conceptuaJ grounds, unless a symbolic computer program is available). 
For olher failure time distributions, as the Weibull and the lognom1al, one should search for convcnient 
combinations of stages (scrics and/or parallel) so that adequate approximations are obtaincd (Singh and 
Billinlon, 1977. Nunes, 1995). 

Solutions for the models developed by means of the device of stages will also be discussed in the 
next section. 

Description of the Analyzed Cases 
Before di.scussing the analyzed cases, a comment is due. As opposed to t.he general procedure when 

applying lhe device of stages. which means a better choice of lhe combination o f st.ages to represent lhe 
real failure dislribution, we focus attention on lwo d.ifferent failure time distributions which have 
different means. defined by different shape paramctcr vaJues, as will bc sccn !ater. 

Considered is the general model of a componcnt which may be in onc of two possible statcs. lt can 
be on (st.atc 1) or failed (state 2). as depicted in Figure 3. lts failure rate is reprcscnted by h(x), whcre x 
represents its age. On the other hand, J1 represents its repair ratc. 

The first case to be analyud, hercafter denoted as case l, is thal for which an Erlangian distribution 
with p = 2 is assumcd for the component failure times [Eq. (I) and Figure I]. 

Thc corresponding failurc rate function is obtaincd by putting p = 2 in Eq. (2) (see Figure 2). 
Thc supplementary variables method for this problem is the solution of the following systcm of 

coupled cquations. Singh and Billinton (1977): 

P,(t) = the probability that the componenl is in statc i at time t. 

P [TIIe system is in state i and its age is in (t- x- .óx,t- x )] 
p;(x,t) = fim 

1\x-+0 Llx 

Performing a probability balance, one h.as: 

pJ{ x+ Ll.t,t + .M )= pt( x,t Al-h( x )Llr] 

~ 

P2 ( r+ tlt) = P2( t J[l- ,uLlt ]+ Llt J 11( x )p1( x,t )dx 

o 

By means of a Taylor scrics expansion to linear lerms, 

(8) 

(9) 

(10) 

(11) 

( 12) 

one obtains thc resuJling di ffcrentiaJ equations as Llt --t O [Eq. (12) is substitutcd in Eq. ( 10) and ao 

equation for the Taylor expansion of P2 ( t + Llt) is substituted in Eq. (J L)]: 
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dpj(x,t) ()pJ(x,t) I( ) ( + :l =- I X p 1 X,/) ax ot 
(13) 

dP ( t) ..,J 
- 2- =-pP2(t)+ h(x)pj(x,t)dx 

dt o 
(14) 

The initial conditions for solvtng this system are given by 

p J( x,O) =f X (X) (15) 

(16) 

and the boundary condition is given by: 

(17) 

The initial condition given by Eq. (15) is fundamental for solving the equations. It accounts for 
uneertainties in the component age. The function appearing on the right hand side is exactly the 
probability density given by Eq. (I). The probability that the component is in state I at t = O is given by 
Eq. (7). 

lt rcmains to show tbat the solutions P1(t) and PJ(t) satisfy tbe probability condition, that is: 

(18) 

To see tbis, one takes tbe Laplace transforrn of Eq. (13), so lhat: 

(19) 

By integrating Eq. (19) wilh respect to x and by using the Laplace transform in Eq. (14) together 
with the condition givcn by Eq. ( 17), one obtains Bq. ( 18). 

H is not difficult to note that the systcm of Eqs. (13)-(17) reproduces lhe well-known solution when 
lhe failurc rate is constant; that is, when one bas lhe exponential fai lure mode. To see this, one solves 
Eq.( l9): 

X 

/51( x,s) = exp[- u( s,x J]j f( r )exp[u( s,r )}ir+ pp2 ( s )exp[-u( s,x J] (20) 

in which: 

r 

u(s,r)=sr+ J h(u)du (21) 

Thus, by using the Laplace transform of ( 14) and Eq. (21), one has: 
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~ \ f h( x )exp[-u( s,x )Jf j( r )exp[u( s, r )}irdx 

P2(s)= o o 
-t 

s + JJ - Jl f h( x )exp[- u( s,x ;}b-
0 

which results in lwhen onc uses h(t) =À.= constant]: 

115 

(22) 

(23) 

The steady-state solution for this modcl is obtained by setting the chronological time dcrivatives in 
Eqs. ( 13)-( 14) equalto tcro and solving the resulting system. One oblains: 

(24) 

and 

(25) 

Thc normalization constant c is obtained by substiruting Eqs. (24)-(25) for Eq. ( 18) wherc P1(t) is 
given by Eq. (7). 

The same problcm will be solvcd by mcans of the device of stages, so as to allow for cheeking thc 
behavior of the soJution obtained by thc method of supplementary variables. 

As already discusscd, the convolution of two identical and indepcndcnt exponential distributions 
with parameter Â gives rise to an Erlangian dislribution [as may be seen from Eq. (4)]. On the grounds 
of thc device of stages, this fcature allows solving this same problem by mcans of two stages. 

Thc functioning slate (slatc I) is replaced by thc two aforementioned stagcs (Figure 4) whose 
transition rales are constant. The systcm of differential equations to be solved here is givcn by: 

dP(t)_MP) --- (I 
dt 

(26) 

for which P( t) = [P,( I ),P2( t ),Pj( t Jf' and 

[

-Â. o J.l l 
M = Â -À. O 

o À. - p 

(27) 

Thc steady-state solution for this system is givcn by: 

P:( oo) = _ f.l_ i = I 2 
I Â.+2J.l' ' (28) 
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(29) 

p
1 
(x,r) 

Stage I À Stage 2 

p (I) 
1.1 

p (1) 
1.2 

J.L 

S:atc I 

Fig. 4 State Transition Diagram for Casei (p= 1) by the Device 

It sbould be mentioned that lhe solution of this problem by lhe device of stages implies that an 
initial condition involving a stage must be considered. meaning that, for t = O, the component wíll be in 
a fictitious state. Specifically, for this case, state I has been splil into stages 1 and 2 (see Figure 4). 
State 2 remains as the failure state. The initial condition wiU be given by P,,, (0) = 1. In ordcr to 
evaluate the inlluence of the stagc modcling, the case for wbich Pu (O) = 1 will also be analyzed. 

The second case to be analyzed is the one for which the failure times follow an Erlangian 
distribution obtained by placing p = 4 in Eq. (1) (see Fig. 1). Tbe corresponding failure rale is obtained 
by setting p = 4 in Eq. (2) (see Fig. 2). 

We now have four independent and identically distributed exponential distributions with 
parameter À. To solve tbis problem by the supplementary variables method, one has to consider the 
same group of equations wbich was used for solving case 1: that is, Eqs. (13)-(17). The steady-state 
solution is once again given by Eqs. (24)-(25). 

On lhe olher hand, the solution by the device of stages implies splitting the functioning state into 
four stages. In this sense, the state rransition diagram is rccast into one with 5 states (see Fig. 5). The 
system of equations to be solved is equal, Eq. (26), but the transilion matrix is given by: 

and 

-À o o o J1 
À -À o o o 

M = o .À -À o o 
o o À - À o 
o o o À -Jl. 

The steady-state solutions for this case are given by: 

~(oo )= Â:
4

J1 , i= 1, ... ,4 

À 
Ps(=J=-­

À+4J1. 

(30) 

(31) 

(32) 

c 
s 

r. 
[ 

( 

a 
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p (,l , l ) 
I 

S~el Stage2 Stagc3 Stage4 Stare 2 

~ r2- À. À. 
p (1) p (1) p (1) - p (I) P~t) 
li 1.2 '·' 1.4 

i J.l 

State I 

Fig. 5 State Transition Dlagram for Case 2 (p = 4) by the Device of Stages 

One should observe that the numbcr of equations to be solved in this case is much grcater: on the 
othcr hand, if one considers lhe supplementary variables method. d1e satne number of equations is to be 
solved, which is clearly advantageous. 

The solution of the equations obtained by the supplcmentary variables melhod is performed by 
means of finite differences. ParticuJarly, lhose equations which involve partia! dcrivatives are much 
more tedious and difficult to solve because stabi li ty problems may arise. The solution method of Lax 
(Anderson et ali i , 1984, Press et alii .1992) was chosen, dueto its stabílity property. One has: 

Pit-t,j + Pi-l ,j 
dp Pi.jt l- z 
a;= L\1 

(33) 

and 

d p = P ;. t,j - Pi-l,j 

i)x - 2.1x 
(34) 

Stability of thc solutions will be obtained whenevcr 

(35) 

The solution of lhe equations for lhe device of stages was obtained by mcans of the BuJirsh-Stoer 
melhod, Press et ali i (J 992). The Runge-Kutta method was not employed because it is lcnown that lhe 
solutions for these equations are aJways combinations of negative exponential functions , which, in 
general, present a smooth behavior. In tllis rcgard, the method employed gave more precise results. 

Numerical Results Obtained 
Both cases were analyzed considering À= .876/yr (10-4/hr) and Jl = 87.6/yr (10-2/br), whieh are 

typical paramcters of exponencial distributions found in the practice of failure and repair tinles 
modeling. Thc faiJure and repair data have becn chosen considering that: a) lhe constanl failure rate of 
w -•fhr i!) typical for general mechanicaJ component.s, as may be seen in Appendix 14 of Lees (1996); b) 
constant repair ratcs are typicaJJy greater lhan failure rates_ Thus, a rcpair rate equal to 10-2/hr is quite 
rcasonable, Lewis ( 1996), McCormick (1981). 

In ordcr to cvaluate lhe intluence o f lhe initial eondition in lhe context of the device of stages, lhree 
possibilities were anaJyzed for case I. The first one considered thatlhe eomponent was in the first stage 
for t =O. As a second possibility, it was conl'idered that the component had a .5 probabílity of being in 
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the ftrSt stage, and lhe same probability of being in the second ooe. The final possibility was that the 
component was in the second stage for r= O. 

Figure 6 present~ thc results obtained for case I by the device of stages. It should be observcd that 
varying the initiaJ coodition means that the behavior of the component, in tenns of its avai lability, is 
such that an initial depression is present (transient behavior), very similar to thc one found by using the 
supplemcntary variables mcthod. The steady-statc availabiliry obtained by thc two methods was almost 
thc same. The small diffcrences observed wcre due to lhe fact that both solutiom; werc obtained by 
numcrical methods. 

!1.'1'1'1 

(J.W~ I 

09'l71 
(.5,0,.5) 

Cl'l'l62 

PJ(ll 
0.9'l52 

().9943 

U.WD 
(0.1.0) 

0.'1')2-1 

09')1~ 

0.9905 
o 1 2 3 4 5 

Fig. 6 Results for Case 1 by the Devlce of Stages (Different lnltlal Conditions Dlsplayed) 

Figure 7 presents thc rcsults of both mcthods for case I. The rcsults obtained from thc device of 
stagcs consider that thc component was initially at the first stage. 

Fígurc 8 displays the surface of p 1(x,r) for thc case at hand. 

0.007 

0.992 

0.99 o 2 3 4 5 

t(yr) 

Fig. 7 Results for Case 1 by Suplementary Verlables (Aiso Displayed are Resulls by the Devlce os Stages) 
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Fig. 8 Probability Denslty p1(x,t) for the Erlangian wilh p= 2 
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19 

Figure 9 presenls lhe rcsults for case 2 by the device of stagcs with lhe different initial conditions 
taken into account. 

Figure 10 prcscnts the results for both methods. The curve generatcd by means of the dcvicc of 
stages displayed in this figure considcrs that the component was at stage 1 for t =O. Again, a reasonablc 
agrecment has been obscrved betwccn thc steady-stale availabilities; also, a lcss conservative behavior 
of lhe u·ansient soluúon obtained by lhe mcthod of supplementary variables was obtained, mainly for 
the transient solution. 
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Fig. 10 Resulls for Case 2 by Supplementary Variables (Aiso Displayed are Resulls by the Devlce of Stage) 
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Tt may be seen from Figure I O rhat by applying the supplementary variablcs mcthod for case 2, the 
resulting curve is steeper for the first two years. This feature may be explained by the behavior of the 
failure rate h(x) in rhis same period, as opposed to what occurs for case 1 (sec Figure 7). 

Tablc 1 summarizcs the resuJts Jor the steady-state unavailabilities. 

Case 

1 (p=2) 

2 (p=4) 

Table 1 Asymptotlc Unavallabilities 

Supplementary Varlables 

Oevice of Stages Supplementary Variables 

Theoretlcal 

4.98 X 10'3 

2.49 X 10-3 

Numerical 
5.0 X 10-3 

2.6 X 10'5 

Theoretical 
4.3 X 10'3 

2.34 X 10'3 

Numerical 
5.0 X 10'3 

2.4 X 10'3 

A final commcnt concerns the comparison betwccn the analytical and numerical solutions for one 
stage; lhat is, comparison between the analyticaJ resuJt fumished by Eq. (23) and the numerical solution 
funúshed by Eqs. (13)-( 17), by putting p = 1 in Eq. (1) and then inserting it into Eq. (15). The results 
are displayed in F-igure 11. Tt can be seen lhat the agreement between both resuJts was excellcnt. 

Conclusions and Recommendations 
This paper presented the solution of an availability .problem considering wcarout by applying two 

traditional metl1ods, the device of stages and the method of supplemcnlary variables. Although lhe 
problem scems to be quite simplc, thc consideration of wearout results in a more complex solution. 
Wearoul, in practicc, is a vcry scrious problcm if one considers real planl enviJonmenls where many 
factors conLribute to i L 

1. 

- -·· 
--And.!ft.ai 

o.o 2.0x102 4,0xla2 a.axw2 s,axw2 1.axw1 

Ttm:?(!fl.l'!:J 

Fig. 11 Comparison between analytical and numerical solutions for one stage 

Of course. consideration of a simple failure time distr1bution, as the Erlangian, cannot solve many 
of the practical problems found, for which a Weibull or a JognormaJ d1stribution is much more adequate 
lo fit Lhe failurc data. but lhe purpose was to show the solution, both from thc point of vicw of lransient 
behavior and steady-state solution when even a simple wearoul model is adopted. The Erlangian 
distributíon can always be recast ínto the sum of índependent identical exponential dístriburions and, 
thus. from the point of view o f lhe device of stages, theoretical exact solutions can be obtained. This is 
an important fearure for comparison pLu·poses. Stability problems in this context do not exist. Numerical 
solutions must be used for the number of equations to be solved growing with the number of stages 
considered, as the two analyzed cases showed. 

On lhe olher hand, wben the method of supplementary variables is employed, even though lhe 
number of equalions always remains Lhe same, new features must be taken into accounl. One should 
always employ numerical melhods, even for simple distributions, like Erlangian's. A new fealure to be 
considered is the one related to stabil ity difficuJties. 
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From d1e thcoretical poinl of view, il can be shown lhat for a syslcm like the onc in Eqs. (13)-(17) 
for the existcnce and unicity conditions, the solution is stable. Burton ( 1983). Howcvcr, on lhe grounds 
of numcricai solutions, stability problcms ari1.e when calculating partia! derivativcs. 

One could be temptcd to employ a direct method, such as: 

Pi+l,j + Pi.j 
dp Pi.Jil ___ 2-- _op __ Pi+l.j- Pi, j 
-= and 
O I .dt d X .dx 

(36) 

for solving Eq. ( 13). Howcver. this mcthod is not slablc. ln this regard, alternativcs had to be sought. A 
conditionally slable mcthod found is that in Eqs. (33)-(34) with Lhe condition given by Eq. (35), the so­
called Lax indirect method. Anderson et ali i ( 1984). 

A final commcm conceming the solution of Eqs. ( 13)-(17) is related to thc solution of the integrais. 
Uscd was the Gauss-LaguetTC formula, which showed itto be sufficiently accurale for our purposes. 

We recommcnd thal thc solution prcscnted be cxpanded to considcr possible redundancics, a 
si tuation of grcat practical importance. Also. we suggest failure times modeling by altemalive 
distributions. such as Weibull and lognormal. 

A point worth mentioning in this contcxt is that it has not been our intent to discuss the advantages 
or limitations of the employcd methodologies in this paper; that ib, supplemenlary variables and/or the 
dcvice of stagcs. An a ltemalivc approach to consider whcn repair is taken into accoum is that of 
Poisson point processes, Aschcr & Feingold, 1984. 
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Abstract 
Thü wnrk describe~ a metlwd of pammeter monitoring ir1 ,\'lntionary mecluwical .1-y.~tem,\' for fault detection anti 
lm:atirm purposes. Using a stule IJIIICI! mndel of lhe syslem and an auxiliary one, called fi/ter, analytical redundancy 
equations are dejined, The redu11dam:y equaliom are based on correlalionfwu:tirms involving systems parameters. lt 
i.1· demonstraled thallhese correlatirm fimctions c:an bc ~~~ed to generate residtwlfunctitm.l· j(Jrfaultmonitoring. Ali 
residual .fimt'lions eslimated for Jhe healthy systnn are ideally zero bw when a fault ocwrs, some e.slimated 
residuais differ fmm zero. Using a paramelric residual arwlysis, one c:an lm·aiP lhe physica/ parameter lhat is 
direr·1/y re/ated 10 lhe syMemftm/1. The proposed approaclt i.~ tlemnn.ttraled using a mtmerir-al example. 
Keywords: Fault Detectinn, Dwgno.fi~. Motlel Baseei. 

lntroduction 
Model based fault dctcction in dynamic systcms (MBFD) has been lhe subject of extensive rescarch 

(Gcrtler, 1991 ; Pauon at all, 1989). Unlike conventional monitoring techniques, which are based on 
hardware rcdundancy, lhe techniques based on MBFD rcly on the concept of analytical redundancy. 
There is a grcat number o f M BFD mcthods, among lhem one ean distinguish the observers approach 
(Frank, 1990 and 1992), physical parameter estimation (lsennann 1993), parity space approach 
(Mcdvedev, 1995, Chow, 1984) and residual generation (Genler, 1995). 

Thcre is a growing intcrcst in recent years for on-line fault diagnosis to increase the reliability of 
complcx systems. Robust mclhods that are ioscnsitive to noise and disturbances are particularly 
interesting for real situations, where noise and disturbances are always present (Patton and Chen, 1992). 
The desi~:n o f residual generation always in volves two steps: lhe specification of residual propertics and 
the analysis based on these residuais. The residual sets are usually specified to enhance fault isolation 
properties. 

This paper describes a residual generation for stationary mechanical systems. As a firsl stcp, ao 
auxiliary system is used 10 generate signals, which will bc correlated to inputs and outputs of the system 
lhrough appropriated correlalion functions. These corrclation functions are then transfonned in a 
residual gcnerator that is nominally ncarly zero. i f no faults are present in the system. A<J a sccond step, 
the residuais are examined using a paramctric anaJysis to identify tl1e physical parameter tbat is rclated 
to the fault. The fault in the system affects all correlation functions; however, not aiJ residual functions 
are affected after a faull occurrence. Jt is demonstrated that only the residual funclioos that are 
associated with the fault parameters differ from 7.-Cro after the fault occurrencc. 

The maio advantage of thc proposed technique is the possibility of locating the faull into lhe 
system, i.e., the identification of the physical parametcr whicb is related lo the fault. Tbe location of the 
fault parametcr has not been the aim of the methods bascd on the observer approach, parity space 
approach and thc residual generation approach. T'he emphasis in these melhods lies only on fault 
detection (lhe time identification of fault occurrence). Olherwise, the methods based on physical 
paramcter estimation havc beco used for fault location purpose, but lhe cstimation process is, in general, 
very scnsitive to additive random noise. To overcomc this drawback, this paper used the COITelation 
lechniquc in the residual cstimation process. The simulation of a numerical example showed thal the 
location of fault parameler is also possible even when additive random noise is present in lhe system 
signals. 

Manuscnpt received: August1998. Technical Ed1tor: Hans lngo Weber. 
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Residual Functions 

A widcly used model for mcchanical systems with lumped paramctcrs is given by 

Md(t )+ Dd(t )+ Kd(t )= Uu(t) ( I ) 

whcrc d(t) is lhe 11 dimensional vector of displacements anel the dots indicatc differentiation with rcspcct 
to time. The vector u(t) represents the p dimensional vcctor of input forces, M , D , K and U are 
respectively, thc mass, damping, stiffness anel input matrices of appropriate dirnensions. lt is casy to 
transform the above n dimensional equation into a 2n dimensional state space model, 

x(t )= Ax(t )+ Bu(t) 
(2) 

y(t )= Cx(t) 

with thc following definitions: 

{
d (t )l 

x(t )= if(t )J ' (3) 

where x(t) is the 2n. dimensional state vector and y(t) is the m dimensional output sensor vector. Tbe 
dimensionless matrix C is assumed to be in a generalizcd form with full column rank. The 
dimensionless transformation matrix T, with full rank and appropriate dimcnsions can be dcfincd, 
~atisfying 

CT =[l(m. m); O(m. Zn- m)l (4) 

Using the transformation matrix T, lhe systcm in Eq.(2) can bc transformed to lhe following form, 

~(r)= Ãx(t )+ iiu(r) 
(5) 

y(t)= Cx(r) 

where, 

-( ) -/ ( ) {y(t )l 
x r = T X\! = v(t )f (6) 

The (2n - m) dimensional vector v(t) represents the state variables that can not be directly measured 
by thc sensors. However, an unitary-dimensioo auxi liary system can be used to filter the vector of 
measurements in lhe following form, 

w(r) = Nw(t )+ pT y(t) (7) 

1l1c N and pr fi I ter parameters need to bc set in order to assign asymprotically stability and 
appropriatcd cut frequency . Thc transformed systcm anel the fi lter can bc rewritten in a singlc state 
cquation as 

i(r )= Fz(t )+Gu(t) (8) 
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with the following definilions: 

') {x(r )l 
z~ = w(t)J 

125 

(9) 

ll is now assumed that lhe input vecror, u(t), is an ergotic, stationary process, in a wide sense. The 
corrclation matrix, R ( r). can be defined by 

(10) 

and it is well known that this matrix is numerically constant and only function of time delay -r 
(Yaglom. 1962). Applying the differentiation rules in Eq. ( 10) using Eq. (8), the fo llowing matric ial 
relation holds true (Melsa. 1973): 

(l i) 

After some ordinary mathcmati.cal manipulation, the following relation can bc writtcn 

( 12) 

where lhe partitioncd matrices are defined by, 

Ã = T -IAT =[ A l(m.m) A z(m.2n-m) ] . jj =T-IB= [B I(m,p) l (13) 
AJ(2n-m. m) A 4(2n-m. 2n-m) B 2(2n-m. p) 

Tbc correlation vector r~ ('r) can not be directly estimated, however, it is possiblc to defwe 1inearly 

independent vectors s/ , with dimension ( 1 . m ), orthogonal to ali columns of matrix A 2 , satisfying, 

TA r . 1 . 
Si 2= 0 (1.1n- m) ' t = ... ·,] (14) 

and lhe numberj of lincarly independent vectors sT is given by 

( 15) 

i.e., Lhe vectors sT lic in thc null space of matrix A2 . The condition (14) is satistied when A2 has 

incompleto column rank, howcvcr, this rank condition can be achieved by selecting an appropriated 

transformation malrix T. Left mullip1ying both sides ofEq.(l2) by sT gives. 

i =I, ... , j (16) 

Tbe Equation ( 16) can bc uscd as a res idual function for monitoring system fau1ts. The residual 
function e, ( r) will be defined in lhe following form, 
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i =1 ,···' j (17) 

lt can be seen that it is possible to construct only j linearly independent residual functions and cach 
residual function is an analylical combination of known system parameters and correlation functions. lt 
is important to note lhat ali correlation functions in Eq.( 17) can be estimatcd using the mcasurcd vectors 
u(t) and y(t). 

Fault Detection and Location 

Whcn there is no faul t in the system and after response transients, the estimation of residuais salisfy 

e;(r)=O, i =J , ... ,j (18) 

It is now assumed that a fault in the system is represented by an unknown and permanent parameter 
variation. Eacb residual function e, ('r) has an known analytic combination of system paramelers. 
Assurning that the unknown fault parameter is only related to the residual function e, (-r), the estimation 
of residuais for a fault system gives, 

l
e, (-r)= O , i i: k 

e;{-r)i: O i = k 

(19) 

The analysis of discrepancies in lhe eslimatcd residuais shows tbe Iocation of the fault in the 
system. i.e., the group of parameters, whicb are directly related to the fault. In this case, thc residual 
function e, (-r) contains the fau.lt paramcter because after the fauit occurrence e; (-r) differs frorn zero. 
Thc condition (14) must be observed a.lso in a fault system, and this restriction can be satisfi ed selecting 
an appropriatc transformation matrix T. This can bc achicved introducing zeros into matrix T and 
analyzing tbe resulted analytical structure o f matrix A 1 and 8 1• 

The fault location is now investigated when lhe measured syslem signals bave additive noise, in the 
following form, 

Yr(t)= y(t)+ g(t) 
(20) 

u,(t)= u(t)+q(t) 

whcrc g(t) and q(l) are stationary random noise signals. The estimated residual functions in the prescncc 
o f noisc, can be written in the following form 

wherc, e,;( -r) are residual functions dircctly cstimated with noise signals, i.e. , 

(22) 

If the additive noise is a white process, i.e., it is not correlated for -r i: O, thc second part of the 
Eq.(21) becomes null. that is 
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(23) 

and 

(24) 

Hencc. the estimatcd res iduais in the presence of additive white noise, using direct estimation ín 
Eq.(22) lcads to the same results of the ideal case ín Eq.( 17). 

Numerical Example 

The proposed approach was applicd in a six DOF vertical rotating system shown io Fig. I. The 
vertical rotor is supported by hydrodynanúe bearing and driven by an electrie motor. Figure I also list 
some system paramcters (but not ali) used in tJ1e modeJing process. The complete description of this 
model is given by Pederiva ( 1992). The objcctive o f lhis exan1ple is to demonstra te how to dctcct a 
bearing fau lt and to identify lhe physical paramctcrs Lhat are related to the faull. Thc bearing faull will 
be charactcrized by an abrupt and permanent variation of bearing stiffuess and dampiog cocfficients 

z 

Motor 

Y2 

Model Parameters: 

ml=/5. mz = 10 : Bearing and rotor 

masses [kg). 

k1=90,000 . k2 = 120,000 · Bearing 

sliffness [N/m). 

d 1 =30,000 , d 2 = 37,500 : Bearing 

damping [l(g/s). 

L1 = L2 = 0.4 : Lengths of the rotor [m]. 

Y 1 , Y 2 , z 1 , z 2 : Linear displacements 

[m]. 

<pz , 'lf 2 : Angular displacements (radJ . 

Fig. 1 Model of vertical rotor 

The numedc values of mcasuring matrix C and transfonnation matrix T for lhis model is, 
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1 o o o o o o o o o o o 
o I o o o o o o o o o o 

I o o o o o o o o o o o 1 1 1 1 1 1 1 1 1 o o o 
o 1 o o o o o o o o o o o o 1 o o o o o o o o o 
o o o 1 o o o o o o o o o o o 1 o o o o o o o o 
o o o o 1 o o o o o o o 1 1 1 1 1 1 1 1 o 1 o o 

C= o o o o o o o o ' T = o o o o o o o o o o o o 1 o o I 

o o o o o o o 1 o o o o o o o o o 1 o o o o o o 
o o o o o o o o o o o 1 1 1 1 1 1 1 o o 1 o 
o o o o o o o o o o o o o o o o o I o o o o o 

o o o o o o o 1 o o o o 
1 1 1 1 1 I o o o 1 

(25) 

This transformation matrix leads to lhe dcsired special form. 

C = CT = (1(8 .s) : 0 (8. 4)] (26) 

and, additionally, matrix A2 satisftcs thc condition in Eq.( l4) using lhe following vectors 

sT. i= I, .... 4, 

[:rH 
I I o 1.5 1 o 

ll 
1 o 1 o o 1.5 

(27) o I l 1.5 1 1.5 

sJ I I 1 1 o o o 

Thc rcsultcd residual functions e; (r), i= I, · · ·, 4 have lhe following analytical form: 

e1(r )= [ - 1
·
5 

[k1 +6(a +b }] 
-6a o o - 1.5d, -1- 0.5d2 o --m, 1112 m, m, 

(28) 

1.5 Jt"'(r )} () en.l o · +r T 
-;;;; r,,., (z·) I 

e2(r)=[o o -15~ ( )] -6a I 1- d2 -·- k2 +6 a+b -- o 1 m, mz m, 
(29) 

1.5 2 ]{r,...{r }} ( ) o e!22 -+- · +r2 r 
m1 m2 r,.,.(r} 
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(30) 

eAr )={o O O O I (31) 

where the fo llowing definition was used: 

i='····. 4 (32) 

Thc parameters a . b and e ;u·e known system constants. The p<tram.eter Q is the rotor rotation 
( u = 60 radls) and correspond~ to the excitation frequencies of the system. /\11 criticai speeds of t hi ~ 
modcl are highcr than 100 radls. The residuais are in an adequare form for monitori.ng lineariscd system 
paramcters relatcd to lhe hyclrodynamic bcaring, i.e., stiffness parameters k, anel k2. and dnmping 
parameters d, and dz. The residual e,( r) is a funclion of k, and d,, the residual el-r) is a function of k, 
and d1. the residual e,(r) is a function of ali bearing parameters, and Lhe residual elrJ is not function of 
bcaring parameters. A stalionary sinusoidal input force was used to generate rcspome data. The sy~tem 
response was simulated using the Mar/ab@ softv,.·are anel a sampling interval of 0.01 sccond~. The 
following filter paramcters \\Cre used: 

I) (33) 

Thc filter cut frequency (100 rad/.1) is higber than tbe input system frequency. This is a necessary 
condition once the fllter can not attenuate thc exciration frequency of thc system. Thc residual functions 
were e~timated in an itcrative form using 4,000 discrete system response valueJ.. Tablc l ~how~ thc 
simulated fault coudition,. 

Figure 2 shows the pcrccntage variation of estlinated residuais with no system faults. l t can be scen 
that the perccntage variution of each cstin1ated re!>idual tends to vanisb when more data are used in thc 
eslimatioJJ proces~ (longer rccord of l>ystcm data). After 100 estimated values ( " = 100) the faults 
described in Table I are introduced into the system and the results are plotted in Figs. 3. 4. 5. 6 and 7. 
Ali faults rcpresent an abrupt and pcrmanent systcm parameter variation. 

Table 1 Sfmulated fau lt conditions 

Contli ci nn 11null Dcscnpcion NoiS<: (<;i nns) 

Syst~rn wich no faul t.> o 
1 k1 incr~as~s 20'« o 
.I dt and d2 incr~asc 5'-t o 
4 d2 incrcaS<:s J'k o 
5 d 2 i ncrcasc, JO"f. 10 

6 k1 and k1 ÍOCI\!3SC 5()Ci /0 
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Fig. 2 Varlatlon of estimated residuais In condltlon 1 Fig. 3 Variation of estlmated residuais in condition 2 
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Flg. 6 Variation of estimated residuais in condition 5 Fig. 7 Variation of estimated residuais in condition 6 

It can bc seco that after tbe faull occurrence, the residuais related lO fault parameters have bighcr 
pcrccnl.agc variation Lhan Lhe residuais not related to fault parameters (Figs. 3, 4 and 5). These 
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discrepancies on residuais are also observed when an additive random noisc is prescnted in the system 
signals (Figs. 6 and 7). However, when the noise is present, the identification o f thc fault residual is not 
easy as the ideal case (without noi.sc). 

The cstimated residuais showed more sensibility lo damping variation than stiffness variation. 
These residuais cbaracteristics are correlated to system parameters scnsibility, once the simulated model 
has more sensibility to damping variarion than stiffncss variation. Fault location is achievcd by 
identifying the phy~ical paramcters that are related to the residuais with higher percenlage variation 
after the fault occurrence. 

Conclusions 
A new method of model based fault detection and locaúon for slationary mechanicai systems was 

presented and verified with a numcric example. In this approach, fault isolation is achieved by 
analyzing discrepancies in estimated residuais using an appropriatcd paramctric residual analysis. The 
system parameters that can be monitored are directly related to the numbcr of lincarly independent 
residual functions. The transformation malrix T and the decoupling vectors s, must be assigned to 
provi de an adequa te selection of the system parameters for moniloring purposes. 

To maximize residual fault sensibility, the filter cut frequencies must be higher than tbc cxcilation 
frcquencies, howevcr, the numerical simulation showed that higher cut frequencies produces smallcr 
residual sensibilüy and only severe faults can be located by monitoring residual functions. 

To simulate praclical s itualions, addilivc noise was introduced into the systcm signals. The 
numerical results showed that the identification of lhe fault rel;idual is also possible when lhe noise 
intensity is less than 10% . 

Symbol List 

Matrices: Capitallettcr and bold, examplc: A, B, C, T . 
Vcctors: Bold letter, cxample: x(t), y(t), s, p . 
I . O , o: Idcntity malrix. null matrix and null vector, respectivcly. 
r ... (r), Ru(r): Corrclation vector and corrclation matrix for time delay 'r, respectively. 
Superscript (· .. )"'": Matrix transpose or vector transpose. 
Supcrscript ( ·· ·) ': Matrix in verse. 
Subscript ( ··· )1 •. ,, : Matrix dimension, examplc: A(11 • 11 ). 

: Vector parlition and matrix partition. respectively. 
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Abstracts 

A .~imple wu/ va.mtile methodology j(Jr the .w lutiors of the dijfusim1 Nfuation in two-dimmsional fracials is 
presented. The numericcd motlel Í! ba.wd Ofl w1 explicit finite-difference scheme. amllwndles any geometry whirh 
can be repre.\PIIted on a rectangulnr grid, including problems with an interna/ ('()lllplex mortJholoJiy, such a.1' a 
SietJJÍI/.I'ki carp('l, or l /11 illlrÍ('(f/l' extemal slwpe, like a quudratic Koch tJiute. For 1'0/idutinn purposes, the model is 
al.vo upplied tu a spatiallv periodic pomus meclium for which numerical and experimental data can be found in the 
literuture. The propo.,·ed metlwdology is geneml and can be e.\lended 10 three-dimensionul hetemgeneous solids, 
mude li f i of two o r more media. 
Keywords: Hem Diffusion. Fracw/.1. Finite-differences. Pomus Media, l:."jfectit•e Thennal Crmducth·iry. 

lntroduction 

Thc emergcnce of fractais. originally introduced by Mandelbrot (1967), was a significant break­
through in rendering complex geomctries tractable. Fractals are made of parts similar to lhe whole in 
some way (Feder. 1988). This delinition contains the essential feature in fractal geometry: se/f­
similarity. Exact fractais like Koch curves or Sierpinski gaskets cxhibit tlús property over an infinitc 
range of length of scales. The fact thal many natural objects - cracked interfaces, turbulcnce, coastlines. 
and others - can be describcd as fractais. at least over a certain range of scales, cxplains lhe wide 
applicability of fractal geomctry in science and engineering. 

Fonnally, fractais are bcst characterizcd by their l-lausdorf-Besicovitch or fractal dimcnsion, D. 
This exponcnt allows to establish a scaling rclationship M(Ô) - Õ" betwecn a characteristic linear lenglh 
scale, ô, and a measure (i.e., a length, arca or volume), M(ô). of the fractal objecl. Other cxponents and 
characterization are needcd in order Lo emphasize different aspccts and properties of fractals. A 
comprchensivc rreatment of fractal geomctry, its mathematical foundations and applicarions, can be 
found in Feder (l998) and Falconer (1990). 

The recentliteraturc on fractals cover a broad range of applications. which are of both scientific and 
tecbnological intcresl. In lhe context of gcophysics, Turcotte (1992) applied the norion of scalc 
invariance to various geological phenomcna. Tbe scattering of elcctJ·omagnetic waves from rough 
surfaces was modeled by Jaggard and Sun ( 1990) using a roughness fractal function. Panagiotopoulos 
et al. ( 1992) uscd a fractal approximation to analyze thc unilateral contact and friction problem in a 
cracked clastic body. Sapoval and collaborators ( 1991) numerically and experimentally addrcssed lhe 
vibrational propetties of two-dimensional fractal drums. 

In lhe ficld of transport phenomena, the advent of fractais represented ao importanl advance with 
the realization that they are a very good model for lhe geometrical stn1cture of rougb surfaces and of 
most disordercd matcrials (Havlin and Bcn-Avraham, 1987). 1-!owever, lherc are sti.ll relatively few 
works Lhat apply thc concepl of fractal to heat transfer problcms. Yao and Pitchumani (1990) and 
Pitchumani and Yao (1991) adopted a local fractal dimension tcchniquc to cbaracterize the cffectivc 
thermal conductivity o f unidirectional fibrous composites. Majumdar and Tien ( 1989) analyzed tbe heal 
conduction bctween two coutacting rougb surfaces using a fractal network model. Thovert et ai. (1990) 
numerically dctemúncd lhe effectivc lhermal conductivity of porous random media and regular fractals. 

Thc goal of this articlc is to present a simple and versatile metbodology for thc solution of tbe 
diffusion equation in two-dimensional fractals. The prcsent approach, based on ao explicit finitc­
diffcrence schemc, handles any geometry which can be rcpresentcd on a rectangular grid. ll goes onc 
step beyond previous research of Thovert (1990) by treating, with tbe same numerical model, 
geomctries displaying whelher ao internai complex morphology, such as a Sierpinski carpet, or an 
intricate externai shape, likc a quadratic Koch plate. Altbough we restrict our focus to two-dimensional 
fractais madc up of one or two pbases, thc metbod of solulioo is general and can bc extended to t:bree­
dimensional hcterogcneous solids composcd of severa I media. 
Manuscript recelved: November 1996; revised: August 1998. Technlca/ Editor: Angefa Ourivio Nieckele. 
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Mathematical Model 
Thc problem is govcrncd by the diffusion cquation 

2 JT( r ,t) 
k'il T(r ,t )+g(r,t )=pcp , 

d t 
( I) 

in a two-dimcnsional domain Q , composcd of onc or two isotropic and homogeneous media, subjectcd 
to an initial condition 

T(r,O) = F(r), (2) 

and. for t > O, to boundary conditions o f third k:ind on é).Q, 

k~l +hT( r',t) = j( r ' , r), 
~r'er)!J 

(3) 

where é)fêJn denotes Lhe normal derivative at the boundary. T(r, t) is tbe temper.Uure. g(r , t) is a 
volumctric powcr source tcrm, h is tbe convection cocfficienL, f(r , t) is a specified boundary condition 
function, and k, p, and c, are thc thermal conductivity. lhe dcnsity and the spccific heat, respectivcly. 
Across the interfaces of differcnt materiais, therc is continuity of tcmperature and hcat tlux. The 
thcrrnophysical propertie~ are assumed to be tempcrature-indcpendent. 

A uniforrn square Cartesian .mesh consisting of N x N grid points is used to discretize Lhe 
computational domain. For the sakc o f brevity. we rcstrict ou r analysis to the two configurations shown 
in Fig. 1. In order to casily map onto thc numerical model lhe morphological complcx.ities of the 
problem geomctry. we define a matrix A = {a( i, j); i. j = I, 2, .. .. N} as follows: 

I f 1 f I I I 
- -#- +9 -t•-1CL t2- +2 -fP-
-~ I ' . ·~-

LLJ -+· • t' t! +' 1_.9-

• _ _.O I I t! ~~·-
- ~ -t•-1• L+'- . ~-
_ .f-t0-+0 I • I~-

(o) 

- .... -1''--+2-t!! f -t• -1 o -
I I I I I f 

~ • 
I I I I I 

( b) 

Fig. 1 Configuratlons in study and assoclated A matrices: (a) homogeneous body with irregular shape, 
and (b) square heterogeneous body composed of two media .. 

-- Nomenclature 
a. c, I geometric h convection r(k. l, m) element oi matrix R 

parameters In Fig. 4 coefficient in Eqs. (11) to (13) 
a{i, J) element oi matrix A k thermal conductivity s(k, I, m) element oi matrix S 

In E~s. (4) andJSl 1<. elfectlve thermal in Eqs. (14) to (16) 
Cc, C... C. coe icients oi q . (6) conductivity T temperatura 
Cs! C... m Archie's exponent li characteristic linear 

â" SP.ecific heat n fractal construction length scale 
dlffusion number St8Q9 ót time step 

o Hausdorl- r ftosrtlon vector ÓJ( grid slze 
Besicovltch or fractal t me p density 
dimension p{k, I) element of matrix P 6 porosity 

9 volumetric power in Eq. (8) 
source q(k, I) element of matrix a 

in Eq. (9) 
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• Homogeneous body with irregular shape (Fig. la): 

. . {'ifnode(i,j )e n uan 
a( I,J) = O I 

e se, 

• Squace heterogcncous body with two media n, and Q.,(Fig. lb): 

1

0ifnode( i,j )en , uan, 
a(i,j )= lifnode( i,j )e n2uan2 

2(fnode( i.j )e o n,_2 • 

135 

(4) 

(5) 

Discreti~ation of Eq. (I) m lhe space grid by a forwacd-time centered-spacc (FTCS) finite­
di ffercnce schemc yields 

T n+l=( I ir" T" 1"" '1' 11 T 11 
i.} +cc- ''i,J +c.,. ;,,;-t+Ce l.}+t+c,. i- l.j+c" i+J.j· (6) 

For the homogcneous configuration, the coeffic ients of Eq. (6) are givcn by Lhe clcments of 
malrices P = {p(k. t); k. I = 0,/) and Q = (q(k, f): k ,l = 0,1): 

c, = p(a(i.j- 1), a(i.j +i)) 

+ p(a(i - 1. j), a( i+ I, j)) 

c.= q(a(i,j - /), a(i,j + /)) (7) 

c,= q(a(i, j + /), a( i, j · 1 )) 

c, = q(a(i- 1, j). a( i+ 1, j)) 

c.= q(a(i + I, j), a( i - /, j)), 

where 

P-[ O - 2d(l+/lxhlk)] 
-2d(l+t1.xltlk) - 2d (8) 

and 

(9) 

with d = Ml I Ax'. a= k I pcp being lhe thcrmal diffusivity, ôt lhe time step, and Ax the grid sizc. 
In the ca~e of the heterogcncous configuration, the solution coefficients for thc internai grid points 

are thc elements o f the thrcc-dimensional matrices R = {r (k, I, m): k. I. m = O, I, 2} and 
S= {s(k,l , m);k.l.m=O, 1.2}: 
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c, = r(a(i,j -1), a(i,j + 1), a{i,j)) 

+ r( a( i- 1, j), a( i+ 1, j), a( i, j)) 

c.= s(a(i, j -1), a(i,j + 1), a(i,j)) 

c,= s(a(i, j + 1 ), a( i, j- 1), a( i, j )) 

c. = ~(a( i- I, j), a( i+ 1, j), a( i, j)) 

c. = s(a(i + 1,j). a(i -l,j), a(i,j)). 

where 

-2d,l 
o . 
o 

Rm-/1~ 
o 

o ]' - 2d2 -~dz • 

-2d2 

1 -2d, 

_ 2 (kJ tl21 

lktldt/+~kzltlz > 
R ' -2 (kz+kJI 

, __ lkzltl2 )+lkJid1 > - 2d2 

- 2 (kJ+kt) 
(k]ldj 'r+(kjldf) 

-2 (i. .!ik2) 
ck3 1dJ )tli.zltlz 1 

and 

r o d,l s,:() o o o . 
d, o o 

~1~ 
o ;] Sm dz 

d z 

{ d, 
2 kJ 

cJ.. 11tt1 1-t!I2 1dz/ 

S 2 kz d2 "'2 rkztti2 J+IkJid1 1 
kJ 2 kJ 2 

(kJidJ/+(ktltf( i lkJid3 Jtli.zldz i 

( LO) 

( 11 ) 

( 12) 

-2 ,,,,,, l 
(kfldf )+(kJidJ) 

_
2 

(kztk3 > 
lkzldz )tfkJitiJ i · 

-2d3 

(13) 

(14) 

(15) 

2 ,, l (kJidJ)-t!/..jldJ) 

2 k2 
I kz I t12 J+l kJ I dJ J ' 

d3 

(l6) 
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with k1 = (k1 + k2)12, a, .= (<X,+~)/ (k/a, + k/a1 ), and d,, =a, tll/.dx' for q = 1, 2, 3. Similar rclations 
can be derived for the nodes locateel on the externai boundary ()Q = ()QI v ()Q,. Continulty of 
temperature and heat flux across simple interfaces. eelgcs and comer/i is incorporated into the numerical 
model througb the elements of matrices R.,.! and S.,.,. The numerical scheme given by Eq. (6) has a 
truncation error of 0( LU.:-) and O(tlt), and is conditionally stable for values of d~ .. = a..,L11/M ~0.25. 
with a;,.,, = max {a,, a]). 

Some applications require thc computation of asymptotic steady state solutions. eonsequently. thc 
restriction imposed on .M by lhe slability condilion may lead to a prohibitive computational cfforl. A 
bcltcr approach in this case is to rcplace Eq. (1) by lhe respcctivc Poisson cquation, anel Eq. (6) by a 
SOR (Successive Ovcrrelaxation) numerical schemc. Thls modification can be easily implemented with 
only minor adaptations on the procedurc dcscribed abovc. 

Numerical Examples 

To illustrate the methodology presentcd in the prcvious seclíon, lhree representative examples were 
considercd, including two deterministic fractais and a spatially perioelic porous mcdium. Althougb this 
last examplc may not be considered an exact fractal , constructed by a rigorous deterministic recursivc 
law, it will be useful to validate the numerical model in comparison with experimental data published in 
the literarure. Since the number of grid points grows roughly one order of magnitude at each fractal 
construction slage n, for a fixeel resolution al lower scales, onJy low values of n were used in the 
simulations beca use of thc enom1ous compútational time required. 

Effective Thermal Conductivity of Sierpinski Carpets 
The first example concems the problem of detcnnlnlng lhe effcctive lhermal conductivily of a 

Sierpinsk.i carpet (SC). Denoted by k,., the effective thcrmal conductivity is delineei as the conduclivity 
of an equivalent homogencous medium, which exhibits the same lilcady-state characteristics as lhe 
hctcrogeneous body. 

The value of k, is minimum i f the different media are disposcd in layers normal to lhe direction of 
the hcat flow. On the other hand, the maximum value is attained when ali materiais are arranged in 
parallel to the heat flux. Expressing thc spatial average flux in terms of the gradient of the averagc 
temperature and lhe effective thermal conductivity tensor K., we have (Nozad et ai., 1985): 

(q)=-K.,·"Y(T) (17) 

Sierpinski carpets are constructed according to the procedure depicted in Fig. 2. At ordcr n =I, the 
initial fllled squarc is divided into 9 equal-si~ed smaller pieces, thc central squarc being removcd. AI 
subsequent orders, this procedure is rcpeatedly applicd to the remaining squares. Aftcr each iteration, 
the arca (and henec lhe mass) of lhe carpet is rcdueed by a faclor of 8/9, whilc the total perimcter 
increases. ln tbe limit of n -+ oo. lhe carpet arca vanishes, while lhe perimeler is intinlte. The fractal 
dimension of a Se generated by this procedurc is D= log 8/log 3 .. I .893. 

The effective thermal conductivity o f lhe se was numerically computed up to the forth construction 
l>tagc. Applying a uniform heat flux along lhe longitudinal direction (±q,, at y = O and I, respectively), 
and assuming adiabatic conditions at the lateral carpct sides, the effcctive thermal conductivity k. can be 
exlractcd from Eq. ( 17) by spalial averaging the lempcrarure gradient over N, parallcllayers o f width óx 
anel unit lcngth. Summing up over all layers the rcsulting conduclanccs. the averagc flux in the i-th 
layer can bc approximaled as follows: 

(18) 

Thus, the value o f k. is glven by 

Nf Nf q tlx 
k =""' k i tlx =""' -:--:----"-1--:--:-

r k-1 " k-1 (T} -(T.) ' 
t=/ t= l I y=O I 1 - / 

(19) 
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where 

( ) 
(1j+T,+I) 

T, = ----
2 
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(20) 

• • • 1m 

·li· .. li 

• • • 
Flg. 2 Constructlon of lhe Sierpinskl carpet 

In ali simulations, convergence was assumed to be reached when lhe difference of the computed 
valnes at two conseculive iterations was less then 1 x lO'. Meshes of 82 x 82 nodes (for n =4, 244 x 
244 nades) were used in the simulations. 

Figure 3a presents, for a SC composed of voids (k1 ,. 0) anda matrix of unit conductivity (k, = 1). 
the effective thermal conductivity as a function of the complementary porositv rll* = f - dl where cp is the 

porosity. The porosity depends ou the construclion ~>tage n, and is given by ~--í.7dll-'tyl . A contour 
plol is also :.hown in Fig. 3b to illustrate thc tcmperature distribution in a se madc up of a resistive 
matrix and conductive inclusions. wilh k/k1 = O. L. These results are in accordance with Archie's law, 

relating conductivity and porosity in rocks fully saturated by a conducting fluid. Empirically it is fonnd 
that (Nigmatullin el ai., 1992) 

(21) 

where m i~ the Archie's exponent, usually ranging from 1.3 to 2.5. Particularly, we obtaincd m = 1.863, 
which is in good agreement with the resull computed by Thovert and eollaborators (J 990), m = 1.89. 

Extensive simulations with Sierpinski carpets generated through different construction procedures 
(for instance, the initial filled square is divided into 16 equal-sized smaller pieces and the 4 central 
squares are the rcmoved. with D = log 12/log 4 "' 1.792), for various conductivity rations. have shown 
that the cffcctivc conductivity of a Se is given by a gcneralization of Archie's law. so that Eq. (21) 
takcs the from: 

(22) 

where y =IIm, with -1 $ 'Y $ 1. Thc cxponent 'Y expresses how parallel is the internai morphology 
relatively to the beat flux. Is does nol dcpcnd on the fractal dimension D. For n ~ ""• ~ ~ I and k, = k1• 

From Eq. (22) it is possible to retrieve the well known corrclaúons for maximum and minimum value o f 
the effcctivc thcrmal conducrivity of an arrangement of two media. Tndeed, whether the two media are 
disposcd in layers arranged in parallel or in series in the direction of the temperature gradient, ycquals I 
or -1 . Simulation~ with random media suggest that this correlalion may bold for other types of 
heterogeneous materiais and, thus, have a broader applicability. This last point is currently in study and 
will be di~cussed in a coming paper. 
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Effective Thermal Conductivlty of a Spatially Periodic Porous Medium 
The dctermination of the cffcctive thennal conductivity of porous media is a problem of great 

interest to engineers and geophysicists. Two recent studies reveal the existencc of severa! empirical 
correlations and theorctical models (Hsu et al., 1995; Tavman, 1996). Tbcse models prcdict the 
effective thcrmal conductivity 3!> a function of the porosity, the thcnnal conductivity of each phase, the 
shapc. orientation and di~tribution of Lhe solid particles, the thermal contact resistancc between 
particles, and othcr paranletcrs. In the porous medium, heat is transporte<! mainly by conduction through 
the solid and nuid phases, although radiation between the solid particles and convection in the nuid 
phase may play a significant role, depending on the size o f lhe pores and lhe tcmperature of thc body. 

Becausc of Lhe syrnmeLry of thc thennal paths, a common approach when dcaling with 1>patially 
periodic porous media is to estimatc the average properties from the thennal bchavior of a unit cell , 
assuming adiabatic conditions at Lhe local boundaries parallel to the macroscopic heat nux. In this 
second numerical cxample, wc cstimate Lhe cffective therrnal conductivity of a two-dimensional 

....... ·:....:.· 

0.1 
! 

0.01 

I • Sierpinski carpet 

0.001 ~----------~--------~--------~------~ 
0.6 0.7 o.a 0.9 

a) 

b) 

Fig. 3 (a) Effective lhermal conductlvily of lhe Sierpinski carpel as a function of •• = 1 ·•· where k..,.. and k.,. are, respectively, lhe upper and lower bounds on lhe value of k.; (b) Contour plot of lhe 
temperatura dlstribution In the Sierpinski carpet. 
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Fig. 4 Array of touchíng square cylinders and its corTesponding unít cell (dotted square). 

array of touching square cylinders, whose cross-section morphology and respecrive unit cell is shown 
schematically in Fig. 4. witb e/a = 0.02, a/1 = 0.80 and tP = 0.36. A mcsh of 126 ~ 126 nodes was used in 
ali computations. Radiation and convection effects are neglected. The results are presented in Fig. 5 for 
a wide range of conductivity ratios k/k" wbere k,. and k, are lhe conductivity of the solid and nuid 
phases, respectively. Globally, the results obtained by om· model are in exce.llent agreement with 
experimental and numerical data of Nozad ct ai. (1985) and Hsu et ai. ( 1995). For k/k1 < I and 
klk1 > 1000, the present model underpredicts the effective thermal conductivity when cornpared with the 
experimental data. For very bigh values of klk;, discrepancy occurs because, in this case, it is crucial to 
have a good estimate of e/a, which remains as an empirical parameter of thc model. On the other hand. 
when the conductivity ratio is lowcr than one. the solid phase start~ to behave li.kc a hcat barrier, and the 
appearance of three-cümensional heat conduction effects becomes relevant and must be taken into 
account by the model. 

• VCPIRI.INfl 
--- ,_, lT AL.'t -L 

---~ lT AL.' t IIOOI!L 
o ...... wou 

Ke /l<t 

Fíg. 5 Comparíson of effective thermal conductívíty of a two-dímensíonal array of touching square 
cylinders wlth experimental data and numerical results of Nozad et ai. (1984) and Hsu et ai. (1995); 
Hsu et al.'s results were obtaíned for a touching parameter of e/a= 0.01. 
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Transient Heat Diffusion in a Quadratic Koch Plate 

In this last example, wc consider a two-dimensional quadratic Koch plate, maintained at a uniform 
initialtcmperaturc o f 0°C. For t > O. the temperature at point A orO (test ca~es (a) and (b). rcspectivcly; 
see Fig. 6) is suddcnly raiscd and maintained at l.O"C, whilc heat is transfered by convection from thc 
ex.temal boundary to a fluid at O"C. with h= 100 W/m'K. 

Temperature diMributions in the quadratic Koch plate. at t = 24 s, are shown in Figs. 7a and 7b. 
Numerical results are also prcsented in Table I in lhe form of ratios ~frl. for differcnt times and n = I, 
2. 3. betwccn the tempcrature at construction stage n and lhe corrcsponding temperaturc in thc square 
that originated thc fractal (n = 0). Wc note that, as the value of n increascs, the encrgy introduced at onc 
of lhe edges of lhe Koch plate (point A in test case (a)) tends to bc almost completely dissipatcd by 
convection at thc local levei, little affecting thc other brancbes o f tbe fractal objcct (point B). As n ~ oo, 

the platc perimeter approachcs infini ty and ali the heat is dissipated locally. In comparison, thc thermal 
coupling bctween the ccntcr (point 0) and the periphery (points A and B) rcmains relativcly unchanged 
with the growing irrcgularity on the platc shape. These results illustrate the wcll lmown damping 
properties of fractal boundarics (Sapoval ct ai., J 990). and may ex.plain why objects displaying fractal 
propcrties appear so often in naturc. 

Flg. 6 Geometry of the quadratlc Koch plate. 

Conclusion 

In lhe ficld of transport phenomena, thc advent of fractais rcpresented ao importam advance with 
thc reali;;r..ation that they are a very good model for tbe geometrical structure of rough surfaces and of 
most disordcrcd materiais. In this paper, we presemed a simple and vcrsatile methodology for 
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a) 

b) 

Fig. 7 Temperatura distribution in the quadratic Koch plate for t = 24 s, n = 2, h= 100 W/m2K, and (a) TA 
fixed at 1~C. and (b} T0 fixed at t9C. 

Table 1 Numerical results for the quadratic Koch plate. 

Temperatura Test Time Construction Stage 

Ratio Case (s) n=t n -2 n = 3 

6 6.61 )< 10~ 1.49 x to·7 1.88 x to·• 

TÊ ;rff (a} 12 1.36 X 10" 1.10 x 10 .. 2.27 X 10'6 

24 2.18 X 10'2 3.45 X 10', 1.16 x 10-3 

6 6.93 X 10'1 4.11 x 1o·• 2.11 X 10'1 

1{)1r& (a} 12 7.43 X 10'1 4.09 X 10'1 2.36x 10·' 

24 7.84 X 10'1 4.37 X 10'1 2.82 X 10'1 

6 6.93 X 10'1 4.06 X 10'1 2.05 X 10'1 

Tn /To (b} 12 7.42 X 10'1 4.08 X 10'1 2.53 X 10'1 

A A 

24 7.82 x 10·' 4.52 X 10'1 3.31 X 10'1 
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lhe solution of the diffusion equation in two-dimensional fractais. Thc numerical model is based on an 
explicit finite-differeoce schcme. and handles any geometry which can be represented oo a rectangular 
grid. This work goes one step beyond previous research of Thovcn (1990) by treating, with the same 
numerical model, geomctries displaying whether an iutemal cornplex morphology, such as a Sierpinsk.i 
carpct, or an intricate extemaf sbape, like quadratic Koch plate. 

The performance of the proposcd model is illustrated with the help of three representative 
examples, whicb include a Sierpinski carpct, a quadratic Koch plate and a spatially periodic porous 
mcdiurn. Particularly in this last example, lhe results were found to be in excellent agrecrnent with 
experimental and numerical data published in the litcrature. Although we restricted our focus to these 
two-cfunensional exarnples, thc meiliod of solution is general and can be cxtended to thrcc-dimensional 
heterogencous solids made up of two or more media. 
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Abstract 
This work present.1· a general procedure, de1•eloped wilhin lhe Jramework of thermodynamics of irreversible 
processes. to obtain constillalve relations .forfluids that verify awomatically 1he principie of material objectivity and 
a local version of the .l'tiCOnd law of thermodynamic.•·. In this constitulive theory th.e Ji'ee energy is .mposed to be a 
differentiable .fim.ction o.f a flniw set t~( vc1riables, some of them introduced to accounl for lhe imerference of lhe 
microstrucwre with tlze macrostructure. This phenomenological 1heory may allow a simplified macroscopic 
description of tlze microstructural physical meclwnisms, relevem/ .for certain clas.~e.1' of./luids. The clwice o.f a 
particular objective time derivative and af two thermodynamic potentials is stifficient lo define a complete set of 
cmwitutive equwions. Some ba.1·ic feature.\· and possibilities t~( the themy are pre.wnted through examples 
concerning viscoelaslic fluids. 
Keywords: Vi.I'Coe/astir: Fluids, Thermodynamics of lrreversib/e Processes, R Me Type Constitutive Theoríes 

lntroduction 
To set up a general constitutive theory for fluids it is necessary to consider aspects of the second 

law of thermodynamics since dissipative phenomena must be taken into account. In addition, the 
constitutive equations must satisfy the principle of material objectivity. The constitutive theories in 
which lhe free energy is supposed to bc a function of a sct of indcpendcnt variables (Germain et al., 
1983), widely used in solid mechanics (Halphcn and Quoc Son, 1975; Clcja-Tigoiu and Soós, 1990), 
may provide practical tools for the modeling of non-newtonian flvids especially when il is necessary to 
account for the interference of the microstructure with the macrostruclure. That is the case, for instance. 
of certain kinds of polymeric liquids i.n which the breakdown of connections between the structural 
units that charactcrize the interna], i.e., the submacroscopic structure, may induce a decrease in the 
resislance to flow (Byrd et al., 1987; Billington and Tate, 1981). In these theories, some variables are 
introduced lo accounl for dissipative mechanisms. In a phcnomcnological approach, such additional 
variables are supposed lO contain microstruclural information, relevanl for certai.n classes of materiais. 
To each of these variables is associaled one constitutive equation in such a way that a local version of 
thc sccond law of thermodynamics must be satisfied. 

This paper is concemed with a systcmatic proccdurc to obtain constitutlve equations for fluids 
within this framework. Whatcvcr is thc cholce and interpretation of thc ad.itional variables introduccd to 
account for dissipative mechanisms, the resulting constitutive cquations are objective and satisfy a local 
version of the second law of thermodynamics no matter lhe externa! actions and the initial and 
boundary conditions. The choice of two potential.s and of a particular objecrive time derivative is 
sufficient to define a complete set of constitutive equations. Although a large number of altcrnative 
objective Lime derivatives found in literature can bc considercd in ratc-lypc constitutive theories 
(Jaumann, Truesdell, Cotter-Rivling, etc.), some of thcm may lead to physically unrealistic oscillatory 
behaviors even if lhe resulting constitutive equations are thermodinamically admissible and satisfy lhe 
principie of material objectivity. Hence, in order to assure material objectivity wilhout undesirable 
oscillations, spccial kinds of objective time derivatives for tensorial quantities are considered. Since the 
choicc o[ a particular objective time derivative can be interpreted as a constltutive assumption, it is 
presented a discussion about the physical interpretation of these derivatives and their posslble relation 
with micromotions. 

The main features and possibilities of lhe theory are presented through examples concerning 
viscoelastic fluids. The study of fluids that may store elastic energy is interesting because some 
important phenomena, sucb as the the variability of viscosity with rate of shear and normal stress 
effects sucb as thc dle - swell and centrípeta! (or rod climblng) motion may be connected with thc 
ability of the fluid to store elastic energy temporarily. To better understand the role of the objectivc time 
derivative in the theory, a simple shear flow of (generalized) Maxwell t1uids ls studied. The analysis of 

Manuscripl receíved: March 1997: revísed: November 1998. Technícal Editor: Angela Ourívio Niecke/e. 



H. S C. Mattos· On Thermodynamically Consistenl Modeling of Viscoelastic ... 145 

this panicular example allows to verify that. duc to the dissipativc bchavior, in some non-newtonian 
fluids a flow may strongly depend on the initial conditions adopted for some of the independeo! 
variables. 

The Second Law of Thermodynamics 
Under suitable rcgularity assumptions, it is pos~iblc to consider thc following local verl>ion of the 

second law o f lhermodynamics: 

d =r. D -r!( e- o s) + q.g ;;:: o (I) 

whcrc ( · ) denotes tbc material time derivative of ( ); p is the mass density; T the Cauchy strcss tensor: 
D = 112 { gradv + gradv )'/ the defom1atioo ratc tensor: e the internai energy per unit mass: 9 thc 
absolute temperature; s lhe total entropy per uni! mass; q the heat tlux vector and g = - grad (/og8), 
log8 i>tanding for the logarithm of the absolutc tcmperature. d is lhe rate of energy dissipation per unit 
volume. The second law o f thcrmodynamics makes a distintion betwecn possible processes (d ~ O) and 
impossible processes (d < 0). The possiblc processes may bc reversible (lhe ratc of energy dis~ipation d 
is always equal to zero) or not. The Clausius-DUhem inequality. an altemative local version of the 
second law of thermodynamics, is obtained introducing lhe definition of the Helmholtz free energy per 
uni! mass 'fJ ( 'fJ = e - tJs) in Eq. (1 ): 

d = T. D - prP -se ) + q.g ":2:. O (2) 

Constitutive Theory 

A general procedure to obtain a set of thermodynamically admissiblc constitutive equations for 
tluids that ve•ify automatically the principie o f objectivity can be descrihed by the following steps: 

Free energy potential 

To et up a constitutive lheory within lhe framework of the lhermo-dynamics of irrcversible 
processes, the present work consider fluids for which the Helmhotz free energy '1' can be expresscd as 
an isotropic and differentiablc funcúon of lhe absolute temperaturc 8, of the density p, of a measure of 
strain e (to be defined in lhe next section) and of wathever may bc relevam independem variables, 
which must be objective quantitics. Generally, thcsc variables are u~>ed to model the interfercnce of the 
microstructure with thc macrostructurc. For instancc: a tcnsorial variable rclated to the irreversiblc part 
of lhe t1uid defomJation caused by differcnt possible submacroscopie mechanisms in molten metais and 
polymcrs: a tensorial variablc lhat takes into account the incompatibility between different slip systetns 
in crystallinc fluids: a scalar variable related to the size and volume fraction of particles in suspensions; 
a scalar variable related with lhe proportion of broken connections bctween structural units in a 
macromolcculc; etc. 

A further discussion about the defmition, choice a.nd intcrpretation of thcsc variables i~> pcrformed 
in lhe next sections. Since, in this theory, most of tbc difficultics with material objcctivity appear whcn 
these additional variables are tensorial quantilies. only one abstract additional second order symmetric 
tensorial variable A is considered from now on in order to simplify the presentation: 

yt = IJI(p, E. A. 8) (3) 

Objective time derivatives 

The concepts underlying lhese constitutivc cquations cannut be presented wilhout regard to the 
question of whether they salisfy thc principie of material objectivity. 

Since lhe material lime dcrivalive of ao objectivc tcnsorial quantity is not necessari ly objcctive, it is 
interesting to use some special kind of time derivative in rate type constitutive equations in ordcr to 
assure the objectivity (for a furlher discussion see, for instance, Billington and Tate, 1981 and Trucsdell 
and Noll, 1965. 
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A large number of definitions of objective time derivatives can be found ÍJJ the literature (Jaumann, 
TrucsdclL Cotter-Rivling. etc.). The choice of a particular derivative is very impon.ant and can be 
interprete(.) a~ a con~titutive assumption. The pre~em study is resu·icted to a particular family of 
derivatives: 

i =T +T(W- wR )-(W- wll )T 

À=À +A(W - WR ) - (W - WR )A 

E =E+E(W- WR )-(W -WR )E 

(4) 

where T,À,E , are objecrive time derivatives of the objective quantities 1~ A, e 
W = 112 {grad ,. grad 1')'l is the spiJ1 tensor and w• is a skew-synunetric second order tensor. Tbe 
objective derivatives T,A <md e are equal to the material derivatives of T, A and e as they would 
appear to an observer in a frame of rcfcrence attached to the particle and rotating witb it at an angular 
velocity equal to the instant.aneous value of the spin (W - W"). The spill W" can be associated to 
micromotions of the material structure or substructure. Neverreless, ir is not a simple task lo give a 
complete interpretation of this additional spin based on nlicrostructural consideration. The term (W W") 
can be associated to the independent movement of a unir vector ll attached to the material point: 
1Í = (W - W") may be interpreted as relative rotation of the material structure or substn1cture with 
respect to lhe continuum. In this case. WR coincides with the concept of relatlve spln proposed by Zblb 
and Aifantis. J 987. in the context of solid mechanics which is a generalization of the plastlc spiJ1 
utilized by Dafalias, 1985 and V an Der Giessen, 199 J. 

The detennination of the additional spin w• can be based on the analysis of tbe illterference of the 
microstructure (micromovements) wlth the macrostructme orou a phenomenological approach (which 
i~ the way adopted in this paper), presenting directly macroscopic constHutive relations for w•. If 
w• =0 the derivarives f , ;Í ,i coincide, respectively, with the definition of the Jauma1m derivative of 
T, A ande. From a phenomenological point of view, the spin w• should be introduced in lhe theory to 
climinate physically unrealistic oscillatious of lhe variables T, A andE that may appear jf the Jaumann 
derivative is considered. lu this phenomenologlcal approach, the relative spin is assumed to be an 
objective function of the defoJmation rate tensor D, of the caucby stress T and also of A such that 
w• =O i f D = O. Hence, very general expressions can be adopted for the skew-synnnetric tensor 
w• (T. D . A ). Jn general, for an adequnte phenomenological description of fluid behavior, in order to 
elimir1ate tbe undesirable oscillations induced by the Jaumann de1ivative, it is sufficie111 lo consider: 

WR =TJ(AD - DA) (5) 

witb 17 beillg a constant. For lhe sake of simplicity. this expression for w• is adopted in the examples 
presented. 

The defi11ilion of the objective derivative i allows to propose a definition for the mensure of 
deformation E considered in this paper - eis the second order tensor such that: 

(6) 

A~ it is sho~--n elsewherc, sucb definition of E ls very useful in the modeling of elastic effects in 
,ome fluid flows. 

Fourier Law 

The main idea in this theory is to characterize a fluid behavior through the free cnergy ':P and the 
rate of energy dissipation d. Consequently. constitulive informations about the parcel IJ . g of the rate of 
energy dissipation d must be given. In this theory these information are obtained through the following 
constitulive relation between q and g : 

q = k( e J c (7) 
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whcre k is a positivc scalnr function of e. From the definition of g it comes that: 

k(O) 
q = k(O) grad(logO )=---gradO==- K(O) gradO o 

147 

(8) 

Equation (8) is a generalized version of Lhe Fourier law wilh K bcing lhe tbcrmal conductivity. lt 
can be rcduced to the usual Fourier law (K = constant) i f small deviations of lempcrature from a fixcd 
90 is assumed. 

Rate of energy dissipation 

The choice and interpretation of the auxiüary variable A may vary from one problem to anolher. 

Ncvenhelcss, in lhe present lheory. such kind of variable is supposed to be related with irreversible 

changes on thc microstructurc and, consequently. with dissipative mechanisms. This relation with 

dissipativc mechanisms is introdueed through the comtitutive assumption that the pareel 

( T . D- P& +sé)) of lhe rale of energy dissipation d can be expressed as a function d., of D and A 
such lhat d111(0,0)= O. 

T .D- p(vf +sé J== d
111

( D, À) d/11(0,0)=0 (9) 

Hence::, {r. D - p( 1P +sé))= (d - q. g )= d111 ( D, A) is a parcel of the rate of energy 

dissipation relmed only to mech<mical effects since dM is supposed to be only a function of D and Ã . 
This assumplion has an importam role in the theory. For instance, in any homothermal rigid body 

motion, lhe rate of energy diss ipation d may bc positive (d > O) only if A -#0, olherwise. d =O. As a 

consequence, in this kind of motion, lhe only possible dissipative mechanism would bc the microscopic 
changcs related to lhe variable A. Besides, if lhe potential lfl is a function only of p ande. alJ possible 
processes must be reversible. 

drn is supposed to have Lhe following fonn for lhe fluids considered in this lheory: 

(}~ (}~ -
d, =--.D +-:-.A 

J D éJA (lO) 

wherc ~i.~ a differentiable function of D and A such that fP (0,0) = O. Equation (lO) implies that lhe 
pareci of lhe rate of cncrgy dissipation duc to mechanical effects is lhe sum of two parts, the firsl onc 
(('d~jêJD ). D) related to lhe rale of cnergy dissipation due to viscous phenomena and the second one 

((alfr /élA ). A) related to lhe dissipation duc to internai changes of the material. 

To understand lhe implications of thc choicc of exprcssion ( 10). it is intercsting to use the following 
local form for the rale of energy dis10ipation, obtained from Eqs. (2) and (3): 

(J 1) 

Using the symmctry of e andA it is possible to verify that: 

(12) 

lntroducing lhe balance o f mass equation and Eqs. ( 12) in (l i ), it lhen comes that: 
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d= T-p-+p - 1 D-p-.A-p-8-ps8+q.g 
( 

()"' 2 rlljl } dljl - dljl . . 
Je éJp éJA Je 

(13) 

Since l/ 111 is given by ( I 0), lhen: 

d,(D,À)=d-q.g =( T- p ~: +p
2 ~~ 1 ) v- p ~-Ã-( ~: + ps != :~ .D + ~ .A 

(14) 

And, consequently: 

( 15) 

Equation (15) must hold in any possible process.Thus, it is po.ssible to conclude that the following 
relations mu.st always hold: 

dljl 
s=- -

()8 

dljl dip 
p-+--==0 

dA éJA 

( 16.1) 

(16.2) 

(l6.3a) 

(16.3b) 

Equations ( 16) are conMitutive relations lhat result from the hypolhesis adopted for lhe frcc energy 
'P and the rate o f energy dissipation d. The choice o f the exprcssion for lhe relative spio W" and also for 
the potcntials 'I' and ~ characterize completcly a given fluid in this tbeory. Equations (16) togelher witb 
the Fourier Law (8), lhen fom1 a complete set of objective conslitutive equations. 

Equalion (16.1) is a cla.ssical expression found in many works, which is very good, at lcast, in the 
case o f small variations o f tcmperature from a fixed 8 •. 

Equation (16.2) relates the objective time dcrivative of A with thc other independent variables. 
Similar expressions appear in some works concerned with solid mechanics (Halphen and Quoc Son, 
1975) andare generally called complementary equations. Ncvcrtheless, these complementary equations 
are dircctly postulated anel they are not obtained, like in the present work., as consequenccs of 
hypothcsis concerning thc frce energy and lhe ratc of energy dissipaüoo. 

The strcss tensor T and lhe otbers variables are rclated through Eq. (l6.3a) (compressiblc fluids) or 
cquation ( 16.3b) (incompressiblc fluids). The term (p( dljlldê)) is lhe elastic or reversible part of T and 
( (}tf>ié}D) lhe irrevcrsible part o f T which i.s related to viscous phenomena. The term ( pl( Ôljllí7p)) is the 
thcrmodynamic pressurc. Pisa muJtiplier of the incompressibility constraint tr D =O. P is an unknown 
quantity to be determincd from the problem formcd by lhe balance equations, lhe constitutive equations 
and a suitable set o f boundary and initial cooditions. 

&jualion (14) shows that, in order to have d ::?0, lhe foiJowing condition is necessary: 
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dqJ ()q> -
-=;-.D+-- . A ~-q.g 
v D ()A 

Since lhe Fourier law i~ assumcd to bc valid for this cla~s of materiais, lhe parcel of lhe dissipation 
rate dueto lhermal effects is always non-ncgative (q. g = Kg. g :? 0). This fact Jeads to lhe classical hcat 
conduction inequality (-q. grade~ 0) ~>ince the absolute temperature e it> a positive quantity. Hence, the 
parcel of the dist>ipation ratc duc to mechanical effects is not necessarily non-negative, exept for 
homolhermal processes (grade = 0). However, in lhe present theory, tbe following constitutive 
assumption for the poteotial ip is taken into account: 

dqJ é)~ - -
-=;-. D+-- . A~O 'V(D. A) 
vD éJA 

(17) 

For any patticular set o f constitutive equations obtained within this context, i f condition ( 17) is 
verified, lhe second law inequality is automatically satisfied in any process, regardless the externai 
actions, the boundary condilions and also lhe initial conditions. It is important to remark lhat thc 
potentials l/f and q> do not nccd to be convex fuctions. The convexity of q> is only a sufficient condition 
in order to verify ( 17). 

Viscoelastic Fluids 

In this lheory, the so-callcd viscoclastic Ouids have lhe following basic features: 

(i) 1j1 is, al least. a funclion o f p, E. e and the free eoergy potential has lhe following particular 
fonn: 

l/f,( p, E , A)=~11/ E,A) p 

wherc V' , is a differentiable funetion o f (E, A). 

(18) 

(ü) The potencial C!> is a differeotiable isotropic function of D and Ã ; This poteotial eannot be 
identically equal to zero: tP :F O. 

From Equation ( 16) il comes that: 

(19) 

(a" m /dE) is lhe elastic or rcvcrsible parcel o f lhe stress tensor T. ( JI/YoD) is the viscous part M T. This 
general class of constitutivc cquations may be used lo modcl lhe macroscopic behavior of 
macromolecular Ouids (molten plaslics, some lubricating oi I and paints, ele. ). 

An cxample of a viscoelastic Ouids is thc so-called Generalized Maxwell's Ouid which is defincd as 
follows: 

Generalízed Maxwell fluid 

Besides lhe variable E. lhe potential 'Ífm for such kind of Ouid kind is a funclion of a symmctric 
second ordcr internai variable A called the anelas ti c or irreversible strain tensor. 
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• I - I - -'f'111 ( E. A) =-À(e -A).(e-A): c,6(A)=-KA.A 
2 2 

with K' > O and À> O. 
From ( 19) and (20) it foUows thal: 

T =-Pl+ À.(E-A); À.(e-A) = KÃ 

And, defining r'= T + Pl. it is possible to conc lude thal: 

p p -
T = À.(E - A) ~ T = K'A 

(20) 

(21) 

(22) 

Hence. dcriving thc first identily in (22) and combining with the second one it is possible to obtain 
the foUowing relation: 

(23) 

Equatinn (23) is one possible generalized version of the classical Maxwell viscoelastic model in 
small strains. The importancc of the choice of the objective derivativc, thc role of the initial cooditions 
for lhe variable A and other features of this model can be seeo lhrough a very simplc cxample- a shear 
tlow - which is usually defined by: 

(24) 

WÍth VJ, V2, VJ bciog the CartCSÍan COOI'dÍOUlCS O f the VC}OCJty V and r the Shcar Slrain. 
In this case, taldng wR given by (5), it can be shown that relations TR = K'A , and i= D are 

cquivalent to: 

· . ( J \.P A12 + 2yfl- 2ryA11 J = -;( J 12 

(25. L) 

(25.2) 

(25.3) 

(26. I) 

(26.2) 

(26.3) 
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and (42) is equivaJcnt to: 

· p ·[ h--P (À. trP Tu-2yl-217AnY I2+; f"=O (27. L) 

(27.2) 

p p ·p ·p ·p 
T11 = -T11 : T13 =T23 =Tu =O (27.3) 

lf 1J = O then w• = O (thc Jaumann deriv<ltive). In this case the compunenls of T, A and e can be 
computed anaJytically. For in~tancc. taking the initial conditions A(f = O) = e (I= O) = T(t = 0) = O the 
following cxpressions are obtaincd: 

e12( 1) = !_sen(2y r): e1 ,(f)=!....( 1- cos(2y t )) 
2 2 

Similarly as in the case of a rigid-viscoplas1ic fluid, thc choice of the Jaumann derivativc can lead 
to undesirable Q!)cillations. The use of positivc vaJues for 11 can alenuate and cvcn climinate such kind 

of oscillations. To illustrale lhe implications of the use of lhe relative spin (17 '# 0), the system of non­
lincar ordinary differential equations formed by (25), (26) and (27) is solved numerically for 17 = 1. The 

initiaJ value problcm can be put into a dimcnsionless form. In the proccss, only one dimensionlcss 
parameter a= f À/( jl\ )J account.' for thc material properties. Figure I shows the evolution o f the slress 
componcnts r/; =f 1, and 1j1; taking 17 = 1 and a= I. 
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Fig. 1 Evolution of lhe stress components T1~ = T12 and T{; In a shear flow. 11=1 and a.=1. 
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It can be verified tha t Â. is a limjl value for the shear componenl Tn. Afler t =i 1r, lhe nom1al 
stress dlfference (T11 - T22 ) ~ 2T1~ is zero because the elastic part of stra.in ( EJJ - A11 ) is zero. 
The evolution of the components of A m1d Eis depicted in Figs. 2 and 3. lt is important to remark tbat 
even in this simple problem. due 10 lhe diss ipat ive behuvior of such kind of fluid. t11e study of the flow 
depcnds strongly on tbe initial conditions adopted for A . 
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Concluding Remarks 

The procedure 10 obtai.n constitutive relations that verify automatically the principie of material 
objectivity and the second law of thermodynamics proposed in ú1is paper can be an useful tool i.n tl1e 
modeling of non-neMonian fluids . It allows a generalization of classical rheological models (Jeffreys, 
Maxwell. Oldroyd, etc. Byrd et al., .1987; Astarita and Marucci, 1986; Doi and Eduards, 1986, by 
including mlcrostructural cffccts. The imerference of lhe microstmcture with the macrostructure ca.n be 
achieved not only by tl1e choice of the potentials 1Jf. ~ and its arguments but also by the choice of the 
re[ative Spin WR. 
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ll is importao! to cnfasize lhe phenomcnological approach of the prcsent work. lt is not its goal to 
give an imerpretation completely bascd on microstructural consideration of the auxiliary variable A aod 
of the relativc spin tensor. Such kind of deftnition is a very complcx task not yct fully developcd even 
in solid mechanics, where sue h kind o f approach has bccn used for many years. 

Additional couplings betwecn non-linear physical mecbanisms (such as between the strain­
hardening or thc strain-softening and lhe anelastic strain rate), can bc described through the introduction 
of othcr auxiliary variables in lhe problem. Such kind of procedure has bcen used in solid mechanics 
and mixture theorics with very good results (Costa Mattos et al., 1992. 1995). 

Temperature plays an important role in complex flows of non-newtonian fluids in many industrial 
applications. such as injection molding of polymers. The proposed theory allows an adequate modcling 
and a simplc interpretation of thcrmomechanical couplings when dissipativc mechanisms related to 
changes on the material structure or substructure must also be taken into account. Tnteresting works can 
be made by analyzing lhe dependcnce of lhe potcntials 1Jf and !p on the temperature and the resulting 
thermomech<}l1icaJ couplings simmilarly as it was done in Pacheco, 1994 for solid materiais. 
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